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e, RI 029122 University of Conne
ti
ut, Storrs, CT 06269-3155Abstra
t. Comet is an obje
t-oriented language supporting a 
onstraint-based ar
hite
ture for lo
al sear
h through de
larative and sear
h 
om-ponents. This paper proposes three novel and lightweight 
ontrol ab-stra
tions for the sear
h 
omponent, signi�
antly enhan
ing the 
ompo-sitionality, modularity, and reuse of Comet programs. These abstra
-tions, whi
h in
ludes events and 
he
kpoints, rely on �rst-
lass 
losuresas the enabling te
hnology. They are espe
ially useful for expressing, ina modular way, heuristi
 and meta-heuristi
s, unions of heterogeneousneighborhoods, and sequential 
omposition of neighborhoods.1 Introdu
tionHistori
ally, most resear
h on modeling and programming tools for 
ombina-torial optimization has fo
used on systemati
 sear
h, whi
h is at the 
ore ofbran
h & bound and 
onstraint satisfa
tion algorithm. It is only re
ently thatmore attention has been devoted to programming tools for lo
al sear
h and itsvariations (e.g., [6, 26, 23, 11, 14, 25℄).Comet [13℄ is a novel, obje
t-oriented, programming language spe
i�
allydesigned to simplify the implementation of lo
al sear
h algorithms. Comet sup-ports a 
onstraint-based ar
hite
ture for lo
al sear
h organized around two main
omponents: a de
larative 
omponent whi
h models the appli
ation in terms of
onstraints and fun
tions, and a sear
h 
omponent whi
h spe
i�es the sear
hheuristi
 and meta-heuristi
. Constraints, whi
h are a natural vehi
le to express
ombinatorial optimization problems, are di�erentiable obje
ts in Comet: Theymaintain a number of properties in
rementally and they provide algorithms toevaluate the e�e
t of various operations on these properties. The sear
h 
ompo-nent then uses these fun
tionalities to guide the lo
al sear
h using multidimen-sional, possibly randomized, sele
tors and other high-level 
ontrol stru
tures.The ar
hite
ture enables lo
al sear
h algorithms to be high-level, 
ompositional,and modular. It is possible to add new 
onstraints and to modify or removeexisting ones, without having to worry about the global e�e
t of these 
hanges.Comet also separates the modeling and sear
h 
omponents, allowing program-mers to experiment with di�erent sear
h heuristi
s and meta-heuristi
s withouta�e
ting the problem modeling. This separation of 
on
erns give Comet some
avor of aspe
t-oriented programming [9℄ and feature engineering [24℄, sin
e
onstraints represent and maintain properties a
ross a wide range of obje
ts.Comet has been applied to many appli
ations and 
an be implemented to be
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ompetitive with tailored algorithms, primarily be
ause of its fast in
rementalalgorithms [13℄.This paper fo
uses on the sear
h 
omponent and aims at fostering the 
om-positionality, modularity, and generi
ity of Comet. It introdu
es three novel
ontrol abstra
tions whose main bene�t is to separate, in the sour
e 
ode, 
om-ponents whi
h are usually presented independently in s
ienti�
 papers. Indeed,most lo
al sear
h des
riptions 
over the neighborhood, the sear
h heuristi
, andthe meta-heuristi
 separately. Yet typi
al implementations of these algorithmsexhibit 
omplex interleavings of these independent aspe
ts and/or require manyintermediary 
lasses and/or interfa
es. The resulting 
ode is opaque, less extensi-ble, and less reusable. The new 
ontrol abstra
tions address these limitations andredu
e the distan
e between high-level des
riptions and their implementations.The �rst abstra
tion, events, enables programmers to isolate the sear
h heuris-ti
 from the meta-heuristi
, as well as animation 
ode from the modeling andsear
h 
omponents. The se
ond abstra
tion, neighbors, aims at expressing natu-rally unions of heterogeneous neighborhoods, whi
h often arise in 
omplex rout-ing and s
heduling appli
ations. It allows to separate the neighborhood de�ni-tion from its exploration, while keeping move evaluation and exe
ution textually
lose. The third abstra
tion, 
he
kpoints, simpli�es the sequential 
