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DP vs. BP

@ Dirichlet Process @ Beta Process
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DP vs. BP

@ Dirichlet Process @ Beta Process
e G ~ DP(aBy): e G~ BP(0,vBy):
G:ZTU(Swn Zﬂizl GZZCI,'%,-, qi € (0,1)
i=1 i=1 i=1

T. Broderick, M. Jordan, J. Pitman Presented by Jixiong W: Beta processes, stick-breaking, and power laws



DP vs. BP

@ Dirichlet Process @ Beta Process
e G ~ DP(aBy): e G~ BP(0,vBy):
o0 o0 oo
G:Zﬂi&ﬁi? Z?T,‘:]. G:Zq,’(swi, q,-E(O,l)
i=1 i=1 i=1
@ CRP - marginalize out 7; o IBP - marginalize out g;
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DP vs. BP

Beta Process
G ~ BP(0,vBy):

G:Zﬂi&ﬁi? Z?T,‘:]. G:iqiéwi, q,-E(O,l)
i=1 i=1 i=1

CRP - marginalize out ;

Dirichlet Process
G ~ DP(aBy):

(]
[

(]
[

IBP - marginalize out g;

Clustering framework Featural framework
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Poisson Point Process (PPP)

@ PPP: A counting measure N such that
VA € S,N(A) ~ Pois(u(A))
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Poisson Point Process (PPP)

@ PPP: A counting measure N such that
VA € S,N(A) ~ Pois(u(A))

03

Figure: PPP realizations with different rate measure p
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Poisson Point Process (PPP)

@ PPP: A counting measure N such that
VA € S,N(A) ~ Pois(u(A))

Figure: PPP realizations with different rate measure p

@ PPP is a completely random measure because for all disjoint
subsets Ay, ..., A, € S, N(A1), ..., N(A,) are independent.

o Note: DP is not a c.r.m..
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Beta Process: B ~ BP(6,~vBy)

BP is defined by a PPP that lives on W x [0, 1]
o Rate measure: v(dv, du) = 0(¢)u1(1 — u)?)~1duyBy(dp)
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Beta Process: B ~ BP(6,~vBy)

BP is defined by a PPP that lives on W x [0, 1]

o Rate measure: v(dv, du) = 0(¢)u1(1 — u)?)~1duyBy(dp)
e To draw B ~ BP(6,~By)

o = M= {(vi,Uj)}i
o = B= Zil Uidy,
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Beta Process: B ~ BP(6,~vBy)

BP is defined by a PPP that lives on W x [0, 1]

o Rate measure: v(dv, du) = 0(¢)u1(1 — u)?)~1duyBy(dp)
e To draw B ~ BP(6,~By)

o = M= {(v;, U)}i
o = B= Zil Uidy,
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Bernoulli process & Binary feature matrix

e Y ~ BeP(B): Y =372, bidy,, where bj ~ Bern(U;)
e Draw Yi,..., Yy ~ BeP(B)

0.5
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o
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Bernoulli process & Binary feature matrix

e Y ~ BeP(B): Y =372, bidy,, where bj ~ Bern(U;)
e Draw Yi,..., Yy ~ BeP(B)
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Bernoulli process & Binary feature matrix

e Y ~ BeP(B): Y =372, bidy,, where bj ~ Bern(U;)
e Draw Yi,..., Yy ~ BeP(B)
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Bernoulli process & Binary feature matrix

e Y ~ BeP(B): Y =372, bidy,, where bj ~ Bern(U;)
e Draw Yi,..., Yy ~ BeP(B)
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e Form binary feature matrix Z ~ BP-BeP(N,~, 6)

lof

[Ghahramani et al '06]
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Stick-breaking construction of BP

oo C; .i—l
B = Y Y vOTla-v).,
i=1 j=1 =1

c, Pois(7)

v & Beta(1,0)

id 1
1/}2')]' ~ —B(] .
v
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Stick-breaking construction of BP

(Paisley et al 2010):

i1 G
B = Ol -vis,, B= Z Vi3 8y, +
i=1 j=1 =1 j
c, Pois(7) G
‘ (2) (1)
v Beta(1,0) 2 Ve (1= Vot
i,j ) J'*l
iid 1
i, < ZB,.
g Z V(1 - vEN A - Vi)Yo, +
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Stick-breaking construction of BP

