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Main Contributions

* Deterministic alternative to samplers for inference
in the Indian Buffet Process (IBP)

e Theoretical bounds on the truncation error



Overview

* Backgrounds
o The IBP and its stick-breaking construction
o Latent feature model
o Variational methods

 Variational Inference for the IBP

o Finite variational approach
o Infinite variational approach

* Truncation error
* Experiments



Customers

Indian Buffet Process

Griffiths and Ghahramani (2005)
Features
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The 15t customer tries Poisson(a)
number of dishes
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A binary matrix generated by the Indian buffet process with ec = 10

m, = the number of customers who previously tried dish k
Infinite Exchangeability :
the ordering of customers does not impact distribution



Indian Buffet Process

Distribution on equivalence classes of binary matrices

K
Qv (N —mk)T(mk— 1)!
/ = T — €X] —aHy | |

N = the number of rows

K = the number of nonzero columns

K, = the number of history h among columns
m, = the number of 1’s in column k

H, = the N*" harmonic number

o controls
the number of features per object AND the total number of features



Indian Buffet Process

Griffiths and Ghahramani (2005)

Define equivalence class by the left-ordered form

[T T [ — — o |




Indian Buffet Process:
Stick-breaking construction

o Teh et al. (2007)
1.1.C1.
v1.,v2,--- ~ Beta(a,1)

Stick lengths

L=,
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Figure from slides of Doshi-Velez et al.



Indian Buffet Process:
Stick-breaking construction

T Tt M3 Tty Ty Tig Tty Tig TTg -+ - -

-

V1, Vo, - L Beta(a, 1)

T = U1

Z

k
T — UVpT—1 — H-zizl Uy

Znk ~ Bernoulli(7y)

* This representation will show up in the infinite variational approach



Latent Feature Model

One example

Each of the N objects has

D-dimensional K-dimensional
observations latent features
D, I

X

N

Observed Latent

+ €



Latent Feature Model

D K
X A A p
N =N X K + €

Observed Latent
Assume Z and A are independent ?

The posterior distribution of Z and A: ﬂ
p(Z, Al X)xp(X|Z, A)p

\4/

Depend on
applications




Latent Feature Model

X

N

Z

= N

Observed

Assume Z and A are independent

K
E..Tx

Latent

A

K

D

IBP

The posterior distribution of Z and A: ﬂ

p(Z, Al X)xp(X|Z, A)p

\4/

Depend on
applications



Latent Feature Model:

Linear-Gaussian likelihood model

p(Z, A|X) x p(X|Z, A)p(Z)p(A)

p(X|Z,A)~N(ZA, o21) @ (v
p(A) NN(Ova I)
b(2) ~ IBP(a) .\@ /@

Figure from slides of Doshi-Velez et al.




Latent Feature Model:

Infinite Independent Component Analysis

Knowles and Ghahramani (2007)
D K

X A A »p
N =N X K —+ €

X K + €




Latent Feature Model:

Infinite Independent Component Analysis

Knowles and Ghahramani (2007)

D K D i
X 7 A p X S A p
N =N X K + € N = N X K + €
Independent Component Analysis (ICA)
Add signal S ’ Make sparse (Add Z)
Make infinite
D K K ]

X A S A »p

N p— N C e @ N e >< K —'— 6




Latent Feature Model:

Linear-Gaussian likelihood model

* This will be our main focus
* Will discuss the infinite ICA briefly

Goal: compute Z and A given X

p(Z, A|X) x p(X|Z. A)p(Z)p(A)

-

p(X|Z, A) ~N(ZA, o7 1) ﬁ)

p(A) ~ N(0,051) GD (7)

p(Z) ~ IBP(a) A
X

Figure from slides of Doshi-Velez et al.




Latent Feature Model:

Why intractable?