ompositionof neighborhoods, whi
h is often present in large-s
ale neighborhood sear
h.These three 
ontrol abstra
tions, not only share the same 
on
eptual moti-vation, but are also based on a 
ommon enabling te
hnology: �rst-
lass 
losures.Closures make it possible to separate the de�nition of a dynami
 behaviour fromits use, providing a simple and uniform implementation te
hnology for the three
ontrol abstra
tions. On
e 
losures are available, the 
ontrol abstra
tions reallybe
ome lightweight extensions, whi
h is part of their appeal.The rest of this paper is organized as follows. Se
tion 2 brie
y reviews thelo
al sear
h ar
hite
ture and its implementation in Comet. Se
tion 3 gives abrief overview of 
losures. Se
tions 4, 5, and 6 present the new 
ontrol abstra
-tions and sket
hes their implementation. Se
tion 7 presents some experimentalresults showing the viability of the approa
h. Se
tion 8 
on
ludes the paper.2 The Constraint-Based Ar
hite
ture for Lo
al Sear
hThis se
tion is a brief overview of the 
onstraint-based ar
hite
ture for lo
alsear
h and its implementation in Comet. See [13℄ for more detail. The ar
hite
-ture 
onsists of a de
larative and a sear
h 
omponent organized in three layers.The kernel of the ar
hite
ture is the 
on
ept of invariants over algebrai
 andset expressions [14℄. Invariants are expressed in terms of in
remental variablesand spe
ify a relation whi
h must be maintained under modi�
ations to its vari-ables. On
e invariants are available, it be
omes natural to support the 
on
ept ofdi�erentiable obje
ts, a fundamental abstra
tion for lo
al sear
h programming.Di�erentiable obje
ts maintain a number of properties (using invariants) and
an be queried to evaluate the e�e
t of lo
al moves on these properties. They arefundamental be
ause many lo
al sear
h algorithms evaluate the e�e
t of various
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h 31. range Size = 1..1024;2. Lo
alSolver ls();3. UniformDistribution distr(Size);4. in
fintg queen[i in Size℄(ls,Size) := distr.get();5. int neg[i in Size℄ = -i;6. int pos[i in Size℄ = i;7. ConstraintSystem S(ls);8. S.post(new AllDifferent(queen));9. S.post(new AllDifferent(queen,neg));10. S.post(new AllDifferent(queen,pos));11. in
fsetfintgg 
onfli
ts(ls) <- argMax(q in Size) S.violations(queen[q℄);12. m.
lose();13. Counter it(ls);14. while (!S.isTrue()) f15. sele
t(q in 
onfli
ts)16. sele
tMin(v in Size)(S.getAssignDelta(queen[q℄,v))17. queen[q℄ := v;18. it++;19. g Fig. 1. The Queens Problem in Comet.moves before sele
ting the neighbor to visit. Two important 
lasses of di�eren-tiable obje
ts are 
onstraints and fun
tions. A di�erentiable 
onstraint maintainsproperties su
h as its satis�ability, its violation degree, and how mu
h ea
h ofits underlying variables 
ontribute to the violations. It 
an be queried to evalu-ate the e�e
t of lo
al moves (e.g., assignments and swaps) on these properties.Di�erentiable obje
ts also 
apture 
ombinatorial substru
tures arising in manyappli
ations and are appealing for two main reasons. On the one hand, they arehigh-level modeling tools whi
h 
an be 
omposed naturally to build 
omplexlo
al sear
h algorithms. As su
h, they bring into lo
al sear
h some of the ni
eproperties of modern 
onstraint satisfa
tion systems. On the other hand, theyare amenable to eÆ
ient in
remental algorithms that exploit their 
ombinatorialproperties. The use of 
ombinatorial 
onstraints is also advo
ated in [3, 7, 17, 26℄.These �rst two layers, invariants and di�erentiable obje
ts, 
onstitute thede
larative 
omponent of the ar
hite
ture. The third layer of the ar
hite
ture isthe sear
h 
omponent whi
h aims at simplifying the implementation of heuris-ti
s and meta-heuristi
s, another 
riti
al aspe
t of lo
al sear
h algorithms. Itdoes not pres
ribe any spe
i�
 heuristi
 or meta-heuristi
. Rather, it featureshigh-level 
onstru
ts and abstra
tions to simplify the neighborhood explorationand the implementation of meta-heuristi
s. These in
ludes several multidimen-sional sele
tors, abstra
tions to manipulate solutions, and advan
ed simulationte
hniques.