(Paisley et al 2010):

i—1 C1
B = OTI0 -V,  B=D Viou,+
i=1 j=1 =1 i—1
C; % Pois(y) G
i v a - vis,, +
ij) ud Beta(1,0) JZ; 2»1( ij ) P2,
iid 1
i Y B
B Z V(1 - vEN A - Vi)Yo, +

@ Think of each i as a “round”

@ It is “a multiple of stick-breaking DP”
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Three parameter generalization

@ 3 parameter stick-breaking (“a muItipIe of Pitman-Yor")
!
B Yy TIo -V,
i=1 j=1 1= 1
C; e Pois(7)
V,(j) ingep Beta(l — o, 0 + i)

vi; <~ =B.
Y
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Three parameter generalization

@ 3 parameter stick-breaking (“a muItipIe of Pitman-Yor")

l
B = ZZV“ 1= V,)ou,
i=1 j=1 1= 1
C; ud Pois(7)
V,<j) ingep Beta(l — o, 0 + i)
iid

1
¢,7J ~ ;BO
o 3 parameter BP(6, «, By). Rate measure:
VBp(dlb, du) ZBo(dw) X qu(du)

r(1+0)
=BoldV) X T )0 1 o)

uflfoz(l o u)9+a71du

T. Broderick, M. Jordan, J. Pitman Presented by Jixiong W: Beta processes, stick-breaking, and power laws



Equivalence — An elegant proof

Proposition 1

B presented in the stick-breaking construction is equivalent to
B ~ BP(0, «, By)
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Equivalence — An elegant proof

Proposition 1

B presented in the stick-breaking construction is equivalent to
B ~ BP(0, «, By)

Idea of proof:

@ The stick-breaking representation is also a PPP, and induces
rate measure v
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Equivalence — An elegant proof

Proposition 1

B presented in the stick-breaking construction is equivalent to
B ~ BP(0, «, By)

Idea of proof:

@ The stick-breaking representation is also a PPP, and induces
rate measure v

@ Therefore only need to show that v = vgp
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Power law behavior:

Power laws in clustering models:
o Knj =272 I(N; =)
e Ky = Z(/)il I(N, > 0)
o Type 1: Ky ~ cN3, N — oo

o Type 2: Ky ~ ﬁ?g:‘:)) cNe N —

Power laws in featural models:
e Type 3: P(kn > M) ~ cM~2
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Power law derivations: Type 1 and 2

Poissonization Mean feature counts

Proposition 3

K (1), K;(t) D(t) = EK (1)), (1) = ELK;(1)

K(N)KI(N) (I)(N)|(I)’(N) Lemma4 &5

Kn,Kn,; ¢y = E[KN],®N,j = E[KN,j]

Proposition 6
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Power law derivations: Poissonization

K (t) will be the number of such Poisson processes with points in
the interval [0, t]

o K(t)=>_;IIN;N[0,t]| >0
K;(t) will be the number of such Poisson processes with j points in
the interval [0, t]

o Kj(t) =i MN[0, 2] =J

43

44

qs

¥l

0 1 2 3 4 5

Figure 4: The first five sets of points, starting from the top of the figure, il-
Iustrate Poisson processes on the positive half-line in the range t € (0,5) with
respective rates qy.....qs. The bottom set of points illustrates the union of
all points from the preceding Poisson point processes and is, therefore, itself
a Poisson process with rate 3~ g;. In this example, we have for instance that
K(1) =2, K{1) =5, and K,(1) = 1.
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Power law derivations

Theorem 2 (Part of Campbell's Theorem)

. Let Il be a Poisson process on S
with rate measure yt, and let f : S — R be measurable. If [ min(|f(x)],1) p(dz)
co, then

E [Z f(X‘;} = /f(.r.] p(de). (21)
Xell vE
Bt ]E[Z (1—et)] = / (1— ™) v(dz)

1
oy =B} - (- a)")] = / (1= (1= ™) vid)
Jo

i ol
[ ]E[Z (z‘q f—/ 2let y(dr)

it Jo

N ; N 1 ;
Dy ;= (7)]}5[2 dl—g)N )= (7) L 291 — 2y~ p(dz).