Goal: compute Z and A given X

p(Z, A|X) x p(X|Z, A)p(Z)p(A)

Problem
Even for finite K, we have 2NK assignments for Z

26
2020

p(X|Z. A) ~ N(ZA, 2]
p(A) ~ N(0,031)
p(Z) ~ IBP(«)

ﬁ
.._@;
&)

e

Figure from slides of Doshi-Velez et al.
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Variational Methods: Big Picture

* Approximate the true posterior with

a variational distribution q from tractable
family of distributions

* The variational distribution indexed by a set
of variational parameters

* Adjust the parameters to get the tightest
lower bound possible



Variational Inference:

KL-divergence @
W={m2ZA} ig
0={a, o?, o’} ®/

9 = a vector of variational parameters
logp(x|0) > E,[logp(W,x[0)] —E,[logg(W)] = L(q)
KL [g(w|y) || p(w|x,0)] = logp(x|0) — L(q)

arg max L(q) < argmin KL [g(w]9) || p(w|x, 8)]
q q



Variational Inference:

Choosing Variational Distribution

How to choose the variational distribution g,(w) such that
the optimization of the bound is computationally tractable?

Typically, we break some dependencies between latent variables

Mean field variational approximations

Assume “fully factorized” variational distributions

M
aw) = | [ 4o, (W,
m=1

whered9 =(8,,9,, ...,9)



Mean Field Variational Inference:

Finite and Infinite Variational Approaches

q(W) = 4r(7)qp(A)qu(Z)

Two approaches :
o Finite variational approach
o Infinite variational approach



Mean Field Variational Inference:

Finite and Infinite Variational Approaches

argmin KL [g(w|9)) || p(w|x, 8)]
q

True posterior p

Finite

* Finite approximation p,
* beta-Bernoulli model

Griffiths and Ghahramani (2005)

Infinite

* Stay the same
* Use stick-breaking
representation

Variational distribution g

q(W) = qr(m)agp(A)q(Z)
* Changes according to p

* Straightforward computation of
lower bound and parameter updates

* Truncated stick-breaking constructio
* Deal with the distribution of v instea
of m

Blei and Jordan (2004)



Mean Field Variational Inference:

Finite Variational Approach

e Beta-Bernoulli model - K finite (but large) truncation level

T ~ Beta(a/K, 1) for ke {1... K},

znk ~ Bernoulli(7y) for ke{l...K}.ne{l...N}.

Aj,. ~ Normal(0,041) for ke {1... K},

X, ~ Normal(Z,. A.o21) forne {1...N},

* This is the model before we take K to o°
K N N
(W, X160)=]] (p(ﬂw)p(ﬂk.ﬁif) Hp(znwk)) 1] (X020, A G20

k=1 n—1 n—1

* Finite but still intractable



Mean Field Variational Inference:

Finite Variational Approach

e Beta-Bernoulli model - K finite (but large) truncation level

7 ~ Beta(a/K. 1) for ke {1...K},
znk ~ Bernoulli(7y) for ke{l...K}.ne{l...N},
Ay, ~ Normal(0,031) for ke {1... K},
X, ~ Normal(Z,.A,021) forn e {1... N},

 Variational distribution Q(W) — QT(W)%(A)Q:/(Z)

4 (7)) = Beta(my: a1, 7ho),
I (Ak.) = Normal(Ay.: ¢p. ®).

Qi (Znk) = Bernoulli(zpk: vnk).



Mean Field Variational Inference:

Finite Variational Approach
e Variational distribution Q(W) — QT(W)%(A)QH(Z)

Gr, () = Beta(mg; Tr1, Th2),
(g, (Aj.) = Normal(Aj.; pp, @),

Qi (2nk) = Bernoulli(zpk: vng)-

* When the conditional distribution p(w; | w_;, X, 0)
and variational distribution are both in exponential
families, each step in coordinate ascent has a closed
form solution (Beal, 2003; Wainwright and Jordan, 2008)



Mean Field Variational Inference:

Infinite Variational Approach

* Consider the stick-breaking construction for the IBP

v ~ Beta(a, 1) for ke {1,.... >}
k

Tk :H'l-’«f_ for ke {1...00},
i=1

Znk ~ Bernoulli(7y) for ke {l...00},ne{l...N},

Ay ~ Normal(0, 041) for ke {1...00},

X, ~ Normal(Z,. A, 021) forne{l...N}.



