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Introduc"on	  

•  Indian	  Buffet	  Process	  (IBP)	  
–  A	  distribu"on	  over	  binary	  matrices	  consis"ng	  of	  N	  	  rows	  
(objects)	  and	  an	  unbounded	  number	  of	  columns	  (features)	  

–  1	  and	  0	  in	  entry	  (i,k)	  indicates	  feature	  k	  present	  and	  absent	  
from	  object	  i,	  respec"vely	  
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Introduc"on	  

•  Indian	  Buffet	  Process	  (IBP)	  
–  A	  distribu"on	  over	  binary	  matrices	  consis"ng	  of	  N	  	  rows	  
(objects)	  and	  an	  unbounded	  number	  of	  columns	  (features)	  

–  1	  and	  0	  in	  entry	  (i,k)	  indicates	  feature	  k	  present	  and	  absent	  
from	  object	  i,	  respec"vely	  

	  



IBP	  vs.	  CRP	  
•  Each	  object	  belongs	  to	  only	  one	  of	  infinitely	  many	  latent	  

classes	  

	  
•  Each	  object	  can	  possess	  poten"ally	  any	  combina"on	  of	  

infinitely	  many	  latent	  features.	  
	  

t1	   t2	   t3	   t4	   t5	  

Ac
tio
n

Co
me
dy

An
im
ati
on

Br
ad
/Pi
tt

His
tor
y

… …

Terminator 1 0 0 0 0 0 0

Shrek 0 1 1 0 0 1 0

Troy 1 0 0 1 1 1 0

Avata 1 0 1 0 0 1 0

Ac
tio
n

Co
me
dy

An
im
ati
on

Br
ad
/Pi
tt

His
tor
y

… …

Terminator 1 0 0 0 0 0 0

Shrek 0 1 1 0 0 1 0

Troy 1 0 0 1 1 1 0

Avata 1 0 1 0 0 1 0

t1	   t2	   t3	   t4	   t5	   t6	   t7	  

Ac
tio
n

Co
me
dy

An
im
ati
on

Br
ad
/Pi
tt

His
tor
y

… …

Terminator 1 0 0 0 0 0 0

Shrek 0 1 1 0 0 1 0

Troy 1 0 0 1 1 1 0

Avata 1 0 1 0 0 1 0

Ac
tio
n

Co
me
dy

An
im
ati
on

Br
ad
/Pi
tt

His
tor
y

… …

Terminator 1 0 0 0 0 0 0

Shrek 0 1 1 0 0 1 0

Troy 1 0 0 1 1 1 0

Avata 1 0 1 0 0 1 0

Ac
tio
n

Co
me
dy

An
im
ati
on

Br
ad
/Pi
tt

His
tor
y

… …

Terminator 1 0 0 0 0 0 0

Shrek 0 1 1 0 0 1 0

Troy 1 0 0 1 1 1 0

Avata 1 0 1 0 0 1 0

Ac
tio
n

Co
me
dy

An
im
ati
on

Br
ad
/Pi
tt

His
tor
y

… …

Terminator 1 0 0 0 0 0 0

Shrek 0 1 1 0 0 1 0

Troy 1 0 0 1 1 1 0

Avata 1 0 1 0 0 1 0

Ac
tio
n

Co
me
dy

An
im
ati
on

Br
ad
/Pi
tt

His
tor
y

… …

Terminator 1 0 0 0 0 0 0

Shrek 0 1 1 0 0 1 0

Troy 1 0 0 1 1 1 0

Avata 1 0 1 0 0 1 0

Ac
tio
n

Co
me
dy

An
im
ati
on

Br
ad
/Pi
tt

His
tor
y

… …

Terminator 1 0 0 0 0 0 0

Shrek 0 1 1 0 0 1 0

Troy 1 0 0 1 1 1 0

Avata 1 0 1 0 0 1 0

Ac
tio
n

Co
me
dy

An
im
ati
on

Br
ad
/Pi
tt

His
tor
y

… …

Terminator 1 0 0 0 0 0 0

Shrek 0 1 1 0 0 1 0

Troy 1 0 0 1 1 1 0

Avata 1 0 1 0 0 1 0



Indian	  Buffet	  Process	  (IBP)	  
Restaurant	  Construc"on	  
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Z:	  a	  random	  binary	  NxK	  matrix	  
μk	  :	  prior	  probability	  that	  feature	  k	  presents	  in	  an	  object	  
	  

	   	   	  	  
	  
