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6.1 A simple migration example. (a) shows the initial mesh. The goal is to move
a from P0 to P2. (b) We �rst 
opy 
a to P2 and (
) update the referen
es.(d) We �nally delete the element 
a in P0. . . . . . . . . . . . . . . . . . . 826.2 The mesh shown in (a) has shared vertex V2 between P0 and P1. (b) P0 sendsthe vertex to P2 while P1 sends the element to P3. (
) shows an in
orre
tmesh be
ause there are no referen
es between the 
opies of V2 lo
ated in P2and P3. (d) shows the 
orre
t �nal mesh. . . . . . . . . . . . . . . . . . . . 846.3 Migration of elements from an initial partition �t (a) to a target partition�t+1 (b) showing the multiple 
opies and remote referen
es. . . . . . . . . 856.4 Initial distribution of the mesh between four pro
essors for example in Figure6.3 (a). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 866.5 Element and vertex transfer phase: pro
edure exe
uted by pro
essor Pi tosend a sele
ted set of elements and verti
es to a destination pro
essor Pj . . 876.6 Element and vertex transfer phase: state of the mesh after 
reating the new
opies in the destination pro
essors. We highlight the new elements verti
es
reated in this phase in ea
h pro
essor. We only show the referen
es betweenthe multiple 
opies of vertex V7 to redu
e the 
omplexity of this �gure. . . 886.7 Element and vertex transfer phase: pro
edure exe
uted by ea
h pro
essor Pjto re
eive a transfer message from pro
essor Pi and to 
reate the elementsand verti
es indi
ated in the message. . . . . . . . . . . . . . . . . . . . . . 896.8 Remote referen
e update phase: outline of the algorithm exe
uted by ea
hpro
essor Pi to update the referen
es of new shared verti
es. . . . . . . . . 896.9 Remote referen
e update phase: state of the mesh at the end of this phase.The elements that will be deleted in ea
h pro
essor in the next phase arehighlighted . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 906.10 Element Deletion: state of the mesh after deleting the elements from thesour
e pro
essors but before removing the unne
essary verti
es. We onlyin
lude the referen
es for verti
es that are going to be removed in the nextphase . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 916.11 Pro
edure exe
uted by ea
h pro
essor Pi in the three phases of the migrationalgorithm. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 926.12 A migration example: internal representation of the mesh at the end of themigration phase. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93xv



7.1 FEMesh 
lasses. FEMeshCommon is an a
tual mesh or a portion of the meshlo
ated in a pro
essor. The 
on
rete 
lasses are FEMesh2D for 2D meshes andFEMesh3D for 3D ones. To simplify the use of parallel meshes we 
reated the
lass FEMeshStub that implements the same interfa
e (or publi
 methods) asFEMeshCommon. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 977.2 The Element 
lass hierar
hy supports two- and three-dimensional elements.The RootElement 
lasses store referen
es to the elements in the initial mesh. 987.3 The Vertex 
lass hierar
hy. Pared de�nes 
lasses for two and three dimen-sional verti
es (Vertex2D and Vertex3D). Verti
es in the boundary of thedomain (of type BoundaryVertex2D and BoundaryVertex3D) 
ontain refer-en
es to the Boundary obje
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Chapter 1
Introdu
tion
1.1 MotivationThe �nite element method (FEM) is a powerful and su

essful 
olle
tion of te
hniques forthe numeri
al solution of partial di�erential equations (PDEs). The FEM was originallydeveloped to solve stru
tural problems but it is now used to approximate the solutionof PDEs in all areas of engineering and applied mathemati
s. Many stati
 problems haveregions of high physi
al a
tivity embedded in large domains in whi
h the solution is smooth.In transient problems, the regions of interest 
an appear or vanish, and modify their size,shape or lo
ation, as o

urs in the study of turbulen
e in 
uid 
ows. In all 
ases, itis ne
essary to adapt the mesh to follow the physi
al anomalies so that regions of highgradients are not under-resolved while maintaining a 
oarser mesh everywhere else.Adaptive 
omputation o�ers the potential to provide large storage and 
omputationalsavings on problems with dissimilar s
ales by fo
using the available 
omputational resour
eson the regions where the solution 
hanges rapidly. Adaptive 
omputation 
an be appliedto a wide variety of problems and has been su

essfully implemented on a wide variety ofmeshes for �nite-di�eren
e, �nite-element, �nite-volume and spe
tral methods, providingexponential rates of 
onvergen
e. An overview of problems and relevant adaptation strate-gies is given by Powell, Roe and Quirk [69℄. Unfortunately, adaptivity signi�
antly in
reasesthe 
omplexity of algorithms and software. Nevertheless, the gains produ
ed by adaptives
hemes greatly justify their extra overhead and the 
hallenging programming task. To
ope with this 
omplexity, new design te
hniques based on obje
t-oriented te
hnology areneeded. 1



2In this thesis we study the problems that arise when adaptive s
hemes are used in aparallel 
omputing environment. We dis
uss the diÆ
ulties of designing parallel adaptationmethods and we introdu
e a new parallel re�nement algorithm based on Rivara's bise
tionalgorithm for triangular and tetrahedral meshes [72, 73℄. By representing the adapted meshas a forest of trees of elements we avoid the syn
hronization problems for whi
h Jones andPlassman [54℄ use randomization.The lo
al adaptation of a mesh produ
es imbalan
es in the work assigned to pro
essors.Thus, adaptive �nite element methods are an ex
ellent example for the study of dynami
load balan
ing s
hemes on distributed memory parallel 
omputers. We propose a newParallel Nested Repartition (PNR) algorithm that has its roots in the multilevel algorithmsby Barnard and Simon [10℄ and by Hendri
kson and Leland [47℄. Our method produ
es highquality partitions at a low 
ost, a very important requirement for re
omputing partitionsat runtime. It has a very natural parallel implementation that allows us to repartitionadapted meshes of arbitrary size. The 
ollapsing of the elements is performed lo
ally inea
h pro
essor using the re�nement history and avoiding the 
ommuni
ation overhead ofother partitioning methods [56℄. We have also designed a migration pro
edure to rebalan
ethe mesh after repartitioning.The work presented in this thesis assumes the LogP [27℄ model of 
omputation in whi
ha parallel 
omputer 
onsists of few (mu
h smaller than the problem size) 
oarse grainedpro
essing nodes that 
ommuni
ate by ex
hanging messages a
ross a high laten
y network.The LogP model is an a

urate 
hara
terization of 
urrent parallel 
omputers that have arelatively high message startup 
ost.To evaluate these ideas we have developed and implemented a parallel obje
t-orientedsystem 
alled Pared [21℄. Earlier work on this system was des
ribed in [16, 17, 18℄. The
onstant advan
es in 
omputer ar
hite
tures has allowed resear
hers to in
rease the range ofthe problems that 
an be studied and to improve the quality of their simulations. Massivelyparallel 
omputers 
an deliver impressive peak performan
es but many more gains are stillpossible by making better use of the 
urrent te
hnology. The most salient 
hara
teristi
of adaptive 
odes is the high sophisti
ation of their 
ode and data stru
tures. The useof obje
t oriented te
hniques allowed us to redu
e the 
omplexity of the implementationwithout signi�
antly a�e
ting the performan
e.



31.2 The Challenge of Parallel Adaptive ComputationA system for the parallel adaptive solution of PDEs must integrate subsystems for solv-ing equations, estimating errors, adapting a mesh, �nding a good assignment of work topro
essors, migrating portions of a mesh a

ording to a new assignment, and handlinginterpro
essor 
ommuni
ation. Ea
h of these systems o�er 
hallenging problems of theirown.Adaptive s
hemes start by 
omputing a solution on an initial 
oarse grid. Based onlo
al and global error estimates, the mesh is lo
ally adapted so that high gradient regionsare not under-resolved and low gradient regions are not over-resolved. In many re�nementalgorithms the re�nement of a mesh element might 
ause the re�nement of adja
ent elementsto maintain the 
onformality of the mesh. In a parallel environment, where a portion of thegiven mesh and its 
orresponding equations and unknowns is assigned to ea
h pro
essor,this propagation of re�nement requires syn
hronization between two or more neighboringpro
essors.One of the most diÆ
ult tasks of parallelizing a re�nement algorithm that propagatesthe re�nement is to determine the termination of the re�nement phase. A pro
essor mighthave no more lo
al elements to re�ne, but it needs to wait for possible propagations fromneighbor pro
essors. Only when all the pro
essors agree on the termination of the re�nementphase 
an they pro
eed to the next phase.Mesh adaptation produ
es imbalan
es in the work assigned to the pro
essors. Be
auseof the irregular load requirements of parallel adaptive 
omputation, a mesh must also be dy-nami
ally repartitioned and migrated between pro
essors at runtime. Repartitioning mustbe interleaved with the numeri
al simulation. Thus, we 
annot a�ord expensive algorithmsthat re
ompute partitions from s
rat
h after ea
h re�nement or 
oarsening. While we havedeveloped partitioning algorithms that run fast in parallel, these algorithms must avoid themovement of large regions of the mesh in response to small 
hanges, whi
h is typi
al ofstandard partitioning algorithms.Finally, we want our proje
t to exe
ute on distributed memory ma
hines that do notshare a 
ommon address spa
e. Our system must provide support for global data stru
-tures that are distributed between pro
essors so that di�erent obje
ts 
an migrate betweenpro
essors.



41.3 Contributions of This ThesisRather than studying the problems of mesh adaptation, mesh repartitioning and mesh mi-gration independently, in this thesis we put spe
ial emphasis on investigating how thesedi�erent 
omponents intera
t. By 
onsidering adaptivity as a whole we obtain new resultsthat are not available when these problems are studied separately. For example, there isextensive literature on graph partitioning methods, but there is almost no work on parti-tioning, and in parti
ular repartitioning, of adapted meshes. By maintaining the adaptationhistory of the mesh we 
an easily 
luster adja
ent elements, thereby redu
ing the 
omplexityof partitioning large meshes.The most important 
ontributions of the work presented in this thesis are the following:� We have designed a parallel re�nement algorithm for unstru
tured two- and three-dimensional meshes based on the longest edge bise
tion of triangles and tetrahedra.We have studied the properties of the meshes generated by this parallel algorithm andwe have shown the resulting meshes and the ones generated by the serial longest edgealgorithm are the same.� We have developed a new partitioning algorithm for adapted meshes 
alled ParallelNested Repartitioning (PNR). The quality of the partitions obtained using this methodis similar to the ones produ
ed by the widely used Re
ursive Spe
tral Bise
tion (RSB)and Multilevel-KL from the Cha
o [48℄ graph partitioning library. Our algorithmtakes as an input previously 
omputed partitions and generates partitions that havea mu
h smaller migration 
ost 
ompared to the ones obtained from standard methodsfor problems on whi
h the mesh is already allo
ated to pro
essors.� We have 
reated new data stru
tures for parallel adaptive meshes. Our environmentsupports the 
reation and destru
tion of mesh stru
tures at runtime in individualpro
essors and the reassignment of portions of the mesh between the pro
essors, allwhile maintaining a 
onsistent global mesh. In our meshes, the assignment of elementsand verti
es to pro
essors is not �xed throughout the 
omputation. Instead our designsupports dynami
ally 
hanging 
onne
tivity information where referen
es to remoteobje
ts are updated as new elements are 
reated, deleted or moved to a new pro
essorto rebalan
e the work. The 
omplexity of this approa
h is hidden by the use of aglobal obje
t spa
e where remote obje
t 
ommuni
ation is fa
ilitated by the use ofproxies. Ca
hed proxies are also used to redu
e laten
y and 
ommuni
ation overhead.



5� We have designed and implemented Pared, a system for the parallel adaptive solutionof partial di�erential equations. In [16, 18℄ we presented an early prototype thatsupported the parallel manipulation of unstru
tured two-dimensional meshes. Thisprototype introdu
ed some of the ideas that were later in
luded in Pared su
h asre�nement trees and remote referen
es but did not in
lude any FEM analysis.Pared is based on a serial adaptive proje
t developed in 
onjun
tion with VasilikiChatzi. This system supports a variety of mesh types, in
luding the use of CrystallineMeshes proposed by Chatzi and Preparata [25, 26℄.Pared is an integrated system that in
ludes modules for adapting the mesh, partition-ing and repartitioning the work between pro
essors, mesh migration, error estimationand solution of systems of equations. It runs on distributed memory ma
hines su
has the IBM SP and networks of workstations.� We have designed a high performan
e library to 
ommuni
ate irregular data stru
turesbetween pro
essors. This library uses a standard C++ stream interfa
e. Thereforeex
hanging obje
ts between pro
essors is similar to reading and writing �les.� We have evaluated these ideas in a variety of stati
 and dynami
 partial di�erentialequations in an IBM SP and a network of workstations. We have shown that oursystem 
an handle very large meshes and 
an solve 
omplex problems su
h as thein
ompressible Navier-Stokes equations at high Reynolds numbers. In this examplewe have shown that our dynami
 meshes 
an be 4.75 to 18.63 times smaller thanequivalent stati
 meshes that a
hieve the same desired error.Chapters 2 and 3 present a short introdu
tion to the FEM and an overview of Pared.The parallel mesh re�nement algorithm is des
ribed in Chapter 4. Chapter 5 provides anoverview of graph partitioning algorithms and introdu
es our new repartitioning heuristi
s.Dynami
 meshes and the parallel mesh migration pro
edure are the subje
ts of Chapter6. Chapter 7 des
ribes the 
lasses that form Pared and Chapter 8 presents a new 
om-muni
ations library for obje
t migration between pro
essors. Finally, Chapter 9 shows thesolution obtained by our adaptive system to two typi
al problems: a stati
 problem with aregion of high errors and a transient 
uid 
ow.



61.4 Related WorkDue to its importan
e, parallel adaptive 
omputation has been the subje
t of severalproje
ts. Although all these systems have a 
ommon goal, ea
h system proposes di�er-ent strategies for ea
h phase of the adaptive pro
ess. Among the most important proje
tsthat are based on unstru
tured triangular or tetrahedral meshes (su
h as the ones used inPared), we mention DIME, Summa3D and PMDB.1.4.1 DIMEPared follows in the spirit of the Distributed Irregular Mesh Environment (DIME) [94℄, anearly system developed by Roy Williams at the California Institute of Te
hnology. DIMEexe
utes in the Cubix server [1℄, an old parallel environment system that is not supportedby 
urrent parallel 
omputers.The original version of DIME works on 2D unstru
tured meshes. DIME does not supportmesh 
oarsening so it 
annot be used in 
uid dynami
 problems. DIME uses a varietyof mesh partitioning algorithms su
h as Simulated Annealing and Orthogonal Re
ursiveBise
tion (ORB) that do not minimize the movement of data between repartitions.DIME uses a database of voxels with hash fun
tions to maintain the identity of ea
hmesh stru
ture. The migration pro
edure implemented in DIME is ineÆ
ient be
ause everypro
essor must re
eive every migration message in order to update referen
es to shared datastru
tures.1.4.2 S
alable Unstru
tured Mesh Computation (Summa3D)In [53, 54℄, Jones and Plassman des
ribe a method for the parallel re�nement of triangularmeshes. In this method, the mesh is partitioned by verti
es rather than by elements (unlikePared), although ea
h element is owned by only one pro
essor. To avoid the syn
hroniza-tion problem of re�ning adja
ent elements owned by neighboring pro
essors, the authorsrely on the use of heuristi
s. They �rst 
ompute an independent set of the elements ofthe mesh. Elements in the same subset are re�ned in the same phase so no two adja
entelements 
an be re�ned at the same time.The independent set is approximated by the assignment of random numbers to theelements of the mesh. The authors also propose a strategy on whi
h elements are assignedto subsets a

ording to a graph 
oloring of the dual graph of the mesh. In a bounded



7degree graph, as it is the 
ase in the dual graph, the maximum number of 
olors, and alsothe number of subsets, is independent of the graph size. Nevertheless, the greedy algorithmproposed to 
ompute the graph 
oloring still requires an initial random assignment of 
olorsto mesh elements.Its partitioning heuristi
 is based on a variation of ORB whi
h is 
alled Unbalan
ed Re-
ursive Bise
tion (URB). It is well known that methods that rely on 
oordinate informationof the mesh su
h as ORB and URB often produ
e partitions with a high bise
tion width,that is, they 
ontain many more interpro
essor links than is ne
essary.1.4.3 PMDBIn [83℄ an adaptive environment for unstru
tured problems 
alled PMDB is presented.PMDB re�nes tetrahedra using a variety of di�erent subdivision patterns. PMDB �rstmarks a set edges for re�nement. Then ea
h element is re�ned into two or more tetrahedradepending on whi
h of its edges are marked. In the 
ase that this pro
edure 
reates atetrahedron with very sharp angles, then some adja
ent tetrahedra might be additionallyre�ned but only if they are lo
ated in the same pro
essor. PMDB does not propagate there�nement a
ross pro
essor boundaries. Therefore, multiple runs of the same program indi�erent number of pro
essors 
an generate di�erent results.PMDB o�ers several partitioning heuristi
s. Its di�usion-based method, whi
h movesboundary elements between pro
essors, is slow; it requires multiple iterations to 
onverge toa balan
ed distribution. Its o
tree graph partitioning algorithm does not guarantee smallbise
tion widths be
ause it 
an produ
e many small dis
onne
ted subsets.



Chapter 2
The FEM Adaptive Pro
ess
2.1 A Short Introdu
tion to the Finite Element MethodThe �nite element method (FEM) is used to approximate the solution to a wide range ofdi�erential equations. Although the FEM is more diÆ
ult to implement than 
ompetingte
hniques su
h as �nite di�eren
es, it easily applies to problems with irregular domains,general boundary 
onditions and non-uniform grids. In this se
tion we present a shortoverview of the FEM and introdu
e some of the notation and pro
edures that we use in thefollowing 
hapters. For a more extensive treatment of the FEM see [4, 23, 52, 80, 81, 96℄.The FEM is a
tually a 
lass of methods that seek an approximation of an unknownfun
tion u from a �nite dimensional spa
e Sm. This spa
e (also known the trial spa
e) isde�ned by a set of basis fun
tions f�1; : : : ; �mg. One important property of basis fun
tionsis that any fun
tion in the spa
e Sm 
an be expressed by a unique linear 
ombination ofthem. Therefore, an approximation û in the spa
e Sm to a partial di�erential equationLu = q
an be expressed in the form u � û = mXi=1 ai�iwhere L is a di�erential operator and the 
oeÆ
ients ai are unknowns.For example, 
onsider the two-dimensional Poisson problem���2u�x2 + �2u�y2� = q(x; y) in
 (2.1)u = 0 on �
8



9where 
 is a region in the plane and �
 is its boundary.Multiplying equation 2.1 by an arbitrary smooth fun
tion v that satis�es v = 0 on �
and integrating in the domain results in the following equation.�Z
 v��2u�x2 + �2u�y2� d
 = Z
 vq d
Using Green's formula to integrate by parts we obtainZ
��v�x �u�x + �v�y �u�y� d
 = Z
 vq d
: (2.2)This equation is almost equivalent to the original equation but 
ontains lower orderderivatives than the original formulation.The weak formulation of Equation 2.2 is: �nd u 2 H 00 su
h that for all v 2 H 00 theequation holds with Z�
 v �v�n � n̂dS = 0 (2.3)The �rst step in the FEM is to divide the domain 
 into a set of non-overlapping 
ellsf
a; 1 � a � ng or elements of regular shape su
h as triangles and quadrilaterals in 2D andtetrahedra and hexahedra in 3D, as suggested in Figure 2.1.We then de�ne the trial spa
e Sm whi
h is usually 
hosen from a �nite-dimensionalsubspa
e H 00 
onsisting of pie
ewise polynomials of bases 1. To every node j in the meshwe asso
iate a basis fun
tion �j. For triangular linear elements, these are polynomials oflinear order in x and y of the form:�i(x; y) = a+ bx+ 
y:These fun
tions �j are 
ontinuous in 
 and pie
ewise linear. If (xj; yj) are the 
oordinatesof node j, then �j also satis�es the following 
ondition:�j(xi; yi) = Æi;j = 8<:0 if i 6= j1 if i = jand the basis 
oeÆ
ients aj 
orrespond to the nodal point values.To make an approximation to u from equation 2.2 we put a set of weighting fun
tionswj ; 1 � j � m, in pla
e of v su
h that the number of equations is equal to m, the numberof unknowns ai; 1 � i � m. There are several 
hoi
es of wj that result in the di�erent
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Figure 2.1: De
omposition of a two-dimensional domain into a triangular mesh.variations of the method of the weighted residuals, a general 
lass of methods that in
ludethe FEM. One of its most popular forms, known as the Garlekin method, 
hooses wj = �jand results in the system of equations of m unknownsKa = f (2.4)where kj;i = Z
���j�x ��i�x + ��j�y ��i�y � d
 (2.5)fj = Z
 �jq d
:The 
oeÆ
ient matrix K (usually referred as the sti�ness matrix ) and the for
e ve
tor fare easily obtained by summing the 
ontributions of the individual elements.The matrix K in equation 2.5 is sparse be
ause kj;i = 0 unless there is an overlap onthe regions in whi
h �i and �j are nonzero. K is also symmetri
 and positive de�nite sothe linear systems of equations 2.4 has a unique solution. On meshes 
omposed of trianglesor tetrahedra its non-zero stru
ture is usually irregular. The system of equations 
an besolved using Gaussian elimination without pivoting or by most iterative methods, su
h asConjugate Gradient.



112.2 Sele
tion of the Mesh TypeThe sele
tion of the mesh type depends on the problem to be studied sin
e there is nostrategy that is 
onsidered best for every problem. Most �nite element meshes belong totwo 
ategories:� Stru
tured meshes: there is a mapping from the physi
al spa
e to the 
omputationalspa
e. In the 
omputational spa
e the elements appear as squares (in two dimensions)or 
ubes (in three dimensions). Ea
h vertex of the mesh, ex
ept the boundary verti
es,has an isotropi
 neighborhood. The neighbors and verti
es of an element are easily
al
ulated using array based data stru
tures. For example, the neighbors of a gridpoint (i; j) in a two dimensional spa
e using a natural ordering are (i � 1; j); (i +1; j); (i; j � 1); (i; j + 1). Elements are also de�ned using a similar ordering. Thus,it is not ne
essary to reserve additional storage to hold the identity of neighbors andverti
es of any parti
ular element.� Unstru
tured meshes: in this 
ase the elements store expli
it 
onne
tivity informationto determine their neighbors and verti
es. The data stru
tures in this 
ase are more
omplex than in stru
tured meshes but it is easier to represent irregular geometries.Ea
h type of mesh has its advantages and disadvantages. Stru
tured meshes requiresimpler 
odes with less overhead but are more limited in the representation of 
omplexdomains. Although a number of te
hniques have been developed to �nd appropriate map-pings from the physi
al domain to the 
omputational domain [22, 90, 91℄, it is generallynot possible to �nd a transformation that �ts irregular domains. Unstru
tured meshes,su
h as the ones used in Pared, are more 
omplex, require more storage and overhead perelement but 
an easily represent arbitrary domains. For that reason, unstru
tured meshesare usually used on problems with 
omplex geometries, su
h as wings or ma
hine parts.Some te
hniques implement the meshes as a 
ombination of both approa
hes [95, 44℄. Forexample, blo
k stru
tured or semistru
tured methods, de
ompose the domain into a set ofunstru
tured super-elements, where ea
h super-element is a stru
tured grid.2.3 Qualities of Unstru
tured FEM MeshesThe 
ompatibility of a mesh to a problem topology and 
orre
t treatment of the boundariesare not the only requirements for high-quality meshes. In addition, the mesh must also



12satisfy element size and shape 
onstraints, whi
h vary over the domain.The rate of 
onvergen
e and quality of the solutions provided by the FEM dependsheavily on the number, size and shape of the mesh elements. For a given shape, theapproximation error in
reases with element size (h), whi
h is usually measured by the lengthof the longest edge of an element. Smaller elements result in larger systems of equationswhi
h in
rease the 
omplexity of the method.The 
ondition number of the matri
es used in the FEM and the approximation errorare related to the minimum and maximum angle of all the elements in the mesh [7℄. Inthree dimensions, the solid angle of all tetrahedra and their ratio of the radius of the
ir
umsphere to the ins
ribed sphere (whi
h implies a bounded minimum angle) are usuallyused as measures of the quality of the mesh [60, 67℄. For some 
ow problems, the orientationof the elements is also important.In addition, the basis fun
tions must satisfy 
ertain 
ontinuity 
onditions at the elementboundaries. A mesh is 
onforming if neighbor elements interse
t at a 
ommon vertex, edgeor fa
e. The mathemati
al formulation only admits 
onforming meshes. Although the FEMhas also been applied to non-
onforming meshes, 
onformality is a property that greatlysimpli�es the method. It is also assumed to be a requirement in this thesis.2.4 Lo
al Adaptation of FEM meshesThe goal of adaptive 
omputation is to optimize the 
omputational resour
es used in asimulation whi
h 
an be a
hieved by re�ning a mesh to in
rease its resolution on regionsof high relative error in stati
 problems or by re�ning and 
oarsening the mesh to followphysi
al anomalies in transient problems [95℄.If a numeri
al method that has an a

ura
y of order O(hp), where h is a measure ofthe element size and p is the order of the polynomials used in the approximation, the
onvergen
e to the exa
t solution u 
an be obtained by de
reasing h or by in
reasing p. Inan optimal mesh, every element should have the same error. Thus, every element in whi
hthe lo
al error 
ondition is not satis�ed is a 
andidate for re�nement.The adaptation of a mesh 
an be performed by 
hanging the order of the polynomi-als used in the approximation (p-re�nement), by modifying the stru
ture of the mesh (h-re�nement), or a 
ombination of both (hp-re�nement). p-re�nement 
an be thought asin
reasing the amount of information asso
iated with an element without 
hanging thegeometry of the mesh, where p is the polynomial order of the basis fun
tions.



Chapter 3
Pared: An Overview
3.1 What is Pared?Pared [21℄ is a system for the parallel adaptive solution of PDEs. This system is a 
ontin-uation of earlier work on parallel meshes presented in [16, 18℄. Pared supports the lo
alre�nement and 
oarsening of unstru
tured two- and three-dimensional meshes, and the dy-nami
 repartitioning and load balan
ing of the work. Our design supports a dynami
ally
hanging environment. Elements and verti
es (and asso
iated equations and unknowns)migrate between pro
essors to balan
e the workload. Referen
es to remote elements andverti
es are updated as new elements or verti
es are 
reated, deleted or moved to a newpro
essor. Although all the support 
ode (more than 100,000 lines) is written in C++, oursystem relies on Fortran libraries su
h as BLAS [59, 30℄ and Lapa
k [5℄ that are optimizedfor ea
h parti
ular ar
hite
ture for numeri
ally intensive pro
edures.Pared runs on serial ma
hines and parallel 
omputers. The serial version was developedin 
onjun
tion with the Crystalline Meshes proje
t by Chatzi and Preparata at BrownUniversity [25, 26℄. On parallel ma
hines, Pared runs on distributed memory 
omputers inwhi
h pro
essing nodes 
ommuni
ate by ex
hanging messages using MPI (Message PassingInterfa
e)[37, 46, 87℄, whi
h is the standard for message passing libraries. These ma
hines
onsist of 
oarse-grained pro
essing nodes 
onne
ted through a high laten
y network. Ea
hpro
essing node 
annot dire
tly address a memory lo
ation in another node. Be
ause ea
hmessage has a high startup 
ost, eÆ
ient message passing algorithms must minimize thenumber of messages delivered. Thus, it is better to send a few large messages rather thanmany small ones. This is a very important 
onstraint and has a signi�
ant impa
t on thedesign of message passing algorithms. 13
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Figure 3.1: A snapshot of Pared's graphi
al user interfa
e.We have evaluated our system in two di�erent parallel ar
hite
tures: an IBM SP anda network of workstations (NOW). Ea
h pro
essing node of the SP 
ontains four PowerPC604e pro
essors running at 333 Mhz in SMP mode with 1GB of 
ommon main memory.Pro
essing nodes are 
onne
ted through the SP swit
h, whi
h is similar to an invertedbutter
y, and provides relatively fast 
ommuni
ation. The version of MPI used in thisma
hine is the standard IBM MPI. The NOW 
onsists of a variable number Sun Ultra-1 workstations, ea
h having 128MB of memory and 
onne
ted via a 100Mbps Ethernetnetwork. For 
ommuni
ation, the NOW uses MPICH (version 1.1.2), a freely availableimplementation of MPI from Argonne National Lab.Pared has two modes of operation: intera
tive or bat
h. The intera
tive mode allowsthe user to visualize the 
hanges in the mesh that results from its adaptation, partitioningand migration. The user 
ontrols the system through a GUI, as suggested in Figure 3.1,via a distinguished pro
essor 
alled the 
oordinator, PC , whi
h 
olle
ts information fromall the other pro
essors. Pared uses OpenGL [39℄ to permit the user to view 3D meshesfrom di�erent angles. Through the 
oordinator, the user 
an also give instru
tions to allpro
essors su
h as spe
ifying when and how to adapt the mesh or whi
h strategy to usewhen repartitioning the mesh. The bat
h mode is used for produ
tion runs.



15Pared uses remote referen
es and smart pointers, two ideas 
ommonly found in obje
toriented programming, to provide a simple repli
ation me
hanism that is tightly integratedwith our mesh data stru
tures. In adaptive 
omputation, the stru
ture of the mesh evolvesduring the 
omputation as elements and verti
es are 
reated, destroyed or assigned todi�erent pro
essors. The use of remote referen
es and smart pointers have greatly simpli�edthe 
reation of dynami
 parallel meshes.When implemented in C++, a remote referen
e is just an obje
t that 
onsists of apro
essor number and memory address. A pro
essor 
an use a remote referen
e to invokemethods on obje
ts lo
ated in a remote pro
essor. Method invo
ations and argumentsdestined for remote pro
essors are marshaled into a few messages that 
ontain memoryaddresses of the remote obje
ts. In the destination pro
essor(s), ea
h address is 
onvertedto a pointer to an obje
t of the 
orresponding type through whi
h the method is invoked.Be
ause the di�erent pro
essors are inherently trusted and MPI guarantees reliable 
om-muni
ation, Pared does not in
ur the overhead traditionally asso
iated with distributedobje
t systems.Smart pointers are used so that proxy obje
ts 
an be destroyed when there are no morereferen
es to them. For example, in Pared verti
es are asso
iated with multiple elements.When the referen
e 
ount of a vertex proxy rea
hes zero, the proxy is no longer atta
hed toan element lo
ated in the pro
essor and 
an be destroyed. If a vertex proxy is lo
ated in aninternal boundary between pro
essors, then some pro
essor might have a remote referen
eto it. In that 
ase, before a proxy is destroyed, it informs the 
opies in other pro
essors todelete their referen
es to it. This pro
edure insures that the shared vertex 
an then be safelydestroyed without leaving dangerous dangling pointers referring to it in other pro
essors.Finally, Pared uses streamed non-blo
king 
ommuni
ation to hide the 
omplexity andoverhead of message passing where ea
h obje
t marshals and unmarshals itself onto a stream.The re�nement and migration algorithm have a 
ommuni
ation pattern that is di�erentfrom most s
ienti�
 
ode su
h as a parallel matrix-ve
tor produ
t in whi
h the same setof memory lo
ations are repeatedly ex
hanged between pro
essors. In the re�nement andmigration algorithms, it is also diÆ
ult for the destination pro
essors to estimate the size ofthe re
eiving bu�ers and the messages 
an be
ome very large in the migration algorithm ifa lot of data movement is required. To over
ome these problems, our system uses automati
bu�ering that divides very large messages into smaller ones.