Mean Field Variational Inference:

Infinite Variational Approach

* Consider the stick-breaking construction for the IBP
* Work on the distribution of v instead of it because v,, v,, ...
are independent while i, m,, ... are not

@
&

L g(W) = 4r(0)ap(A)u(Z)
o ‘(ID/\Z,/
e

® Figure from slides of Doshi-Velez et al. b



Mean Field Variational Inference:

Infinite Variational Approach

True distribution

v, ~ Beta(a, 1)
Tk — Ui

Znk ~ Bernoulli(my,)
Ay ~ Normal(0,0%1)
X, ~ Norn

?
TS

for ke {1,..., o0},
for ke {1...00},

forke{l...x},ne{l...N},
for ke {1...00},
forme{l...N}.

Variational distribution
(W) = qr(v)qep(A)qu(Z)
4, (vk) = Beta(vy: i1, Th2).
q¢r. (Ax.) = Normal(Ag.; dr, Op),

Qu,... (Znk) = Bernoulli( Z,k: vnk ).

(4“\ /’\@



Mean Field Variational Inference: Infinite Variational Approach:

Variational Lower Bound

logp(x[0) > E,[logp(W,x|0)] — E, [log g(W)] Q
@ Z)
K K N I
logp(X[6) = Y Eyllogp(opla)] 4> D oz [logp(Zk|v)] (X
— =1 n=1
k lK k=1 -
+Y Ea[logp(Arlod)] + > Eza[logp(Xn|Z. A op)] + Hq
k=1 n=1



Mean Field Variational Inference: Infinite Variational Approach:

Variational Lower Bound

Ev,z log p(znk|v)] = Ey,z [logp(znk' = L) p(zpr = 0|,U)1—an]
k k
= Ez [znk} Ky |log H l'ml +Ez [1 - 3nk] £ |log (1 - H l'm)]
m=1 m=1
k k
= Upk (Z U (Tro) — V(TR + T;gg)) + (1 — vk )Ey |log [ 1 — H ‘L‘m)
m=1 m=1

e Second line: definition of v

* Third line:
E(log X') = ¢¥(a) — ¥(a+ 5)

X ~ Beta(a, 3)



Mean Field Variational Inference: Infinite Variational Approach:

Multinomial Lower Bound

Ey

k
log (1 — H Urn,

m=1

)

— E,

Ey

log (
log (

k y—1 -|
Z(l — Uy) 1__[ Um)
y=1 m=1 J

ME

1 qk(y) w0

Y

(1 - o) [1% 1zm)]
|

+ H[qy]

y—1

m=1

y—1 Y
Ey [l (TyQ) -+ (Z T;illf’(’-"'ml )) - (Z 'U:"(Tm.l -+ Tm?))] + H[QL]
m=1

m=1

* Third line: Jensen’s inequality

e Last line:

If X ~ Beta(a,b) then 1 — X ~ Beta(b,a)

E(log X) = ¥(a) — v¥(a+ 3)if X ~ Beta(

a, [3)



Mean Field Variational Inference: Infinite Variational Approach:

Multinomial Lower Bound

k
E, [log (1 - I vm

m=1

)

Y

Ey

E,E,

Ey

y—1
¥ (Ty2) + (Z

—1
i k - 1
1 — v ”9‘_ Um,
log (me( lﬁg)—l ﬂ

y—1

log(1l —vy) + Z log vm

m=1

Yy
Tml ) ( E (8 7_:ml + Tm2 )
m=1

+ Hqx]

+ H[q].

m=1

* Find g that maximizes this bound

qri x exp | ¥(Ti2) + Z

1

Z 'L";‘(Tml =+ TmZ)

m=1

Tm 1

m=1

* This bound gives closed form parameter updates for v
* Alternatively, we can use a Taylor series expansion of In(1 - x), which
gives a tighter bound but we will no longer have closed form updates



Mean Field Variational Inference:

Infinite ICA

e Same techniques:
Finite and infinite variational approaches
* Need to add variational updates for
the signal matrix S
- Use a Laplace approximation



Truncation Error

* For infinite variational approach

 Compare marginal distributions of the true IBP
model and the truncated model

e Use Theorem 2 from Ishiwaran and James (2001)

/|5"H}<_ — Mmoo X)[dX < Pr(3k > K,n with z,, = 1)
= 1-Pr(all z;6p=0, i€ {l,....] N k> K)
, | | 1 e
Ty T2 T3 T4 75 Tg M7 Tg 79 - - - _ — K )
// —

|\

I o

=K+

H (1~ mD .
—K+

+1

l(E

1




Truncation Error

The Beta Process construction of the IBP
(Thibaux and Jordan, 2007)