	  
For	  the	  first	  customer,	  the	  distribu"on	  over	  the	  number	  of	  
features	  it	  has	  is:	  (the	  number	  of	  dishes	  he	  tried)	  
  
when  K⟶∞
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Indian	  Buffet	  Process	  (IBP)	  
Restaurant	  Construc"on	  
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Z:	  a	  random	  binary	  NxK	  matrix	  
μk	  :	  prior	  probability	  that	  feature	  k	  presents	  in	  an	  object	  
	  
	  
	  
	  
The	  i-‐th	  customer	  takes	  por"ons	  from	  previously	  sampled	  
dishes	  with	  probability:	  
	  
	  
He	  can	  also	  tries	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  new	  dishes.	  
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Posterior	  Inference	  in	  IBP	  
•  Gibbs	  Sampling:	  	  

–  Imagine	  that	  the	  object	  we	  are	  sampling	  as	  the	  last	  customer	  to	  the	  buffet.	  
•  Iterate	  through	  i=1,…,N,	  for	  each	  object	  i,	  

–  Update	  the	  feature	  occurrences	  for	  the	  currently	  used	  features	  K+	  

	  
–  Add	  Li	  new	  features	  	  
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∝
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Conjugacy	  on	  the	  IBP	  

•  When	  new	  features	  being	  introduced:	  
! !! !!,!:!! , !! ,!!:!! !
∝ !"#$$"%(!! ,

!
!)× ! ! !! !!,!:!! , !°!,!:!! = 1,!!:!! ,!°!:!! dh !°!:!! !

!

What	  if	  h	  is	  not	  the	  conjugate	  prior	  for	  the	  data	  likelihood	  p(x|Z,	  θ)	  ?	  
	  
The	  Integrals	  in	  equa"on	  will	  not	  be	  tractable.	  
	  
Alterna"ve	  representa"on	  of	  the	  IBP:	  
•  	   the	  feature	  probabili"es	  are	  not	  integrated	  out	  



Indian	  Buffet	  Process	  (IBP)	  
S"ck-‐breaking	  Construc"on	  

•  A	  decreasing	  ordering	  of	                                                                                          :  �
   �
�
where	  each	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  .	  
	  

•  K⟶∞,	  the	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  obey	  the	  following	  law:	  

•  Metaphorical	  representa"on:	  

!(!)~!"#$ !, 1 !!!!!!!!!!!!(!) = !!(!)!(!!!) = !(!)
!

!!!
!

!!:! = {!! ,… , !!}!
!(!)! > !!(!)! > ⋯ > !(!)!!

!!~!"#$ ! ! , 1 !!

!(!)!!
!(!)!!
!(!)!!
!(!)!!
!(!)!!

!(!)!′!!



Deriva"on	  
•  Start	  from	  
	  
•  cdf	  for	  	  	  

	  
•  cdf	  for	  

•  Differen"ate	  	  	  



Deriva"on	  

•  Considering	  	  

•  CDF	  for	  	  

!(!)! > !!(!)! > ⋯ > !(!)!!> !!(!!!)! > !!(!!!)! > ⋯ > !(!)!!



Deriva"on	  

•  CDF	  for	  	  
	  
•  CDF	  for	  

•  Differen"ate	  the	  density	  of	  	  



Rela"on	  To	  Dirichlet	  Process	  (DP)	  

•  S"ck-‐breaking	  for	  IBP:	  
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!
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)!

!
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•  S"ck-‐breaking	  for	  DP:	  



Rela"on	  To	  Dirichlet	  Process	  (DP)	  

•  Different	  proper"es:	  
– DPs:	  s"ck	  lengths	  sum	  to	  a	  length	  of	  1,	  and	  not	  
decreasing	  

–  IBPs:	  s"ck	  lengths	  need	  not	  sum	  to	  1,	  but	  
decreasing	  

	  

!!!(!) = !!(!)!(!!!) = !(!)
!

!!!
!

!(!) != !(!) (1− ! !

!!!

!!!
)!

!

The	  correspondence	  to	  s"ck-‐breaking	  in	  DPs	  implies	  that	  a	  range	  of	  
techniques	  for	  DP	  can	  be	  adapted	  for	  the	  IBP.	  E.g.	  Pitman-‐Yor	  of	  the	  
IBP,	  truncated	  s"ck-‐breaking	  construc"on	  



Adapt	  truncated	  s"ck-‐breaking	  	  
for	  the	  DP	  to	  the	  IBP	  

•  Let	  K*	  be	  the	  trunca"on	  level.	  	  
•  Set	  μ(k)	  =	  0	  for	  each	  k	  >	  K*	  while	  the	  joint	  density	  
of	  μ(1:K*)	  :	  

•  The	  condi"onal	  distribu"on	  of	  Z	  given	  μ(1:K*):	  