163.2 FEM Mesh Representation in ParedAll the di�erent subsystems of Pared use a 
ommon mesh representation. This frameworkis based on two basi
 
on
epts: re�nement trees and remote referen
es between the 
opiesof shared verti
es lo
ated in di�erent pro
essors. The re�nement (or adaptation) treesmaintain the re�nement history of the mesh and simplify tasks su
h as 
oarsening of themesh. The remote referen
es between shared verti
es are used to maintain a 
onsistentglobal data stru
ture as the mesh evolves throughout the 
omputation.3.2.1 Re�nement TreesTo support the dynami
 adaptation of meshes we designed a hierar
hi
al data stru
ture ofnested meshes. We assume that the user supplies an initial 
oarse meshM0 
alled the 0-levelmesh. Starting from M0 the adaptation pro
edure 
onstru
ts a family of nested meshesM0;M1; : : : ;M t. Let M t(Dt; V t) be the mesh at time step t where Dt = f
1; : : : ;
ng is aset of elements that approximate the domain 
 of interest and V t = fV1; : : : ; Vmg is the setof verti
es in the mesh. Every element in Dt at time step t is an unre�ned element.Let M t+1 be the new adapted mesh that results from re�ning a set of elements R � Dtand 
oarsening another set of elements C � Dt su
h that R\C = ;. For ea
h re�ned element
a 2 R we de�ne Children(
a) = f
a1 ;
a2 ; : : : ;
adg to be the elements resulting from there�nement of 
a, and let Parent(
ak ) = 
a for 1 � k � d. Although di�erent re�nementmethods produ
e di�erent numbers of 
hildren, d is assumed to be a small integer.We also de�ne the Level of an element 
a so that Level(
a) = 0 if 
a is in the initialmesh and Level(
a) =Level(Parent(
a)) + 1 otherwise. The elements 
ak 
an also bere�ned, and be
ome the parents of elements. In Pared, when an element is re�ned, it doesnot get destroyed. Instead, the re�ned element inserts itself into a tree. The re�ned meshforms a forest of re�nement trees, one per initial mesh element. Thus, for every element
a in the initial mesh Pared maintains a re�nement history tree �a where every elementex
ept a leaf element is the parent of two or more elements. The leaf elements of thesetrees form the most re�ned mesh M t on whi
h the numeri
al simulation is based at time t.These trees are used in many of our algorithms. For example, in Pared a mesh is 
oarsenedby repla
ing all the 
hildren of a re�ned element by their parent. Thus, M0 is the 
oarsestmesh that our system 
an manipulate. Our repartitioning algorithm also takes advantageof these trees. When an element is migrated to another pro
essor all its des
endants aremigrated as well.
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Figure 3.2: The re�nement of the mesh in (a) using a nested re�nement algorithm 
reatesa forest of trees as shown in (b) and (
). The dotted lines identify the leaf triangles.The multilevel representation of the mesh has the following properties:� An element that has no parents has level 0 and belongs to the 
oarse (initial) meshM0. No 
oarsening is done above this level.� An element with no 
hildren belongs to the �ne mesh M t. The numeri
al simulationsare always based on the �ne mesh, although 
oarser meshes are sometimes used (forexample, in multigrid methods).� An element 
ould be at the same time in both the 
oarse mesh M0 and the �ne meshM t (for example before any re�nement is done) or in any intermediate mesh.� Only elements that are in the �ne mesh M t 
an be sele
ted for re�nement or 
oars-ening. The hierar
hy of elements is only modi�ed at its leaves.� As the elements are individually sele
ted for re�nement or 
oarsening the hierar
hy
an have di�erent depths in di�erent regions of the mesh.� When an element 
a is re�ned it is repla
ed by its 
hildren in the new �ne meshM t+1. To 
oarsen an element all its 
hildren must be sele
ted for 
oarsening. Inthis 
ase the 
hildren in the new �ne mesh M t+1 are repla
ed by their parent anddestroyed.



183.2.2 Implementing a Parallel Mesh With Remote Referen
esOne of the most 
ommon uses of remote referen
es in Pared is to maintain the 
onne
tivityinformation between adja
ent regions of the mesh that are lo
ated in di�erent pro
essors.Pared partitions the mesh by elements. Partitioning the mesh by elements has severaladvantages over partitioning it by nodes, as we will show in Chapter 5. In Pared everyelement is assigned to only one pro
essor and mesh verti
es are shared if they are adja
entto elements lo
ated in di�erent pro
essors. Proxies for verti
es that are 
ommon to meshelements on di�erent pro
essors are held in ea
h of them.De�nition 1 Let V ip be the 
opy of vertex Vp 2 V t lo
ated in pro
essor i at time step t.We de�ne Ref (V ip ) = f(Pj ; V jp ) j V jp is a 
opy of Vp in pro
essor jg.This relation is symmetri
 so that if (Pi; V ip ) 2 Ref (V jp ) then (Pj ; V jp ) 2 Ref (V ip ). If Vp isa node internal to a pro
essor Pi, then Ref (V ip ) = ?. A node in an internal boundary 
an beshared by more than two pro
essors. Hen
e if Vp is a shared node then 1 � jRef (V ip )j � P�1where P is the number of pro
essors. In general, we expe
t that jRef (V ip )j � P � 1. Meshquality requirements guarantee that the elements do not 
ontain sharp angles. Thus, thenumber of elements adja
ent to any vertex is small, whi
h results in few shared 
opies.Good partitions of the mesh also redu
e the total number of referen
es.Ref (V ip ) is a dynami
 stru
ture that is implemented as a list. Its 
ontent varies throughthe simulation as verti
es are moved between pro
essors be
ause it is possible that a newpartition of the mesh 
onverts an internal node into a shared node and vi
e versa or thatit modi�es the 
ontents Ref (V ip ). The example in Figure 3.3 shows a mesh with 5 elementsand 7 nodes. The nodes V3 and V4 are shared by two pro
essors Pi, and Pj so Ref (V 13 ) =f(P2; V 23 )g while Ref (V 23 ) = f(P1; V 13 )g.There is no need to have more than one 
opy per node in ea
h pro
essor. Suppose thata pro
essor i has two 
opies of the same node V ip and V ip 0 so that (Pi; V ip 0) 2 Ref (V ip ). We
an dete
t this 
ondition be
ause the referen
e points to a node in the same pro
essor i. Wethen remove the 
opy V ip 0 after updating all the referen
es in other pro
essors that pointto V ip 0 to point to V ip . For a similar reason we do not need or allow dupli
ate referen
es inRef (V ip ).We also de�ne Adj (
a) = fVpjVp is a vertex of 
ag and ElemAdj (Vp) = f
ajVp is avertex of the element 
ag. The Adj (
a) of an element 
a is the set formed by the verti
esof 
a. In the 
ase of triangular elements jAdj (
a)j = 3, and in the 
ase of tetrahedral
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P2Figure 3.3: Mesh representation in a distributed memory ma
hine using remote referen
es.elements jAdj (
b)j = 4. ElemAdj (Vp) of a node Vp is the set formed by the elements
ontaining Vp. In an unstru
tured mesh jElemAdj (Vp)j is not a 
onstant. Although intheory we 
an 
onstru
t meshes where jElemAdj (Vp)j 
an have arbitrary values, if the meshis non-degenerate (the interior angles are not 
lose to 0) we expe
t that jElemAdj (Vp)jbe bounded above by a 
onstant k. In a mesh partitioned by elements we 
an de�neElemAdj (V ip ) = f
a j 
a 2 ElemAdj (Vp) and 
a is lo
ated in pro
essor Pig.3.3 Using Pared to Solve PDEsThe 
ow
hart shown in Figure 3.4 provides an overview of the adaptive pro
ess used byPared. Although Pared supports several mesh types with di�erent element shapes, inthis thesis we 
on
entrate on two- and three- dimensional meshes 
omposed of trianglesand tetrahedra.To start a simulation Pared loads the initial mesh M0(S; V ) into a distinguished pro-
essor 
alled the 
oordinator PC . As we mentioned in Se
tion 3.2.2, Pared partition themesh by elements. The 
oordinator 
reates a weighted dual graph G(W;E) of the mesh,that is, a graph with one vertex wa 2 V for every element 
a 2 S and an edge (wa; wb) 2 Eif two elements 
a and 
b in the initial mesh are adja
ent. Pared 
omputes a partition �of the elements of the mesh by elements by �rst obtaining a partition of the verti
es of G.In general, we assume that the graph G is small enough to be partitioned using a variety ofserial graph partitioning algorithms on a single pro
essor. Our system in
ludes an interfa
e
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21with the Cha
o [48℄ library. In Chapter 5 we des
ribe a new algorithm for partitioningadapted meshes.The 
oordinator then distributes the mesh a

ording to �. In this phase, ea
h pro
essorinitializes the referen
es between their shared 
opies of verti
es lo
ated in the internalboundaries between partitions. PC maintains the dual graph during the simulation. G isa 
oarse approximation of a re�ned mesh M t. Ea
h vertex wa 2 W has a 
orrespondingelement 
a inM0. The weight of wa is equal to the number of leaf elements in the re�nementtree des
ribed in Se
tion 3.2.1 rooted by 
a. Similarly, edge weights 
orrespond to the
ommuni
ation required between two adja
ent elements and are equal to the number ofshared verti
es, edges or fa
es between the leaf elements of two adja
ent re�nement trees.This weighted graph G is later used to repartition the mesh.In the adaptive phase, a mesh is modi�ed typi
ally by �rst solving a linear system ofequations Ax = f asso
iated with the 
urrent mesh and 
omputing an error fun
tion thatidenti�es elements that need to be re�ned and 
oarsened. Pared provides several iterative[6, 76℄ and dire
t solvers. In the FEM the matrix A is usually sparse and, on triangularor tetrahedral meshes, its non-zero stru
ture is not regular. Our methods of 
hoi
e areCG [49, 58, 84℄ on symmetri
 problems and GMRES [93℄ on non-symmetri
 ones, with andwithout pre
onditioning. Our solvers support an abstra
t representation of the system ofequations so we 
an easily experiment with di�erent sparse matrix representations.On stati
 problems, the mesh is typi
ally re�ned until a desired error is obtained. Dy-nami
 problems usually exe
ute for a �xed number of iterations. When these termination
onditions are not a
hieved, the mesh is lo
ally adapted and the work rebalan
ed betweenpro
essors. Pared uses the parallel h re�nement algorithm presented in Chapter 4, whi
his based on longest edge bise
tion of triangular and tetrahedral unstru
tured meshes.After the adaptation phase, Pared determines if a workload imbalan
e exists due tovariations in the number of elements on individual pro
essors. If so, it invokes the pro
eduredes
ribed in Chapter 5 to de
ide how to repartition mesh elements between pro
essors. Ea
hpro
essor sends to PC the 
hanges on the weights asso
iated with the elements in the initialmesh. The 
oordinator updates the weights of the graph G, whi
h it then uses to 
omputea new partition of the adapted mesh. PC then informs ea
h pro
essor of the 
oarse elementsand their re�nement trees that need to be migrated and their destination.These elements and the 
orresponding verti
es are migrated between the pro
essorsa

ording to the pro
edure explained in Chapter 6. Pared is then ready to resume anotherround of equation solving, mesh adaptation, mesh repartitioning, and work migration.



Chapter 4
Lo
al Adaptation of Unstru
turedMeshes
4.1 Rivara's Longest Edge Bise
tion in Two DimensionsMany h-re�nement te
hniques [8℄ have been proposed to serially re�ne triangular and tetra-hedral meshes. One widely used method is the longest-edge bise
tion algorithm proposedby Rivara [71, 72℄. In its simplest form this re
ursive pro
edure (see Figure 4.1) splits ea
htriangle 
a from a sele
ted set of triangles R by adding an edge between the midpoint Vsof its longest side to the opposite vertex, 
reating two new triangles with equal area. Thisre�nement method (as well as several other adaptation s
hemes) propagate the re�nementto neighboring mesh elements so that an element 
b 62 R might also be re�ned to maintainthe 
onformality of the mesh, as illustrated in Figure 4.2. The re�nement of the shadedelement in (a) 
reates a non-
onforming vertex (bla
k) on its longest edge. Be
ause of 
on-tinuity requirements of the basis fun
tions used in the approximation the shaded trianglein (b) must now be re�ned to maintain a 
onforming mesh. There are several variations ofthis algorithm but in its simplest form it re
ursively bise
ts the non-
onforming triangle byits longest edge. This pro
ess 
reates a new non-
onforming verti
es shown in (
) and (d).(g) shows the �nal 
onforming mesh.The re�nement of an element may propagate throughout the mesh (in the previousexample only one element was initially in R but required the re�nement of 6 elements).Nevertheless, this pro
edure is guaranteed to terminate be
ause the edges it bise
ts in
reasein length. Building on the work of Rosenberg and Stenger [74℄ on bise
tion of triangles,22



23Bise
t(
i)let Vp, Vq and Vr be verti
es of the triangle 
ilet (Vp; Vq) be the longest side of 
i and let Vs be the midpoint of (Vp; Vq)bise
t 
i by the edge (Vr; Vs), generating two new triangles 
i1 and 
i2while Vs is a non-
onforming vertex do�nd a non-
onforming triangle 
j adja
ent to the edge (Vp; Vq)Bise
t(
j)end whileFigure 4.1: Longest edge (Rivara) bise
tion algorithm on triangular mesh.
(a)

(f) (g)(e)

(d)(c)(b)

Figure 4.2: The re�nement of the shaded triangle (a) propagates through the mesh 
reatingthree (bla
k) non-
onforming verti
es (b)-(f). Non-
onforming elements adja
ent to theseverti
es are re
ursively re�ned until all the mesh is 
onforming (g).Rivara [71, 72℄ shows that this re�nement pro
edure provably produ
es two dimensionalmeshes in whi
h the smallest angle of the re�ned mesh is no less than half of the smallestangle of the original mesh. The resulting mesh is 
onforming and the transition betweenlarge and small elements is smooth.4.2 Rivara's Longest Edge Bise
tion in Three DimensionsThe longest-edge bise
tion algorithm 
an be generalized to three dimensions [73℄ where atetrahedron is bise
ted into two tetrahedra (Figure 4.3) by inserting a triangle between the
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(a) (b)Figure 4.3: Re�nement of a tetrahedron (a) by its longest edge (3; 4) into two tetrahedra(b). The re�nement propagates to all the tetrahedra adja
ent to the edge (3; 4).midpoint of its longest edge and the two verti
es not in
luded in this edge. The re�nementpropagates to neighboring tetrahedra in a similar way. This pro
edure is also guaranteed toterminate, but unlike the two dimensional 
ase, there is no known bound on the size of thesmallest angle. This lower bound for the three dimensional 
ase is unlikely to exist be
ausethe sum of the interior angles of a tetrahedron is not a 
onstant and its longest edge is notne
essarily opposite the largest angle [66℄. Nevertheless, experiments 
ondu
ted by Rivara[73℄ suggest that this method does not produ
e degenerate meshes in whi
h the same angleis repeatedly divided.In two dimensions there are several variations on the algorithm. For example a triangle
an initially be bise
ted by the longest edge, but then its 
hildren are bise
ted by the non-
onforming edge, even if it is that is not their longest edge [71℄. In three dimensions, thebise
tion is always performed by the longest edge so that mat
hing fa
es in neighboringtetrahedra are always bise
ted by the same 
ommon edge.4.3 Parallel Re�nement of Unstru
tured MeshesIn Pared the initial 
oarse mesh M0 is assumed small enough so it 
an be stored in onepro
essor and re�ned there using the serial re�nement algorithms outlined in the previousse
tions. Nevertheless, as the number of elements and verti
es in
reases in re�ned meshes,it is ne
essary to distribute the mesh between pro
essors and perform its re�nement inparallel.Be
ause the adaptation pro
edure is used to re�ne the mesh in regions of high relativeerror, when the mesh is distributed between pro
essors it is likely that su
h regions are



25lo
ated in only one or few pro
essors. The longest edge bise
tion algorithm and manyother mesh re�nement algorithms that propagate the re�nement to guarantee 
onformalityof the mesh are not lo
al. The re�nement of one parti
ular triangle or tetrahedron 
a 
anpropagate through the mesh and potentially 
ause 
hanges in regions far removed from 
a.If neighboring elements are lo
ated in di�erent pro
essors, it is ne
essary to propagate thisre�nement a
ross pro
essor boundaries to maintain the 
onformality of the mesh.In our parallel longest edge bise
tion algorithm ea
h pro
essor Pi iterates between aserial phase, in whi
h there is no 
ommuni
ation, and a parallel phase, in whi
h ea
hpro
essor sends and re
eives messages from other pro
essors. Let R be a global set ofelements sele
ted for re�nement and let Ri be a subset of the elements of R assigned topro
essor Pi. In this 
ase R = [Ri and Ri \ Rj = ; for i 6= j be
ause ea
h element isassigned to only one pro
essor.In the serial phase, pro
essor Pi re�nes the elements in Ri using the serial longestedge bise
tion algorithms outlined earlier. The re�nement often 
reates shared verti
es inthe boundary between adja
ent pro
essors. Pi maintains a list for ea
h of its neighboringpro
essors Pj of the verti
es shared with that pro
essor that were 
reated during the serialphase. To minimize the number of messages ex
hanged between Pi and Pj , Pi delays thepropagation of re�nement to Pj until Pi has re�ned all the elements in its pro
essor.The serial phase terminates when Pi has no more elements to re�ne. When this happens,Pi sends one message to every adja
ent pro
essor Pj on whose shared boundary it 
reatedone or more shared verti
es. This message 
ontains all the shared verti
es that were 
reatedas a result of re�ning the elements inRi. After sending these messages Pi listens for messagesfrom other pro
essors.A pro
essor Pi informs an adja
ent pro
essor Pj that some of its elements need to bere�ned by sending a message from Pi to Pj 
ontaining the non-
onforming edges and theverti
es to be inserted at their midpoint. Ea
h edge is identi�ed by its endpoints Vp andVq and its remote referen
es (see Figure 4.4 (a)). If Vp and Vq are shared verti
es, then Pihas a remote referen
e to 
opies of Vp and Vq lo
ated in pro
essor Pj . These referen
es arein
luded in the message, so that Pj 
an identify the non-
onforming edge e and insert thenew vertex Vs. A similar strategy is used when the edge is re�ned several times during there�nement phase, but in this 
ase, the vertex Vs is not lo
ated at the midpoint of e.Di�erent pro
essors 
an be in di�erent phases during the re�nement. For example, at anygiven time a pro
essor 
an be re�ning some of its elements (serial phase) while neighboringpro
essors have re�ned all their elements and are waiting for propagation messages (parallel
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(a) (b) (c)Figure 4.4: (a) In the parallel longest edge bise
tion algorithm some elements (shaded) areinitially sele
ted for re�nement. (b) If the re�nement 
reates a new (bla
k) vertex on apro
essor boundary, the re�nement propagates to neighbors. (
) Finally the referen
es areupdated a

ordingly.phase) from adja
ent pro
essors. Pj waits until it has no elements to re�ne before re
eivinga message from Pi. For every non
onforming edge e in
luded in a message to Pj , Pj
reates its shared 
opy of the midpoint Vs (unless it already exists) and inserts the newnon-
onforming elements adja
ent to Vs into a new set R0j of elements to be re�ned. In thisway the re�nement propagates a
ross the internal boundary between Pi and Pj to maintainthe 
onformality of the global mesh. The remote referen
es of the new verti
es are updateda

ordingly. The 
opy of Vs in Pj must also have a remote referen
e to the 
opy of Vs in Pi.For this reason, when Pi propagates the re�nement to Pj it also in
ludes in the message areferen
e to its 
opies of shared verti
es. These steps are illustrated in Figure 4.4. Pj thenenters the serial phase again, where the elements in R0j are re�ned.The parallel algorithm is essentially the same for two- and three-dimensional meshes. Inboth 
ases triangles and tetrahedra are re�ned by their longest edge. The only di�eren
e isthat in 2D, every triangle 
an have only one neighboring triangle over a shared edge so itneeds to propagate the re�nement to only one pro
essor. Be
ause a tetrahedron 
an havemore than one neighboring tetrahedron over an edge and these tetrahedra 
an be lo
atedin di�erent pro
essors, the 
reation of a shared vertex in a 3D mesh might o

ur betweenone pro
essor and several other pro
essors.



274.3.1 The Challenge of Re�ning in ParallelThe des
ription of the parallel re�nement algorithm is not 
omplete be
ause re�nementpropagation a
ross pro
essor boundaries 
an 
reate two syn
hronization problems. The�rst problem, adaptation 
ollision, o

urs when two (or more) pro
essors de
ide to re�neadja
ent elements (one in ea
h pro
essor) during the serial phase, 
reating two (or more)vertex 
opies over a shared edge, one in ea
h pro
essor. It is important that all 
opies referto the same logi
al vertex be
ause in a numeri
al simulation ea
h vertex must in
lude the
ontribution of all the elements around it.The se
ond problem that arises, termination dete
tion, is the determination that a re-�nement phase is 
omplete. The serial re�nement algorithm terminates when the pro
essorhas no more elements to re�ne. In the parallel version, a pro
essor might have no elementsto re�ne but it might still be waiting for re�nement propagations from adja
ent pro
essors.Therefore, termination is a global de
ision that 
annot be determined by an individual pro-
essor and requires a 
ollaborative e�ort of all the pro
essors involved in the re�nement.We now des
ribe these two problems and our solutions.Adaptation 
ollisionDuring the serial phase, every pro
essor Pi re�nes a sele
ted set Ri of its elements in parallel(these elements are shaded in the Figure 4.5). In the event that two or more pro
essorsPi and Pj both re�ne an edge e that is shared between mesh elements lo
ated in di�erentpro
essors, they 
reate a vertex over the shared edge before propagating the re�nement tothe others. In this 
ase it is important that these pro
essors do not 
onsider these verti
esto be distin
t.When a message arrives at Pj with the instru
tion to 
reate a vertex Vr at the midpointof a shared edge e, Pj 
an dete
t if the edge was already re�ned by using e to 
he
k theelements in Pj that 
ontain it. If any of those elements was re�ned over e then Pj alreadyhas a 
opy of the vertex Vr. In that 
ase, Pj does not 
reate another 
opy of the same vertexbut instead it adds to it a referen
e to the remote 
opy in Pi. As we mentioned earlier, thisreferen
e is in
luded in the message from Pi to Pj . Otherwise, Pj 
reates the vertex Vr andthen re�nes the non-
onforming elements adja
ent to it after whi
h it adds a referen
e tothat remote 
opy in Pi.
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(c)Figure 4.5: (a) Both pro
essors sele
t (shaded) mesh elements for re�nement. The re�ne-ment propagates to a neighboring pro
essor (b) resulting in more elements being re�ned(
). The re�nement pro
ess is 
omplete when ea
h new shared vertex has a referen
e to itsproxy on a neighboring pro
essor.Termination dete
tionThe other problem mentioned earlier is the dete
tion of the termination of re�nement.Termination of re�nement 
annot be determined by individual pro
essors be
ause, althougha pro
essor Pi may have adapted all of its mesh elements in Ri, it 
annot determine whetherthis 
ondition holds for all other pro
essors. For example, at any given time, no pro
essormight have any more elements to re�ne. Nevertheless, the re�nement 
annot terminatebe
ause there might be some propagation messages in transit.The algorithm for dete
ting the termination of parallel re�nement is based on Dijkstra'sgeneral distributed termination algorithm [28, 11℄. A global termination 
ondition is rea
hedwhen no element is sele
ted for re�nement. Hen
e if R is the set of all elements in the mesh
urrently marked for re�nement, then the algorithm �nishes when R = ;.The termination dete
tion pro
edure uses message a
knowledgments. For every prop-agation message that Pj re
eives, it maintains the identity of its sour
e (Pi) and to whi
hpro
essors Pk it propagated re�nements. Ea
h propagation message is a
knowledged. Pja
knowledges to Pi after it has re�ned all the non-
onforming elements 
reated by Pi's mes-sage and has also re
eived a
knowledgments from all the pro
essors to whi
h it propagatedre�nements.A pro
essor Pi 
an be in two states: an ina
tive state is one in whi
h Pi has no elementsto re�ne (it 
annot send new propagation messages to other pro
essors) but 
an re
eive



29messages. If Pi re
eives a propagation message from a neighboring pro
essor, it moves froman ina
tive state to an a
tive state, sele
ts the elements for re�nement as spe
i�ed in themessage and pro
eeds to re�ne them. Let Ri be the set of elements in Pi needing re�nement.A pro
essor Pi be
omes ina
tive when:� Pi has re
eived an a
knowledgment for every propagation message it has sent.� Pi has a
knowledged every propagation message it has re
eived.� Ri = ;.Using this de�nition, a pro
essor Pi might have no more elements to re�ne (Ri = ;) butit might still be in an a
tive state waiting for a
knowledgments from adja
ent pro
essors.When a pro
essor be
omes ina
tive, Pi sends an a
knowledgment to the pro
essors whosepropagation message 
aused Pi to move from an ina
tive state to an a
tive state.We assume that the re�nement is started by the 
oordinator pro
essor, PC (see Figure4.6). At this stage, PC is in the a
tive state while all the pro
essors are in the ina
tivestate. PC initiates the re�nement by sending the appropriate messages to other pro
essors.This message also spe
i�es the adaptation 
riterion to use to sele
t the elements Ri forre�nement in Pi.When a pro
essor Pi re
eives a message from PC , it 
hanges to an a
tive state, sele
tssome elements for re�nement either expli
itly or by using the spe
i�ed adaptation 
riterion,and then re�nes them using the serial bise
tion algorithm, keeping tra
k of the verti
es
reated over shared edges as des
ribed earlier. When it �nishes re�ning its elements, Pisends a message to ea
h pro
essor Pj on whose shared edges Pi 
reated a shared vertex. Pithen listens for messages.Only when Pi has re�ned all the elements spe
i�ed by PC and is not waiting for anya
knowledgment message from other pro
essors does it send an a
knowledgment to PC .Global termination is dete
ted when the 
oordinator be
omes ina
tive. When PC re
eivesan a
knowledgment from every pro
essor this implies that no pro
essor is re�ning an elementand that no pro
essor is waiting for an a
knowledgment. Hen
e it is safe to terminate there�nement. PC then broad
asts this fa
t to all the other pro
essors.4.3.2 The Message Model for Re�nementThe parallel re�nement algorithm des
ribed above uses three di�erent types of message:



30for ea
h pro
essor Pi doPC sends a Re�neMsg to Pi spe
ifying elements to re�ne and/or an adaptation 
riterionend forfor ea
h pro
essor Pi doPC waits for a DoneMsg from Piend forfor ea
h pro
essor Pi doPC sends a FinishMsg to Pi to indi
ate the termination of the re�nementend forFigure 4.6: The messaging algorithm exe
uted by the 
oordinator PC .� A Re�neMsg re
eived by Pi indi
ates that some elements in Pi must be re�ned. Atthe beginning of the re�nement phase, PC sends a Re�neMsg to all the pro
essors.The pro
essors sele
t their elements to re�ne a

ording to the spe
i�ed re�nement
riterion. This message is also used when the re�nement propagates between thepro
essors. In this 
ase, the message indi
ates whi
h edges to re�ne and a referen
eto the new verti
es.� A DoneMsg is used to a
knowledge ea
h Re�neMsg re
eived by Pi from anotherpro
essor Pj (in
luding the 
oordinator).� A FinishMsg from PC to ea
h pro
essors signals the end of the re�nement phase.The steps exe
uted by the 
oordinator PC and by the other pro
essors Pi are di�erent.Figure 4.6 shows the algorithm exe
uted by the 
oordinator. PC initially broad
asts aRe�neMsg to all the other pro
essors to start the re�nement phase whi
h identi�es theinitial elements to re�ne. PC then waits until it re
eives a DoneMsg from all the otherpro
essors. At this point, PC broad
asts a FinishMsg.Every other pro
essor Pi is in a loop waiting for messages (Figure 4.7). Pi does notknow whi
h type of message it is going to re
eive next, so it has to be able to re
eive anyof them. This algorithm is nondeterministi
 be
ause at any given time Pi 
an re
eive amessage from any of its neighbors or the 
oordinator. In MPI, messages re
eived from thesame sour
e are re
eived in order, but there is no guarantee about the order of messagesfrom di�erent sour
es. Therefore in di�erent exe
utions the sequen
e in whi
h messages arere
eived 
an be di�erent.If Pi re
eives a message whose type is a Re�neMsg from the 
oordinator, then Pi sele
tsa set of its elements for re�nement and re�nes them using the serial bise
tion algorithm. Ifthe Re�neMsg is from another pro
essor Pj, then for ea
h edge spe
i�ed in the message, Pi



31while true doPi waits for a message msg from other pro
essors (in
luding PC)if msg type = FinalizeMsg thenbreakelse if msg type = Re�neMsg thenre�ne the spe
i�ed elements using a serial re�nement algorithmif re�nement does not propagate to other pro
essors thensend a DoneMsg to the sour
e pro
essor of msgelsesend a Re�neMsg to every pro
essor to whi
h the re�nement propagatesend ifelse if msg type = DoneMsg thenlet msg be a response to a previous Re�neMsg from Pi to Pj . Assume that there�nement that propagated to Pj was 
aused by a message re
eived by Pi from Pkif Pi is waiting for no more responses to Re�neMsg thensend a DoneMsg to Pkend ifend ifend while Figure 4.7: Message model for re�nement by pro
essor Pi.
reates or updates the referen
e to the 
orresponding vertex of that edge and then re�nesthe adja
ent non-
onforming elements. If the re�nement of the elements spe
i�ed in theRe�neMsg 
reates verti
es over edges shared with adja
ent pro
essors, then Pi sends a
orresponding Re�neMsg to every su
h pro
essor. Otherwise it sends a DoneMsg to thesour
e of the Re�neMsg.As mentioned earlier, every Re�neMsg must be a
knowledged by a DoneMsg whi
h isreturned to the sour
e of the Re�neMsg when Pi has 
ompleted all the propagations 
ausedby that message. This is true when� Pi has re�ned all its lo
al elements spe
i�ed in the Re�neMsg message, and� Pi has also re
eived a DoneMsg from every other pro
essor to whi
h ea
h re�nementhas propagated.Pi stops waiting for messages when it re
eives a FinalizeMsg from PC . As suggested inFigure 4.8 (b), a pro
essor might have returned a DoneMsg to the 
oordinator but mightstill have more elements to re�ne be
ause it re
eived a Re�neMsg from an adja
ent pro
essor(P2 in this 
ase).
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RefineMsg

DoneMsgFigure 4.8: (a) PC sends a Re�neMsg to all pro
essors. (b) Be
ause P0 and P1 do notpropagate the re�nement to other pro
essors they return a DoneMsg to PC . P2 propagatesthe re�nement to P1. (
) P1 re�nes the non
onforming elements in P1 without propagatingthe re�nement to other pro
essors and then sends a DoneMsg to P2. (d) A DoneMsg issent from P2 to PC .When Pi propagates re�nements to Pj , Pi does not blo
k while waiting for an a
knowl-edgment from Pj . Instead it waits in a loop a

epting messages from other pro
essors. Adeadlo
k is very likely to o

ur if Pi were to blo
k. This s
heme, propagating the re�nementand listening for messages, allows us to handle 
ases like the one shown in Figure 4.9 inwhi
h the re�nement initiated in Pi propagates ba
k to the same pro
essor. In this example,the pro
essors denoted Pj and Pk in Figure 4.7 are a
tually the same.4.4 Properties of Parallel Re�ned MeshesOur parallel re�nement algorithm is guaranteed to terminate. In every serial phase thelongest edge bise
tion algorithm is used. In this algorithm the re�nement propagates to-wards progressively longer edges and will eventually rea
h the longest edge in ea
h pro-
essor. Between pro
essors the re�nement also propagates towards longer edges. Globaltermination is dete
ted by using the global termination dete
tion pro
edure des
ribed inthe previous se
tion. The resulting mesh is 
onforming. Every time a new vertex is 
reatedover a shared edge, the re�nement propagates to adja
ent pro
essors. Be
ause every ele-ment is always bise
ted by its longest edge, for triangular meshes the results by Rosenbergand Stenger on the size of the minimum angle of two-dimensional meshes also hold.
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(d)(c)Figure 4.9: A 
y
li
 propagation using the parallel longest edge bise
tion algorithm. (a)The re�nement of an element (shaded) in Pi propagates to Pj in (b) and ba
k to Pi in (
).When the pro
edure terminates the mesh is 
onforming as shown in (d).