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hite
ture, and its implementation in Comet, onthe queens problem. The Comet algorithm is based on the min-
on
i
t heuristi
[16℄. The algorithm starts with an initial random 
on�guration. Then, at ea
hiteration, it 
hooses the queen violating the largest number of 
onstraints andmoves it to a position minimizing its violations. This step is iterated until asolution is found. Sin
e a queen must be pla
ed on every 
olumn, the algorithmuses an array queen of variables and queen[i℄ denotes the row of the queenpla
ed on 
olumn i. Lines 1-6 de
lare a range, a lo
al solver, a uniform distri-bution, an array of in
remental variables for representing the row of ea
h queen,as well as two arrays of 
onstants. The modeling 
omponent is given in Lines7-12. Line 7 de
lares a 
onstraint system. Lines 8-10 add the three traditionalAllDifferent 
onstraints, showing how Comet supports \global" 
ombinato-rial 
onstraints for lo
al sear
h. Line 11 expresses an invariant whi
h maintainsthe set of queens with the most violations. Operator argMax(v in S) E simplyreturns the set of values v in S whi
h maximizes E. The sear
h 
omponent isgiven in lines 13-19. It iterates lines 15-17 until the 
onstraint system is true,i.e., no 
onstraint is violated. Line 15 sele
ts a most violated queen, while line16 sele
ts a new value v for the sele
ted queen. The value is sele
ted to minimizethe number of violations of the sele
ted queen. To implement this min-
on
i
theuristi
, Comet queries the 
onstraint system, a di�erential obje
t, to �nd outthe e�e
t of assigning queen q to ea
h row. Line 17 simply exe
utes the move,automati
ally updating all invariants and 
onstraints. The use of the 
ounter itwill be
ome 
lear later in the paper.Observe that the sear
h and de
larative 
omponents are 
learly separated inthe program. It is thus easy to modify one of them (e.g., adding a 
onstraintand/or 
hanging the sear
h heuristi
) without a�e
ting the other. Althoughthe two 
omponents are physi
ally separated in the program 
ode, they 
losely
ollaborate during exe
ution. The de
larative 
omponent is used to guide thesear
h, while the assignment queen[q℄ := v starts a propagation phase whi
hupdates all invariants and 
onstraints. This 
ompositionality and 
lear separa-tion of 
on
erns are some of the appealing features of the ar
hite
ture. This ispre
isely su
h properties whi
h this paper tries to foster further. Note also thatthe de
larative 
omponent only spe
i�es the properties of the solutions, as wellas the data stru
tures to maintain. It does not spe
ify how to update them,whi
h is the role of the in
remental algorithms in the Comet runtime system.3 Closures in CometClosures are the 
ommon enabling te
hnology behind all three 
ontrol abstra
-tions introdu
ed in this paper. A 
losure is a pie
e of 
ode together with its en-vironment. Closures are ubiquitous in fun
tional programming languages, wherethey are �rst-
lass 
itizens. They are rarely supported in obje
t-oriented lan-guages however. To illustrate the use of 
losures in Comet, 
onsider the follow-ing 
lass
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lass DemoClosure f2. DemoClosure() fg3. Closure print(int i) f4. return new 
losure5. f
out << i << endl;g6. g7. g
8. DemoClosure demo();9. Closure 
1 = demo.print(9);10. Closure 
2 = demo.print(5);11. 
all(
2);12. 
all(
1);13. 