•  Gibbs	  sampling	  in	  the	  truncated	  s"ck-‐breaking	  
construc"on	  is	  simple	  to	  implement,	  however…	  



Slice	  Sampler	  

•  The	  truncated	  s"ck-‐breaking	  construc"on	  
– Predetermined	  trunca"on	  level	  
– Approxima"on	  scheme	  

•  Proposing	  a	  non-‐approximate	  scheme	  based	  
on	  SLICE	  Sampling.	  
– Choosing	  the	  trunca"on	  level	  adap"vely	  at	  each	  
itera"on	  



Slice	  Sampler	  
•  Suppose	  we	  wish	  to	  sample	  a	  new	  value	  for	  the	  variable	  of	  interest	  z	  from	  

some	  distribu"on	  p(z)	  

•  The	  key	  concept	  is	  to	  introduce	  an	  auxiliary	  variable	  s	  does	  not	  change	  the	  
underlying	  distribu"on,	  i.e.	  	  

	  
•  Alterna"vely	  sample	  z	  and	  s,	  

–  Given	  z,	  sample	  s	  uniformly	  from	  the	  range	  0	  ≤	  s	  ≤	  p(z)	  
–  Given	  s,	  sample	  a	  new	  value	  for	  the	  variables	  of	  interest	  z,	  considering	  only	  z	  

such	  that	  p(z)	  >	  s	  
	  

	  	  

!
!

!, ! !" = !(!)!

s	  

!(!)!

!!



Slice	  Sampler	  for	  IBP	  

•  Draw	  s	  

•  Given	  s,	  the	  distribu"on	  of	  Z	  :	  

	  	   We	  need	  only	  consider	  upda"ng	  those	  features	  k,	  
where	  μ(k)	  >	  s.	  
§  zik	  =	  0 	  where	  μ(k)	  <	  s	  

μ*:	  last	  ac"ve	  (used	  feature)	  



!(!)!!

!(!)!!
!(!)!!
!(!)!!
!(!)!!
!(!)!!

Slice	  Sampler	  for	  IBP	  

•  Draw	  s	  (upda"ng	  s)	  

•  In	  IBP	  s"ck-‐breaking:	  

	  	  
s	  

K*:	  maximal	  feature	  index	  with	  where	  μ(K*)	  >	  s.	  
Only	  consider	  upda"ng	  those	  features	  k	  ≤	  K*,	  
§  zik	  =	  0 	  for	  k	  >	  K*	  ,	  i.e.	  μ(k)	  <	  s	  

           Ac"ve	  (used)	  features	  (dishes)	  
	  	  	  	  	  	  	  	  	  	  	  	  Inac"ve	  (unused)	  features	  (dishes)	  

!(!)! > !!(!)! > ⋯ > !(!)!!

K*=	  3	  

μ*:	  last	  ac"ve	  (used	  feature)	  



Slice	  Sampler	  for	  IBP	  

•  Draw	  s	  (upda"ng	  s)	  

•  In	  IBP	  s"ck-‐breaking:	  

	  	  

!(!)!!
!(!)!!
!(!)!!
!(!)!!
!(!)!!

s	  

           Ac"ve	  (used)	  features	  (dishes)	  
	  	  	  	  	  	  	  	  	  	  	  	  Inac"ve	  (unused)	  features	  (dishes)	  

!(!)! > !!(!)! > ⋯ > !(!)!!

K+	  :	  an	  index	  such	  that	  all	  used	  features	  have	  index	  k	  <	  K+	  
	  
If	  the	  new	  value	  of	  s	  makes	  K* ≥ K+,	  i.e.	  	  s	  <	  μ(K+)	  …	  

K+	  

K*=	  5	  

!(!)!!

μ*:	  last	  ac"ve	  (used	  feature)	  
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Slice	  Sampler	  for	  IBP	  

•  Draw	  s	  (upda"ng	  s)	  

•  In	  IBP	  s"ck-‐breaking:	  

	  	  
s	  

           Ac"ve	  (used)	  features	  (dishes)	  
	  	  	  	  	  	  	  	  	  	  	  	  Inac"ve	  (unused)	  features	  (dishes)	  

!(!)! > !!(!)! > ⋯ > !(!)!!

Introducing	  new	  features!	  

K+	  

K*=	  5	  

!(!)!!

μ*:	  last	  ac"ve	  (used	  feature)	  

K+	  
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Slice	  Sampler	  for	  IBP	  

•  Draw	  s	  (upda"ng	  s)	  

•  In	  IBP	  s"ck-‐breaking:	  

	  	  
What’s	  the	  s"ck	  lengths μ(k)	  for	  the	  new	  features	  k?	  
	  