34It is not immediately obvious if the resulting meshes obtained by the serial and parallellongest edge bise
tion algorithms are the same or if di�erent partitions of the mesh generatethe same re�ned mesh. As we mentioned earlier, messages 
an arrive from di�erent sour
esin di�erent orders and elements may be sele
ted for re�nement in di�erent sequen
es.We now show that the meshes that result from re�ning a set of elements R from agiven mesh M using the serial algorithms des
ribed in Se
tions 4.1 and 4.2 and the parallelalgorithm presented in Se
tion 4.3, respe
tively, are the same. In this proof we use thegeneral longest-edge bise
tion (GLB) algorithm outlined in Figure 4.10 where the order inwhi
h elements are re�ned is not spe
i�ed. In a parallel environment, this order dependson the partition of the mesh between pro
essors. After showing that the resulting re�nedmesh is independent of the order in whi
h the elements are re�ned using the serial GLBalgorithm, we show that every possible distribution of elements between pro
essors andevery order of parallel re�nement yields the same mesh as would be produ
ed by the serialalgorithm.Theorem 1 The mesh that results from the re�nement of a sele
ted set of elements R of agiven mesh M using the GLB algorithm is independent of the order in whi
h the elementsare re�ned.Proof An element 
a is re�ned using the GLB algorithm if it is in the initialset R or re�nement propagates to it. An element 
a 62 R is re�ned if oneof its neighbors 
reates a non-
onforming vertex at the midpoint of one of itsedges. The re�nement of 
a by its longest edge divides the element into twonested sub-elements 
a1 and 
a2 
alled the 
hildren of 
a. These 
hildren arein turn re�ned by their longest edge if one of their edges is non-
onforming. There�nement pro
edure 
reates a forest of trees of nested elements where the rootof ea
h tree is an element in the initial mesh M and the leaves are unre�nedelements. For every element 
a 2 M , let �a be the re�nement tree of nestedelements rooted at 
a when the re�nement pro
edure terminates.Using the GLB pro
edure elements 
an be sele
ted for re�nement in di�erentorders, 
reating possible di�erent re�nement histories. To show that this 
an-not happen we assume the 
onverse, namely, that two re�nement histories H1and H2 generate di�erent re�ned meshes, and establish a 
ontradi
tion. Thus,assume that there is an element 
a 2M su
h that the re�nement trees �1a and�ai , asso
iated with the re�nement histories H1 and H2 of 
a respe
tively, are



35Let R be a set of elements to be re�nedwhile there is an element 
i 2 R dobise
t 
s by its longest edgeinsert any non-
onforming element 
b into Rend while Figure 4.10: General longest-edge bise
tion (GLB) algorithm.di�erent. Be
ause the root of �1a and �2a is the same in both re�nement histories,there is a pla
e where both trees �rst di�er. That is, starting at the root, thereis an element 
b that is 
ommon to both trees but for some reason, its 
hildrenare di�erent. Be
ause 
b is always bise
ted by the longest edge, the 
hildren of
b are di�erent only when 
b is re�ned in one re�nement history and it is notre�ned in the other. In other words, in only one of the histories does 
b have
hildren.Be
ause 
b is re�ned in only one re�nement history, then 
b 62 R, the initial setof elements to re�ne. This implies that 
b must have been re�ned be
ause oneof its edges be
ame non-
onforming during one of the re�nement histories. LetD1 be the set of elements that are present in both re�nement histories, but arere�ned in H1 and not in H2. We de�ne D2 in a similar way.For ea
h re�nement history, every time an element is re�ned, it is assigned anin
reasing number. Sele
t an element 
a from either D1 or D2 that has thelowest number. Assume that we 
hoose 
a from D1 so that 
a is re�ned in H1but not in H2. In H1, 
a is re�ned be
ause a neighboring element 
b 
reated anon-
onforming vertex at the midpoint of their shared edge e. Therefore 
b isre�ned in H1 but not in H2 be
ause otherwise it would 
ause 
a to be re�nedin both sequen
es. This implies that 
b is also in D1 and has a lower re�nementnumber than 
a 
ontradi
ting the de�nition of 
a. It follows that the re�nementhistories are the same. 2Consider now the parallel re�nement algorithm des
ribed in Se
tion 4.3. Although itre�nes elements on individual pro
essors serially, these pro
essors re�ne their elements inparallel. As shown below, the resultant mesh is the same as would be produ
ed in the serial
ase.Corollary 1 Given a mesh M and a set of elements R to re�ne, for every partition of the



36elements between pro
essors, the parallel GLB algorithm generates the same re�ned meshas does the serial GLB algorithm.Proof For every partition of the elements and every order of re�nement withinpro
essors that is 
onsistent with the GLB algorithm, there is a linear orderthat 
an be established of element re�nements. From Theorem 1 it follows thatthe re�ned mesh asso
iated with every linear ordering is the same. 2Clearly the result of Theorem 1 holds for any nested re�nement algorithm in whi
hthe re�nement of elements o

urs in an order that is independent of whi
h side or fa
e isnon-
onforming.4.5 Mesh CoarseningBe
ause in Pared re�ned elements are not destroyed in the re�nement tree, the mesh 
anbe 
oarsened by repla
ing all the 
hildren of an element by their parent. If a parent element
a is sele
ted for 
oarsening, it is important that all the elements 
b that are adja
ent tothe longest edge of 
a are also sele
ted for 
oarsening. If neighbors are lo
ated in di�erentpro
essors then only a simple message ex
hange is ne
essary. This algorithm generates
onforming meshes: a vertex is removed only if all the elements that 
ontain that vertex areall 
oarsened. It does not propagate like the re�nement algorithm and it is mu
h simplerto implement in parallel.4.6 Parallel Re�nement of Unstru
tured Meshes: Experi-mental ResultsIn the previous se
tion we have shown that the meshes obtained using the parallel re�nementalgorithm des
ribed in this paper are the same as those obtained using the widely used seriallongest-edge bise
tion algorithm. Therefore the quality of the resulting meshes using any ofthe measures mentioned in Chapter 2.3 is the same as that obtained using serial re�nement.To evaluate the performan
e of our parallel algorithm and to show that re�nement doesnot in
ur any signi�
ant overhead we performed a series of tests using a network of four tothirty-two Sun Ultra-1 workstations. Using simple meshes with elements of regular shapewe demonstrate that the performan
e of the parallel re�nement algorithm strongly depends



37on the quality of the partition of the mesh between pro
essors. If many adja
ent elementsare lo
ated in di�erent pro
essors (for example, when elements are randomly assigned topro
essors) the 
ost of 
ommuni
ation is very high. However, for partitions of the meshwith relatively short boundaries between subdomains there is a reasonable 
ommuni
ationoverhead.We also show the performan
e of the re�nement algorithm on irregular unstru
turedmeshes is similar to that observed on the simpler regular ones de�ned below. In Chapter 9,we examine the performan
e of our re�nement algorithm when lo
ally adapting unstru
turedmeshes and 
ompare it with the other phases of the adaptation pro
edure.4.6.1 Global Re�nement of Regular MeshesThe performan
e of our parallel re�nement algorithm is dependent on the quality of thepartition of the mesh. Starting from the regular two- and three-dimensional meshes de�nedin the unit square and 
ube, as shown in Figure 4.11, we performed su

essive global parallelre�nements of all the elements of the mesh. In our two-dimensional example we start with amesh that 
ontains 256 elements and 145 verti
es and after 15 su

essive re�nements of ea
helement we obtain a mesh with 4,194,304 elements and 2,099,201 verti
es. The initial three-dimensional mesh 
ontains 1,536 elements and 426 verti
es. After 12 re�nements its numberof elements and verti
es grows to 3,145,728 and 536,769, respe
tively. The total number ofelements and verti
es in ea
h �ne mesh M t in ea
h re�nement phase is shown in Table 4.1.The global re�nement pro
edure on these regular meshes does not overre�ne (where someelement not initially sele
ted for re�nement also get re�ned to obtain a 
onforming mesh)as we will in future examples: at ea
h level, the sele
ted elements are re�ned on
e and thesize if the mesh is doubled.After a mesh M t is re�ned, the resulting �ne mesh M t+1 is repartitioned betweenpro
essors. Pared allows the user to 
hoose from a large variety of partitioning algorithms.One of these is Multilevel-KL, a graph partitioning algorithm o�ered as part of Cha
o[48℄. It generates high quality partitions of meshes but at the 
ost of an overhead that isprohibitive for large meshes. Multilevel-KL was used in the experiments des
ribed belowto provide good partitions for the initial assignment of elements to pro
essors. Be
auseMultilevel-KL is a serial algorithm, an entire graph must be moved to one pro
essor topartition it. For very large re�ned meshes, the time required by Multilevel-KL is very large(on the order of 20 minutes in some 
ases) and required the use of a Sun server with 2 GB ofmemory. This is a
tually the limiting fa
tor on the size of the meshes that we 
an handle.
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Figure 4.11: Initial two- and three-dimensional regular meshes.In this se
tion we give examples that show that we 
annot study the re�nement algorithmindependently of the partition of the mesh. In these examples, every pro
essor exe
utes asimilar amount of work to re�ne the mesh. A 
lose to optimal partition is obtained byusing the Multilevel-KL partition mentioned above. On the other hand, a balan
ed randomdistribution of the mesh requires the same amount of serial work in ea
h pro
essor (everyelement is re�ned on
e) but, be
ause every new vertex is likely to be shared between twoor more pro
essors, it requires 
ommuni
ation between them. A snapshot of the re�nedregular meshes partitioned randomly and by Multilevel-KL from a random partition areshown in Figure 4.12.We used three di�erent measures to evaluate the performan
e of the parallel re�nementalgorithm. For every pro
essor, we 
ount the number of new edge re�nements sent to otherpro
essors during ea
h of the su

essive global re�nements of the mesh. This is a measure ofthe amount of 
ommuni
ation o

urring in the parallel re�nement algorithm. The maximumnumber of edge re�nements sent by any pro
essor to all its neighbors in ea
h level usingboth partitioning strategies are shown in Table 4.2 for the regular two-dimensional meshand in Table 4.3 for the three-dimensional mesh. The amount of 
ommuni
ation duringre�nement required for a random distribution of the mesh is signi�
antly larger than forthe mesh partitioned using Multilevel-KL. Also, the number of new shared edges usingMultilevel-KL does not ne
essarily in
rease with ea
h level of re�nement even on a regularmesh be
ause it depends on the a
tual partition of the mesh between pro
essors. Therefore,it is diÆ
ult to predi
t the amount of 
ommuni
ation required by the re�nement algorithmeven in these simple examples.These di�eren
es in the amount of 
ommuni
ation also have a great impa
t on there�nement time as we in
rease the size of the mesh and the number of pro
essors. For the



392D Regular Mesh 3D Regular MeshLevel Elements Verti
es Elements Verti
es1 256 145 1536 4292 512 289 3072 7293 1024 545 6144 12414 2048 1089 12288 29695 4096 2113 24576 49136 8192 4225 49152 90097 16384 8321 98304 220658 32768 16641 196608 359379 65536 33025 393216 6870510 131072 66049 786432 17000111 262144 131585 1572864 27462512 524288 263169 3145728 53676913 1048576 52531314 2097152 105062515 4194304 2099201Table 4.1: Number of elements and verti
es of meshes obtained by the repeated re�nementof regular two- and three-dimensional meshes.

Figure 4.12: Regular two- and three-dimensional regular meshes partitioned between 32pro
essors using a partition provided by Multilevel-KL (left) and a random partition (right).



404 Pro
essors 8 Pro
essors 16 Pro
essors 32 Pro
essorsLevel M-KL Rand M-KL Rand M-KL Rand M-KL Rand1 6 64 6 39 6 20 4 122 4 120 6 90 5 43 6 263 0 237 0 170 3 89 3 554 13 504 11 320 9 167 9 845 4 1024 8 677 9 348 5 1516 19 2075 24 1326 21 615 21 2817 11 4129 10 2740 25 1233 13 5048 43 8095 33 5314 32 2421 28 10039 25 16626 24 10800 30 4840 24 196410 66 32786 82 21307 70 9789 48 391011 48 66010 55 42844 83 19399 76 789912 99 158 85425 111 38291 100 1552513 120 145 76806 89 3095214 241 206 6145215 207Table 4.2: Largest number of edge re�nements sent by a pro
essor to other pro
essors inea
h re�nement level obtained by performing su

essive re�nements on a regular 2D meshpartitioned randomly and with the Multilevel-KL algorithm.
4 Pro
essors 8 Pro
essors 16 Pro
essors 32 Pro
essorsLevel M-KL Rand M-KL Rand M-KL Rand M-KL Rand1 23 422 21 559 21 521 15 3022 41 644 30 890 32 958 16 6063 0 1273 0 1952 0 2044 0 15694 78 3230 80 4265 51 3800 24 24825 90 4731 87 7393 66 7800 46 56696 7 10199 16 15755 18 16997 4 126177 260 25778 229 34332 343 32578 191 208088 425 323 57350 302 65188 203 490289 141 125 98 139756 101 10431410 1278 986 886 173428Table 4.3: Largest number of edge re�nements sent by a pro
essor to other pro
essors inea
h re�nement level obtained by performing su

essive re�nements on a regular 3D meshpartitioned randomly and with the Multilevel-KL algorithm.
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(
) (d)Figure 4.13: Re�nement time for the global su

essive re�nements of a regular two dimen-sional mesh with a (a) Multilevel-KL partition and (b) random partition. (
) and (d) showthe same times for the re�nement of a regular three-dimensional mesh.regular two-dimensional mesh, the total time for ea
h parallel re�nement phase of Multilevel-KL and random derived partitions is shown in Figures 4.13 (a) and (b) respe
tively. Forthe three- dimensional mesh, these times are shown in Figures 4.13 (
) and (d). These�gures illustrate that the re�nement time for randomly distributed meshes is mu
h largerthan that for the same meshes partitioned using Multilevel-KL. It is also possible to pro
esslarger meshes with Multilevel-KL be
ause it requires fewer shared 
opies of verti
es and lessmemory to store them.
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(a) (b)Figure 4.14: Relative speedups for the re�nement of a regular mesh using Multilevel-KLand random partition for a (a) two-dimensional regular mesh of 262,144 elements and (b)three-dimensional regular mesh of 98,304 elements.The speedup in the time to re�ne regular 2D and 3D meshes is shown in Figure 4.14for random and Multilevel-KL-derived partitions. We show only the time to globally re�neall elements and propagate 
hanges a
ross pro
essor boundaries. The time to repartitiona random mesh with Multilevel-KL and to migrate the mesh are not in
luded. In boththe 2D and 3D 
ases the speedup that is obtained with the well partitioned mesh is mu
hhigher than for the randomly partitioned mesh and almost linear. Also, we 
an report thatthe re�nement time is dominated by the time for lo
al re�nement of meshes on individualpro
essors, not the 
ost of interpro
essor 
ommuni
ation. The 
ommuni
ation 
ost overheadis an important fa
tor in the total 
ost of the re�nement algorithm as the meshes grow insize for random partitions. This is due to the large number of new shared verti
es 
reatedin randomized partitions.4.6.2 Global Re�nement of Irregular MeshesThe repeated bise
tion of all the elements in the regular 2D and 3D meshes 
onsideredabove never 
reates a mesh whose smallest angle is less than 45 degrees in the the 
aseof two-dimensional meshes and a smallest solid angle less than 15 degrees in the 
ase ofthree-dimensional meshes. Also, it never re�nes an element more than on
e to maintain the
onformality of the mesh.
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Figure 4.15: Initial two- and three-dimensional irregular meshes on a square and a 
ube.2D Irregular Mesh 3D Irregular MeshLevel Elements Verti
es Elements Verti
es1 2239 1171 3179 7282 5094 2629 10166 21773 11110 5677 31935 64724 23749 12040 101051 195545 49915 25214 320424 607626 103585 52125 1007549 1875997 212831 106941 3177713 5851288 434119 2177269 880745 44143610 1779869 89126911 3586501 1795390Table 4.4: Number of elements and verti
es that result from su

essive re�nement of irreg-ular two- and three-dimensional meshes.Typi
al unstru
tured �nite-element meshes are similar to those shown in Figure 4.15.Su

essive re�nement of these meshes more than doubles the size of the mesh, as shown inTable 4.4. That is, an element might be re�ned more than on
e during the re�nement phaseto maintain a 
onforming mesh, whi
h is not the 
ase in the previous regular examples.Nevertheless, the performan
e of the algorithm using these irregular meshes is similar toour previous results. Table 4.5 shows that the maximum number of new edge re�nementssent by any pro
essor to another in ea
h re�nement is relatively small. The total re�nementtime in the di�erent steps of the re�nement are 
omparable to those in the regular meshes,as shown in Figure 4.16 for meshes of similar sizes.
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2D Irregular Mesh 3D Irregular MeshLevel 4 P 8 P 16 P 32 P 4 P 8 P 16 P 32 P1 21 22 17 15 51 52 51 482 14 22 16 14 146 109 92 793 19 31 17 23 213 162 187 1534 26 29 31 20 433 383 336 3075 31 36 36 33 811 744 6136 37 47 35 41 1613 12217 87 56 65 628 73 131 83 749 129 143 10110 190 14311 206Table 4.5: Largest number of new edge re�nements sent by a pro
essor to other pro
essorsin ea
h re�nement phase by performing su

essive re�nements on an irregular 2D and 3Dmeshes (Multilevel-KL partitions).
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(a) (b)Figure 4.16: Re�nement time for the global su

essive re�nements of a irregular (a) two-dimensional mesh and (b) three-dimensional irregular mesh when Multilevel-KL is used.



Chapter 5
Mesh Partitioning andRepartitioning
5.1 Introdu
tionIn this 
hapter we des
ribe Parallel Nested Repartitioning (PNR), a new partitioning al-gorithm sket
hed in [18℄, that has its roots in multilevel partitioning algorithms [10, 47℄.Our method qui
kly produ
es low 
ost, high quality partitions that minimize the amount ofdata that needs to be moved to rebalan
e a workload after a mesh adaptation. It has a verynatural parallel implementation that allows us to repartition adapted meshes of arbitrarysize. We demonstrate the e�e
tiveness of PNR both analyti
ally and empiri
ally.Starting with a 
oarse initial mesh, Pared lo
ally adapts the mesh using an h-re�nementalgorithm until an error 
riterion is met. Atta
hed to ea
h 
oarse element is a re�nementhistory tree whose leaves are the most re�ned elements into whi
h the 
oarse element hasbeen re�ned. Pared partitions the mesh by elements. A partition is obtained by PNRfrom the dual graph G of the 
oarse mesh.Although G has mu
h less information than is available in the adapted mesh M , wedemonstrate through experiment and analysis that partitioning M using G gives balan
edpartitions with 
ut sizes 
omparable to those provided by standard partitioning algorithms[10, 47℄. Unfortunately, as we show, small 
hanges inM 
an produ
e very di�erent partitionsof it using either our initial version of PNR or standard partitioning algorithms. This meshmigration problem has also been addressed by others [12, 15, 78℄. Biswas [12℄ permutesthe subsets produ
ed by a standard algorithm to minimize data movement. We show that45



46this heuristi
 
an still require that half the elements be migrated. Walshaw et al [15℄and S
hloegel, Karypis and Kumar [78℄ determine the number of elements that must movebetween pro
essors to rebalan
e them using a te
hnique of Hu and Blake [50℄ and then try tokeep the 
ut size small by migrating elements on the boundaries between pro
essors. Theirheuristi
s require several iterations in whi
h the same regions of the mesh are repeatedlymigrated.Our approa
h to mesh migration uses a modi�ed version of PNR, whi
h we show throughexperiment and analysis very qui
kly produ
es balan
ed partitions with low 
ut size andlow migration 
ost. Our approa
h is to use a multilevel partitioning algorithm to partitionG without repartitioning the 
oarsest graph but using a variation of the Kernighan-Linheuristi
 as 
ontra
ted graphs are expanded.In this 
hapter we show the power of PNR through an experiment with Pared in whi
hwe tra
k a disturban
e through spa
e over time. We show that PNR migrates a very smallnumber of elements while maintaining a partition quality 
omparable to that produ
ed byRSB [10℄.5.2 Partitioning Finite Element MeshesParallel implementations of the FEM allo
ate a portion of the mesh M(D;V ) to ea
hpro
essor, where D is a set of elements and V is a set of verti
es. For eÆ
ien
y reasons,the partition of M should assign a similar amount of work to ea
h pro
essor while at thesame time minimizing the 
ommuni
ation needed between pro
essors.Two standard methods are used to partition a mesh M between p pro
essors. The�rst removes a subset of its edges leaving p 
onne
ted 
omponents of verti
es whi
h arethen mapped to the pro
essors. In this partitioning by verti
es of the mesh, ea
h vertex isassigned to a unique pro
essor. Pared uses a se
ond method. Ea
h element is assigned toa unique pro
essor and mesh verti
es are shared if they are adja
ent to elements assigned todi�erent pro
essors. This results in the partition � = f�1; : : : ; �pg of the mesh by elements,where �i is the set of elements assigned to pro
essor Pi. Communi
ation is then performeda
ross the edges (in two-dimensional problems) or fa
es (in three-dimensional problems)that separate two elements of the mesh [79℄.The most 
omplex pro
edure in the FEM is the solution of linear systems of equationsAx = y whi
h, on large problems, 
an 
ontain millions of unknowns. Sparse matrix-ve
torprodu
ts, inner produ
ts and ve
tor operations are the basi
 operations of most iterative



47solvers su
h as Conjugate Gradient and GMRES. When these operations are exe
uted ona parallel 
omputer, the most 
ommuni
ation intensive pro
edure is the multipli
ation of asparse matrix by a ve
tor. In the FEM, the matrix A is the result of an assembly pro
ess ofthe lo
al square matrix L(
a) obtained from every element 
a. The size of L(
a) dependson the order of the polynomial of the basis fun
tions used in the approximation. The globalmatrix A is equal to P
a2D TL(
a) where T is a proje
tion operator that maps the lo
alindi
es in the matrix L(
a) to the global indi
es in A.In a parallel environment the matrix A and ve
tors x and y are also partitioned betweenpro
essors. If row k of A 
orresponds to a node that lies on a boundary between two ormore pro
essors, Pi and Pj , then the entries in Ai, the partition of matrix A asso
iatedwith pro
essor Pi, 
ontains the 
ontributions of the elements 
a 2 �i and the entries inAj in
orporates the 
ontributions of the elements 
b 2 �j . The matrix Ai is partiallyassembled sin
e it only 
onsiders the 
ontributions of the elements assigned to Pi. Thefully assembled matrix is A = P1�i�pAi. In a mesh partitioned by elements a parallelmatrix-ve
tor produ
t requires 
ommuni
ation a
ross the 
ommon mesh edges and fa
es ofelements assigned to di�erent pro
essors. The matrix-ve
tor produ
t Ax = y is performedin two phases. In the �rst phase ea
h pro
essor 
omputes Aix = yi. The resulting ve
torsyi are partially assembled. In the se
ond phase we 
ommuni
ate the individual ve
tors yito 
ompute y = P1�i�p yi globally. In this se
ond phase it is only ne
essary to ex
hangethe entries in yi between nodes lo
ated on the internal boundaries between subdomains.A partition � of a meshM(D;V ) by elements is obtained from the dual graph G(W;E)of the mesh where W is a set of graph verti
es and E is a set of graph verti
es. Ea
helement 
a 2 D has a 
orresponding graph vertex wa 2 W . Two elements 
a;
b 2 D areadja
ent if they share a 
ommon edge (in 2D) or fa
e (in 3D). For every pair of adja
entelements 
a;
b 2 D there is a 
orresponding edge (wa; wb) in E.A partition �(G) of a mesh M with dual graph G is ��balan
ed if for every pro
essorPi, j�ij � (j�j=p)(1+�), where j�ij is the number of elements assigned to Pi and j�j = jDj isthe total number of elements in the mesh and � is small. On a mesh partitioned by elements,the 
ommuni
ation 
ost is a fun
tion of the size of the boundary of the subdomains and, onma
hines with a high laten
y network, on the number of adja
ent subdomains. A 
ommonmeasure of the quality of a partition of the mesh is the number of shared nodes whi
h isequal to the number of entries of the ve
tor y that are ex
hanged during the se
ond phase ofa parallel matrix-ve
tor produ
t when using linear approximations. This measure is usuallyapproximated in the dual graph G by the number of edges whose endpoints are in di�erent



48subsets (the 
ut). If wa and wb are verti
es in G that 
orrespond to elements 
a and 
b inthe mesh respe
tively, thenC
ut(�(G)) = jf(wa; wb) j (wa; wb) 2 E;wa 2 �i; wb 2 �j; i 6= jgj:Be
ause there is a one to one relation between a partition �(M) of the elements of a meshM and a partition of the verti
es �(G) of its dual graph G, we do not make a distin
tionbetween �(M) and �(G).5.2.1 Review of Graph Partitioning MethodsThe problem of partitioning a graph into p subgraphs of approximately equal size whileminimizing the number of edges joining verti
es in di�erent subgraphs is known as thep-way graph partitioning problem.De�nition 2 Given an undire
ted graph G(W;E) the p-way graph partitioning problemis to �nd a partition � of the verti
es W into subsets �1; �2; : : : ; �p su
h that W = S�i,�iT�k = ; for i 6= j, j�ij � (j�j=p)(1 + �) and � minimizes the number of edges in E thatare in
ident on verti
es lo
ated in di�erent subsets.This problem isNP-hard even in the simple 
ase of bise
ting a graph between two pro
essors[41℄. As a result many heuristi
s have been proposed for it.One of the most su

essful heuristi
s for partitioning unstru
tured FEM meshes is Re-
ursive Spe
tral Bise
tion (RSB) [68℄. RSB is based on the 
omputation of the eigenve
toru2 (
alled the Fiedler ve
tor[34, 35℄) asso
iated with the se
ond smallest eigenvalue, �2, ofthe Lapla
ian matrix L(G) = D � A, where D is a diagonal matrix of vertex degrees andA is the adja
en
y matrix of the graph. RSB �rst partitions the graph into two subgraphsa

ording to the entries of the 
orresponding verti
es in the Fiedler ve
tor. The verti
esasso
iated with the largest half of the entries in u2 are pla
ed in one subset; the remain-ing verti
es are pla
ed in the se
ond subset. These two subgraphs are in turn re
ursivelybise
ted.Lo
al heuristi
s, su
h as the Kernighan-Lin algorithm (KL) [57℄, 
omplement spe
tralmethods by further improving the quality of a partition. Roughly speaking, KL is a lo
alsear
h algorithm that swaps verti
es between two sets if that redu
es the number of edges
rossing the partition. The gain asso
iated with a pair of verti
es is the net redu
tion in thenumber of edges 
rossing the partition when they are swapped. While a swap with positivegain 
learly redu
es the the partition 
ut, KL also 
onsiders negative gains to es
ape lo
al



49minima. When all verti
es have been swapped and frozen, it ba
ks up to the last swap thathad the net largest gain.RSB produ
es high quality partitions but, be
ause of the high 
ost of 
omputing eigen-ve
tors of a large matrix, it is usually restri
ted to relatively small graphs. For large graphs,multilevel methods su
h as Multilevel-KL [48℄ provide a better tradeo� between quality andspeed. Multilevel methods usually 
onsist of three phases:� Graph 
ontra
tion phase. Starting from a initial graph G0 (whi
h in our 
ase is thedual graph G) a sequen
e of in
reasingly 
oarser graphs G0; G1; : : : GK is 
onstru
teduntil the number of verti
es in GK is less than some spe
i�ed 
onstant. In Multilevel-KL, the 
oarsening of the mesh is implemented using an edge 
ontra
tion operation.To 
onstru
t Gk from Gk�1 pairs of unmat
hed adja
ent verti
es in Gk�1 are mat
hedand ea
h pair is 
ollapsed into one supervertex in Gk, whose weight is equal to thesum of the weights of the original verti
es. The 
oarser graph Gk also inherits theunmat
hed verti
es in Gk�1. Gk also preserves the edges and edge weights. If twomat
hed verti
es in Gk�1 are adja
ent to a 
ommon vertex, the weight of the 
or-responding edge in Gk is equal set to the sum of the weights of the original edgesin Gk�1. In this way, the resulting redu
ed graph Gk maintains the global stru
tureof Gk�1. Multilevel-KL randomly sele
ts the verti
es to mat
h, but other multilevels
hemes sele
t highly 
onne
ted verti
es [55℄ or 
onstru
t 
oarser graphs from a max-imal independent set [10℄.� Coarse graph partitioning phase. The 
oarse graph GK is partitioned using any of anumber of di�erent heuristi
s. Be
ause the number of verti
es in GK is usually mu
hsmaller than in G0, spe
tral partitioners are 
ommonly used. Multilevel-KL uses RSBto partition GK .� Proje
tion and improvement phase. The partition found for Gi is proje
ted to Gi�1 for1 � i � K. In most methods, a partition of Gk naturally 
orresponds to a partitionof Gk�1. For example, if the 
oarser graph is 
onstru
ted by 
ontra
ting edges, themat
hed verti
es in Gk�1 are assigned to the same subset as their super vertex. Othermethods, su
h as ML [10℄, rather than proje
ting partitions transfer the Fiedler ve
torbetween graphs.After the proje
tion lo
al heuristi
s are used to improve the quality of the partition.Multilevel-KL and [55℄ use the optimized version of KL based on the work of Fidu

ia



50and Matthesyses [33℄. Their linear 
ost heuristi
, rather than swapping verti
es be-tween two partitions, performs a sequen
e of individual vertex moves that minimizesthe 
ost of a partition 
ut. The traditional KL heuristi
 is extended to multiwaypartitions as follows: the gain(wa; j) asso
iated with any vertex wa in Gk assignedto �i is the redu
tion in the partition 
ut obtained by moving wa from �i to �j .This heuristi
 sele
ts the moves that produ
e the largest gains and, like KL, freezesmoved verti
es so they are not repeatedly moved between subsets; it also 
onsidersmovements with negative gains with the expe
tation that they might result later inan overall improvement in the 
ut size.In many physi
al problems in whi
h the adaptive pro
ess is used to adjust the resolutionof the mesh as the simulation evolves, the number of elements in the re�ned mesh M t attime t is mu
h larger than the number of elements in the initial mesh M0. Thus, althoughit is possible to use a serial graph partitioning algorithm to partition and distribute M0, itis not always feasible to use the same serial partitioning algorithm to rebalan
e the work oflarge re�ned meshes.Unfortunately, many of the best serial graph partitioning heuristi
s do not easily a

om-modate parallel implementation. In [9℄ Barnard and Simon present a parallel implementa-tion of their spe
tral algorithm. In their method ea
h pro
essor bise
ts the subgraphs thatresult from the re
ursive step of the bise
tion (for a small number of pro
essor its speedupis very limited).The Kernighan-Lin heuristi
 used in the proje
tion phase of many multilevel s
hemes isP-
omplete [77℄ and does not parallelize well. Some approa
hes [77, 56℄ over
ome this prob-lem by moving or swapping 
lusters of verti
es rather than individual verti
es. Nevertheless,this parallel pro
ess is 
ommuni
ation intensive, it is diÆ
ult to obtain good performan
eon loosely-
oupled ma
hines where it is not eÆ
ient on relatively small graphs.Geometri
 graph partitioning methods[63, 64℄ rely on 
oordinate information, whi
h inthe 
ase of �nite element meshes, is usually readily available. For example, Re
ursive Coor-dinate Bise
tion (RCB) [85℄ re
ursively bise
ts a graph by �rst determining the 
oordinateof its longest dimension, then sorting the verti
es a

ording to this 
oordinate and �nallydividing the verti
es into two subsets with values below and above the median. Geomet-ri
 heuristi
s are s
alable but it is shown in [85℄ that they produ
e worse partitions thanspe
tral methods.



