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Fourier Basis Wavelet Basis 
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Board:  Least squares and the normal equations 
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Good priors oppose “extreme” model configurations 
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Model complexity can grow as additional data is observed 
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Two-Dimensional Gaussians 
diagonal
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Maximum Likelihood & Least Squares (1) 

•! Assume observations from a deterministic function 
with added Gaussian noise: 

•! which is the same as saying, 

•! Given observed inputs,                            , and 
targets,                    , we obtain the likelihood 
function   

where 



Maximum Likelihood & Least Squares (2) 

•! Taking the logarithm, we get 

•! where 

•! is the sum-of-squares error. 



•! Computing the gradient and setting it to zero yields 

•! Solving for w, we get  

•! where 

Maximum Likelihood & Least Squares (3) 
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Bayesian Ockham’s Razor 

William of Ockham 

Plurality must never be 
posited without necessity.  
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From Features to Kernels 

p(w) = N (w | 0,α−1IM )

y = Φw

Prior: 

Predictions: 

•! Nonparametric Gaussian regression:   
Would like to let the number of features  M → ∞

= N (y | 0,K)
p(y) = N (y | 0,α−1ΦΦT )

•! Gaussian process models replace feature functions with 
direct specification of a positive definite kernel function 



Mercer Kernel Functions 

= N (y | 0,K)
p(y) = N (y | 0,α−1ΦΦT )

•! Positive definite kernel functions 
•! Mercer’s theorem 
•! What features lead to valid kernels? 
•! Examples of kernel functions 

Kij = k(xi, xj) = φ(xi)
Tφ(xj)

Details on the board: 

Feature representations and kernel representations are 
dual views of the same model families.  The kernel 

representation is useful when M is large relative to N 
(number of features large relative to amount of data). 



1D Gaussian Process Regression 
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Squared exponential kernel or radial basis function (RBF) kernel 
has a countably infinite set of underlying feature functions 



2D Gaussian Processes 
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CO2 Concentration Over Time 

Mauna Loa Observatory in Hawaii, analyzed by Rasmussen & Williams 2006 



Mixing Kernels for CO2 GP Regression 
Smooth global trend 

Seasonal periodicity 

Medium term irregularities 

Correlated Observation Noise 



Gaussian Process Hyperparameters 
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How should we fit to data? 
•!Cross-validation 
•!Full Bayesian analysis 
•!Maximize marginal likelihood 
(empirical Bayes, tractable 
for GP regression) 



Hyperparameter Marginal Likelihoods 
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GPs for Binary Classification 
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Board:  Parametric versus nonparametric generalized linear models 



Laplace Approximation of LR Posterior 
Log−Unnormalised Posterior
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Losses for Binary Classification 
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Classifiers 

Support Vector 
Machines 

Decision Boundary 
Correct Decision Error 