all(
2);Method print re
eives an integer i and returns a 
losure whi
h, when exe
uted,prints i on the standard output. The following snippet shows how to use 
losuresin Comet: the snippet displays 5, 9, and 5 on the standard output. Observe that
losures are �rst-
lass 
itizens: They 
an be stored in data stru
tures, passed asparameters, and returned as results. The two 
losures 
reated in the exampleabove share the same 
ode (i.e., 
out << i << endl), but their environmentsdi�er. Both 
ontain only one entry (variable i), but they asso
iate the value 9(
losure 
1) and the value 5 (
losure 
2) to this entry. When a 
losure is 
reated,its environment is saved and, when a 
losure is exe
uted, the environment isrestored before, and popped after, exe
ution of its 
ode. Closures 
an be rather
omplex and have environments 
ontaining many parameters and lo
al variables,as will be
ome 
lear later on.4 Events for Modularity, Compositionality, and ReuseOne of the fundamental bene�ts of Comet is its ability to separate problemmodeling from sear
h. This separation of 
on
erns is made possible by in
remen-tal variables, invariants, and di�erential obje
ts. However, pra
ti
al appli
ationstypi
ally involve other 
omponents whi
h would also bene�t from su
h modu-larity. One su
h 
omponent is algorithm animation, whi
h is valuable early inthe development pro
ess to visualize the lo
al sear
h behavior. Another 
ompo-nent is the meta-heuristi
 whi
h is often orthogonal and independent from thesear
h heuristi
. This se
tion introdu
es the 
on
ept of publish/subs
ribe eventsin Comet, whi
h make this separation of 
on
erns possible. Informally speaking,
lasses 
an publish events, whi
h 
an be subs
ribed by event-handlers elsewherein the 
ode. Methods in the 
lasses 
an then notify these events, whi
h triggersthe event-handler behaviour. We �rst fo
us on how to use events for animationand meta-heuristi
. We then show how to publish and notify events.Events for Animation Consider a graphi
al animation for the n-queens prob-lem and assume the existen
e of an Animation 
lass handling the graphi
s andproviding a method updatePosition(int q,int p) to display the queen on
olumn q on row r. Su
h an animation is obtained by inserting the snippetforall(q in Size)whenever queen[q℄�
hanges(int or,int nr)animation.updateQueen(q,nr);just before the sear
h 
omponent (between lines 12 and 13). The 
ore of thesnippet is an event-handler that spe
i�es that, whenever the value of queen[q℄



6 Pas
al Van Hentenry
k and Laurent Mi
hel
hanges from or to nr, the 
ode animation.updateQueen(q,nr) must be exe-
uted. This event-handler is installed for all queens.There are a few important points to highlight here. First, the animation
ode is 
ompletely separated from both the modeling and the sear
h 
ompo-nents. The glue between the 
omponents is the event 
hanges on in
rementalvariables whi
h is noti�ed whenever a variable is assigned a new value. The snip-pet a
hieves the same e�e
t as 
alling animation.updateQueen(q,nr) after theassignment of queens, while 
learly separating the two aspe
ts and avoiding to
lutter the heuristi
 with animation 
ode. This makes the 
ode more readable andeasier to modify and extend. Se
ond, observe that the event-handler behaviouranimation.updateQueen(q,nr) is a 
losure whi
h depends on the value of q inthe environment and is 
reated when the event is subs
ribed to. Closures makethe animation 
ode more natural, avoid the de�nition of intermediary 
lasses,and feature a textual proximity between the event-handler 
ondition (e.g., thequeen is assigned a new value) and its behavior (e.g., update the display of thequeen). In traditional obje
t-oriented languages, event 
onditions and behaviorsare separated, whi
h 
ompli
ates reading and requires new 
lass de�nitions tostore the information ne
essary to exe
ute the behavior. Finally, observe thatevents are stati
ally and strongly typed: they enable information to be trans-mitted from the noti�er (e.g., the in
remental variable) to the event-handler ina safe fashion with no down
asting.Events are also 
ompositional. Consider, for instan
e, adding the fun
tional-ity of 
oloring the queens di�erently a

ording to their number of violations. Itis suÆ
ient to add the instru
tionsin
fintg violation[q in Size℄(m) <- S.violations(queen[q℄);forall(q in Size)whenever violation[q℄�
hanges(int ov,int nv)animation.updateColor(q,nv);This snippet de
lares an array of in
remental variables maintaining the numberof violations of ea
h queen, and updates the 