515.3 The Repartitioning ProblemTraditional parallel FEM systems partition the mesh in a prepro
essing step. The meshis then mapped to pro
essors and the simulation starts. This stati
 approa
h to meshpartitioning is not suÆ
ient for methods that dynami
ally modify the mesh as is the 
asein adaptive s
hemes. Also, in a parallel environment performan
e is severely impa
ted ifpro
essors do not exe
ute nearly equal amounts of work. Consequently, it is ne
essary todynami
ally repartition an adapted mesh as the simulation progresses.The mesh repartitioning problem [94, 15, 29, 78, 12℄ is not as widely studied as the stan-dard graph partitioning problem. In addition to the traditional goals of balan
ed partitionsand minimum edge 
ut, the repartitioning of a graph must satisfy a new set of require-ments that arise from its dynami
 nature. Load balan
ing is embedded in the adaptivepro
ess. Therefore, the graph repartitioning must have a low 
ost relative to the solutiontime so it does not outweigh its possible bene�ts. Se
ond, repartitioning of the mesh mustbe performed in parallel. It is ineÆ
ient to move the 
omplete mesh to one pro
essor torepartition it. Finally, the algorithm should use the 
urrent assignment of the mesh, so thatit moves the smallest number of mesh elements to restore the workload balan
e.De�nition 3 Let G(W;E) be an undire
ted graph and let its verti
es W be partitionedinto p subsets � = f�1; : : : ; �pg su
h that W = S�i and �i \ �j = ; for i 6= j. Let � > 0be small. Then � is unbalan
ed if for some i, 1 � i � p, j�ij > (j�j=p)(1 + �). Givenan unbalan
ed partition �, the p-way graph repartitioning problem is to �nd a balan
edpartition b� that minimizes the following fun
tion:Crepartition(b�;�; �) = C
ut(b�) + �Cmigrate(�; b�):Here C
ut(b�) is the size of the 
ut asso
iated with b�, � > 0 is a 
onstant that measures ofthe relative migration and solution times, and Cmigrate(�; b�), de�ned below, is the numberof verti
es that must migrate between partitions to restore balan
e, namely, to insure thatjb�ij � (jb�j=p)(1 + �). Cmigrate(�; b�) = jfwk j wk 2 �i; wk 62 b�igjThe parameter � is used to penalize partitions that would only provide a marginalimprovement in C
ut(b�) but require signi�
ant movement of data between pro
essors.The graph partitioning problem is a spe
ial 
ase of the graph repartitioning problemin whi
h � = 0. Thus, graph repartitioning is also NP-hard. Otherwise we 
an obtain an



52optimal partition of any arbitrary graph G(W;E) through a sequen
e of graph repartitionsas follows:� Start with a graph with W verti
es and no edges and assign the verti
es to subsetssu
h that ea
h subset �i has j�j=p verti
es.� Add edges to the graph one by one and repartition the resulting graphs after ea
haddition.This pro
edure requires jEj repartitions and 
omputes an optimal partition of G. If ea
hstep 
ould be done in polynomial time, G 
ould also be partitioned in polynomial time.Thus, this apparently simpler problem is a
tually equally diÆ
ult.Be
ause the repartitioning problem is NP-hard, heuristi
s are needed for it. A naturalone to use is the Kernighan-Lin algorithm with a gain fun
tion that re
e
ts 
hanges in the
ost Crepartition(b�;�; �) de�ned above. This idea is the basis for the heuristi
 introdu
ed inSe
tion 5.8.5.4 The Parallel Nested Repartitioning Method (PNR)Pared uses an alternative pro
edure for repartitioning adapted meshes that was originallyoutlined in [16, 17℄. This algorithm operates on the graph G des
ribed above asso
iatedwith the initial 
oarse mesh M0(D;V ) and in
orporates the idea that the re�ned mesh M tat time t was obtained as a sequen
e of nested re�nements from an initial 
oarse meshM0. Rather than 
omputing dire
tly a partition of M t, PNR 
omputes a partition of M0using an asso
iated weighted dual graph G (whi
h is des
ribed below) and then proje
tsthe partition to M t. Thus, in PNR every element is moved at most on
e in ea
h repartitionof the mesh.PNR has aspe
ts that are 
ommon to and di�erent from multilevel partitioning algo-rithms. Although both partition a 
oarse graph, the 
oarse graph is not 
onstru
ted inPNR; it is given initially.In order to 
ontra
t the re�ned mesh M t into the small graph G asso
iated withM0(D0; V 0) while preserving its global stru
ture we de�ne the fun
tion ElemWeight(
a)on an element 
a 2 D0 to be the total number of leaf elements in the re�nement tree �aasso
iates with the element 
a. We also de�ne the fun
tion EdgeWeight(
a;
b) on two



53adja
ent elements 
a;
b 2 D0 to be the total number of 
ommon mesh edges (in two-dimensional meshes) or 
ommon mesh fa
es (in three-dimensional meshes) between the leafelements of the two re�nement trees �a and �b of 
a and 
b, respe
tively.To start the simulation, Pared loads the initial meshM0 into the 
oordinator pro
essorPC from whi
h it 
reates a dual graph G(W;E), as des
ribed in Se
tion 5.2. In Pared G is aweighted graph in whi
h initially every edge and vertex has unit weight. For every vertex wain the dual graph let weight(wa) = ElemWeight(
a) where element 
a 2 D 
orresponds towa. Similarly, ea
h edge (wa; wb) 2 E is assigned a weight(wa; wb) = EdgeWeight(
a;
b).Dual graph vertex and edge weights represent 
omputational intensity and 
ommuni
ation
ost respe
tively. We also de�ne weight(�i) of the subset � to be the sum of the weights ofall the verti
es in the subset and weight(�) to be the sum of the weights of all the subsets�i 2 �.PNR invokes a serial graph partitioning algorithm to 
ompute an initial partition �0 ofG. The mesh M0 is then distributed between the pro
essors a

ording to this assignment.The pro
essor PC maintains a 
opy of the dual graph G that is later used to obtain newpartitions of adapted meshes M t.5.4.1 Repartitioning the Adapted MeshIn this se
tion we des
ribe the pro
edure used by PNR to dynami
ally repartition adaptedmeshes. Assume thatM t�1 has been distributed between p pro
essors and that the weightsof the edges and verti
es in the graph G(W;E) lo
ated in the 
oordinator are 
onsistentwith M t�1.The lo
al adaptation of M t�1 into a new mesh M t using a nested adaptation algorithm
reates a set of new leaf elements in a region eR of the mesh de�ned by a set of elementsof the original mesh M0(D0; V 0) su
h that eR � D0. This region in
ludes not only theareas initially sele
ted for re�nement but also the regions that get re�ned to maintain the
onformality of the mesh. The adaptation pro
edure 
an also 
oarsen a region eC � D0 byrepla
ing some elements of M t�1 by their parents. In both 
ases, the adaptation of themesh usually results in imbalan
es of the work allo
ated to pro
essors. Thus, if �t�1 is thedistribution of the meshM t�1 and �t is an unbalan
ed distribution of the re�ned meshM tthen it is ne
essary to obtain a new partition b�t of the 
urrent mesh that rebalan
es thework.The PNR algorithm allows for a very natural parallel implementation. New values



54Let M0(D0; V 0) be an initial mesh.Let M t be mesh that results from t adaptations of M0.Let eR � D0 and eC � D0 be the re�ned and 
oarsened regions respe
tively at time t.In parallel, 
ompute ElemWeight(
a) and EdgeWeight(
a;
b) for 
a 2 eR[ eC and 
b 2D.Ea
h pro
essor sends its new weights to PC .PC updates the graph G and 
omputes a partition b�t = fb�t1; : : : ; b�tpg.for ea
h pro
essor Pi dofor ea
h vertex wa 2 �t�1i ; wa 2 b�tj ; i 6= j doPC informs Pi that the element 
a and its re�nement tree �a must move to Pj.Pi exe
utes the move.end forend forFigure 5.1: Outline of the Parallel Nested Repartitioning Algorithm.for ElemWeight and EdgeWeight are 
omputed in parallel using only lo
al information.Changes in these weights are sent to the 
ommon pro
essor PC whi
h, after updating G,repartitions the graph into p subsets. At this point, all other pro
essors wait until PC sendsba
k a message informing them of whi
h elements to migrate. Finally, the migration isperformed by moving fully re�ned subtrees �a. It is assumed that if Pi sends 
a to anotherpro
essor Pj it also sends all its des
endants. The pseudo
ode for the PNR algorithm isshown in Figure 5.1.As explained earlier, the PNR algorithm 
an be divided into three phases:� In parallel ea
h pro
essor Pi 
omputes the new ElemWeight(
a) for 
a 2 eRi [ eCi,where eRi and eCi are the subsets of the re�nement region eR and 
oarsening region eClo
ated in pro
essor Pi. In the same way it 
omputes the EdgeWeight between twoadja
ent elements (
a;
b) where 
a or 
b are in eRi[ eCi. Pi then sends these weightsto PC .� On
e PC re
eives a message from ea
h pro
essor Pi it partitions the redu
ed graphG using a serial partitioning algorithm that allows for weights on verti
es and edges.Be
ause G is assumed to be relatively small, we 
an use algorithms that would be
onsidered too expensive to apply to the re�ned mesh.� Finally we resume the parallel phase. PC sends a message to ea
h pro
essor Pi tellingthem whi
h elements to migrate.The �rst phase requires no 
ommuni
ation to 
ompute the new weights. Ea
h pro
essor



55Pi 
an obtain the number of leaf 
hildren of an element 
a be
ause the full re�nement tree�a is lo
ated in Pi. Even if the elements 
a and 
b are lo
ated in di�erent pro
essors,ea
h pro
essor has a full 
opy of the shared verti
es and 
an 
ompute EdgeWeight(
a;
b).Therefore in this phase, the 
ommuni
ation 
ost depends on the size of the region eR [ eCbe
ause only the 
hanges in the weights are sent to PC . The 
ommuni
ation 
ost of the lastphase is proportional to the di�eren
e between the 
urrent partition �t and the balan
edpartition b�t.Our method does not require that the 
omplete mesh M t be in one pro
essor in orderto 
ompute a partition. It is suÆ
ient that the 
oarse initial mesh be small enough to �tinto one pro
essor; the re�ned mesh 
an be of arbitrary size. In Pared the dual graphG is also a dynami
 graph that, although initially 
reated from the mesh M0, 
an evolveover time. The lo
al re�nement of the mesh 
an 
reate verti
es in G that have very highweight relative to other verti
es whi
h might lead to the impossibility of 
reating balan
edpartitions. Pared 
an dete
t this 
ondition (i.e. ElemWeight(
a) > Æj�j) and allow thegraph G to be expanded by repla
ing some 
oarse verti
es by subgraphs. These dynami
graphs also allow Pared to handle problems su
h as the study of fra
tures in materialsthat require the modi�
ation of the stru
ture of a mesh.Many of the heuristi
s designed for graph partitioning 
an also be used to repartitionthe updated graph G. Unfortunately, when these heuristi
s are applied to slightly di�erentproblems they 
an generate very di�erent results. For example, standard graph partitioningalgorithms su
h as Multilevel-KL or RSB usually 
ompute a new distribution of the adaptedmesh that is very di�erent from the 
urrent one and require a large movement of elementsand verti
es between pro
essors. In Se
tion 5.6 we dis
uss the sensitivity of heuristi
s tothe repartition of G.5.5 Quality of the Partitions Obtained from PNRBe
ause there are many more ways to partition the adapted mesh M t than to partitionM0, a good partition of G does not ne
essarily imply a good partition of M t. Re
all thatM t is a �ner graph than M0. For this reason, there is more freedom to partition M t thanto partition M0. However, the experiments reported in this se
tion 
omparing partitionsof M t against those obtained by partitioning G and then proje
ting these partitions to M tshow that the resulting partitions obtained by both methods are of similar quality.To test the e�e
tiveness of PNR we 
ompared the partitions it provides with those



56produ
ed by Cha
o's Multilevel-KL on adaptively re�ned unstru
tured two- and three-dimensional meshes. Our goal was to 
ompute a solution to Lapla
e's equation �u = 0de�ned in 
2 = (�1; 1)2 with the following Diri
hlet boundary 
onditions:g(x; y) = 
os(2�(x � y))sinh(2�(x + y + 2))sinh(8�) :The analyti
al solution of this problem is known to be u(x; y) = g(x; y) at every point ofthe domain 
. This solution is smooth but 
hanges rapidly 
lose the 
orner (1,1). A similarproblem has been de�ned in three dimensions.Our initial two-dimensional mesh has 12,498 triangles while the three-dimensional initialmesh has 9,540 tetrahedra of similar size. The adaptation of the mesh a

ording the L1norm (maximum error between real solution and 
omputed solution) 
reates a large numberof elements in the region of rapid 
hange in the solution, as shown in Figure 5.2. The totalnumber of elements and verti
es in ea
h re�ned mesh is shown in Table 5.1. After ea
hre�nement, we 
ompute a new partition of the adapted mesh using both Multilevel-KL andPNR with � = 0:1. Cha
o's Multilevel-KL always partitions the mesh using a dual graphG obtained from the re�ned mesh M t. This graph has one vertex for every element in M t.On the other hand PNR partitions the mesh using only the weighted graph G 
onstru
tedfrom M0.In this problem, the lo
al re�nement of M0 is not uniform. In regions of high relativeerror, the 
orresponding verti
es of G have mu
h larger weights in adapted meshes thanthose asso
iated with unre�ned elements. These problems, whi
h result in a high variationof vertex weights in the graph G, are one of the most diÆ
ult 
ases to handle by a s
hemelike PNR. Re
all that the weights of the verti
es of G 
orrespond to the number of elementsin the �ne mesh. After 8 levels of re
ursive re�nement, the graph verti
es that are 
lose tothe region of high a
tivity have a weight larger than 256 while the verti
es on smooth regionshave unitary weight. As the weights of the verti
es in G 
lose to the 
orner approa
h theaverage subset weight j�j=p, it be
omes in
reasingly diÆ
ult to obtain balan
ed partitionswith small internal boundaries. In the larger meshes, the resulting balan
e is within 3% ofthe average weight of a subset. Beyond this point it is ne
essary to modify the graph Gto in
lude more verti
es in this region and allow for more freedom to 
ompute partitionsas explained in the previous se
tion to obtain reasonably good and balan
ed partitions.Pared provides methods for modifying the stru
ture of G, but these methods were notused in these tests.
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Figure 5.2: Irregular two- and three-dimensional regular meshes adaptively re�ned to solveLapla
e's equation of a problem that exhibits high physi
al a
tivity in one of its 
orners.2D Mesh 3D MeshLevel Elem Vert Elem Vert0 12498 6394 9540 20131 14425 7384 10066 21182 22715 11532 12148 25253 30698 15544 17691 35804 43262 21858 30833 60515 56055 28279 70185 132626 76981 387767 101737 511768 135371 68031Table 5.1: Mesh sizes of the lo
ally adapted 2D and 3D meshes at ea
h re�nement level.The experiments reported in Table 5.2 demonstrate that very high quality partitions 
anbe produ
ed using Pared's re�nement history trees, thereby greatly parallelizing the meshpartitioning problem. This data shows the number of shared verti
es between pro
essorsin the partitions produ
ed by Multilevel-KL and PNR for the two- and three-dimensionalmeshes des
ribed above. Although PNR partitions relatively small weighted graphs, itoften produ
es partitions with smaller boundaries between subsets than those generated byMultilevel-KL.5.5.1 Competitive Analysis of PNRIn this se
tion we show that PNR 
an provide 2D mesh partitions that are 
ompetitive, thatis, whose 
ut sizes are within a small 
onstant fa
tor of the best partitioning algorithm atthe expense of a small additive 
hange in the balan
e of mesh elements between pro
essors.
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2D MeshMultilevel-KL PNRL 4 8 16 32 64 128 4 8 16 32 64 1280 179 333 525 792 1141 1614 157 297 465 739 1043 15231 202 335 534 801 1167 1702 197 343 521 773 1164 16332 263 445 674 1023 1500 2118 245 437 675 996 1458 20763 270 473 775 1194 1748 2456 305 471 745 1120 1609 23164 350 571 895 1400 2080 2906 363 571 932 1352 1995 28095 388 642 1061 1595 2324 3341 350 624 980 1495 2179 31346 448 749 1202 1829 2706 3945 444 733 1175 1775 2620 36997 493 830 1357 2111 3112 4503 563 808 1351 2048 2971 43158 554 950 1547 2337 3544 5151 539 994 1557 2360 3595 51523D MeshMultilevel-KL PNRL 4 8 16 32 64 128 4 8 16 32 64 1280 334 489 674 935 1174 1437 372 536 737 931 1193 14581 321 478 729 975 1230 1495 382 517 682 979 1226 14832 366 559 785 1046 1350 1667 364 572 819 1088 1406 16953 398 681 979 1349 1717 2120 406 698 975 1302 1716 20384 631 1020 1453 1893 2441 3024 618 999 1481 1935 2410 27615 1243 1742 2561 3380 4374 5446 1377 1895 2551 3374 4306 5225Table 5.2: Comparison of the quality of the partitions produ
ed by Multilevel-KL and PNR.The tables show the number of shared verti
es obtained by partitioning a sequen
e of lo
allyadapted meshes with Multilevel-KL and PNR into 4 to 128 subsets.



59The 3D 
ase is unresolved.PNR is a pro
edure that partitions the leaves of the mesh M t(D;V ) at time t amongp pro
essors by partitioning the verti
es of a weighted graph G and then repla
ing ea
hvertex wa of G by its 
orresponding re�nement history tree �a whose leaves are leaves ofM t(D;V ). Vertex wa has a weight equal to the number of leaves of �a; the weight of anedge between verti
es wa and wb of G is equal to the number of edges between leaf elementsin �a and �b.A p-pro
essor partition has an �-balan
e, � > 0, if the number of mesh elements assignedto ea
h pro
essor is less than or equal to (jGj=p) (1+�) where jGj is the weight of the verti
esof G. A balan
e is good if � is small be
ause the maximum number of mesh elements assignedto any pro
essor 
annot be less than (jGj=p).Let Gt denote the dual graph of the most re�ned mesh de�ned by the leaves ofM t(D;V ).It has one vertex for every mesh element and one edge for every pair of mesh elements thatshare an edge or fa
e. Ea
h vertex and edge have unit-weight.Our goal is to show that from a good partition �t of Gt, that is, one that has an �-balan
e for small � and a small 
ut size C, we 
an 
onstru
t a nearly equally good partition�0 of G, that is, one that when proje
ted to a partition of �0 ofM t(D;V ) has an �0-balan
eand 
ut size C 0 su
h that �0 and C 0 are at most 
onstant multiples of � and C, respe
tively.From this we 
on
lude that PNR, whi
h proje
ts a partition of G to one of M t(D;V ),is 
apable of produ
ing partitions of M t(D;V ) that are nearly as good as those obtainedwithout requiring that 
uts follow the boundaries of 
oarse mesh elements.We derive this result by 
onverting a partition �t to a partition �0. We move theboundaries between pro
essors so that they pass along the periphery of the initial 
oarsemesh elements, edges in the 
ase of triangles and fa
es in the 
ase of tetrahedra. Be
ausethe boundaries 
an be moved in ways that a�e
t the balan
e and 
ut size, it is importantto move the boundaries 
arefully.Note that a 
ut de�ned by �t 
an pass through a 
oarse mesh element 
k on
e or morethan on
e. If the latter 
ase holds, we order the segments of the 
uts passing through ea
helement so that the �rst 
ut divides 
k into two pie
es and subsequent segments divide oneof the two pie
es. This redu
es the problem to the �rst 
ase, namely, when the 
ut divides
k into two pie
es.We now 
onsider the �rst 
ase, when a 
ut passes through a 
oarse mesh element 
kon
e. Let 
k be the 
oarse mesh element that overlaps pro
essors pi and pj. The 
ut



60Let Bi;j be the set of 
oarse mesh elements split between pi and pj.Let �i be the number of �ne mesh elements assigned to pi by �t.Let �i be the 
urrent number of �ne mesh elements in pi.Let 
 be the largest number of �ne mesh elements in any 
oarse mesh element.for i = 1 to p� 1 dofor j = i+ 1 to p dofor 
k the next 
oarse element in Bi;j doUnless �i � �i > 
 or �j � �j > 
, movethe boundary splitting 
k to 
k's shorter periphery.Otherwise, move the boundary to 
k's longer periphery.end forend forend forFigure 5.3: Algorithm to 
onvert a partition �t of Gt with balan
e B to a partition �0of G with balan
e B + 
.divides 
k into two sets. When the boundary is moved to the periphery of 
k, both sets areassigned either to pi or pj . Either move may 
hange the size of the 
ut and/or the balan
e.The 
ode shown in Algorithm 5.3 des
ribes a greedy algorithm that we use to 
reatethe partition �0 from the partition �t. It moves the boundary between pi and pj passingthrough 
oarse mesh element 
k to the shorter periphery of 
k unless this in
reases orde
reases the number of �ne mesh elements assigned to one of the pro
essors to di�er bymore than 
 from the number assigned by �t. Here 
 is the maximum number of �ne meshelements in the most re�ned 
oarse mesh element. We shall show that under reasonableassumptions this 
ondition insures that the 
ut size does not in
rease by more than a
onstant fa
tor. We now dis
uss these assumptions.AssumptionsWhen a mesh is re�ned, 
oarse elements are generally not all re�ned uniformly. A meshelement is re�ned uniformly to depth d if it satis�es the following 
onditions: a) if d = 0, themesh element is unre�ned, and b) otherwise, the two elements produ
ed by a re�nementare themselves re
ursively re�ned uniformly to depth d� 1.Note that it is not a given that 
oarse elements 
an be uniformly re�ned to an arbitrarydepth. This follows be
ause when elements are re�ned, we require that the re�ned elementsbe 
onformal. Thus, it may be ne
essary to re�ne an element more than on
e to make it
onform to a neighboring element that has been re�ned previously.
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Figure 5.4: An 6-level uniform re�nement of a triangle.Our experien
e with 2D triangular meshes is that they are frequently re�ned uniformly.This is not as 
ommon with 3D tetrahedral meshes.Sin
e 
 is the maximum number of �ne mesh elements in the most re�ned 
oarse meshelement, if su
h elements are re�ned uniformly to depth d, 
 = 2d.Analysis of the Greedy AlgorithmWe now introdu
e several de�nitions that will be useful in our analysis of the 
ut size andbalan
e of the partition �0 produ
ed from �t by Algorithm 5.3.De�nition 4 Let 
k be a depth-d uniformly re�ned 
oarse mesh element and let 
 be lengthof a 
ut through 
k. The 
ut expansion fun
tion of 
k, 
ut exp(d; 
), is the maximum valuefor the ratio of the length of the shorter periphery of 
k de�ned by a 
ut of 
k to 
, thesize of the 
ut. The weight fun
tion of 
k, weight(d; 
), is the maximum number of �nemesh elements that 
an be 
ontained between a 
ut through 
k of size 
 and the shorterperiphery of 
k.Lemma 1 In 2D let d be even. Then, 
ut exp(d; 
) = 3 and, if 
 � 2d=2�1, then weight(d; 
) =2
2.Proof Consider the 2D 
ase in whi
h ea
h mesh element is a triangle 
k. 
k is re�nedinto two triangles by the �rst level of re�nement. The edge of 
k that is split by its �rstre�nement is 
alled its base. The two other edges are 
alled slopes. Call the vertex at whi
h



62the two slopes meet the apex. (See Figure 5.4 where the base is the bottom edge of thetriangle).Consider a 
ut that enters 
k by one boundary edge and exits by another. If the 
uthas size 
 � 2d=2�1, the pla
es where a su
h 
ut enters and exits are 
onstrained. A 
uteither enters one slope and exits from the other or it enters one slope and exits from thebase without passing through the triangle de�ned by the verti
al through the apex and theother slope. The latter 
ondition holds be
ause the length of su
h a path would ne
essarilyex
eed 2d=2�1 in length.Suppose the 
ut enters one slope and exits the other. Let it enter at the ath vertex fromthe apex (a = 0 at the apex) on one slope and exit from the bth vertex on the other. Theshorter periphery de�ned by the 
ut has length a+b. The shortest 
ut 
onne
ting the entryand exit verti
es is the maximum of a and b. Thus, the ratio of the shorter periphery, a+ b,to the 
ut 
 (whi
h is at least max(a; b)) is at most 2. When the 
ut enters one slope andexits from the base, the 
ut that maximizes this ratio is a \verti
al" 
ut , a verti
al edge inFigure 5.4. This 
ut de�nes a periphery in whi
h the base and slope portions have sizes 
and 2
, respe
tively. Thus, 
ut exp(d; 
) = 3.We now obtain the weight fun
tion. Given a 
ut of size 
 we maximize the numberof triangles 
ontained between the 
ut and the boundary of 
k de�ned by the shorterperiphery. Obviously this 
ut is a shortest 
ut between two boundary edges of 
k. Sin
ea 
ut of size at most 2d=2�1 is assumed, either a) the 
ut enters from one slope and exitsfrom the other, or b) it enters from one slope and exits from the base. By inspe
tion it iseasy to see the larger number of elements is 
ontained in the region de�ned by a verti
aland that this region 
ontains at most 2
2 elements. Thus, weight(d; 
) = 2
2. 2We now analyze the performan
e of our greedy Algorithm.Theorem 2 Let the partition �t ofM t(D;V ) have have an �-balan
e and 
ut size C. Underthe assumption that ea
h 
oarse mesh element is re�ned uniformly to depth d, Algorithm 5.3produ
es from �t a partition �0 of M t(D;V ) with 
ut size at most 9C that respe
ts theboundaries of elements in M0(D;V ) and for whi
h ea
h pro
essor has at most (jGj=p) (1 +�) + (p� 1)d2 mesh elements.Proof Let's follow the steps taken by Algorithm 5.3. (Note that 
 = 2d.) Let q be su
hthat the 
ut through the �rst q 
oarse mesh elements are moved to their shorter peripheriesbut on the (q + 1)st element the 
ut is moved to the longer periphery. It follows that the



63number of elements that 
hange sides as a result of moving the �rst q elements ex
eeds 
.Let the lengths of those portions of the original 
ut de�ned by �t that pass through the�rst q+1 mesh elements pro
essed by Algorithm 5.3 be 
i, 1 � i � q+1. Let the lengths ofthe peripheries to whi
h these 
uts are moved be bi, 1 � i � q+ 1. Be
ause the �rst q 
utsare moved to the shorter peripheries, it follows from Lemma 1 that Pqi=1 bi � 3Pqi=1 
i.The (q + 1)st 
ut is moved to the longer periphery and is repla
ed by a 
ut of lengthbq+1 � 3 �2d=2�, the length of the boundary of the most highly re�ned 
oarse mesh element.We now bound the expansion in the 
ut length that o

urs during the �rst q + 1 stepsof Algorithm 5.3. We 
onsider two 
ases, namely, a) when one or more of the �rst q 
uts islong, namely, when 
i0 > 2d=2�1 for some 1 � i0 � q, or b) when ea
h of the �rst q 
uts issmall, namely, when 
i � 2d=2�1 for all 1 � i � q.Sin
e bq+1 � 3 �2d=2�, in the �rst 
ase 2d=2�1 < 
i0 from whi
h it follows that bq+1 < 6
i0 .In this 
ase we have the following bound on the expansion in the 
ut length:q+1Xi=1 bi �  qXi=1 bi!+ bq � 3 qXi=1 
i + 6
i0 � 9 q+1Xi=1 
iIn the se
ond 
ase, namely, when 
i � 2d=2�1 for all 1 � i � q, we use Lemma 1 to bound thenumber of elements that 
hange pro
essors. Sin
e at most 2(
i)2 elements 
hange pro
essorswhen moving the 
ut through the ith element, it follows that at most 2Pqi=1(
i)2 elements
hange pro
essors during the �rst q steps. Sin
e this number must be at least 
 = 2d, wehave the following relationship.2d � 2 qXi=1(
i)2 � 2 qXi=1 
i!2It follows that bq+1 � 3�2d=2� � 3p2 qXi=1 
iand q+1Xi=1 bi � 3(1 +p2) q+1Xi=1 
iThus, the 
ut size expands by at worst a fa
tor of 9 on the �rst q+1 boundary movements.Repeating the same argument on the remaining elements, we have the desired bound onthe 
ut size.Sin
e the number of elements assigned to any pro
essor 
hanges by at most 
 elementswhen moving elements between any two pro
essors, it 
hanges by at most (p � 1)
 whenmoving elements between all p pro
essors. 2



64We see that in 2D if (p � 1)d2 is at most (jGj=p)�, the partition �0 derived from the�-balan
ed partition �t with 
ut size C is a 2�-balan
ed partition with a 
ut size at most9C.5.6 The High Migration Cost of RSB and Multilevel-KLRSB and Multilevel-KL are very e�e
tive methods for partitioning unstru
tured meshes.Nevertheless, when applied to the repartitioning of adapted meshes, their resulting parti-tions require a large movement of data between pro
essors whi
h is usually proportionalto the size of the mesh, as we now demonstrate. Tables 5.3 and 5.4 show the results ofrepartitioning a series of unstru
tured two- and three-dimensional meshes using the RSBalgorithm, respe
tively. Starting from unstru
tured meshes with elements of similar size weperform su

essive global re�nements (ea
h 
oarse mesh elements is re�ned the same num-ber of times) to obtain a family of meshes of in
reasing size. These meshes 
ontain between5094 and 103585 triangles in the 2D example and between 3179 and 101051 tetrahedra inthe 3D 
ase.Ea
h mesh M t�1 is then partitioned between 4 to 64 pro
essors using RSB bise
tion.The quality of the resulting balan
ed partitions �t�1 measured by number of shared verti
esis shown in the third 
olumn of the tables. We then lo
ally adapted ea
h mesh M t�1 inone of the 
orners using the Lapla
e problem introdu
ed in Se
tion 5.5 whi
h generates in anew re�ned mesh M t. This adaptation pro
edure 
reates very few elements (less than 380)relative to the size of the mesh. Be
ause of its lo
alized nature all the new elements are
reated in only one or two pro
essors. Let �t�1 be the balan
ed partition of the meshM t�1before its lo
al adaptation and let �t be the unbalan
ed distribution of the mesh after itsre�nement.We then 
ompute a new partition b�t using the same RSB algorithm used to partitionM t�1. Even when the meshes M t�1 and M t are very similar and only di�er in one of their
orners the migration 
ost between the 
urrent unbalan
ed distribution �t and the targetpartition b�t, Cmigrate(�t; b�t), 
an be almost equal to the number of elements of the mesh, asshown in the sixth 
olumn of Tables 5.3 and 5.4. Although spe
tral methods are invariantwith respe
t to node numbering or 
oordinate transformations, almost all the elements ofthe mesh need to be moved to a new pro
essor. The results obtained from Multilevel-KLare similar.We have also explored a method [12℄ for redu
ing the migration 
ost of these algorithms
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M t�1 (before ref) M t (after ref)Pro
 Elem C
ut (�t�1) Elem C
ut (b�t) Cmigrate(�t; b�t) Cmigrate(�t; e�t)4 5094 99 5269 95 2627 26278 168 159 3341 83116 273 274 4458 155132 421 421 5046 227064 615 629 5129 23544 11110 137 11411 152 9192 20108 249 250 9696 338316 405 410 10444 474732 633 647 11061 568464 926 960 11230 52844 23749 311 23902 291 16477 145198 488 480 19182 1311716 700 670 22620 1110432 1000 980 23441 1137464 1463 1425 23530 117114 49915 331 50072 410 35601 231528 569 680 49190 1850716 920 977 49264 2214732 1408 1431 49776 2197264 2067 2159 50050 236394 103585 788 103786 863 38433 384338 1121 1193 77099 4327216 1690 1728 93892 5112532 2380 2403 99397 5026464 3297 3310 102277 50278Table 5.3: Migration 
ost resulting from repartitioning a series of two-dimensional un-stru
tured meshes of in
reasing size using the RSB algorithm. M t�1 is the mesh beforere�nement and distributed a

ording a balan
ed partition �t�1 obtained from RSB. M t isthe re�ned mesh. b�t is a new balan
ed partition ofM t also produ
ed by the RSB algorithmand e�t is a permutation of b�t that minimizes data movement.
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M t�1 (before ref) M t (after ref)Pro
 Elem C
ut (�t�1) Elem C
ut (b�t) Cmigrate(�t; b�t) Cmigrate(�t; e�t)4 3179 157 3427 156 3129 13248 221 223 3134 180916 301 313 3263 159532 387 401 3316 168864 470 488 3327 17834 10166 312 10543 346 9390 62428 456 468 10089 487816 633 663 10387 519932 838 869 10500 582164 1075 1114 10530 54184 31935 651 32314 672 26365 161148 946 1006 29867 1523016 1352 1385 31619 1805532 1828 1838 32145 1735764 2373 2381 32196 177254 101051 1282 101381 1426 38148 381488 1847 2074 69142 3393016 2860 2987 77465 4612432 4020 4121 87328 4195564 5330 5402 94344 49232Table 5.4: Migration 
ost resulting from repartitioning a series of three-dimensional un-stru
tured meshes of in
reasing size using the RSB algorithm. M t�1 is the mesh beforere�nement and distributed a

ording a balan
ed partition �t�1 obtained from RSB. M t isthe re�ned mesh. b�t is a new balan
ed partition ofM t also produ
ed by the RSB algorithmand e�t is a permutation of b�t that minimizes data movement.