	  
	  
Use	  ARS	  to	  draw	  samples	  from	  the	  distribu"on.	  
Columns	  z:,k=0	  and	  parameters	  θk	  ~	  H	  

           Ac"ve	  (used)	  features	  (dishes)	  
	  	  	  	  	  	  	  	  	  	  	  	  Inac"ve	  (unused)	  features	  (dishes)	  

K+	  

!(!)! > !!(!)! > ⋯ > !(!)!!

μ*:	  last	  ac"ve	  (used	  feature)	  

s	  

K+	  

K*=	  5	  

K+	   !(!)!!



Slice	  Sampler	  for	  IBP	  

Upda"ng	  Z	  
•  Given	  s,	  we	  only	  update	  zik	  for	  each	  i	  	  
and	  k	  ≤	  K*	  

	  
	  Upda"ng	  θk	  
•  for	  k=1,…,K+	  

μ*:	  last	  ac"ve	  (used	  feature)	  



Slice	  Sampler	  for	  IBP	  

Upda"ng	  μ(k)	  	  
•  for	  k=1,…,K+-‐1	  

•  For	  k=K+	  
	  

(Ac"ve	  features	  )	  

(Inac"ve	  features	  )	  



Change	  of	  Representa"ons	  
•  IBP	  –	  ignoring	  the	  ordering	  on	  features;	  
•  S"ck-‐breaking	  IBP	  –	  enforcing	  an	  ordering	  with	  decreasing	  

weights.	  

•  S"ck-‐breaking	  IBP	  to	  IBP:	  	  
–  Drop	  the	  s"ck	  lengths	  and	  the	  inac"ve	  features,	  	  
–  leaving	  only	  the	  K+	  ac"ve	  feature	  columns	  along	  with	  the	  
corresponding	  parameters.	  

•  IBP	  to	  s"ck-‐breaking	  IBP:	  	  
–  Draw	  both	  the	  s"ck	  lengths	  and	  order	  the	  features	  in	  decreasing	  
s"ck	  lengths,	  	  

–  Introducing	  inac"ve	  features	  K°	  into	  the	  representa"on	  



IBP	  to	  s"ck-‐breaking	  IBP	  

•  We	  have	  K+	  ac"ve	  features	  in	  the	  IBP,	  
–  Feature	  occurrence	  matrix:	  Z1:N,1:K+	  	  
–  Suppose	  we	  have	  K	  >>	  K+	  features	  
–  For	  the	  ac"ve	  features,	  the	  posterior	  for	  the	  lengths	  are	  

–  For	  the	  rest	  of	  the	  K-‐K+	  inac"ve	  features	  
•  Consider	  only	  those	  inac"ve	  features	  with	  s"ck	  lengths	  larger	  than	  
mink μk

+	  

– Reorder μ+
(1:K+)	  , μ°˚(1:K°)	   in	  decreasing	  order	  

!(!)!, !(!)!,… , !(!)!! !!(!!!)! > !!(!!!)! > ⋯ > !(!)!!



Semi-‐ordered	  S"ck-‐breaking	  
•  μk

+	  on	  ac"ve	  features	  are	  unordered	  and	  draw	  from	  the	  following	  
distribu"on:	  	  

•  The	  s"ck	  length	  on	  inac"ve	  feature	  is	  similar	  to	  the	  s"ck-‐breaking	  
IBP:	  

•  The	  auxiliary	  variable	  s	  determines	  how	  many	  inac"ve	  features	  
need	  to	  add	  

	  
•  Drop	  from	  the	  list	  of	  ac"ve	  features	  any	  that	  become	  inac"ve	  and	  

add	  to	  the	  list	  any	  inac"ve	  feature	  that	  became	  ac"ve	  
•  New	  list	  of	  ac"ve	  features	  are	  drawn	  from	  	  



Results	  

•  Use	  the	  conjugate	  linear-‐Gaussian	  binary	  
latent	  feature	  model	  for	  comparing	  the	  
performance	  of	  the	  different	  samplers.	  	  



Demonstra"on	  

•  Apply	  semi-‐ordered	  slice	  sampler	  to	  1000	  
examples	  of	  handwriwen	  images	  of	  3’s	  in	  the	  
MNIST	  dataset.	  

	  





Conclusions	  

•  Derived	  novel	  s"ck-‐breaking	  representa"ons	  
of	  the	  IBP	  

•  New	  MCMC	  samplers	  are	  proposed	  based	  on	  
the	  new	  representa"ons.	  

•  The	  new	  samplers	  show	  as	  efficient	  as	  Gibbs	  
without	  using	  conjugacy.	  