4

Model i, m,, ... as a Poisson process on (0,1) with rate p(x)dx = axtdx
Model i, ,, I, ,,, ... as a Poisson process on (0, it,) with the same rate

4

Apply the Levy-Khintchine formula:

the moment generating function of a Poisson process X with rate ;¢ can be written as

Elexp(tf(X))] = exp ( [ tespesn -1 u(y)dy) |



Truncation Error

Apply the Levy-Khintchine formula:

E [( ﬁ (1— :rri)) exp ( i log(1 — m))]
i=K+1

i=K+1

exp ( i log(1 — m))] = Er, [e}{p ([;K (exp(log(l — z)) — 1)#(1‘)(1‘1')]

= [Erx.lexp(—arnk)).

=K

Apply Jensen’s Inequality:

Erylexp(—ark)] > exp(Eq |—ark])

K
= exp|—a @
) 14+ «




Truncation Error:

Final bound

1 T
1 / mg(X) —meo(X)|dX <1 —exp (3\ O (

o
l+a

/)

Grows linearly with N
Decreases exponentially with K




Truncation Error

—True Distance
---Truncation Bound

Bound on L 1 Distance

g0 80 100




Truncation Error:

Heuristic bound using Taylor expansions

o K-+1
1 — e 2N 1
exp( (a + )(a+1) )
o K
1 — N '
er( a(1+a) )

Before:




Test log-likelihoods on synthetic data

30-minute interval, N = 500, D = 500, K = 20, 5 initializations

i A A yH ______ I
" UH—HHHHI L1

—Finite Variational
— Infinite Variational
~—"Finite Uncollapsed Gibbs |

- ---Infinite Uncollapsed Gibbs
: —Finite Collapsed Gibbs .|

— Infinite Collapsed Gibbs
+ Particle Filter
1

Predictive log likelihood

Time [h’?inutes}



Truncation level vs. Time

CPU Time

10

10

10

10

10

0 2 10 15 20

Truncation vs. Time

Truncation K

25

——Finite Variational

—— Infinite Variational

- +-Uncollapsed Gibbs, Finite
- +-Uncollapsed Gibbs, Infinite
——Collapsed Gibbs, Finite
—— Collapsed Gibbs, Infinite
——Particle Filter




Robustness to increasing dimension

D =10, 50, 100, 500, 1000 (top to bottom), K = 20

0 Time vs. Likelihood, N=5 Time vs. Likelihood, N = 1000
_10 T T . T
'l' LY
_101_ "b
B 2
2 -10% 2 \
o )
== ==
o o
S 5 S N
+= =107F += !
0 © -107F A/ -
= = ——Finite Variational
‘ v —— |nfinite Variational .
4 . -+ -Uncollapsed Gibbs, Finite |
-10°F . ] -« -Uncollapsed Gibbs, Infinite
——Collapsed Gibbs, Finite ||
—— Collapsed Gibbs, Infinite  |;
10° , , 10° TT.E?.’?E‘?'E Fiter '
107 10° 10° 10* 10° 10° 10°
Time (s) Time (s)



The Effect of Dimensionality

Table 1: Running times in seconds and test log-  Table 2: Running times in seconds and test log-
likelihoods for the Yale Faces dataset. likelihoods for the speech dataset.
Algorithm K | Time | Test Log- Algorithm K | Time | Test Log-
Likelihood Likelihood
x10 2 56 | -0.7444
5 | 464.19 Finite Gibbs 3 120 | -0.4220
Finite Gibbs 10 | 940.47 0 201 | -0.4205
25 | 2073.7 Infinite Gibhs na 261 -(.4257

5 | 163.24 | -1.066 2 -().8455
Finite Variational 10 767.1 | -0.908 Finite Variational 5! -(.5082
25 | 10072 | -0.746 9 -0.4551
5 | 176.62 | -1.051 2 -(.8810
Infinite Variational | 1 2.5 -(.914 Infinite Variational 5 -0.5000
25§ 19061 §-0.750 9 -0.5486
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