67by permuting the partition b�t generated by RSB to minimize Cmigrate(�t; e�t). The task of�nding a permutation e�t of b�t is equivalent to 
omputing the maximum bipartite graphmat
hing problem, where the weight of an edge (i; j) of the graph 
orresponds to the weightsof the elements lo
ated in pro
essor i and assigned to subset b�tj 2 b�t.In these examples we use a simple in
remental algorithm to approximate the optimalpermutation. We �rst generate a p � p matrix B where row i 
orresponds to pro
essorPi and 
olumn j 
orresponds to the subset b�tj 2 b�t. The entry Bi;j is equal the sum ofthe weights of the elements 
urrently in pro
essor Pi that are assigned to b�tj. This is thenumber of elements that have to be migrated from pro
essor Pi to pro
essor Pj a

ordingto the newly 
omputed partition b�t. We then sear
h for the maximum value in this matrix.Assume this is the Bi;j entry. This value 
orresponds to the maximum movement of databetween a pro
essor Pi to another pro
essor Pj . We then assign the subset b�tj to Pi, removerow i and 
olumn j from B and repeat this pro
essor until all the subsets in b�t have beenassigned to pro
essors.The value of Cmigrate(�t; e�t) is shown in the last 
olumn of Tables 5.3 and 5.4. Thetotal migration 
ost for e�t is approximately half of the migration 
ost for b�t but it is stillproportional to the size of the mesh.5.7 Bounding the Migration CostIn the previous se
tion we have shown that standard graph partitioning algorithms, whenapplied to the repartitioning problem, often require signi�
ant movement of data betweenpro
essors whi
h 
reates serious 
ontention for an interpro
essor network. In this se
tion wederive a lower bound for the migration 
ost under 
ertain reasonable assumptions. In thenext se
tion we present a new repartitioning heuristi
. The migration 
ost for this heuristi
is 
lose to the lower bound derived in this se
tion.Assume that �t�1 is a balan
ed distribution of a mesh between p pro
essors and that mnew elements are 
reated in the re�nement phase in only one pro
essor, say Po, resulting inan unbalan
ed partition �t. Also assume that the goal is to minimize the 
ost of migrationsubje
t to the requirement that the distribution of elements between pro
essors is balan
ed.That is, we do not impose the additional requirement that the number of nodes that areshared by elements lo
ated in di�erent pro
essors is minimized.Under the above 
onditions Po only needs to send (p � 1)(m=p) of its elements toother pro
essors and every pro
essor should have m=p more elements after the migration is
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omplete. This 
ould be done by moving p� 1 sets of m=p elements from Po to every otherpro
essor with the migration 
ost shown below.Cmigrate(�t; b�t) = (p� 1)mp = m(1� 1p)Unfortunately, this reallo
ation of elements generates dis
onne
ted sets of elements inevery pro
essor. A more realisti
 bound 
an be obtained by restri
ting the migration ofelements to be between adja
ent pro
essors. Let Ht be the pro
essor 
onne
tivity graphat time t using the 
urrent distribution �t. Ht has one vertex for every pro
essor and anundire
ted edge between two pro
essors that have adja
ent elements. To obtain a balan
eddistribution b�t pro
essor Po must send m=p elements to every other pro
essor Pj , but onlyalong the edges of Ht. This pro
edure e�e
tively shifts the boundaries of the mesh andredu
es the probability of 
reating dis
onne
ted subsets of elements in ea
h pro
essor.Let the minimum distan
e between pro
essors Pi and Pj in Ht be di;j . The movementof m=p elements from Po to Pj has a migration 
ost of do;j(m=p) if only edges of Ht areused giving the following total migration 
ost:Cmigrate(�t; b�t) =Xj 6=o do;j�mp �:For example, if pro
essors in the graph Ht form a two-dimensional pp�pp mesh and Pois lo
ated in one of its 
orners, do;j � 2(pp � 1) and the total migration 
ost required torebalan
e the mesh after 
reating m new elements in Pi isCmigrate(�t; b�t) � 2(pp� 1)(p� 1)mp � 2ppm:Under these assumptions, the total migration 
ost Cmigrate(�t; b�t) only depends on thenumber of pro
essors p and the number of new elements m and is independent of themesh size. For example, when p = 64 the bound is 16m. The heuristi
 des
ribed inthe following se
tion gives a better migration 
ost than this bound primarily be
ause theminimum distan
es d0;j are smaller than predi
ted by a square grid.



695.8 Minimizing the Migration CostIn this se
tion we introdu
e a new heuristi
 that we have developed to repartition theweighted graph G lo
ated in the 
oordinator that greatly redu
es the number of meshelements that need to move in order to repartition a good unbalan
ed partition.The 
riti
al step in PNR is the sele
tion of the graph partitioning algorithm to partitionand repartition the dual weighted graph G in the 
oordinator. Pared 
an use a varietyof algorithms to partition G, in
luding Cha
o's implementation of RSB and Multilevel-KL.Although traditional graph partitions 
an rebalan
e the work and generate partitions withsmall 
uts, they do not 
onsider migration 
ost. As we have shown in Se
tion 5.6, RSB andMultilevel-KL when applied to G usually require the movement of half of the elements ofthe adapted mesh, even on examples where there is relatively little adaptation. We havealso observed that these methods do not perform well when there is great variation of vertexweights and usually produ
e partitions with dis
onne
ted sets of elements assigned to thesame pro
essor.At the beginning of a simulation the 
oordinator PC partitions the initial mesh M0using our implementation of the Multilevel-KL [47℄ algorithm. As des
ribed in Se
tion5.2.1 this algorithm 
reates a sequen
e of smaller graphs G0; : : : ; GK by 
ollapsing adja
entverti
es, where G0 is the dual graph G of the initial mesh M0. The 
oarsest graph GKis then partitioned using Cha
o's RSB [48℄. This partition is then proje
ted to the �nergraphs. As in Multilevel-KL, our implementation uses a variation of the KL heuristi
between proje
tions to improve the partition quality. This heuristi
 sele
ts one by one themovements of verti
es between subsets that result in the largest redu
tion in the partition
ut. Moved verti
es are not examined again in the same iteration and negative movementsare also 
onsidered but, rather than evaluating every possible vertex like traditional KLheuristi
s, it terminates if no improvements have been observed for some time (around 100movements). Finally, we restore the best partition obtained in this pro
ess by reversing thesubsequent vertex movements.Assuming that there is a small 
hange between meshesM t�1 andM t, (for example, in atime dependent problem that slowly moves a highly re�ned region) the 
urrent unbalan
eddistribution �t 
an be used as the starting point for a lo
al sear
h heuristi
s to 
omputea new partition b�t. The standard Kernighan-Lin heuristi
 is designed to work betweenbalan
ed partitions. When it swaps two verti
es assigned to di�erent subsets, the relativework assigned to ea
h pro
essor is maintained. To insure that pro
essors have similar



70amounts of work, the standard Multilevel-KL only 
onsiders movements from subsets thathave at least the average number of verti
es to subsets that have less than the average.Therefore, both heuristi
s require that the initial distribution be balan
ed. None of theseheuristi
s would move or swap verti
es that in
reases the 
ut size but improves the balan
ebetween pro
essors.As explained in Se
tion 5.2.1, to repartition the graph G with PNR, PC �rst re
eives thenew weights from every pro
essor Pi and uses these weights to update G0 and the 
oarsergraphs G1; : : : ; GK . This is a re
ursive pro
edure. If the adaptation of the mesh modi�esthe weight of a vertex wa or an edge (wb; w
) in G0, then we propagate these 
hanges tothe 
orresponding parents of wa, wb and w
 in G1. These 
hanges propagate to the 
oarsermeshes. This pro
edure does not modify the 
onne
tivity of the sequen
e of graphs.Our new heuristi
s that prevents small 
hanges in a mesh from produ
ing a large migra-tion 
ost 
onsists of Multilevel-KL in whi
h we do not use RSB to repartition the 
oarsestgraph GK . The resulting algorithm is outlined in Figure 5.5. The sele
tion of verti
es andevaluation of partitions is not only based on the 
ut size. Instead, we use the 
ost fun
tionCrepartition de�ned below between �t, an unbalan
ed distribution of the mesh, and b�t, thegoal partition where �; � > 0 are 
onstants.Crepartition (�t; b�t; �; �) = C
ut(b�t) + �Cmigrate(�t; b�t) + �Cbalan
e (b�t): (5.1)Here Cbalan
e (b�t) = pXi �weight(b�ti)� weight(b�t)p �2where b�t is the ith subset in the partition b�t. The �rst term in Crepartition , namely C
ut , se-le
ts for partitions with small boundaries between subdomains. The se
ond term minimizesdata movement. The last term balan
es the subsets. Here � and � are parameters thatrepresent the relative importan
e of these three values. We have obtained the best resultswhen � is allowed to vary between the graphs, allowing slightly unbalan
ed partitions in GKwhile enfor
ing balan
ed partitions in G0. In this way, the task of rebalan
ing the subsetsdoes not rely only on the 
oarser graphs.We now des
ribe our lo
al sear
h pro
edure. Let �tk be a partition of the verti
es of Gkat time t, where Gk a graph in the sequen
e G0; : : : ; GK . The gain(wa; i; j; �; �) asso
iatedwith moving vertex wa in subset �i to subset �j, where �i; �j 2 �tk, is the net redu
tion inthe fun
tion Crepartition .
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gain(wa; i; j; �; �) = ( Xwb2�j weight(wa; wb)� Xw
2�i weight(wa; w
))+ �(mweight(wa; j)�mweight(wa; i))+ 2�(weight(wa)(weight(�i)� weight(�j))� weight2(wa))The migration weight mweight(wa; j) is equal to the number of elements 
d in the �ne meshM t of the tree rooted at wa that are lo
ated in pro
essor Pj at time t and weight(�i) is theweight of the verti
es in subset �i. Before starting the lo
al improvement at ea
h level, we
ompute the 
ut gain Pwb2�j weight(wa; wb) �Pw
2�i weight(wa; w
) for every vertex wawith respe
t to an adja
ent subset j, the migration gain (mweight(wa; j)�mweight(wa; i))and the balan
e gain (weight(wa)(weight(�i) � weight(�j)) � weight2(wa)). Sin
e we onlyallow movements of verti
es that are adja
ent to other subsets, only these verti
es need tobe 
onsidered. A movement modi�es the 
ut gain of adja
ent verti
es but the migrationgain is 
onstant. On the other hand, the balan
e gain depends on pairs of subsets.As in Multilevel-KL, we maintain a square table with an entry for ea
h pair of subsets
onsisting of priority queues based on gains. That is, the possible movements between apair of subsets is sorted by potential gain. To implement the lo
al heuristi
, we sele
t thevertex movement with largest gain from this table, move the vertex between subsets andupdate the entries in the table 
orresponding to adja
ent verti
es. The moved vertex ismarked so it is not inserted in the table again. This pro
ess iterates through the heads ofthe P 2 priority queues. In FEM meshes the number of adja
ent verti
es is relatively small.In dual graphs of 2D triangular meshes and 3D tetrahedral meshes ea
h graph vertex hasat most three or four neighbors respe
tively. The time to remove the maximum gain froma priority queue and updating the neighbors is bounded by O(logn), where n is the numberof boundary elements in a subdomain �i. A vertex move between �i and �j modi�es thedi�eren
e weight(�i)� weight(�j). Rebuilding these priority queues requires O(n) steps.We performed the tests des
ribed in Se
tion 5.6 using our new PNR algorithm to par-tition and repartition the 
oarse mesh. These results are shown in Tables 5.5 and 5.6 forthe same two- and three-dimensional meshes respe
tively. In these tests we used � = 0:1and � = 0:8, obtaining partitions with � < 0:01. The quality of the partitions measured bythe number of shared verti
es generated by PNR and RSB (shown in Tables 5.3 and 5.4) isvery similar. On the other hand, the total migration 
ost Cmigrate(�t; b�t) is mu
h smallerthan those measured previously and does not signi�
antly in
rease with mesh size. Theseresults are 
lose to the estimates derived in Se
tion 5.7. On the other hand, if the number



72for every pro
essor Pi doPC re
eives the new weights weight(wa) and weight(wa; wb) and updates the graph G0end forfor k = 1 to K doPC updates the weights of Gk from Gk�1end forfor k = K down to 1 doPC improves the 
urrent partitionPC proje
ts the partition from Gk to Gk�1end forFigure 5.5: Outline of PNR's pro
edure to repartition the dual graph G in the 
oordinatorPC .of new elements 
reated in the re�nement phase is large and proportional to the size of themesh, any of the previous heuristi
s is likely to provide similar results.5.9 A Transient ProblemIn the previous se
tion we have shown that on lo
ally adapted meshes PNR produ
espartitions with a 
ut size similar to the ones produ
es by standard graph partitioningmethods but requires a mu
h smaller data movement. In this se
tion we use our methodto follow a disturban
e a
ross a domain. We show that the repeated use of our heuristi
maintains the quality of the partitions while retaining its small migration 
ost. In Se
tion 5.6we have shown that RSB and Multilevel-KL 
an require migrating about half of the meshelements between partitions. While this does not imply that every repartition of the meshwith these methods results in su
h high migration 
osts, it very frequently does, as ourexperiments reported below show.To study these issues we solve Poisson's equation �u = f over the domain 
2 = (�1; 1)2where the solution u(x; y; t) is the known fun
tionu(x; y; t) = 11 + 100(x + t)2 + 100(y + t)2and 
ompare the partitions produ
ed by RSB and PNR. We solved this problem for 100time steps in whi
h t varies from �0:5 to 0:5. This fun
tion is smooth with a peak of 1 atthe 
oordinates x = y = �t and 
lose to zero almost everywhere else. Thus, as t varies from�0:5 to 0:5, the peak moves along a diagonal from (0:5; 0:5) to (�0:5;�0:5). The 
omputedsolution û at the initial and �nal iterations are shown in Figure 5.6(a) and (b), respe
tively.
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M t�1 (before ref) M t (after ref)Pro
 Elem C
ut (�t�1) Elem C
ut (b�t) Cmigrate(�t; b�t)4 5094 89 5269 91 1328 154 162 28016 261 290 43032 394 442 48364 591 642 6814 11110 151 11411 151 2268 260 262 48916 400 415 77332 601 659 96764 866 935 11464 23749 197 23902 199 1158 347 352 24516 564 578 33232 883 932 41564 1302 1351 5124 49915 291 50072 289 1568 547 549 25116 885 899 37332 1346 1368 53164 1995 2038 5814 103585 426 103786 429 1518 802 789 32116 1314 1319 46932 1970 1971 62364 2982 3042 731Table 5.5: Migration 
ost resulting from repartitioning a series of two-dimensional un-stru
tured meshes of in
reasing size using the PNR algorithm. M t�1 is the mesh beforere�nement and distributed a

ording a balan
ed partition �t�1 obtained from PNR. M t isthe re�ned mesh. b�t is a new balan
ed partition ofM t also produ
ed by the PNR algorithmand e�t is a permutation of b�t.
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M t�1 (before ref) M t (after ref)Pro
 Elem C
ut (�t�1) Elem C
ut (b�t) Cmigrate(�t; b�t)4 3179 132 3427 135 1788 184 195 30316 278 303 39432 362 404 49264 448 486 5384 10166 313 10543 329 2988 409 428 43716 628 639 66232 806 851 85664 1042 1105 8774 31935 574 32314 568 3118 867 869 45616 1332 1317 85232 1760 1802 94064 2344 2360 10604 101051 1249 101381 1244 2828 1797 1819 40616 3042 3044 67232 4315 4279 90464 5424 5391 1271Table 5.6: Migration 
ost resulting from repartitioning a series of three-dimensional un-stru
tured meshes of in
reasing size using the PNR algorithm. M t�1 is the mesh beforere�nement and distributed a

ording a balan
ed partition �t�1 obtained from PNR. M t isthe re�ned mesh. b�t is a new balan
ed partition ofM t also produ
ed by the PNR algorithmand e�t is a permutation of b�t.



75Our initial mesh is the same 2D unstru
tured mesh used in Se
tion 5.5 with 12,498triangles of nearly similar size. When the L2 and L1 norms are used, the number of meshelements needed to maintain a �xed error varies with t. Sin
e this risks 
onfusing theamount of data that must migrate and the 
omparative advantage of our repartitioningte
hnique over RSB and Multilevel-KL, we re�ned the mesh to maintain about a 
onstantnumber (45,000 to 50,000) of mesh elements in the adapted meshes. As t in
reases: a) we
ompute a new solution, û, using the old mesh; b) to ea
h mesh element is assigned a valueequal to the largest 
omputed solution at its verti
es; 
) an element is marked for one twoor three re�nements depending on whether the new value is in the range 0 to 0.02, 0.02.to 0.04, or 0.04 to 0.06; d) if by the previous value the element was marked for a di�erentnumber of re�nements, the element is either 
oarsened or re�ned by the appropriate numberof steps. The initial and �nal adapted meshes are shown in Figure 5.6(
) and (d), where itis possible to identify the three 
on
entri
 
ir
les given by the in
reasing re�nement valueû. In ea
h of the 100 time steps, after the solution and adaptation of the mesh we also
ompute a new partition b�t using RSB and PNR.Figure 5.7 shows the number of shared verti
es of ea
h partition of b�t obtained by RSBand PNR for 4, 8, 16 and 32 pro
essors. In PNR we used the parameters � = 0:1 and � = 0:8in Equation 5.1. The resulting partitions have less than 0.01 imbalan
e between subsets.Even though PNR is a lo
al heuristi
, in these examples the 
ut size of the partitions thatit produ
es does not deteriorate over time and is similar to the ones produ
ed by RSB, avery su

essful graph partitioning method.Figure 5.8 shows the number of elements migrated by the three methods, a) RSB,b) RSB after 
omputing a permutation e�t of b�t that redu
es migration, as explained inSe
tion 5.6, and 
) PNR. RSB usually migrates between 50% and 100% of the total numberof elements between repartitions. Although not reported here, the results for Multilevel-KLare similar. The total movement signi�
antly de
reases with the permutation e�t of thesubsets to pro
essors but we still observe peaks of more than 46% of the total elementsand an average movement of 21% for 32 pro
essors. This method is 
hara
terized by sharppeaks, where some repartitions resulted in small migrations while others require a signi�
antmovement of data.The total migration 
ost resulting from PNR is small 
ompared with the other meth-ods (on the average it is between 1:2% of the elements for 4 pro
essors and 5:5% for 32pro
essors) and is smooth. PNR resulted in only two peaks with more than 10% data move-ment between iterations. The total data movement produ
ed by PNR over all iterations
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(a) (b)
(
) (d)Figure 5.6: (a) and (b) show the 
omputed solution u with t = �0:5 and t = 0:5. (
) and(d) illustrate the adapted mesh at these two di�erent time steps.
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Figure 5.7: Quality of the partitions measured by the number of shared verti
es produ
edby RSB and PNR for 4, 8, 16 and 32 pro
essors for ea
h of the 100 time steps betweent = �0:5 to t = 0:5.
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Chapter 6
Mesh Migration
Although we demonstrated in the previous 
hapter how to 
ompute a new partition b�t thatbalan
es the work, at this stage of the 
omputation the mesh is still distributed a

ordingto an unbalan
ed distribution �t of the mesh. In this 
hapter we present a pro
edure tomigrate elements and nodes between the pro
essors of a distributed memory ma
hine. Weuse the same notation introdu
ed in the previous 
hapters: �t is the 
urrent (probablyunbalan
ed) distribution of the mesh between pro
essors, �ti 2 �t is the set of elementsassigned to pro
essor Pi a

ording to the partition �t, V ip is the 
opy of vertex Vp lo
atedin Pi, (Pj ; V jp ) is a referen
e to the 
opy of vertex Vp lo
ated in pro
essor Pj , Ref (V ip ) isthe set referen
es f(Pj ; V jp )g su
h that V ip has a referen
e to its 
opy V jp in pro
essor Pj ,Adj (
a) = fVp1 ; : : : ; Vpng is the set of verti
es 
ontained in element 
a and ElemAdj (V ip ) =f
1; : : : ;
mg is the set of elements adja
ent to Vp in Pi.6.1 Introdu
tionLet b�t = fb�t1; : : : ; b�tpg be a goal distribution of the mesh. If b�t 6= �t, then there is at leastone element 
a su
h that 
a 2 �ti 2 �t and 
a 2 b�tj 2 b�t where i 6= j. Remember thatwe assume that the mesh is partitioned by elements so that the �i and �j partitions aredisjoint, 
a 62 �tj and 
a 62 b�ti . To adjust the mesh to the b�t partition we need to move 
afrom Pi to Pj .Assume that we need to move an element 
a from Pi to Pj , that is 
a 2 �ti and 
a 2 b�tjand that Adj (
a) = fVp1 ; : : : ; Vpng is the set of verti
es of 
a. We �rst send a messagefrom Pi to Pj . If Vp is a vertex of 
a that is shared between Pi and Pj we only in
lude areferen
e in the message. Otherwise, Pj 
reates the new 
opy V jp and it initializesRef (V jp ) =79



80Ref (V ip )[ (Pi; V ip ), so that the new 
opy has referen
es to the original 
opy of Vp and all itsother 
opies in other pro
essors. Using V jp pro
essor Pj 
reates the element 
a.We then update the referen
es to the new vertex 
opies. If V jp is a new 
opy of vertex
reated as a result of a message from Pi, then Pj sends a message to ea
h pro
essor Pk. Pi�nally deletes its element 
a. It 
an happen that 
a was the only element that pointedto Vp in Pi. In this 
ase we wish to remove the unne
essary 
opy of V ip lo
ated in Pi.Pro
essor Pi sends a message to ea
h pro
essor Pj su
h (Pj ; V jp ) 2 Ref (V ip ). On
e all theother pro
essors remove their referen
es to V ip we 
an delete the vertex. This guaranteesthat other pro
essors do not maintain referen
es to nonexistent verti
es.Our algorithm 
onsiders several 
ases that assume that either Pj has a lo
al 
opy of theverti
es or they are in
luded in the message to Pj:� For ea
h vertex Vp 2 Adj (
a), if (Pj ; V jp ) 62 Ref (V ip ) (so Vp is not a shared nodebetween Pi and Pj at time t) then we need to send Vp from Pi to Pj along withelement 
a. Pj uses this information to 
reate its 
opy of vertex V jp whi
h it thenuses to initialize the element 
a in Pj .� Otherwise, if (Pj ; V jp ) 2 Ref (V ip ) (so Vp is a shared node between Pi and Pj at timet and Pj has a lo
al 
opy V jp ) then we should not 
reate the V jp vertex 
opy again.When Pi sends the element 
a to Pj , it also in
ludes the referen
e (Pj ; V jp ) insteadof the 
omplete vertex Vp. Then Pj 
an use V jp to 
reate 
a. This 
ondition has animportant impli
ation: pro
essor Pj 
annot delete its 
opy of V jp until it has re
eivedall its new elements, even if pro
essor Pj has already sent the only element 
b thatpoints to V jp to another pro
essor Pk be
ause some other pro
essor Pi might expe
tPj to have a 
opy of Vp.� If pro
essor Pi sends two or more elements 
a and 
b to Pj and there is a 
ommonvertex Vp 2 Adj (
a) \ Adj (
b) (so Vp is a vertex of both 
a and 
b) then only one
opy V jp should be 
reated in Pj and both elements 
a and 
b should refer to it inthe destination pro
essor.� If two pro
essors Pi and Pk send the elements 
a and 
b to the same pro
essor Pjwhere elements 
a and 
b are adja
ent elements and there is a shared vertex Vp 2Adj (
a) \ Adj (
b), i.e. (Pk; V kp ) 2 Ref (V ip ) and (Pi; V ip ) 2 Ref (V kp ), then Pj shoulddete
t that V ip and V kp are a
tually two 
opies of the same vertex. In this 
ase Pjshould 
reate only one 
opy V jp for both elements 
a and 
b.



81� Finally, if 
a and 
b are adja
ent elements that share a 
ommon vertex Vp andpro
essor Pi sends 
a to another pro
essor Pj and Pk sends 
b to Pl then we shouldinsure that (Pl; V lp ) 2 Ref (V kp ) and (Pk; V kp ) 2 Ref (V lp) (so the two 
opies V kp and V lprefer to ea
h other).The migration algorithm uses three di�erent kinds of messages:� A move message MoveMsg(i; j) sent from a sour
e pro
essor Pi to a destination pro-
essor Pj is used to migrate one or more elements 
a and their asso
iated verti
esfrom Pi to Pj . We assume that this message has two other �elds. The �rst �eldMoveMsg(i; j).verti
es is a set su
h that MoveMsg(i; j).verti
es(
a) 
ontains the ver-ti
es of element 
a. For ea
h vertex Vp 2 Adj (
a), if Pj has a lo
al 
opy of V jp thenonly the referen
e (Pj ; V jp ) is in
luded in the message. Otherwise we send the 
om-plete vertex Vp, in
luding its 
oordinates, boundary lo
ation, et
. The se
ond �eld,MoveMsg(i; j).ref is also a set that has one entry for every vertex Vp not lo
ated in Pj .MoveMsg(i; j).ref (Vp), 
ontains the referen
es of Vp to its 
opies in other pro
essors.� An add referen
e message AddRefMsg(i; j) = f(V ip ; V jp )g sent from a sour
e pro
essorPi to a destination pro
essor Pj is used to add a referen
e to vertex V jp in pro
essorPj . In this 
ase the sour
e pro
essor must have a referen
e to the remote 
opy. WhenPj re
eives this message, it sets Ref (V jp ) = Ref (V jp ) [ (Pi; V ip ) on pro
essor Pj .� A delete referen
e message DelRefMsg(i; j) = f(V ip ; V jp )g sent from a sour
e pro
essorPi to a destination pro
essor Pj is used to remove a referen
e from the vertex V jp in Pjso Ref (V jp ) = Ref (V jp )� (Pi; V ip ). Again, the sour
e pro
essor must have a referen
eto the remote vertex 
opy.6.2 Overview of the Migration AlgorithmOur migration algorithm 
an be divided into �ve phases that are exe
uted by ea
h pro
essorin sequen
e:� Element and vertex transfer : involves sending the sele
ted elements and verti
es fromPi to Pj su
h that �ti \ b�tj 6= ;.� Remote referen
e update: updates the referen
es to the new vertex 
opies.
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a in P0.� Element deletion: removes the element 
a 2 �ti , 
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h pro
essor Pi. Someverti
es are no longer used and are also removed.� Removal of remote referen
es: before deleting a shared vertex we insure that thereare no remote referen
es to it.� Vertex deletion: removes the unne
essary verti
es from the sour
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83A simple illustration of this algorithm is shown in Figure 6.1. In this example we showa mesh with two elements partitioned between three pro
essors P0; P1 and P2. Our goalis to move the element 
a form P0 to P2. We initially send a MoveMsg(0; 2) = f
agfrom pro
essor P0 to pro
essor P2 that in
ludes V0; V1 and V2. We initialize Ref (V 20 ) =f(P1; V 10 ); (P0; V 00 )g. We also initialize Ref (V 21 ) and Ref (V 22 ). P2 then sends an AddRefMsgto P0 and P1 to update the referen
es to the new 
opies of V0 and V2 lo
ated in P2. P0 thendeletes its element 
a. Sin
e it 
an also remove V 00 ; V 01 and V 02 , P0 also sends a DelRefMsgto the two other pro
essors.There is one more 
ondition that we need to enfor
e whi
h is illustrated in Figure 6.2.If two di�erent pro
essors Pi and Pj send a shared vertex Vp to two other pro
essors Pkand Pl, k 6= l, we must guarantee that the two new 
opies of Vp also refer to ea
h other.Figure 6.2 (
) is not an a

eptable mesh be
ause we lost some 
onne
tivity information.This information is not lost in the �nal mesh shown in Figure 6.2 (d)6.3 The Mesh Migration Pro
edure used in ParedWe will explain the algorithm in more detail using the example in Figure 6.3. There we showa mesh 
omposed of 8 elements (
a; : : : ;
h) and 9 nodes (V0; : : : ; V8) partitioned between4 pro
essors (P0; P1; P3; P3). In the top half Figure 6.3 we show the initial partition �t andin its bottom half we show the target partition b�t. Our goal is to move the elements fromthe initial distribution of the mesh �t to the destination partition b�t. This 
an be done byexe
uting the 
ommands:� P0: move 
a to P3.� P1: move 
d to P2.� P2: move 
e to P3 and 
f to P0.� P3: move 
g to P1 and 
h to P2.The example used in this se
tion shows a 
ompli
ated migration sequen
e where thereis no intention of improving the quality of the partition. In fa
t, the target distributionhas a larger number of shared nodes and referen
es than the original one. The initialrepresentation of the mesh showing the referen
es between multiple 
opies of the samevertex is illustrated in Figure 6.4.
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Figure 6.4: Initial distribution of the mesh between four pro
essors for example in Figure6.3 (a).6.3.1 Element and Vertex Transfer PhaseIn the �rst phase of the migration pro
edure we send the elements and verti
es to thedestination pro
essors. If there is an element 
a lo
ated in Pi and 
a 2 b�tj then we senda MoveMsg(i; j) = f
ag message from Pi to Pj . If an element 
a refers to a vertex V ip ofwhi
h Pj has no lo
al 
opy then Pi must also in
lude the vertex in the message. Determiningif Pj has a lo
al 
opy of Vp is easy: we only need to look at the referen
es to remote 
opies ofV ip (is (Pj ; V jp ) 2 Ref (V ip )?) in the sending pro
essor Pi. If we �nd that Pj has a lo
al 
opyV jp then we use that 
opy to 
reate the element 
a in Pj . When we send a vertex in themessage we also in
lude all the referen
es to other 
opies. This way the re
eiving pro
essor
an 
reate its lo
al 
opy and then send a message to the other pro
essors to update theirreferen
es to it. Also when we are sending multiple elements to a pro
essor we need to be
areful to in
lude only one 
opy of the verti
es. The des
ription of the �rst part of thisphase is shown in Figure 6.5. Note that this phase, as well as the remaining ones in this
hapter, is independent of the mesh type and 
an be used for two- and three-dimensionalmeshes. The initial messages sent by ea
h pro
essor for the previous example are:� P0: move 
a to P3 by sending the message MoveMsg(0; 3) = f
ag. In
lude in themessage the nodes V0 and V3 and a referen
e to V 34 . In P3 use these two nodes andthe existing 
opy of V4 to 
reate the element 
a.