olor of a queen ea
h time itsnumber of violations is updated. Note that the number of violations of a queenmay 
hange even when the queen is not moved. Hen
e, it is not possible to insertthe behaviour elsewhere in the program, while remaining in
remental, i.e., only
onsidering the queens whose number of violations was modi�ed. This exampleshows the strengths of events in Comet: they enable elegant animation 
odes,whi
h would require 
omplex 
ontrol 
ows, the 
reation of intermediary 
lasses,and/or less in
rementality in other languages.Events for Meta-Heuristi
s Events are also bene�
ial to separate the sear
hheuristi
 and the meta-heuristi
 (e.g., tabu-sear
h). They make it possible todivide the statement into modeling, sear
h, and meta-heuristi
 
omponents. Forillustration purposes, 
onsider upgrading the queen algorithm with a tabu-sear
hstrategy, whi
h would make a queen tabu for a number of iterations, ea
h timea queen is moved. The tabu-list management 
an be almost entirely separatedfrom the sear
h heuristi
. For instan
e, the snippet
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h 71. setfintg tabu();2. forall(q in Size)3. whenever queen[q℄�
hanges(int o,int n) f4. tabu.insert(q);5. when it�rea
hes[it+tLen℄()6. tabu.remove(q);7. gshows a simple management of the tabu list, whi
h we now explain in detail. The
ode de
lares a set tabu to store the tabu queens and features two nested event-handlers. The outermost event-handler is noti�ed ea
h time a queen is moved.It inserts the queen in the tabu set and install the se
ond event-handler (lines5-6) whose goal is to remove q from the tabu set after tLen iterations, wheretLen is the length of the tabu list. This se
ond handler is interesting in severalways. First, it features a key-event, i.e., an event whi
h is parametrized by aspe
i�
 key whi
h is in between bra
kets in the 
ode. In this example, the keyis an iteration number, i.e., the handler is noti�ed when the 
ounter it rea
hesthe value it+tLen, i.e., the value of the 
ounter when the handler is installed(subs
ription time) plus the length of the tabu-list. Se
ond, the handler uses thewhen 
onstru
t, whi
h means that it will be noti�ed only on
e.On
e this 
ode is in pla
e, the only modi�
ation in the sear
h heuristi
 
on-sists in sele
ting the queen with the largest number of violations among thenon-tabu queens (instead of among all queens). As a 
onsequen
e, the \glue"between the 
omponents (i.e., the 
ounter and the tabu-set) is minimal andthe proper behavior is a
hieved without interleaving the heuristi
 and the metaheuristi
 in the sour
e 
ode. Note that, in 
omplex appli
ations, this glue 
an beanti
ipated in the �rst pla
e by assuming that moves are always sele
ted from arestri
ted set spe
i�ed by the modeling and/or meta-heuristi
 
omponents.Event Spe
i�
ation and Noti�
ation The examples above fo
used on the event-handler (the subs
ription part) and showed how the when and whenever are usedto register a behaviour. Sin
e they only used primitive obje
ts, no expli
it spe
-i�
ation and noti�
ation of events (the publish part) was ne
essary. Of 
ourse,Comet makes it possible to de�ne new events. Ea
h 
lass may publish someevents or key-events by de
laring them. Its methods are then responsible to no-tify these events appropriately. To illustrate event spe
i�
ation and noti�
ation,
onsider a possible implementation of the 
lass Counter in Comet:
lass Counter fin
fintg 
nt;Event 
hanges(int ov,int nv);KeyEvent rea
hes();Counter();int ++();g
Counter::Counter()f 
nt=new in
fintg(0);gint Counter::++() fint old = 
nt++;notify 
hanges(old, 
nt);notify rea
hes[ 
nt℄();return 
nt;gThe 
lass de
lares an in
remental variable 
nt, an event 
hanges with twoparameters, a key-event rea
hes with no parameter, the 
onstru
tor and theoperator. The implementation of the operation (on the right part of the snippet)
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hanges events, passing the old and new values of the in
rementalvariable. It also noti�es all the key-events rea
hes, whose keys are smaller orequal to the value of 
nt. These noti�
ations triggers all the event-handlersasso
iated with these events, i.e., it exe
utes the 
losures whi
h were regis-tered at subs
ription time by the when and whenever instru
tions. In aspe
t-oriented terms, the notify instru
tions are joint-points and when and wheneverstatements are dynami
 aspe
ts, i.e., aspe
ts asso
iated with instan
es, not with
lasses as is typi
al in aspe
t-oriented languages.Implementation of Events Con