Proposition 3. Asymptotic behavior of the integral of v of the following form

vy[0,2] = / w v(du) ~ ﬁ.rl’“l[lf".r)\ z—0
J0 -

27)
where | is a regularly varying function and o € (0,1) implies

B(t) ~ D(l—a)tol{t), t— oo
T(j—a)

0,0 ~ e, toee (1),
7
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Power law derivations

Lemma 4. Let v be o-finite with f()x v(du) = oo and fDx uv(du) < oc. Then
the number of represented features has unbounded growth almost surely. The
expected number of represented features has unbounded growth, and the expected
number of features has sublinear growth. That is,

K(t)Toc as, ®t)Too, OF) <t

Lemma 5. Suppose the {¢;} are generated according to a Poisson process with
rate measure as in Lemma[fl Then, for N — oo,

|y — B

[By ; — B (V)] < )y B0 2(N)} — 0.

for some constants c;.

Proposition 6. Suppose the {g;} are generated from a Poisson process with
rate measure as in Lemmal[f, For N — oo,

Ky % dn, 3 Kniw ™) Ong
k<j k<j
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Power law derivations: Type 1 and 2

Poissonization Mean feature counts

Proposition 3

K (1), K;(t) D(t) = EK (1)), (1) = ELK;(1)

K(N)KI(N) (I)(N)|(I)’(N) Lemma4 &5

Kn,Kn,; ¢y = E[KN],®N,j = E[KN,j]

Proposition 6

T. Broderick, M. Jordan, J. Pitman Presented by Jixiong W: Beta processes, stick-breaking, and power laws



Power law derivations: Type 3

Let Z; be a Bernoulli random variable with success probability g; and such
that all the Z; are independent. Then B[}, Z:] = 3., ¢; =: Q. In this case, a
Chernoff bound |[Chernoff, 1952, Hagerup and Ruh, [1990] tells us that, for any
& > 0, we have

P} Zi> (1+8)Q] < (14 8)7109,

‘When M is large enough such that M > @, we can choose 4 such that (14+46)Q =
M. Then this inequality becomes

PY Ziz M < MOQM MM for M > Q. (31)

We see from Eq. (31)) that the number of features 3, Z; that are expressed
for a data point exhibits super-exponential tail decay and therefore cannot have
a power law probability distribution when the sum of feature probabilities 3. g
is finite. For comparison, let Z ~ Pois(Q). Then [Franceschetti et all, 2007]

P[Z > M] < M=RQMM= for M > Q,
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e a =0 (classic), « =0.3and a =0.6; v =3, 0 = 1.
o Generate 2000 random variables C; and Y.2°% C; feature
probabilities.

o With these probabilities, we generated N = 1000 data points,
i.e., 1000 vectors of (2000) independent Bernoulli random
variables.

T. Broderick, M. Jordan, J. Pitman Presented by Jixiong W: Beta processes, stick-breaking, and power laws



Simulation: Type 1 & 2

Feature count growth with N Feature count growth with N
10°)

1

Feature count Ky
Feature count Ky ;

10 10 0’ 10 0 10°
Number data points N Number data points N

N
EKy]=E [ZPOJ;( ):| :; %w ~8log(N).

n=1

TAT(N —148)

— N@-

T(N+6)  N-1+60
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Simulation: Type 3

Feature count growth in j Number of n with k. > M
Rsympiotic —— ¥
Realization
x
= 10
@
S
3
=
o ° 10" g 1
10 0 o

Data point count j

and power laws

ordan, J. P




Experimental results

@ Beta process coupled with a discrete factor analysis model.

@ Handwritten digit: 28x28 pixels projected into 50 dimensions
with PCA.

Two-parameter model

BEEEHEHEHEED

Three-parameter model

HEHHEEHEH
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Experimental results

Two-parameter model Three—parameter model
50 50
40 40
a0f 30
B H B
20 20
“MA MWM 'M‘HWWW
'W‘ / \ M’ i i NMW |
10 10 Pyl I
a 0
[4] 500 1000 1500 2000 0 500 1000 1500 2000
lteration number Iteration number
Two-parameter model Three-parameter model Three-parameter model
100 ’ *1 ‘ 100
n| | W W‘ f h '
SRS \WW
0 )
0 1000 2000 0 000 2000 0 1000 2000
Iteration number Ileralmn number Iteration number
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Experimental results

Two-parameter model Three-parameter model
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Conclusions

o (BP, stick-breaking, IBP) — (DP, stick-breaking, CRP)

@ Three-parameter generalization of BP — Pitman-Yor
generalization of DP

@ Type 1 & 2 power laws follow from the three-parameter
model.

@ Type 3: an open problem to discover new class of stochastic
process.
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