87for ea
h element 
a su
h that 
a 2 �ti ;
a 2 b�tj ; i 6= j doinsert 
a into MoveMsg(i; j)for ea
h node Vp 2 Adj (
a) doif (Pj ; V jp ) 2 Ref (V ip ) theninsert (Pj ; V jp ) into MoveMsg(i; j).verti
es(
a)elseinsert Vp into MoveMsg(i; j).verti
es(
a)insert (Pi; V ip ) into MoveMsg(i; j).ref (Vp)for ea
h referen
e (Pk; V kp ) 2 Ref (V ip ) doinsert (Pk; V kp ) into MoveMsg(i; j).ref (Vp)end forend ifend forend forfor ea
h pro
essor Pj doif i 6= j and MoveMsg(i; j) 6= ; thensend MoveMsg(i; j)end ifend forFigure 6.5: Element and vertex transfer phase: pro
edure exe
uted by pro
essor Pi to senda sele
ted set of elements and verti
es to a destination pro
essor Pj .� P1: send 
d to P2 by sending the message MoveMsg(1; 2) = f
dg with the nodes V1,V2 and V5.� P2: send 
e to P3 (with V3 and V6 and a referen
e to V 37 ) and 
f to P0 (with V7 andreferen
e to V 03 and V 04 ) using the MoveMsg(0; 3) = f
eg and MoveMsg(2; 0) = f
fgrespe
tively.� P3: send 
g to P1 (with V7 and V8 and referen
es to V 41 and V 27 ) and send 
h to P2(with V5 and V8 with referen
es to V 24 and V 15 ) using the MoveMsg(1; 1) = f
gg andMoveMsg(3; 2) = f
hg respe
tively.On
e a pro
essor Pj re
eives a message MoveMsg(i; j) it �rst 
reates the new verti
esas spe
i�ed in the message and then 
onstru
ts the elements. If Vp is a vertex of anelement 
a su
h that 
a 2 MoveMsg(i; j) and Vp 2 MoveMsg(i; j).verti
es(
a) su
h thatVp is not lo
ated in Pj then a new 
opy V jp is 
reated in Pj and Ref (V jp ) is initialized toMoveMsg(i; j).ref (Vp) (remember that this also in
ludes a referen
e to the sending pro
essor
opy of Vp in the sour
e pro
essor Pi). At this point the new 
opy 
ontains a referen
e to theoriginal vertex but not vi
e versa. It is responsibility of Pj to inform the other pro
essors
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Figure 6.6: Element and vertex transfer phase: state of the mesh after 
reating the new
opies in the destination pro
essors. We highlight the new elements verti
es 
reated in thisphase in ea
h pro
essor. We only show the referen
es between the multiple 
opies of vertexV7 to redu
e the 
omplexity of this �gure.of the newly 
reated 
opy.Continuing with the example, when P2 sends 
f to P0 it should also in
lude a 
opy ofV7. Before P0 
onstru
ts the element 
f it should �rst 
reate the vertex V 07 . Using thatvertex and the lo
al 
opies V 03 and V 04 pro
essor Po 
an then 
reate the element 
f . WhenP1 re
eives the element 
g it also 
reates a 
opy of V7 but the 
opies in P0 and P1 of thatvertex know nothing about ea
h other at this moment.There is another problem: P2 re
eives 
d from P1 and 
h from P3 and both messagesin
lude the vertex V5 (a similar problem happens in P3 with V3). We will explain laterhow to handle these situations. Figure 6.6 shows the mesh at this stage that highlights thenew elements and verti
es in ea
h pro
essor. For simpli
ity, we only in
lude the referen
esbetween the multiple 
opies of V7. Figure 6.7 presents an outline of this re
eiving phase.



89for ea
h message MoveMsg(i; j) sent from other pro
essor Pi to Pj dore
eive MoveMsg(i; j)for ea
h element 
a 2MoveMsg(i; j) dofor ea
h node Vp 2 MoveMsg(i; j).verti
es(
a) doif Vp does not exist in Pj then
reate the vertex Vp and initialize Ref (V jp ) =MoveMsg(i; j).ref (Vp)end ifend for
reate the element 
aend forend forFigure 6.7: Element and vertex transfer phase: pro
edure exe
uted by ea
h pro
essor Pjto re
eive a transfer message from pro
essor Pi and to 
reate the elements and verti
esindi
ated in the message.for ea
h new node V ip dofor ea
h referen
e (Pj ; V jp ) 2 Ref (V ip ) doinsert (V ip ; V jp ) into AddRefMsg(i; j)end forend forfor ea
h pro
essor Pj doif i 6= j and AddRefMsg(i; j) 6= ; thensend AddRefMsg(i; j)end ifend forfor ea
h message AddRefMsg(k; i) sent from other pro
essor Pk to Pi dore
eive AddRefMsg(k; i)for ea
h referen
e (V kp ; V ip ) 2 AddRefMsg(k; i) doinsert (Pk; V kp ) into Ref (V ip )end forend forFigure 6.8: Remote referen
e update phase: outline of the algorithm exe
uted by ea
hpro
essor Pi to update the referen
es of new shared verti
es.6.3.2 Remote Referen
e Update PhaseIn the next phase we update the referen
es to the new nodes. Assume that V jp is a node
reated in Pj in the previous phase as the result of a MoveMsg(i; j). Pj needs to inform Piand all the other pro
essors Pk that have a 
opy of Vp about the lo
ation of the new 
opy V jpin memory so they 
an 
reate a referen
e to it. Using Ref (V jp ), Pj sends a AddRefMsg(j; k)for ea
h referen
e (Pk; V kp ) 2 Ref (V jp ). This pro
edure is outlined in Figure 6.8.
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Figure 6.9: Remote referen
e update phase: state of the mesh at the end of this phase. Theelements that will be deleted in ea
h pro
essor in the next phase are highlightedIn the previous example P0 sends a message to P2 and P3 to update their referen
es toV 07 . P1 also sends a message to P2 and P3 so they 
an update the referen
e of V 10 . P2 knowsthat there is a 
opy of V0 in pro
essor P0 be
ause it in
luded that 
opy in theMoveMsg(2; 0)of the previous phase When P2 re
eives a message from P1, P2 dete
ts that there is morethan one new 
opy of V7 so it informs P0 to update the referen
e from V 07 to V 17 . The samething happens in P3.At this stage we also dete
t that there are two 
opies of V5 in P2 and two 
opies of V3 inP3 be
ause they try to update referen
es to verti
es lo
ated in the same pro
essor. One ofthe 
opies is destroyed and the 
orresponding elements are updated a

ordingly. The stateof the mesh at the end of this phase is shown in Figure 6.9.6.3.3 Element Deletion, Removal of Remote Verti
es, and Vertex Dele-tionWe now remove the elements 
a 2 �ti \b�tj; i 6= j from the sour
e pro
essors Pi. The state ofthe mesh after this step is shown in Figure 6.10. Moreover, if there is some vertex Vp su
h
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Figure 6.10: Element Deletion: state of the mesh after deleting the elements from the sour
epro
essors but before removing the unne
essary verti
es. We only in
lude the referen
es forverti
es that are going to be removed in the next phasethat ElemAdj(V ip ) = ; we delete the vertex to free memory. For every vertex 
opy V ip su
hthat ElemAdj(V ip ) = ; pro
essor Pi sends a DeleteMsg message to every pro
essor Pj su
hthat (Pj ; V ip ) 2 Ref (V ip ). When Pj re
eives this message, it removes the referen
e (Pi; V ip )from Ref (V jp ). Pi 
an now delete its 
opy V ip . The deletion is now safe be
ause V ip is not
ontained by any element in Pi and no other pro
essors have referen
es to it. Figure 6.11shows the pro
edure for this three last phases.In our example the destru
tion of 
e and 
f in pro
essor P2 
auses the deletion of V 23 ,V 26 and V 27 . Note that the node V 24 is referen
ed by the new element 
h so it is not deleted.Finally we destroy the nodes when the number of referen
es to them is zero. Therepresentation of the mesh at the end of the migration is shown in Figure 6.12.
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for ea
h element 
a in Pi that has been moved to Pj, i 6= j dodelete 
afor ea
h vertex V ip 2 Adj (
a) doremove 
a from ElemAdj (V ip )if ElemAdj(V ip ) = ? thenfor ea
h referen
e (Pj ; V jp ) 2 Ref (V ip ) doinsert (V ip ; V jp ) into DelRefMsg(i; j)end forend ifend forend forfor ea
h pro
essor Pj doif DelRefMsg(i; j) 6= ? thensend DelRefMsg(i; j)end ifend forfor ea
h message DelRefMsg(k, i) sent from other pro
essor Pk to Pi dore
eive DelRefMsg(k; i)for ea
h referen
e (V kp ; V ip ) in the message DelRefMsg(k; i) doremove (Pk; V kp ) from Ref (V ip )end forend fordelete the verti
es Vp from Pi su
h that ElemAdj(V ip ) = ;Figure 6.11: Pro
edure exe
uted by ea
h pro
essor Pi in the three phases of the migrationalgorithm.
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Chapter 7
The Engineering of Pared
7.1 Introdu
tionIn this 
hapter we present a des
ription of the main 
lasses that 
onstitute Pared and their
orresponding relations. Pared is a system that adaptively 
omputes solutions of PDEs fora variety of mesh types and di�erential equations. In Chapter 3 we present a short overviewof Pared and explained how to use our system to solve PDEs.Pared 
an exe
ute on serial and parallel 
omputers. The serial version, whi
h is basedin earlier work [17, 18℄ and was implemented in 
onjun
tion with Chatzi, was also usedfor the Crystalline meshes proje
t [25℄ by Chatzi and Preparata. In parallel 
omputers,the adaptive solution involves several phases of solving systems of linear equations, errorestimation, mesh re�nement and 
oarsening, 
omputing new distributions of the mesh andmigrating mesh data stru
tures and asso
iated equations and unknowns between pro
essors.One of the most powerful ideas in Pared is the notion of dynami
 meshes. Pared allowsthe easy 
reation and destru
tion of mesh obje
ts in ea
h individual pro
essor while, at thesame time, it maintains a 
onsistent global mesh distributed a
ross multiple pro
essors.The mesh 
lasses used to 
reate our meshes are des
ribed in Se
tion 7.2. Se
tions 7.3 and7.5 present the 
lasses that we have have designed to simplify the parallel re�nement andmigration of the mesh. The partitioning of the mesh uses several graph 
lasses, whi
h is thesubje
t of Se
tion 7.4. Pared also provides a graphi
al user interfa
e to allow the user tointera
t with the system. These 
lasses, whi
h also 
ontrol the serial and parallel exe
utionof the system, are presented in Se
tion 7.6. Pared provides several methods for 
omputingsolutions to linear systems of equations as explained in Se
tion 7.7. Finally, in Se
tion 7.994



95we explain how to extend our system to solve PDEs other than the prede�ned ones.The �gures in this 
hapter show Uni�ed Modeling Language (UML) [13, 75℄ 
lass di-agrams and were obtained dire
tly from the sour
e 
ode using Rational's Rose softwaremodeling environment. UML is a standard language for obje
t oriented design. In UMLa 
lass is displayed as a re
tangle, whi
h in
ludes its name and may in
lude attributesand methods. Relations between 
lasses are represented with lines. Parent and 
hildren
lasses (or \is-a" relationships) are joined with a solid line with an arrowhead pointing tothe parent 
lass. Aggregations (or \has-a" relationships) model \whole/part" relationships(e.g. a mesh has many elements) and are represented with lines with an open diamond atthe 
ontainer (\whole") end. Compositions are spe
ial kinds of aggregations with deepersemanti
s: an obje
t (the \whole") is responsible for managing the parts. Parts 
an onlyexist inside the whole and are 
reated and destroyed by it. Compositions are representedin UML with �lled diamonds.Many 
lasses in Pared use referen
e 
ounting [62℄, a 
ommonly used 
on
ept in obje
t-oriented systems that provides a simple me
hanism for handling dynami
 obje
ts and man-aging memory. Obje
ts that use referen
e 
ounting are 
reated from the heap and a

essedthrough spe
ial pointers 
alled smart pointers. When a new smart pointer to an obje
t is
reated it in
rements the referen
e 
ount of the pointed obje
t. When the smart pointeris destroyed, the referen
e 
ounting is de
remented. In the 
ase that this 
ount is zero theobje
t 
an be safely removed from memory be
ause is not rea
hable by any smart pointer.The only restri
tion is that the programmer must not 
reate standard C pointers to thatobje
t. In Pared 
lasses that use referen
e 
ounting extend the 
ommon Obj 
lass. Smartpointers to a parti
ular obje
t of type T are 
reated from the templated 
lass Ptr<T>.7.2 Mesh Data Stru
turesThe basi
 data stru
tures in Pared are the mesh, element and vertex 
lasses. A mesh
an be seen as a 
omplex 
ontainer for elements and verti
es. Elements and verti
es arestored in the mesh in two intrusive lists [88℄ whi
h are implemented using templates. Oneimportant property of intrusive lists is that both inserting and removing obje
ts from thelist 
an be done in 
onstant time. Every 
lass that uses intrusive lists in Pared extendsa 
ommon IItem 
lass that in
ludes pointers to the next and previous element in the list.Therefore, every obje
t 
an be inserted in at most one intrusive list at the same time.In Pared when a new element or vertex is 
reated it automati
ally inserts itself into the
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orresponding list of elements and verti
es in the 
urrent mesh. Similarly, when an elementor vertex is destroyed be
ause it is no longer referen
ed, it automati
ally removes itself fromthe 
orresponding list.Pared is an adaptive system in whi
h elements and verti
es are 
ontinuously 
reatedand deleted. In Chapter 3 we explained that these adaptive meshes are represented as aforest of trees. In our system, every element has a pointer to its parent element and a list ofreferen
es to its 
hildren elements, whi
h is empty in the 
ase of unre�ned elements. Everymesh also 
ontains a root element whose 
hildren are the elements in the initial mesh.The intrusive list of verti
es in the mesh 
ontains all the verti
es in the mesh. On theother hand, the intrusive of elements only 
ontains the elements in the most re�ned mesh.This mesh is used in the simulation. When an element is re�ned, the re�ned element isremoved from the list of elements and its 
hildren are inserted into it. The new verti
es
reated in the re�nement of the element are always inserted in the vertex list. When anelement is 
oarsened, the 
hildren are removed from the list and repla
ed by their par-ent. Any vertex that is no longer referen
ed by an element as a result of mesh 
oarseningautomati
ally removes itself from the vertex list before it gets destroyed.7.2.1 Mesh ClassesThe mesh 
lasses 
onsist of the abstra
t 
lass FEMesh whi
h is the parent of two 
lassesFEMeshCommon and FEMeshStub. These relationships are represented by the lines with anarrow towards the parent 
lass in Figure 7.1.In the serial version of the system the 
urrent mesh is represented as an instan
e of the
on
rete 
lasses FEMesh2D and FEMesh3D that extend the FEMeshCommon 
lass and implementtwo- and three-dimensional meshes respe
tively. A fra
tion of the mesh is also a mesh.Therefore in the parallel system the distributed mesh is represented as a set of FEMesh2Dand FEMesh3D obje
ts, one in ea
h pro
essor. These obje
ts in ea
h pro
essor 
ontain onlythe elements and verti
es 
urrently assigned to the pro
essor.FEMeshCommon 
ontains most of the a
tual methods that operate on a mesh. FEMeshStubis a 
lass that is used in the parallel version of our system and that shares the same in-terfa
e as FEMeshCommon so the methods 
an be invoked on obje
ts of the same 
lass in asimilar way. In a parallel environment, the 
oordinator pro
essor 
reates an instan
e of theFEMeshStub 
lass that re
eives 
ommands from the 
onsole (Se
tion 7.6). FEMeshStub doesnot implement these methods dire
tly but it broad
asts the 
ommands it re
eives to the
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FEMeshStub

FEMesh2D FEMesh3D

FEMeshCommon

FEMesh

Figure 7.1: FEMesh 
lasses. FEMeshCommon is an a
tual mesh or a portion of the meshlo
ated in a pro
essor. The 
on
rete 
lasses are FEMesh2D for 2D meshes and FEMesh3Dfor 3D ones. To simplify the use of parallel meshes we 
reated the 
lass FEMeshStub thatimplements the same interfa
e (or publi
 methods) as FEMeshCommon.pro
essors. All the pro
essors re
eive these 
ommands through another 
onsole 
lass whi
hinvokes the 
orresponding methods in their instan
es of FEMesh2D or FEMesh3D.7.2.2 Element ClassesPared supports a variety of mesh types that 
an 
onsist of di�erent element shapes. For thisreason, we provide a hierar
hy of element 
lasses that is rooted by the 
lass RealElementand extended by the 
lasses RealElement2D and RealElement3D for 2D and 3D meshesrespe
tively as shown in Figure 7.2. We further extend this 
lasses to 
reate elements oftype Triangle or Quadrilateral and Tetrahedron or Hexahedron. To support Crystallinemeshes [25℄ we also allow elements of type Pentahedron and Heptaheron, whi
h are notshown in Figure 7.2. In Pared it is not required that all the elements are of the same typeand we 
an mix two- or three-dimensional shapes in the same mesh.Every real element 
ontains a ve
tor of smart pointers to the verti
es that de�ne the
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RealElement2D RootElement2DRealElement3D RootElement3D

Figure 7.2: The Element 
lass hierar
hy supports two- and three-dimensional elements.The RootElement 
lasses store referen
es to the elements in the initial mesh.



99element. The number of entries in this ve
tor depends on the element type. To support thestru
ture of re�nement trees, every element maintains a pointer to its parent (the elementthat was re�ned to 
reate this element) and a list of smart pointers to its 
hildren (thenested elements into whi
h the element is re�ned). The pointer to the parent is used tosimplify the 
oarsening phase. By using a list, we allow for arbitrary re�nement strategiesthat have di�erent numbers of 
hildren.The referen
e 
ount in the elements is from the parents to the 
hildren. The root elementhas a list of smart pointers to the elements of the initial mesh while the elements have a listof smart pointers to their 
hildren. On the other hand, the pointer from a 
hild to its parentis a simple C pointer. One of the diÆ
ulties of using smart pointers in C++ is the ne
essityof avoiding 
ir
ular stru
tures. For example, an obje
t that points to another obje
t whi
hin turn point to the �rst obje
t. These stru
tures 
an have very 
ompli
ated shapes and beunrea
hable but they are not deleted be
ause their 
ount never be
omes zero. These errorsare avoided by having only one dire
tion for smart pointers.Besides the elements that are part of the mesh, Pared supports another type of el-ement that we 
all RootElement. This 
lass is also extended into RootElement2D andRootElement3D for 2D and 3D meshes respe
tively. Every mesh 
ontains only one rootelement. The parent of an element of the initial mesh (whi
h is not obtained as a result ofre�nement) is the root element and the 
hildren of the root are the elements in the initialmesh. We 
reated the super
lass Element that is the parent 
lass of both RealElement andRootElement. The pointer to the parent element is of type Element so that the elementsof the initial mesh and the elements 
reated as a result of re�nement 
an be handled in thesame way.In Pared, to delete a whole re�nement tree (for example, after migrating a subtree toanother pro
essor), we only need to remove the parent element from the 
hildren list of theroot element. This pro
ess automati
ally deletes all the 
hildren of that element as theirreferen
e 
ount be
omes zero. In turn most verti
es in a re�nement tree will be destroyedbe
ause they are not longer referen
ed by any element. Also, to delete a mesh, we onlyneed to delete the root element whi
h in turn will delete the mesh, level by level, and theverti
es.7.2.3 Vertex ClassesA vertex is de�ned by its 
oordinates in two and three dimensions. In Pared there is a
ommon 
lass Vertex that is spe
ialized into the 
lasses Vertex2D and Vertex3D as shown
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1 1Figure 7.3: The Vertex 
lass hierar
hy. Pared de�nes 
lasses for two and three dimen-sional verti
es (Vertex2D and Vertex3D). Verti
es in the boundary of the domain (of typeBoundaryVertex2D and BoundaryVertex3D) 
ontain referen
es to the Boundary obje
ts.in Figure 7.3.In many 
ases it is ne
essary to �nd the elements that are adja
ent to a parti
ular vertex.For that reason every vertex maintains a list of pointers to the elements that 
ontain it.Again, to avoid the problem of 
ir
ular smart pointers, the list of elements in the verti
esis of standard C pointer of type RealElement2D and RealElement3D. When an element is
reated or destroyed it inserts or removes itself into the lists of its asso
iated verti
es.One parti
ular type of vertex is the boundary vertex: a vertex lo
ated on the bound-ary of a domain. In Pared a mesh boundary 
ontains several Surfa
es. A set of sur-fa
es with 
ommon boundary 
onditions form a Boundary obje
t. Pared provides two
lasses, BoundaryVertex2D and BoundaryVertex3D, that extend the 
lasses Vertex2D andVertex3D respe
tively.Pared does not expli
itly store edges and fa
es. Every edge is de�ned by referen
es totwo verti
es. Fa
es are de�ned by three or more verti
es. Nevertheless, the verti
es, edgesand fa
es of every element are ordered and it possible to 
reate temporary instan
es of the
lasses Edge or Fa
e as needed.



1017.2.4 Parallel MeshesIn Pared the meshes used in the serial and parallel version of the system are very similar.We use a partition of the mesh between pro
essors by elements, where elements are lo
atedin only on pro
essor and verti
es are shared if they are are adja
ent to elements lo
atedin di�erent pro
essors. Every one of these pro
essors 
ontains a 
opy of the shared vertex.During the simulation verti
es that are not shared 
an be
ome shared as adja
ent elementsare moved between pro
essors. Similarly, shared verti
es 
an be
ome non-shared.To maintain the 
onsisten
y of the global mesh it is important to identify the multiple
opies of the same vertex lo
ated in di�erent pro
essors. In the systems of equations usedto solve the partial di�erential equations, every unknown 
orresponds to a node that mightbe lo
ated in a boundary between pro
essors. In this 
ase, it is important that the nodein
ludes the 
ontributions of all the elements around that node.In Pared ea
h vertex has a list of VertexRef obje
ts asso
iated with it that is empty inthe 
ase of non-shared verti
es. VertexRef is a remote referen
e, 
onsisting of a pro
essornumber and a memory address in the remote address of ea
h a 
opy of the asso
iated vertex.Using this address, a pro
essor 
an send a message to another pro
essor to invoke a methodon the remote 
opy. In the destination pro
essor, the referen
e is 
onverted to a pointer oftype Vertex2D or Vertex3D through whi
h the method is invoked.7.3 Classes Controlling the Re�nement of MeshesThe pro
edure for re�ning serial and parallel meshes using the longest-edge bise
tion method[19, 20℄ is very similar. In both 
ases we iterate through a list of referen
es to sele
tedtriangular or tetrahedral elements, invoking the refineRivara method in ea
h of them.In this se
tion we outline the additional 
lasses used for the parallel re�nement of meshesusing the longest-edge bise
tion algorithm.The parallel re�nement pro
edure is 
ontrolled by an obje
t of the 
lass RefineMgr(Figure 7.4). This 
lass is a singleton 
lass [40℄ (at most one instan
e of the 
lass 
anexist in ea
h pro
ess at any time) that handles all the syn
hronization steps explained inChapter 4. Every pro
essor, in
luding the 
oordinator, 
reates an instan
e of RefineMgrby exe
uting its stati
 method start before re�ning any element.In parallel meshes the re�nement of triangle or tetrahedron 
an 
reate a new vertex onan internal boundary between pro
essors. As we have explained in Chapter 4 we delay the
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Figure 7.4: Mesh re�nement 
lasses. RefineMgr uses the 
lasses SharedVertexInfo andSharedVertexNum to manage the parallel re�nement of meshes.propagation of re�nement a
ross pro
essor boundaries. When pro
essor Pi 
reates a newvertex in a boundary between one or more pro
essors Pj it 
reates one or more instan
esof the auxiliary 
lass SharedVertexInfo (one for ea
h adja
ent pro
essor) whi
h it insertsin RefineMgr. Therefore, RefineMgr is also a 
ontainer for all the newly 
reated sharedverti
es and in the 
urrent implementation it 
ontains a ve
tor of lists of SharedVertexInfo.This 
lass in
ludes all the information required to 
reate the shared vertex in the adja
entpro
essor Pj and to return to pro
essor Pi the address of the new vertex.After ea
h pro
essor has 
ompleted the re�nement of the initial elements it 
alls the waitmethod of the RefineMgr 
lass. In this method every pro
essor sends the SharedVertexInfoobje
ts in the RefineMgr obje
t 
reated during the re�nement phase to the adja
ent pro-
essors and then listens for messages. If it re
eives a new re�nement message, it 
reates theverti
es as spe
i�ed in the message and pro
eeds to re�ne the unre�ned adja
ent elements ifne
essary using their refineRivara method. In the 
ase the element is already re�ned bythe edge in
luding in the message, it just updates the remote referen
es to the new vertex.The RefineMgr obje
t also keeps tra
k of the a
knowledgment messages. Every re�nemessage is a
knowledged as explained in Chapter 4. The 
oordinator waits until it re
eivesan a
knowledgment from every pro
essor involved in the re�nement and it then signalsthe termination of the re�nement phase by broad
asting a message. When a pro
essorother than the 
oordinator re
eives a message from the 
oordinator, it stops listening from



103messages and exits the wait method.7.4 Partitioning of MeshesIn Pared the graph 
lasses have the responsibility of 
omputing partitions of the mesh.The partitions of the mesh using PNR are obtained from a sequen
e of K 
oarser graphsG0; : : : GK. For that reason, the Graph in Pared is represented as a ve
tor of K ofGraphLevel obje
ts, where ea
h level 
orresponds to one of theK graphs. Ea
h GraphLevel
ontains a ve
tor of instan
es of GraphPartition. The GraphPartition 
lass 
ontains anintrusive list of GraphVertex. Adja
ent GraphVertex in ea
h graph are joined by vari-able number of GraphEdge obje
ts. Therefore, the GraphPartition p entry of the theGraphLevel l obje
t of the Graph 
lass 
ontains all the graph verti
es of the graph Glassigned to subset p. To 
ompute new partitions GraphVertex obje
ts move betweenGraphPartition obje
ts in the same graph level. A graph diagram of these 
lasses areshown in Figure 7.5.The �rst GraphLevel of the Graph obje
t 
ontains one GraphVertex for every elementin the mesh and graph verti
es are joined by a GraphEdge if the 
orresponding elements areadja
ent. GraphElement and GraphVertex in
lude an integer weight that represents the
omputation and 
ommuni
ation 
ost respe
tively. From this �rst �ne graph we 
onstru
tthe sequen
e of 
oarser graphs using an edge 
ontra
tion operation until the number ofverti
es in the 
oarser graph is less than some spe
i�ed 
onstant. The edge 
ontra
tionoperation maintains the relation between the verti
es in two adja
ent levels so a partitionof a 
oarser graph 
an easily be proje
ted to the next level. To partition a graph we moveor swap graph verti
es between instan
es GraphPartition obje
ts of a given level.Finally a GraphAssignment obje
t represents a 
urrent assignment of graph verti
es(or their 
orresponding mesh elements) to pro
essors. This 
lass is used to 
ompute themigration 
ost and to tell the pro
essors whi
h elements to migrate.7.5 Classes Controlling Mesh MigrationAs in mesh re�nement, Pared provides a 
lass 
alled MigrateMgr (Figure 7.6) that handlesthe syn
hronization required for the migration of meshes between pro
essors. MigrateMgris also a singleton 
lass and 
ontains methods for the di�erent steps outlined in Chapter 6.
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Figure 7.5: Class diagram of the 
lasses used to 
ompute partitions of the mesh.
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Figure 7.6: Mesh migration 
lasses. The manager 
lass MigrateMgr uses a variety of aux-iliary 
lasses su
h as AddRef and DeleteRef.



105MigrateMgr uses several additional 
lasses. The AddRefItem 
lass represents that aremote 
opy of the vertex should add a referen
e to a new 
opy of that vertex. SimilarlyDeleteRefItem is used to remove referen
es in remote pro
essors so verti
es 
an safely bedeleted. Several obje
ts of the 
lasses AddRefItem and DeleteRefItem destined for thesame pro
essor are grouped into lists by the 
lasses AddRef and DeleteRef of whi
h thereis one list per pro
essor. Finally, the 
lass RepeatedRefItem stores referen
es to repeatedverti
es, for example, when the same vertex is re
eived from two or more pro
essors. Inthat 
ase all but one of the 
opies are destroyed to eliminate unne
essary storage and avoiderrors and the referen
es and adja
ent elements are updated to maintain only one 
opy ofthe same vertex in ea
h pro
essor.The migration pro
edure starts by 
reating the MigrateMgr obje
t and providing ave
tor of p lists (one for every pro
essor) of referen
es to RealElement. These lists 
ontaina referen
e to the elements in the initial mesh whose re�nement trees must be migrated tothe other pro
essors. The lists are then extended to in
lude all the elements in the subtree.If an element is in the list, we insert its 
hildren into the list, but with the 
ondition thatthe parent appears in the list before its 
hildren. Therefore, in the destination pro
essor,we 
an �rst 
onstru
t the parent before its 
hildren whi
h then is in turn used to 
reate the
hildren.The di�erent methods of MigrateMgr that are required to migrate the mesh are in-voked from the migrateAux method of the 
lass FEMeshCommon. This method �rst 
allsthe methods sendElements and re
eiveElements of the MigrateMgr 
lass to send andre
eive elements (in
luding the re�nement trees), verti
es, nodes and temporary solutions.These methods use two additional 
lasses 
alled MigElement and MigVertex that roughly
orrespond to mesh elements and verti
es but are easier to serialize in a message.After re
eiving and 
onstru
ting the mesh obje
ts we obtain an obje
t of the 
lassAddRef that 
ontains the referen
es of the newly 
reated verti
es. We then send and re
eivethese referen
es by 
alling the sendReferen
es and re
eiveReferen
es of the AddRef and
all the updateReferen
esToShared of the MigrateMgr to update the older 
opies of theverti
es with the new referen
es that we just re
eived. We then �nd the repeated verti
es inthe same pro
essor. A vertex is repeated if it 
ontains a referen
e to another vertex lo
atedin the same pro
essor, but before destroying it we instru
t other pro
essors to delete itsreferen
es to it by using the 
lass DeleteRef.We now delete the elements that were sent to other pro
essors. This in turn automati-
ally deletes verti
es than are no longer referen
ed by any element in the pro
essor be
ause
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Figure 7.7: Users intera
t with Pared through Console obje
ts. The ConsoleMaster 
lassis used in serial systems. In parallel mode a ConsoleMaster is lo
ated in the 
oordinatorpro
essor, while the remaining pro
essors 
ontain a ConsoleSlave obje
t.their referen
e 
ount be
omes zero. Some of these verti
es might have 
opies in other pro-
essors so before deleting them we 
reate an obje
t of the 
lass DeleteRef to remove thereferen
es to them from other pro
essors.7.6 Console ClassesIn Pared, a Console allows the user to 
ommuni
ate with the system. The 
onsole re
eivesthe 
ommands invoked by the user and delivers these instru
tions to the mesh 
lasses wherethey are exe
uted.Console is also a singleton 
lass. In serial systems, Pared 
reates at startup an obje
tof the 
lass ConsoleMaster that sub
lasses Console (Figure 7.7). The parent 
lass 
ontainsa pointer of type FEMesh to the a
tive mesh whi
h is an instan
e of FEMesh2D or FEMesh3D.The ConsoleMaster obje
t re
eives all the instru
tions from the user su
h as howto re�ne the mesh or 
ompute a solution. These instru
tions 
an 
ome from our Motifgraphi
al user interfa
e or through a test �le that automates repeated 
ommands. TheConsoleMaster obje
t is also used to provide information to the user. To render the mesh,the mesh 
lasses do not 
all OpenGL [39℄ 
ommands dire
tly. Instead they render the meshthrough the 
onsole.On parallel systems, only the 
oordinator pro
essor (or pro
essor number 0) 
reates an



107instan
e of ConsoleMaster. All the other pro
essors 
reates an instan
e of ConsoleSlavethat also extends the 
lass Console and 
ontain a pointer to the FEMesh obje
t lo
atedin the pro
essor. The ConsoleMaster obje
t in the 
oordinator re
eives the 
ommandsfor the user, but rather than invoking methods on FEMesh2D or FEMesh3D obje
ts dire
tly,it invokes a method on an obje
t of type FEMeshStub. This 
lass also inherits from the
lass FEMesh and shares the same interfa
e with FEMesh2D and FEMesh3D. Nevertheless,rather than exe
uting the mesh methods dire
tly, FEMeshStub marhalls the methods andparameters into messages that it then broad
asts to the other pro
essors.All the remaining pro
essors wait until they re
eive a message from the 
oordinator in amethod of the ConsoleSlave obje
t. They then de
ode the message and parameters in theConsoleSlave obje
t and invoke the method in their 
orresponding FEMesh2D or FEmesh3Dobje
t.To render the mesh in parallel, the pro
ess is inverted. Ea
h pro
essor renders its regionof the mesh by 
alling methods on their ConsoleSlave obje
t. These obje
ts 
apture theseinstru
tions that they marshal and send to the 
oordinator. The ConsoleMaster obje
t inthe 
oordinator re
eives these messages and invokes the respe
tive OpenGL 
ommands torender the mesh.7.7 Representing Systems of EquationsPared provides a hierar
hy of 
lasses for 
reating ve
tors and arrays of double pre
isionvalues. This hierar
hy is rooted by the abstra
t 
lass AbsMatrix whi
h is the parent ofthe 
lasses AbsMatrix1D, AbsMatrix2D and AbsMatrix3D for 1, 2 and 3 dimensional arraysrespe
tively as shown in Figure 7.8.Matrix1D is a 
on
rete 
lass that extends the 
lass AbsMatrix1D and stores one dimen-sional ve
tors. Matrix2D is used to store full two-dimensional matri
es. In �nite elementanalysis most of the matri
es are sparse and full matri
es 
an only be used in very smallproblems. In many problems, the matrix is also symmetri
.There are several sparse matrix representations available in Pared. SmallMatrix2D isa very 
ommon representation in �nite element systems in whi
h a full matrix is stored asa list of small lo
al matri
es, one for ea
h element in the mesh. With every lo
al matrixwe asso
iate an index ve
tor that maps the entries in the lo
al matrix to their rows and
olumns in the full matrix.SparseMatrix2D uses a matrix storage that is optimized for multiplying the matrix by
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Figure 7.8: Matrix 
lass diagram. Pared supports one- two- and three-dimensional matri
esusing a variety of storage methods. .
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Precondition

JacobiPrecondition SchwarzPreconditionFigure 7.9: The system 
lass 
ombines AbsMatrix2D, AbsMatrix1D and Pre
ondition andprovides methods for solving linear systems.a ve
tor. This sparse matrix is known as Row Indexed Sparse Storage [70, 31, 32℄. Thenonzero entries in the matrix are stored row by row in a ve
tor of values. The 
orresponding
olumns are stored in a ve
tor of indi
es. The diagonal entries in the matrix are 
ommonlyused in many linear solvers and for that reason they are assigned to the �rst entries in theve
tor of values. PSparseMatrix2D is a permuted SparseMatrix2D that is used in dire
tsolvers.We are experimenting with a storage for sparse matri
es that we 
all Diri
hletMatrix2D.In this representation, a matrix is stored as a ve
tor of SparseMatrix2D obje
ts. The �rstmatrix of the ve
tor 
ontains the internal nodes. The remaining matri
es 
orrespond to theboundaries of the domain. On problems with multiple dimensions and multiple matri
eswith di�erent boundary 
onditions we 
an use the same entries and redu
e the amount ofstorage required.To solve systems of equations Pared uses dire
t and iterative solvers su
h as ConjugateGradient [58℄, GMRES [93℄ and their pre
onditioned versions. These solvers are imple-mented as methods of the 
lass System. The System 
lass 
ontains a pointer to a matrix(of type AbsMatrix2D) and a right hand side ve
tor (of type AbsMatrix1D) and its solverstake as a parameter a solution ve
tor (also of type AbsMatrix1D). Our two dimensionalmatri
es provide the mult method that multiplies the matrix by a ve
tor.Pre
onditioned solvers (Figure 7.9) require the use a 
on
rete 
lass that extends theabstra
t 
lass Pre
ondition, su
h as Ja
obiPre
ondition or S
hwarzPre
ondition (bothadditive and multipli
ative). These 
lasses provide the abstra
t method apply that appliesthe pre
onditioner in the solution of the system of equations.The pro
edure for parallel solvers is very similar. In this 
ase, we 
onstru
t an instan
e



110of the 
lass ParallelSystem that extends the 
lass System. The only di�eren
e in theiterative solvers is the way the matrix-ve
tor produ
ts and inner-produ
ts are 
omputed. Inthe parallel solver, after 
alling the mult of the sparse matrix, it is ne
essary to a

umulatethe results that 
orrespond to unknowns lo
ated on pro
essor boundaries (see Se
tion 5).Parallel inner-produ
ts also 
ompute a global sum of all the pro
essor inner-produ
ts.7.8 Higher Order PolynomialsOne of the extensions that we added to our original system is the ability to 
ompute solutionsof PDEs using higher-order basis fun
tions. In our original system, ea
h mesh vertex hadan asso
iated set of basis fun
tions, one for ea
h degree of freedom.We now des
ribe the 
lasses used to support higher order polynomials (see Figure 7.10).A Node is asso
iated with a basis fun
tion. A mesh element 
ontains a variable number ofnodes depending on the degree of the approximation, whi
h are of type Node2D or Node3D for2D or 3D meshes respe
tively. Nodes that are lo
ated in a mesh vertex, edge or fa
e in
ludethe 
ontributions of all the elements around it, and roughly 
orrespond to an equation andan unknown in a system of linear equations.It is not ne
essary to a
tually 
reate the nodes. It is suÆ
ient to be able to deter-mine the 
orresponding node indi
es so that the lo
al element matri
es 
an be 
orre
tlyassembled in a global matrix and the 
orresponding node 
oordinates to 
reate the lo
alelement matri
es. For that reason, we 
reated the NodeIndex hierar
hy. This parent 
lassis spe
ialized into NodeIndex2D and NodeIndex3D. Finally, every element shape (triangles,quadrilaterals, tetrahedra, hexahedra) provides a 
lass for ea
h polynomial that 
an be usedin the simulation. For example, the 
lass NodeIndexTetrahedron TET10 de�nes quadrati
basis fun
tions in a tetrahedron. Ea
h tetrahedron using this basis fun
tion 
ontains 10nodes, that are lo
ated in the four verti
es and at the midpoint of the six edges of thetetrahedron. Similarly, we 
an de�ne new node index 
lasses to support a variety of basisfun
tions in ea
h element.7.9 Spe
ifying Problems in ParedThe Problem 
lass provides a 
exible me
hanism for 
ustomizing Pared. By extendingthe Problem hierar
hy the user 
an de�ne and solve her own partial di�erential equationsbesides the ones already prede�ned in the system. In this se
tion explain the steps that



111
Node

Node2D Node3D

NodeIndex2D

NodeIndex3D

NodeIndexHexahedron
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Figure 7.10: Diagram of the 
lasses used to de�ne higher order approximations.
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Figure 7.11: The Problem 
lass hierar
hy de�nes the equation to solve.are ne
essary for de�ning new di�erential equations in Pared and we dis
uss possibleimprovements to this pro
ess.7.9.1 De�ning New Problems in ParedThe Problem 
lass (Figure 7.11) and its two sub
lasses Problem2D and Problem3D en
ap-sulate the 
on
epts that de�ne a partial di�erential equation, su
h as its right hand side,number and type of boundary 
onditions, initial values and temporary or 
omputed solu-tions.To de�ne a new di�erential equation the user must provide a new 
lass that extendseither the Problem2D or Problem3D 
lasses and that provide a de�nition to �ve of the



113abstra
t methods de
lared in Problem. For example:
lass RandomProblem3D : publi
 Problem3D {private:publi
:RandomProblem3D() : Problem3D(RANDOMPROBLEM3D, 2, 1, 1) {}virtual double exa
tSolution(int degree, double x, double y, doublez = 0);virtual double rhs(int degree, double x, double y, double z = 0);virtual double diri
hletValue(int degree, int num, double x, doubley, double z = 0);virtual double neumannValue(int num, int degree = 0);virtual boundary_t boundaryType(int num, int degree = 0);};whi
h is de�ned in the �les Problem.H and Problem.C. In this 
lass, degree refers tothe degree of the unknowns (e.g. u, v, w or p) and num to a boundary number. Themethod exa
tSolution returns the value of the fun
tions at any point of the domain (ifknown) and the rhs method returns the right hand side fun
tion. Our system supportstwo di�erent types of boundaries (of type boundary t): NEUMANN and DIRICHLET. Ea
hsurfa
e in the boundary of the domain has a boundary number and the boundary verti
esin the mesh must spe
ify their 
orresponding surfa
es. The parameters in the 
onstru
torof the Problem 
lass spe
ify the problem type (of type problem t; i.e. RANDOMPROBLEM3D),the number of di�erent boundaries, the number of solutions and the number of temporaryve
tors (in
luding the solutions). This last parameter is used to migrate the temporaryve
tors between pro
essors along with the solutions in the parallel solution of the partialdi�erential equations.To sele
t a parti
ular di�erential equation to solve the user must invoke the methodConsoleMaster::setProblem, whi
h initializes a data member of the Console 
lass.7.9.2 Prede�ned Di�erential EquationsPared provides several prede�ned partial di�erential equations:



114� CornerProblem2D and CornerProblem3D de�nes the equation��u = 0 with Diri
hletboundary 
onditionsg(x; y) = 
os(2�(x� y))sinh(2�(x+ y + 2))sinh(8�)in �
. For the 2D problem this fun
tion is de�ned in the domain 
 = (�1; 1)2. Inthe 3D 
ase the domain is the 
ube 
 = (�1; 1)3. The solution u = g is known. Thesesolutions are smooth with a high a
tivity peak 
lose to the 
orner (1; 1) and (1; 1; 1).� RandomProblem2D and RandomProblem3D de�nes the equations��u = g with g(x; y) =sin(1000:0
os(1000:0xy)) and g(x; y; z) = sin(1000:0
os(1000:0xyz)) in the unit squareand 
ube with Diri
hlet boundary 
onditions u = 0 in �
.� SmoothProblem2D and SmoothProblem3D are the two equations��u = g with g(x; y) =2�2sin(�x)sin(�y) and g(x; y; z) = 3�2sin(�x)sin(�y)sin(�z) in the unit square and
ube.� PipeProblem2D and PipeProblem3D solves the Navier-Stokes equation for in
ompress-ible 
ow in a 2D and 3D pipe respe
tively.� CylinderProblem2D and CylinderProblem3D also solve the Navier-Stokes equationfor in
ompressible 
ow, but in this 
ase, the domain is interrupted by a 
ir
le (in 2D)or a sphere (in 3D).� ExponentialProblem2D and ExponentialProblem3D de�ne the equation ��u = gfor g(x; y; t) = 11 + 100(x + t)2 + 100(y + t)2and g(x; y; z; t) = 11 + 100(x + t)2 + 100(y + t)2 + 100(z + t)2in the square (1;�1)2 and 
ube (1;�1)3 with Diri
hlet boundary 
onditions u = g in�
.7.9.3 Problem and ParedBesides the fa
ility to extend it to solve new di�erential equations, the 
lass Problem alsostores the 
omputed solutions and a user de�ned number of temporary ve
tors used during



115the solution. The number of these ve
tors is de�ned by the user and their size 
orrespondsto the number of unknowns. In the parallel version of Pared, when the system migratesregions of the mesh between pro
essors, along with the elements and verti
es it also mi-grates the entries in the ve
tors of the Problem obje
t that 
orrespond to these regions.To store and retrieve solutions Problem provides methods su
h as getComputedSolution,storeSolution and invalidateSolution.We assume that there is always one a
tive problem whi
h is de�ned in the Console
lass. Problem also 
ontains a stati
 method getProblem that returns an instan
e of the
on
rete 
lasses that extend Problem.7.9.4 Future Improvements to the Problem 
lassIdeally it should not be ne
essary to modify the 
ode to solve new di�erential equations.Instead the user would provide a data �le with a problem des
ription. The main diÆ
ultywith this approa
h is to de�ne a �le format and to provide a parser that would a

eptarithmeti
 expressions.The prede�ned problems de�ned above solve Poisson and Navier-Stokes equations.Pared also supports other di�erential equations su
h the Helmholtz equation u+�u = f .Besides the Navier-Stokes problems, we have not experimented on solving systems of partialdi�erential equations. These aspe
ts need to be resolved to 
reate a 
omplete and 
exibleparallel simulation system.



Chapter 8
The Communi
ations Library ofPared
8.1 MotivationThe 
ommuni
ation patterns in many subsystems of Pared are di�erent from most s
i-enti�
 
ode in whi
h the same ve
tors of uniform type are repeatedly ex
hanged betweenpro
essors. In Pared the mesh re�nement, mesh repartition and mesh migration phasesinvolve the 
ommuni
ation of 
omplex obje
ts usually referred through pointers. Althoughthere is limited support for user-de�ned data types in 
ommuni
ation libraries su
h as MPI[37℄, whi
h are 
alled derived data types, this approa
h does not extend well for obje
ts ofvariable size and there is no support for 
lass inheritan
e. In our system obje
ts 
an have avariable size, are usually referen
ed by virtual pointers and are s
attered around memory.MPI has signi�
ant performan
e penalties if the data is dis
ontinuous or not separated bya 
onstant stride.For these reasons we have developed a new library on top of the MPI library. All the
ode in Pared 
ommuni
ates through this library so it is easy to repla
e lower level fun
tion
alls by another 
ommuni
ations library su
h as PVM [42℄. Our library was designed tosimulate a standard C++ stream interfa
e [89, 51℄. In fa
t, our original implementationextended the standard C++ iostream 
lass hierar
hy but this approa
h was later droppedfor performan
e reasons. From the point of view of an individual pro
essor sending an obje
tto another pro
essor using our library is equivalent to writing that obje
t to a �le whilere
eiving an obje
t is similar to reading the obje
t from a �le. The library syn
hronizes the116
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ommuni
ation between pro
essors. If a destination pro
essor wants to re
eive an obje
tfrom a stream, it waits until the obje
t is inserted by the sour
e pro
essor into the stream.A pro
essor 
an also blo
k if there is no available spa
e in the sending pro
essor. In this
ase, obje
ts need to be removed from the stream before new obje
ts 
an be inserted.The design of our library goes beyond the goal of providing C++ bindings to the Cfun
tion 
alls of MPI (whi
h has been addressed in latest versions of the standard [38℄) orproviding a set of 
lasses that are wrappers to the MPI API su
h as OOMPI [61℄. Instead,our goal is to provide a me
hanism to 
ommuni
ate a large and unspe
i�ed number ofrelatively small obje
ts without signi�
antly a�e
ting the raw MPI performan
e and withoutrequiring that a message be delivered for every simple obje
t or remote method invo
ation.At the lower level our library uses the standard MPI interfa
e to ex
hange data. We haveinvestigated several variations that use the blo
king and non-blo
king primitives of MPI.Although we have designed our library to simplify the ex
hange the 
omplex and irregulardata, we pay no performan
e penalty to 
ommuni
ate ve
tors of obje
ts of similar type. Inthis 
hapter we des
ribe the di�erent 
lasses that 
ompose our library and their relations.We then 
ompare the performan
e of our library against IBM's implementation of MPI,LAM [24℄ from the Ohio State University and MPICH from Argonne National Laboratoriesand Mississippi State University [45℄ on an IBM SP and a network of SUN workstations.8.2 New Classes in Our Communi
ations LibraryThe basi
 
omponents of our library are 
ommuni
ators and ports, bu�ers (where the obje
tsare temporarily marshaled and unmarshaled into messages) and streams that use ports andbu�ers to ex
hange obje
ts. In this se
tion we provide an overview of these 
on
epts, anddes
ribe the 
orresponding C++ 
lasses. An UML diagram of the 
lasses that form ourlibrary and their relations is shown in Figure 8.1.8.2.1 Communi
ators and PortsThe simplest 
lass in our library is the MPICommuni
ator 
lass that is a wrapper aroundthe 
ommuni
ator 
on
ept of MPI. In MPI a 
ommuni
ator is a group of pro
esses withan asso
iated 
ontext. This opaque obje
t (it 
an only be a

essed through handles) isused in all global and point-to-point MPI 
ommuni
ation primitives. Ea
h 
ommuni
atorhas a size whi
h is the number of pro
esses that form the group and every pro
ess in thegroup has a unique rank whi
h is its position in the group. By default MPI provides a
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Figure 8.1: Class diagram of Pared's 
ommuni
ations library.



119MPI COMM WORLD whi
h 
ontains all the pro
esses that started the 
omputation.The MPICommuni
ator 
lass supports global 
ommuni
ations primitives for 
omputingglobal maximums, minimums and sums of elementary data types by 
alling MPI Allredu
e.The MPICommuni
ator 
lass 
an also be used to 
reate barriers in the exe
ution of the 
odeby invoking its method barrier.MPI provides four di�erent methods to ex
hange messages, where the blo
king (MPI Sendand MPI Re
v) and non-blo
king (MPI Isend and MPI Ire
v) ones are the two most widelyused. After a blo
king send or re
eive returns from its fun
tion 
all, the bu�er used in the
all is ready to be reused (in the 
ase of the send) or the bu�er 
ontains the message (in are
eive).For the blo
king primitives the MPI standard states the following:It is up to MPI to de
ide whether outgoing messages will be bu�ered. MPI maybu�er outgoing messages. In su
h 
ase, the send 
all may 
omplete before amat
hing re
eive is invoked. On the other hand, bu�er spa
e may be unavailable,or MPI may 
hoose not to bu�er outgoing messages, for performan
e reasons.In this 
ase, the send 
all will not 
omplete until a mat
hing re
eive has beenposted, and the data has been moved to the re
eiver.This statement implies that even very simple 
odes 
an deadlo
k and that some 
odessu

essfully terminate in some ma
hine ar
hite
tures while it might deadlo
k in others. Thissituation be
ame apparent when we moved our 
ode from the network of workstations. Al-though our system was running �ne using MPICH and LAM in the network of workstations,it required the reordering of some message ex
hanges in the SP to solve large problems.To allow the overlap of 
ommuni
ation and 
omputation, or to allow overlap of multiplemessages our library also uses the non-blo
king primitives. A non-blo
king send and re
eiveonly indi
ate the beginning of 
ommuni
ation and it is ne
essary to test its 
ompletion witha wait before the bu�ers are modi�ed.An MPIPort is a pair of MPICommuni
ator and rank (or pro
ess number within the
ommuni
ator) to and from where messages are sent or re
eived. MPIPort 
an also in
ludean optional tag so messages 
an be marked. Therefore the re
eiving pro
essor 
an spe
ifynot only the sour
e but also the type of message to re
eive. MPIPort provides methods forsending and re
eiving simple primitive data types and for sending and re
eiving bu�ers ofa sequen
e of bytes of a spe
i�ed length through the port. These methods in turn 
all thestandard blo
king and non-blo
king MPI fun
tion 
alls.



1208.2.2 Bu�ersThe abstra
t 
lass MPICommonBuffer behaves like the bu�er 
lass used in the C++ iostream
lass hierar
hy. In Pared a bu�er has a length, a data region from whi
h to insert andremove data and a port. The same bu�ers 
an be used for sending and re
eiving messages.This 
urrent mode is identi�ed by a 
ag. Like the iostream bu�ers, our 
lass has threepointers:� sptr indi
ates the beginning of the bu�er.� eptr indi
ates the end of the bu�er or the end of the read part.� pptr indi
ates where to put the next 
hara
ter or from where it 
an be obtained.It is possible to insert obje
ts in the output bu�ers with the method put that takes asa parameter the size of the obje
t and returns a pointer to the lo
ation where the obje
tshould be 
opied. In the 
ase that the bu�er is full, the put method 
alls the virtual methodsend whi
h in turn 
alls an MPI send fun
tion to send the bu�er to the pro
essor indi
atedin the port asso
iated with the bu�er. Input bu�ers use a similar pro
ess. The get methodof the MPICommonBuffer returns a memory lo
ation of a spe
i�ed size and also 
alls thepure virtual method re
v to re
eive data using MPI fun
tion 
alls.The implementation of send and re
v is in the 
lasses MPIBuffer and MPIMultiBuffer.MPIBuffer 
ontains a bu�er of 
hara
ters of a spe
i�
 size and only uses blo
king 
ommuni-
ation. On the other hand, the 
lass MPIMultiBuffer a

epts a ve
tor of 
hara
ter arraysas bu�ers and a

epts both blo
king and non-blo
king primitives. The most importantfeature of 
lass MPIMultiBuffer is that it is possible to insert and remove obje
ts from oneof its bu�ers while the 
lass is sending and re
eiving messages on the other ones.8.2.3 Stream ClassesThe library is 
ompleted with the stream 
lasses. The abstra
t 
lass MPICommonStream
ontains a pointer to a MPICommonBuffer. Output streams inherit from MPICommonOStreamwhile input streams extend the 
lass MPICommonIStream whi
h are both sub
lasses ofMPICommonBuffer. These two 
lasses 
ontain methods for sending and re
eiving ve
torsof obje
ts.Finally, the 
on
rete stream 
lasses 
reate bu�ers of the appropriate type. The 
lassesMPIOstream and MPIIStream use blo
king MPIBuffer while the 
lasses MPIMultiOStream



121and MPIMultiIStream use the more 
omplex MPIMultiBuffer. It is possible to inter
hangethe stream types. For example, our system a

epts sending a message with MPIOstreamwhile re
eiving it in another pro
essor using a MPIMultiIStream. The only restri
tion isthat they use the same bu�er length so the MPI messages at the lower level do not get
orrupted.We also provide operator<< and operator>> pro
edures that use MPICommonOStreamand MPICommonIStream and take as a parameter primitive data types.8.3 Using Our Library to Ex
hange MessagesFigure 8.2 shows a sample use of the library that sends a ve
tor of doubles from pro
essor0 to pro
essor 1:� line 1: the �le MPI.H 
ontains all our 
lass de
larations.� lines 2-3: we de�ne the ve
tor and bu�er sizes.� line 7: MPICommuni
ator::init is a stati
 method that initializes the library.� line 10: this example uses the default 
ommuni
ator that in
ludes the two pro
essors.� line 11: a barrier syn
hronizes the pro
essors.� line 13: rank returns the pro
essor number. Pro
essor 0 exe
utes the true part of theif, while pro
essor 1 exe
utes the else.� line 15: pro
essor 0 
reates a port to pro
essor 1.� line 17: using the port, pro
essor 0 
reates an output stream that uses one bu�er withblo
king 
ommuni
ation.� lines 18-20: pro
essor 0 sends the ve
tor to pro
essor 1 by invoking the streamoperator<< in ea
h of the elements of the ve
tor. The ve
tor size is 8192 byteswhile the bu�er size is 256 bytes. Therefore, sending the ve
tor requires 32 MPImessage sends inside the library.� line 21: a flush sends any remaining data in the stream to the re
eiving pro
essor.� line 23: pro
essor 1 
reates a port to pro
essor 0.
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1: #in
lude "MPI.H"2: 
onst long ve
size = 1024;3: 
onst long bufsize = 256;4:5: int main (int arg
, 
har **argv)6: {7: MPICommuni
ator::init(&arg
, &argv);8: long i;9: double *myve
tor = new double[ve
size℄;10: MPICommuni
ator 
omm;11: 
omm.barrier();12:13: if (
omm.rank() == 0) {14: fillve
tor(myve
tor, ve
size);15: MPIPort port(1);16: // sending the ve
tor17: MPIOStream ostr(port, bufsize);18: for (i = 0; i < ve
size; i++) {19: ostr << myve
tor[i℄;20: }21: ostr.flush();22: } else {23: MPIPort port(0);24: // re
eiving the ve
tor25: MPIMultiIStream istr(port, 0, bufsize, 0, 3);26: for (i = 0; i < ve
size; i++) {27: istr >> myve
tor[i℄;28: }29: }30: MPICommuni
ator::finalize();31: delete [℄ myve
tor;32: return 0;33: }Figure 8.2: A simple example that 
ommuni
ates a ve
tor of doubles between two pro
essorsusing our library.



123� line 25: using the port, pro
essor 1 
reates an input stream that uses three bu�erswith non-blo
king 
ommuni
ation.� line 26-28: pro
essor 1 re
eives the ve
tor using the stream.� line 30: we terminate MPI with the stati
 method MPICommuni
ator::finalize.The loops in lines 18-20 and 26-28 are ineÆ
ient be
ause they require a fun
tion 
allto operator<< and operator>> for every element in the ve
tor. To improve the perfor-man
e we 
an repla
e these loops by the lines ostr.ve
write(myve
tor, ve
size); andistr.ve
read(myve
tor, ve
size); respe
tively to send and re
eive ve
tors of doublesor other data types.As it 
an be observed in the previous example our library does not require the program-mer to dire
tly manage the allo
ation and deallo
ation of bu�ers, one of the most diÆ
ultand error prone tasks in message passing 
odes. Also, we do not require that the re
eivingpro
essor knows in advan
e the size of the ve
tor. For example, we 
an modify the programto send the size of the ve
tor before sending its 
ontents. The re
eiving pro
essor 
an usethis size to allo
ate a ve
tor of the appropriate size. We 
an also modify the bu�er size toallow optimal performan
e.The pro
ess for 
ommuni
ating user de�ned obje
ts is similar to the one used to readand write obje
ts in C++. For every 
lass that we want to 
ommuni
ate we de�ne thefun
tions 
ode operator<< and operator>>. This pro
edure is shown in Figure 8.3.We 
an now use the operator<< and operator>> on input and output streams as inthe previous example to ex
hange obje
ts of type MPITestClass. A similar pro
ess 
an beused to ex
hange more 
omplex data types su
h as lists, trees or graphs.8.4 Performan
e Analysis8.4.1 Introdu
tionIn this se
tion we evaluate the performan
e of our library in two di�erent ar
hite
tures: anetwork of SUN workstations and an IBM-SP.The network of workstations (NOW) is lo
ated in the Center for Information and Te
h-nology at Brown University and 
onsists of approximately 200 Sun Ultra-10 workstationsthat are 
onne
ted through a 100 Mb/se
. Fast Ethernet network. Ea
h workstation 
on-tains a 440 Mhz. UltraSPARC pro
essor and 256 MB of lo
al memory and runs Sun's Solaris
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lass MPITestClass {friend MPICommonOStream &operator<<(MPICommonOStream& os,
onst MPITestClass& t);friend MPICommonIStream &operator>>(MPICommonIStream& is,MPITestClass& t);private:long index_;
har buf_[256℄;long n_;
har 
h_;double f_;publi
:MPITestClass() {...}};MPICommonOStream &operator<<(MPICommonOStream& os, 
onst MPITestClass& t){ os << t.index_ << t.buf_ << t.n_ << t.
h_ << t.f_;return os;}MPICommonIStream &operator>>(MPICommonIStream& is, MPITestClass& t){ is >> t.index_ >> t.buf_ >> t.n_ >> t.
h_ >> t.f_;return is;}Figure 8.3: To 
ommuni
ate user de�ned obje
ts the user must provide an implementationto the input and output stream operators.



1252.7 operating system. The laten
y required to send a message between two ma
hines de-pends on the relative distan
e between these ma
hines. On workstations 
onne
ted to thesame subnetwork we measured the laten
y to be 158 �se
s. while in ma
hines 
onne
ted todi�erent subnetworks the laten
y is 260 �se
s.We tested the library in the NOW using two MPI implementations. MPICH [45℄ (version1.1.2) is a version of MPI developed by the Argonne National Laboratories and MississippiState University. This implementation exe
utes on a wide variety of ar
hite
tures and inour network of workstations uses a lower level library 
alled P4 [14℄. Another widely usedMPI library is LAM [24℄ that was originally developed by the the Ohio State Universityand it is now maintained by the University of Notre Dame.The IBM RS/6000 SP 
ontains 24 Model F50 (Silver) nodes and is lo
ated at the Te
h-nology Center for Advan
ed S
ienti�
 Computation and Visualization at Brown University.Ea
h 
omputing node 
onsists of four 332 Mhz. 604e Power-PC pro
essors that share 1 GB.of main memory and running IBM AIX 4.3 operating system. The nodes are 
onne
tedthrough an SP swit
h with an MX adapter that has a hardware limit of 150 MB/se
. Send-ing a message using IBM's implementation of MPI between two nodes has a laten
y of 30�se
s.All the MPI implementations are optimized to ex
hange ve
tors of 
ontiguous data. Inthe tests dis
ussed in the following subse
tions we ex
hanged ve
tors of 1 to 256K doublepre
ision 
oating point numbers between two or more pro
essors. We use this simple datatype to 
ompare the performan
e that we a
hieve using our library against the optimalperforman
e that 
an be obtained in the system.8.4.2 Point-to-Point Communi
ationFigure 8.4 shows the bandwidth in Mb/se
. by sending ve
tors of sizes ranging between1 to 256K doubles from a sour
e pro
essor to a destination pro
essor in the NOW (usingMPICH and LAM) and the IBM SP. In the NOW, both pro
essors are lo
ated in the samesubnetwork while in the IBM SP the pro
essors are lo
ated in di�erent nodes so a
tualnetwork 
ommuni
ation (rather than shared memory) takes pla
e.The Blo
k data series 
orresponds to the MPI blo
king fun
tion 
alls (MPI Send andMPI Re
v) while the No Blo
k series use the non-blo
king primitives of MPI (MPI ISend andMPI IRe
v). Although the non-blo
king 
alls allow to overlap 
omputation and 
ommuni-
ation, in these tests there is no 
omputation and both methods a
hieve similar bandwidth.
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Figure 8.4: Point-to-Point MPI Communi
ation. Bandwidth obtained by sending ve
torsof 1 to 256K doubles using MPI's blo
king, non-blo
king and pa
king fun
tion 
alls in aNOW and IBM SP.In the NOW, the bandwidth in
reases rapidly with ve
tor size but it stabilizes in ve
torsof 256 doubles at around 88 Mb/se
. using LAM and around 83 Mb/se
. with MPICH. Inthe IBM SP the performan
e also in
reases with element size but there is a slight de
reasein ve
tors of 1024 doubles be
ause the SP uses two methods for ex
hanging messages. Smallmessages are immediately delivered while long messages are sent only when the re
eivingpro
essor is ready to re
eive.The �nal data series show the result of pa
king the ve
tors using MPI. As we haveexplained earlier, in Pared the data to send to other pro
essors is almost never 
ontiguous.Therefore it is ne
essary to either send many messages of very small size (with the 
or-responding 
ommuni
ation 
ost that results from very high message laten
ies) or 
ombinethe data into one 
ontiguous message. This pro
ess in MPI is 
alled pa
king and, in theseexamples, involves looping through all the elements in the ve
tor 
alling the MPI fun
tionsMPI Pa
k and MPI Unpa
k for every element in the array in the sending and re
eiving pro-
essor respe
tively. This pro
ess 
reates a bu�er that 
an then be sent and re
eived usingthe same blo
king and non-blo
king fun
tion 
alls des
ribed before. Looping through allthe elements of the ve
tor and 
alling the MPI Pa
k and MPI Unpa
k fun
tions is a veryexpensive pro
ess. As we 
an see in these �gures, the bandwidth drops to less than 50Mb/se
. in the NOW and to 66 Mb/se
. in the SP.Figure 8.5 shows the result of using our MPIOStream and MPIIStream 
lasses with bu�ersizes of 4K, 16K, and 64K in the NOW (with LAM and MPICH) and in the IBM SP. These
lasses use blo
king MPI fun
tion 
alls at the lower level to ex
hange messages. The top



127two �gures show the bandwidth that we a
hieve by looping through all the elements inthe ve
tor and 
alling the 
orresponding operator<< and operator>> for ea
h double inthe array. The total number of messages depends on the ve
tor and bu�er size, but forlarge ve
tors (256K doubles), the total memory requirements are mu
h smaller (4K to 64Kbytes) than the one required in the previous MPI examples (256K*8 bytes). In the NOW,again we rapidly rea
h the 
ommuni
ation limit determined by the speed of the Ethernetnetwork. In this example, LAM also has an advantage over MPICH. Using LAM all thebu�er sizes result in similar bandwidth. This is not the 
ase with MPI where the bu�ers ofsize for 4K have the best performan
e while bu�ers of 16K bytes have the worst. In the SP,the bandwidth is between 175 Mb/se
. (for 16K byte bu�ers) to 215-240 Mb/se
. (for 4Kbyte bu�ers). This is between 30% to 50% the raw MPI performan
e in the SP observed inthe previous �gure but is 3 to 4 times larger than the one that we would have obtained ifwe have used MPI to pa
k the messages.The two bottom �gures show the performan
e obtained by 
alling the ve
write andve
read methods of the stream 
lasses, rather than 
alling stream input and output oper-ators for ea
h element of the ve
tor. The bu�er size also varies between 4K bytes and 64Kbytes, so every ve
tor read and write is also de
omposed into several MPI messages. In theNOW there is no signi�
ant advantage by 
alling the ve
tor read and writes be
ause thewhole 
ommuni
ation is limited by the network speed and not by pro
essor speed. On theother hand, in the SP the ve
tor operators double the bandwidth.Figure 8.6 shows the results for MPIMultiOStream and MPIMultiIStream, where ea
hstream 
ontains 2 bu�ers of 4K 16K and 64K bytes and uses non-blo
king MPI primitives.The results in these �gures are very similar to the ones shown in Figure 8.5. Neverthe-less, the MPIMultiOStream and MPIMultiIStream allow the overlap of 
omputation and
ommuni
ation.8.4.3 Ping-Pong Communi
ationAnother 
ommon test of point-to-point 
ommuni
ation between two pro
essors is the Ping-Pong test where a sour
e pro
essor �rst sends and then re
eives a ve
tor of doubles, whilethe other pro
essor �rst re
eives the ve
tor and then sends it ba
k. These results are shownin Figures 8.7, 8.8 and 8.9 operators for the raw MPI fun
tion 
alls, stream and multistreammethods respe
tively.As expe
ted, these tests 
on�rm the results presented in the the previous se
tion. Thebandwidth in all 
ases in
reases with ve
tor size, although more slowly than in the previous
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Figure 8.5: Point-to-Point Stream Communi
ation. Bandwidth obtained by sending ve
torsof 1 to 256K doubles using the MPIOStream and MPIIStream with bu�ers of 4K, 16K and64K bytes in a NOW and IBM SP.
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Figure 8.6: Point-to-Point MultiStream Communi
ation. Bandwidth obtained by sendingve
tors of 1 to 256K doubles with the 
lasses MPIMultiOStream and MPIMultiIStream withbu�ers of 4K, 16K and 64K bytes in a NOW and IBM SP.
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Figure 8.7: Ping-Pong MPI Communi
ation. Bandwidth obtained by sending ve
tors of 1to 256K doubles using MPI's blo
king, non-blo
king and pa
king fun
tion 
alls in a NOWand IBM SP.examples, and requires ve
tors of 16K doubles to a
hieve maximum bandwidth in the NOWand rea
h the network limit. The bandwidth using MPI pa
king is slightly lower: 36 Mb/se
.in the NOW and 23 Mb/se
. in the SP.Although in the point-to-point examples we syn
hronize the pro
essors in a barrierbefore beginning ea
h test, the ping-pong test expli
itly syn
hronizes the two pro
essors atevery ex
hange and smoothes some of the variations that we have observed before. In thesetests, the advantage of using smaller bu�ers of approximately 4K bytes in the SP is 
learerfor both stream and multistream 
ommuni
ation.8.4.4 All-to-All Communi
ationThe most demanding 
ommuni
ation pattern in parallel FFTs and parallel Spe
tral Navier-Stokes solvers is the all-to-all 
ommuni
ation where ea
h pro
essor sends a ve
tor to theremaining pro
essors and also re
eives a ve
tor from ea
h other pro
essor. This 
ommuni-
ation pattern easily swamps a network, spe
ially on the NOW where all the workstationsshare a 
ommon wire.MPI supplies fun
tion 
alls for all-to-all (MPI Alltoall) 
ommuni
ation that require avery large amount of memory. In the tests shown in this se
tion, we evaluate a 
ompleteex
hange using the point-to-point 
ommuni
ations using the following pro
edure: ea
hpro
essor iterates through i phases, from 1 to P�1 where P is the total number of pro
essors.In ea
h phase i, ea
h pro
essor p ex
hanges a ve
tor with pro
essor p XOR i. In this way,we avoid potential deadlo
ks in the IBM SP and ea
h pro
essor does not maintain many
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Figure 8.8: Ping-Pong Stream Communi
ation. Bandwidth obtained by sending ve
tors of1 to 256K doubles using the MPIOStream and MPIIStream with bu�ers of 4K, 16K and 64Kbytes in a NOW and IBM SP.
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Figure 8.9: Ping-Pong MultiStream Communi
ation. Bandwidth obtained by sending ve
-tors of 1 to 256K doubles with the MPIMultiOStream and MPIMultiIStream 
lasses withbu�ers of 4K, 16K and 64K bytes in a NOW and IBM SP.



133pending re
eives as would be the 
ase in other all-to-all methods.The results for this test are shown in Figure 8.10 for NOW (4 to 16 pro
essors) and theIBM SP (4 to 32 pro
essors) for the MPI libraries and for our stream libraries. In the NOW,the blo
king MPI has a per pro
essor bandwidth of a little bit more than 40 Mb/se
. whilethe pa
king primitives have a maximum bandwidth of less than 20 Mb/se
, but there is nosigni�
ant performan
e penalty for in
reasing to a relatively small number of a pro
essors.Our stream libraries use LAM MPI in the NOW at a lower level and slowly in
rease untilrea
hing 40 Mb/se
. for large ve
tors. In this 
ase, there is a small penalty to pay for 16pro
essors. Trying to run this test for 32 or more pro
essors in the NOW was extremelydiÆ
ult and we usually obtain a less than 10Mb/se
.The blo
king MPI bandwidth in the SP slowly de
reases as we in
rease the number ofpro
essors, from 307 Mb/se
. for 4 pro
essors to 122 Mb/se
. for 32 pro
essors in the 
aseof ve
tors of 256K doubles. The pa
king MPI 
alls have a bandwidth of 17 Mb/se
. Ourlibraries loop through all the elements in the ve
tor 
alling the respe
tive operator<< andoperator>> and a
hieve slightly more than 100 Mb/se
. for 4 pro
essors and 87 Mb/se
.for 32 pro
essors. In this 
ase, there is a slight advantage on using the multistream versionof our streams.8.4.5 Ring Communi
ationFortunately, Pared requires all-to-all 
ommuni
ation only when the mesh is randomlydistributed between the pro
essors be
ause in this 
ase ea
h pro
essor is adja
ent to everyother pro
essor.A more 
ommon situation is that pro
essors ex
hange messages with a relatively smallnumber of adja
ent pro
essors but with several pro
essor sending messages at the sametime. We evaluate this situation using a ring test where every pro
essor p �rst sends ave
tor to pro
essor p+1 and then re
eives a ve
tor from p�1. The �rst and last pro
essorsalso ex
hange messages to 
omplete the ring. The results for this test for the NOW and theSP are shown in Figure 8.11 and are 
omparable to the ones in the previous se
tion. Thenumber of messages ex
hanged in ea
h phase for the all-to-all 
ommuni
ation and for thering 
ommuni
ation is the same (p� 1). The only di�eren
e is that the ring test exe
utesonly two phases while the all-to-all test requires p� 1 
ommuni
ation phases.
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Figure 8.10: All-to-All 
ommuni
ation. Bandwidth obtained by ex
hanging between all thepro
essors in a NOW and IBM SP for 4 to 32 pro
essors sending and re
eiving of 1 to 256Kdoubles to and from all the other pro
essors in a NOW and IBM SP.
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Figure 8.11: Ring 
ommuni
ation. Bandwidth obtained by �rst sending and re
eiving of 1to 256K doubles to the next and previous pro
essor respe
tively in a NOW and IBM SP.



Chapter 9
Experimental Results
9.1 Putting it All TogetherIn this 
hapter we study two di�erent problems using Pared. The �rst experiment showsthe adaptive solution of a Poisson equation using two- and three-dimensional meshes. Thistest demonstrates that our system 
an rapidly generate and manipulate very large lo
allyadapted meshes that 
ontain more than 6,000,000 elements. In this stati
 problem, thetotal time is dominated by the migration time be
ause there is a relatively large 
hange ofthe mesh in ea
h adaptation phase. This example emphasizes the importan
e of redu
ingthe migration 
ost.Later we use Pared to simulate an unsteady 
ow past a 
ylinder. This is a veryimportant s
ienti�
 problem and involves the solution of nonlinear Navier-Stokes partialdi�erential equations. In this transient example, the mesh is re�ned and 
oarsened tofollow the vorti
es that appear behind the 
ylinder.Both examples in this 
hapter adapt the mesh a

ording to lo
al error estimates usingthe longest edge bise
tion algorithm des
ribed in Chapter 4, repartition the mesh using thePNR algorithm (Chapter 5), and migrate the mesh to rebalan
e the work load (Chapter 6).9.2 A Lapla
e ExampleA good stati
 test for our framework is the two-dimensional problem de�ned by Lapla
e'sequation �u = 0 in the square 
 = (�1; 1)2 with the following Diri
hlet boundary 
ondition:136
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g(x; y) = 
os(2�(x� y))sinh(2�(x+ y + 2))sinh(8�)This is the same problem used to 
ompare repartitioning algorithms in Chapter 5.5. As wementioned earlier, the analyti
al solution to this problem is known to be u(x; y) = g(x; y)at every point of the domain 
. This solution is smooth but 
hanges rapidly 
lose to the
orner (1; 1).To solve this problem adaptively we generated an unstru
tured initial mesh with 6394verti
es and 12498 triangles of similar size using our own Delaunay mesh generator. Wede�ned a similar problem in 3D, starting from an unstru
tured mesh that 
ontains 2013verti
es and 9540 tetrahedra. We �rst loaded these initial meshes into the 
oordinator.This pro
essor 
omputed an initial partition of the mesh using the PNR heuristi
 (whi
his outlined in Chapter 5) and distributed the meshes between p pro
essors, 4 � p � 64,a

ording to this partition.We then performed a sequen
e of lo
al adaptations of the mesh. In ea
h of these t meshadaptation levels or phases, we �rst 
omputed a solution using the 
urrent mesh. Basedon error estimates, we sele
ted a new set of elements that we re�ned by their longest edge,as explained in Chapter 4. In this example of a stati
 problem, only re�nement was used.Finally, in ea
h level the mesh is partitioned and migrated using PNR.Be
ause the analyti
al solution of these problems is known, it was possible to sele
t theelements to re�ne using the L1 norm between the 
omputed solution ût at level t and thereal solution u. At every level t we de�ned the error ej = juj � ûtjj of every node j wherethe maximum error emax = max(ej) is the maximum error of all the nodes. We then re�nedall the elements that 
ontained a node k su
h that ek � �emax with � = 0:5.The FEM solutions are valid at every point of the domain. Therefore, the 
omputedsolution ut�1 
an be used as a good initial guess to 
ompute a new solution ut. At everytime step these tests required the solution a linear system of equations Kut = f . Ratherthan solving for ut at every time step, we de�ned ut = ut�1 + �u and then we solvedK�u = f �Kut�1 using a Conjugate Gradient solver with a Ja
obi pre
onditioner.Figure 9.1 shows the number of elements and verti
es in M t as a fun
tion of su

essivelo
al adaptations for the 2D and 3D problems. After 24 re�nement levels the 2D mesh 
on-tained 6,658,350 elements and 3,329,802 verti
es and after 36 re�nement levels the 3D mesh
ontained 6,303,346 elements and 1,164,782 verti
es. These meshes are 532 and 660 timeslarger than the initial meshes respe
tively. The ratio of the area of the largest triangle to
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Refinement levelFigure 9.1: Number of elements and verti
es that result from su

essive lo
al re�nementsof irregular two- and three-dimensional meshes.the smallest triangle in the original 2D mesh was 6.88. This same ratio was 22,028,735.25 inthe most re�ned 2D mesh. For 3D meshes, the ratio of the volume of the largest tetrahedronto the smallest one was 13.04 and 17,930,689.01 for the initial and �nal meshes respe
tively.The adaptation of the mesh redu
es the maximum error (L1 norm) from 0.001922 in theinitial 2D mesh to 4:710�6 in the �ner meshes. On the 3D problem, the error is redu
edfrom 0.0756 in the initial mesh to 0.000529 in the lo
ally re�ned meshes.



1399.2.1 Experiments on an IBM SPWe 
ompare the times spent by Pared in ea
h of its four phases of partition, migration,solution and re�nement on the 2D and 3D versions of Lapla
e's equation des
ribed aboveon an IBM SP [3, 82℄ parallel 
omputer 
ontaining four to 64 pro
essors. These times forea
h adaptation levels are presented in Figures 9.2 and 9.3 for the 2D and 3D problems,respe
tively.Computing a solution for �u rather than for ût at every time step signi�
antly redu
edthe solution time. In earlier tests [21℄, obtaining a solution for ut required more than 2,300CG iterations for large 2D meshes. A solution for �u required fewer than 160 CG iterationsto redu
e the residual by 10�6 in the 2D examples. The only drawba
k of this strategy isthat the previous solutions ut�1 must be migrated between pro
essors along the elementsand verti
es. The solution �u on large 3D meshes 
onverged in as little as 20 CG iterations
ompared to the 100 iterations reported in our earlier work.In these problems with small regions of high gradients most of the re�ned elements arelo
ated on one or a few pro
essors. Most of the re�nement time is spent re�ning elementsthat are lo
al to a pro
essor; there is very little 
ommuni
ation overhead. Therefore, theseresults 
on�rm the ones obtained in Chapter 4.6. The re�nement time does not ne
essarilyin
rease with in
reasing re�nement levels. Also, it is slightly more expensive to re�ne 3Dmeshes than 2D ones for meshes of similar sizes. For example, to 
reate 655,436 newtriangles at level 22 required 4.88 se
. on 64 pro
essors. To 
reate 294,899 new tetrahedraat level 17 requires 5.45 se
. on 64 pro
essors.The repartitioning time remains almost 
onstant in both problems as the number of ele-ments in
reases be
ause a partition is 
omputed from the small weighted graph G obtainedfrom the initial mesh. The partition time slowly in
reases with the number of pro
essorsand varies between 0.45 se
. and 1.99 se
.As explained in Chapter 6 the use of standard partitioning algorithms to repartitionG generally 
auses half of the elements to move to a new pro
essor. In that 
hapter wehave also derived a lower bound for problems that perform very lo
alized re�nement in oneof the 
orners of the domain. This lower bound depended in the number of new elements
reated and on the number of pro
essors. With only 4 pro
essors, the migration 
ost onthe partitions derived with PNR is small (in 2D meshes) or similar (in 3D meshes) to thesolution time but, as expe
ted, it be
omes in
reasingly important for a large number ofpro
essors. These syntheti
 problems are not a good test for the performan
e of PNR
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Figure 9.2: Times for ea
h re�nement phases of the lo
ally adapted two-dimensional problemon 4, 8, 16, 32 and 64 pro
essors of an IBM SP parallel 
omputer.
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Figure 9.3: Times for ea
h re�nement phases of the lo
ally adapted three-dimensionalproblem on 4, 8, 16, 32 and 64 pro
essors of an IBM SP parallel 
omputer.



142be
ause our goal was to generate large lo
ally adapted meshes in a relatively short periodof time and show that our system 
an manipulate these meshes. In these tests at everytime step we 
reate a large number of new elements relative to the size of the mesh and wemigrate approximately 20 % of the total number of elements.9.2.2 Experiments on Sun WorkstationsWe 
ondu
ted the same experiments using the LAM [24℄ 
ommuni
ations library on a net-work of four to 64 Sun Ultra-10 workstations, ea
h having 256MB of memory and 
onne
tedvia a 100Mb/s Ethernet network. Although, the network of workstations (NOW) is not a
ontrolled environment and does not have the bene�t of a fast swit
h, both of whi
h are
hara
teristi
 of the SP, the performan
e a
hieved on our test problems is not very di�erentfrom that obtained on the SP.The NOW has a higher laten
y whi
h mainly a�e
ts smaller messages, su
h as the globalsums for the Conjugate Gradient. For that reason it is more diÆ
ult to obtain speedups inthe solution time in the NOW than on the SP. Also, on the NOW there is a larger potentialfor network 
ongestion be
ause all the pro
essors 
ommuni
ate through the Ethernet.Figures 9.4 and 9.5 shows the solution and total times for the 64-pro
essor Sun NOW.These results apply to the two- and three-dimensional problem des
ribed in Chapter 9.2respe
tively. The relative solution time for small problems on the NOW is mu
h larger thanit is for large problems. This is due to the higher laten
y of the NOW. On the other hand,we have not observed a signi�
ant in
rease of the migration time on large meshes, whi
hwill indi
ate a network saturation.9.3 A Navier-Stokes Problem9.3.1 Problem FormulationThe motion of in
ompressible Newtonian 
uid with 
onstant density � and 
onstant vis
osity� is governed by the Navier-Stokes equations�u�t + (u � r)u = �1�rp+ �r2u+ g in
 (9.1)r � u = 0 in
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Figure 9.4: Times for ea
h re�nement phases of the lo
ally adapted two-dimensional problemon 4, 8, 16, 32 and 64 pro
essors of a network of workstations.
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Figure 9.5: Times for ea
h re�nement phases of the lo
ally adapted three-dimensionalproblem on 4, 8, 16, 32 and 64 pro
essors of a network of workstations.



145where u = (u; v; w)T is the velo
ity ve
tor, p is the pressure, and � is the kinemati
 vis
osity� = �=�. For example, at 15ÆC the air has a kinemati
 vis
osity of 0:15 
ms�1 whilewater has � = 0:01 
ms�1. �r2u is a vis
ous term where r2 is the Lapla
e operator�2=�x2+ �2=�y2+ �2=�z2. The derivation of these equations from �rst prin
iples is shownin [2, 96℄.The Reynolds number Re = UL�is a parameter of the typi
al 
ow speed U and the 
hara
teristi
 s
ale of the 
ow L. Fluid
ows with high and low Reynolds numbers show di�erent behavior. Steady 
ows at highReynolds numbers are unstable and be
ome turbulent, a phenomenon that is not observedat low Reynolds numbers.In the example shown in this se
tion we study the formation of vorti
es past a 
ylinderof unit diameter at high Reynolds numbers. The 
uid is initially at rest and is suddenlya

elerated with speed U perpendi
ular to its axis. During a very short initial phase the
ow is irrotational after whi
h two eddies appear at the ba
k of the 
ylinder. These eddies�rst grow in size and later be
ame asymmetri
. In later stages the 
ow be
omes unsteadyshedding vorti
es alternatively from the two sides of the 
ylinder in a phenomena that isknown as the Von Karman vortex street [92℄.9.3.2 Solution StrategyThe method used in this example is based on the formulation presented by Patera andFis
her in [36℄ whi
h is based on the fra
tional step method of Orszag and Kells [65℄.This method approximates the non-linear Navier-Stokes problem by iteratively 
omputingsolutions to simpler Helmholtz and Poisson equations.The solution of the transient system given at Equation 9.1 is obtained by a semi-impli
its
heme using a temporal dis
retization, where the solution at every time step t 
onsists ofthree 
omputational steps. Based on the previously 
omputed solution ut�1, ut�2 and ut�3we �rst 
ompute û from the 
onve
tive termû� ut�1�t = �Ctwhere Ct is given by a 3rd order Adams-Bashforth dis
retizationCt = 2312ut�1 � rut�1 � 1612ut�2 � rut�2 + 512ut�3 � rut�3:



146~u0 = 0, ~p0 = 0for t = 1 to T doM û = fsolve K�p = 1=(�t)QT û�K ~pt�1~pt = ~pt�1 +�pM ^̂u = gsolve M ~ut+1 ��t=ReK ~ut+1 =M ^̂uif n is an adaptive step then
ompute a new solution ~ut2 and ~pt2estimate errors and adapt the meshobtain a new partition and rebalan
e the workend ifend forFigure 9.6: Pro
edure for adaptively solving the in
ompressible Navier-Stokes equations.We then 
ompute the pressure ptusing the newly 
omputed ûr2pt = 1�tr � û:Finally, we use the vis
ous term to obtain utut � ^̂u�t = 1Rer2utwhere ^̂u� û�t = �rpt:The pro
edure for adaptively 
omputing a solution to this transient problem is summa-rized in Figure 9.6. ~ut = (~ut; ~vt; ~wt) is an approximation to the 
omponents of the velo
ityve
tor ut and ~pt is an approximation to the pressure pt at time t, M is the mass matrixand K is the sti�ness matrix.We �rst spe
ify the initial values for ~u0 and ~p0 and we then iterate through a spe
i�ednumber T of iterations. The �rst step of ea
h iteration is to obtain M û = f , wheref = �tCt � ~ut�1.We 
an now obtain a solution for the pressure ~pt. We de�ne~pt = ~pt�1 +�pand 
ompute a solution to K�p = 1�tQT û�K ~pt�1 (9.2)



147where Q = (Qx; Qy; Qz) is the asymmetri
 matrix obtained from the FEM dis
retization ofthe term r � û. We then use �p to update ~pt whi
h then use to 
ompute ^̂u.Finally we solve the three independent systems of equationsH ~ut =M ^̂u (9.3)where H =M � (1=Re)K is the Helmholtz matrix.The linear system in Equation 9.2 is the worse 
onditioned system in this dis
retization.Therefore, in this problem we 
ompute its solution using an Overlapping S
hwarz pre
on-ditioning method. On the other hand, the systems of equations in Equation 9.3 
onvergein very few iterations.Every few time steps we adapt (re�ne and 
oarsen) the mesh. Unfortunately, the realsolutions ut and pt are not known as in the example shown in Se
tion 9.2. Nevertheless,we 
an approximate these fun
tions by 
omputing solutions using meshes with di�erentresolutions [96℄ (e.g. by varying the orders of the polynomials or by using a 
oarser or �nermesh). We 
an then sele
t the regions where the di�eren
e between the solutions is thelargest.Thus, if ~uti is the approximation des
ribed above using basis fun
tions of order i we
an now 
ompute a new solution ~utj, i 6= j, using polynomials of order j. Then we 
anre�ne every element where jj~utj � ~utijj > emax where jjejj an error norm and emax is ourdesired maximum error in ea
h element. Similarly, we 
an 
oarsen the elements wherejj~utj � ~utijj < emax.In a parallel environment it is ne
essary to rebalan
e the work between the pro
essorsafter adapting the mesh. As in the previous examples, we 
ompute a new partition of themesh whi
h we then migrate along with the solutions ~ut, ~ut�1, ~ut�2 and ~pt. We are nowready to begin a new iteration step.9.3.3 Numeri
al ResultsFigure 9.7 shows our initial 2D mesh 
onsisting of 6026 triangles and 3144 verti
es. Figures9.8 to 9.14 show the adapted meshes at di�erent time steps using Re = 250 where the meshis distributed between 8 pro
essors. These �gures show the formation of unsteady vorti
esthat we have mentioned earlier.We performed a 
omplete simulation with linear basis fun
tions of 30 se
onds of real timein 32 pro
essors of the IBM SP. We spe
i�ed a time step �t = 0:002 se
onds and Re = 250,
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Figure 9.7: Initial 2D mesh used to study the 
ow past a 
ylinder.
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Figure 9.8: Re�ned mesh at time t = 0:5 se
s. (top) and t = 1:25 se
s. (bottom).
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Figure 9.9: Re�ned mesh at time t = 2:5 se
s. (top) and t = 5 se
s. (bottom).
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Figure 9.10: Re�ned mesh at time t = 7:5 se
s. (top) and t = 10 se
s. (bottom).
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Figure 9.11: Re�ned mesh at time t = 12:5 se
s. (top) and t = 15 se
s. (bottom).
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Figure 9.12: Re�ned mesh at time t = 17:5 se
s. (top) and t = 20 se
s. (bottom).



154

Figure 9.13: Re�ned mesh at time t = 22:5 se
s. (top) and t = 25 se
s. (bottom).
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Figure 9.14: Re�ned mesh at time t = 27:5 se
s. (top) and t = 30 se
s. (bottom).
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Time stepFigure 9.15: Number of elements, verti
es and shared verti
es for time step t, 0 � t �15; 000, in the adapted meshes used to simulate a turbulent 
ow.requiring a total of 15,000 iterations. Every 50 iterations we also 
ompute a solution foru and v with quadrati
 basis fun
tions. The solution of these systems of equations do notimpose any signi�
ant overhead be
ause the 
orresponding matri
es are well 
onditioned.We de�ned the errors eu = ~ut2 � ~ut1 and ev = ~vt2 � ~vt1 and the error normjjeujj = Meu +Keu;jjevjj = Mev +Kev:After spe
ifying the desired error emax = 0:001 we re�ned every element 
a by its longestedge if either jjeujj
a > emax or jjevjj
a > emax. On the other hand, if both errors were lessthan emax the element was sele
ted for 
oarsening.Figure 9.15 shows the number of elements, verti
es, and shared verti
es of the meshas a fun
tion of the iteration step. Starting from our initial mesh shown in Figure 9.7the adaptive pro
edure rapidly 
reates a re�ned mesh 
ontaining 81,047.05 elements and40,859.25 verti
es on average with a maximum of 91,885 elements and 46,375 verti
es.Figure 9.16 shows the fra
tion of the total time spent in ea
h of the steps of the pro
edurepresented in Figure 9.6. The largest fra
tion 
orresponds to the solution of �p whi
h is
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Figure 9.16: Fra
tion of the total time used to 
ompute û, solve p, solve u, sele
t elementsfor re�nement and 
oarsening using higher order polynomials, adapt the mesh and partitionand migrate the mesh for all 15; 000 time steps of a turbulent 
ow simulation.
omputed using the Conjugate Gradient method with a S
hwartz pre
ondition [86℄ and anoverlap of 1. The solution of ea
h subdomain (one per pro
essor) is obtained with a LUPde
omposition and we used reverse Cuthill-M
Kee [43℄ ordering of the matri
es to minimizethe �lling. The solutions for �p requires approximately 170 iterations on the largest meshes(as opposed to more than 1000 iterations if a Ja
obi pre
onditioner was used). On average,the solution for �p required 4.04 se
s. at every time step with a maximum of 7.63 se
s.The 
omputation for û and the solution of ~ut using linear basis fun
tions are obtainedin 0.3 se
s. and 0.18 se
s. on average respe
tively. The solution to ea
h of the systemsHu = M ^̂u and Hv = M ^̂v using a Conjugate Gradient solver with a Ja
obi pre
onditioner
an be 
omputed in parallel where the iterations of both solvers are interleaved. In this waywe redu
e by half the number of messages and global sums 
omputed in this phase.The solution ~ut using quadrati
 basis fun
tions (whi
h also in
lude the 
reation of thenew systems of equations and the estimation of errors), the re�nement and 
oarsening ofthe sele
ted elements and the partitioning and migration of the mesh using PNR requirean average of 14.74 se
s., 0.1 se
s. and 5.28 se
s. every 50 time steps. Therefore, thepro
edures to sele
t, adapt and rebalan
e the work only take a small fra
tion (around 8%)of the total time. This fra
tion 
an be modi�ed by 
hanging the frequen
y of the adaptationsteps.



158Adaptive meshes are near optimal for the solution of steady and transient 
ows. Oneimportant question we 
an ask is how large a stati
 mesh must be in order to a
hieve thesame results presented in this se
tion as the vorti
es move through the domain. We 
anobtain a lower bound on the size of this mesh by storing the maximum number of leafelements that ea
h adaptation tree 
reates in the 
ourse of the simulation. This is a lowerbound on the size of the stati
 mesh be
ause the tree might, for example, be re�ned in itsleft bran
h and later in its right bran
h and still maintain the same maximum weight. Inthis test, this lower bound is 384,639 elements whi
h is 4.75 times larger than our averagemesh.We 
an also obtain an upper bound on the size of the stati
 mesh by 
omputing themaximum depth of ea
h re�nement tree and then use that number to estimate the numberof elements. The upper bound for this problem is 1,509,768 elements with is 18.63 timeslarger than our average dynami
 mesh.



Chapter 10
Future Work
We are happy to report that most of the original goals of Pared have been a
hieved. Whenwe started this proje
t our ideal s
enario in
luded the solution of transient problems su
h asthe Navier-Stokes equation shown in Chapter 9. In these examples, the mesh is repeatedlyre�ned and 
oarsened in parallel and the di�erent pie
es of the mesh move between addressspa
es as the system follows the regions with high errors. Therefore, we have shown thatPared 
an also be used to solve 
omplex problems besides our 
ommonly used \
orner"example.Nevertheless, more extensive testing and �ne tuning of the system is needed. Our sys-tem is 
exible and 
an be used to solve other problems besides the ones already de�ned. Onthe numeri
al side we 
an always take advantage of improved pre
onditioners and solversand more a

urate error estimation. For problems like Navier-Stokes we need to use bettersolvers. We have developed a parallel overlapping S
hwarz pre
onditioner (whi
h is used inthe examples) for the Conjugate Gradient method, but we still do not obtain the perfor-man
e that we expe
ted. We have not implemented a 
oarse grid a

elerator, whi
h againis basi
ally a problem of interpolating solutions (in parti
ular, when using higher orderapproximations). We have also developed a parallel 3D Navier-Stokes solver but we havenot extensively tested it.There is also some work remaining in the re�nement, repartitioning and migration pro-
edures. The longest edge re�nement bise
tion assumes that there is only one longest edgein ea
h element, but what happens if more than two edges have the same longest length? Intriangular meshes, the resulting meshes might be di�erent but maintain all the desired meshproperties. In three dimensions, if two adja
ent tetrahedra are bise
ted by di�erent edgesof a 
ommon fa
e, the fa
es of their 
hildren will not mat
h. This problem has never been159



160dis
ussed in the literature before and is parti
ularly diÆ
ult to solve in parallel meshes.We have developed an adaptation pro
edure that breaks ties based on relative \age" of theedges and seems to guarantee surfa
e 
onformality even on parallel meshes, but we are stillnot able to assure that this pro
edure is 
orre
t.Our system already in
ludes 
lasses to represent 
omplex domains and boundaries whi
hare part of a mesh generator for unstru
tured meshes that we have implemented. There�nement pro
edure 
an be improved to use these 
lasses so that it inserts new points indomain boundaries and not only at the midpoint of an element edge. Therefore the resultingre�ned meshes 
an better �t the boundaries than the original 
oarser meshes. The majordiÆ
ulty of this approa
h is that we loose the theoreti
al guarantees regarding the smallestangle of the re�ned meshes. There are several spe
ial 
ases that we must also 
onsider thatare 
ommon in 
omputational geometry (su
h as \does the new edge interse
t another edgeor boundary?")The PNR heuristi
 uses several magi
 numbers (su
h as the � and � parameters thatspe
ify the move and unbalan
e 
osts) that provide an indi
ation of the relative 
osts andbene�ts of small interpro
essor boundaries, balan
ed subsets and low data movement. Wedo not have an easy way to estimate this parameters based on the 
urrent mesh and thema
hine ar
hite
ture.In our system it is easy to move pie
es of the mesh between pro
essors. When running inan undedi
ated network of workstations it should be possible to add all the idle workstationsto our 
omputation. When a user logs into the workstation, we should repartition the meshor move the work to another idle pro
essor. All the fun
tionality to use a dynami
 set ofpro
essors is already in our system but we have not extensively evaluated it.Finally, it would also be highly desirable that the partitioning system and the 
ommu-ni
ations library be developed into two separate libraries that 
an be used independentlyof Pared. Both subsystems were originally developed independently and have well de�nedinterfa
es with the rest of Pared.This thesis extensively uses the 
on
ept of dynami
 distributed data stru
tures. Forexample, the mesh is a 
ontainer whose elements are distributed a
ross many address spa
es.These distributions have very di�erent 
osts and for performan
e reasons some of theseelements might be repli
ated in several pro
essors. At runtime new elements are dynami
ally
reated and destroyed requiring the 
omputation of new distributions of the elements in thedistributed 
ontainer. The most interesting question from a 
omputer s
ien
e point of viewis how to extend these ideas to other problem domains. Our system took advantage of the



161fa
t that we have a restri
ted domain and a large knowledge of what are good mappings ofelements to pro
essors. We would like to investigate is this knowledge 
an be automati
allyobtained from the system.
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