eptually, the implementation of events is 
loseto the observer design pattern. An event is 
ompiled into virtual ma
hineinstru
tions whi
h expli
itly use 
losures as shown below:when x�
hanges(int o,int n)
out << n << endl; =) aload xnewClosure "
out << n << endl;"subs
ribeEvent 
hanges,<o,n>The virtual ma
hine is a JVM-like sta
k ma
hine and x and the 
losure areretrieved from the sta
k in subs
ribeEvent. At the instan
e level, ea
h event
orresponds to a data stru
ture whi
h 
olle
ts all the subs
ribers. Upon noti�
a-tion, the appropriate subs
ribers are exe
uted, i.e., their parameters are properlyinitialized and their 
losures are exe
uted.5 Union of Heterogeneous NeighborhoodsMany 
omplex appli
ations in areas su
h as s
heduling and routing use 
om-plex neighborhoods 
onsisting of several heterogeneous moves. For instan
e, theelegant tabu-sear
h of Dell'Ami
o and Trubian [5℄ 
onsists of the union of thesubneighborhoods, ea
h of whi
h 
onsisting of several types of moves. Similarly,many advan
ed vehi
le routing algorithms [10, 4, 2℄ use a variety of moves (e.g.,swapping visit orders and relo
ating 
ustomers on other routes), ea
h of whi
hmay involve a di�erent number of 
ustomers and tru
ks.The diÆ
ulty in expressing these algorithms 
ome from the temporal dis-
onne
tion between the move sele
tion and exe
ution. In general, a tabu-sear
hor a greedy lo
al sear
h algorithm �rst s
ans the neighborhood to determinethe best move, before exe
uting the sele
ted move. However, in these 
omplexappli
ations, the exploration 
annot be expressed using a (multidimensional)sele
tor, sin
e the moves are heterogeneous and obtained by iterating over dif-ferent sets. As a 
onsequen
e, an implementation would typi
ally 
reate 
lassesto store the information ne
essary to 
hara
terize the di�erent types of moves.Ea
h of these 
lasses would inherit from a 
ommon abstra
t 
lass (or would im-plement the same interfa
e). During the s
anning phase, the algorithm 
reatesinstan
es of these 
lasses to represent sele
ted moves and stores them in a sele
-tor whenever appropriate. During the exe
ution phase, the algorithm extra
tsthe sele
ted move and applies its exe
ute operation. The drawba
ks of this ap-proa
h are twofold. On the one hand, it requires the de�nition of a several 
lasses
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ode, separatingthe evaluation of a move from its exe
ution in the program sour
e. As a result,the program is less readable and more verbose.The neighbor Constru
t Comet supports a neighbor 
onstru
t, whi
h reliesheavily on 
losures and eliminates these drawba
ks. It makes it possible to spe
ifythe move evaluation and exe
ution in one pla
e and avoids unne
essary 
lassde�nitions. More important, it signi�
antly enhan
es 
ompositionality and reuse,sin
e the various subneighborhoods do not have to agree on a 
ommon interfa
eor abstra
t 
lass. neighbor 
onstru
ts are of the formneighbor(Æ,N) Mwhere M is a move, Æ is its evaluation, and N is a neighbor sele
tor, i.e., a 
ontainerobje
t to store one or several moves and their evaluations. Comet supports avariety of su
h sele
tors and users 
an de�ne their own, sin
e they all haveto implement a 
ommon interfa
e. For instan
e, a typi
al neighbor sele
tor fortabu-sear
h maintains the best move and its evaluation. The exe
ution of theneighbor instru
tion queries sele
tor N to �nd out whether it a

epts a move ofquality Æ, in whi
h 
ase the 
losure of M is submitted to N.Jobshop S
heduling We now illustrate how the neighbor 
onstru
t signi�
antlysimpli�es the implementation of the tabu-sear
h algorithm of Dell'Ami
o andTrubian (DT) for jobshop s
heduling. We �rst review the basi
 ideas behind theDT algorithm and then sket
h how the neighborhood exploration is expressed inComet. Algorithm DT uses neighborhood NC = RNA [ NB , where RNA is aneighborhood swapping verti
es on a 
riti
al path (
riti
al verti
es) and NB is aneighborhood where a 
riti
al vertex is moved toward the beginning or the end ofits 
riti
al blo
k. More pre
isely, RNA 
onsiders sequen
es of the form hp; v; si,where v is a 
riti
al vertex and p; v; s represent su

essive tasks on the samema
hine, and explores all permutations of these three verti
es. NeighborhoodNB 
onsiders a maximal sequen
e hv1; : : : ; vi; : : : ; vni of 
riti
al verti
es on thesame ma
hine. For ea
h su
h subsequen
e and ea
h vertex vi, it explores thes
hedule obtained by pla
ing vi at the beginning or at the end of the blo
k, i.e.,hvi; v1; : : : ; vi�1; vi+1; : : : ; vni _ hv1; : : : ; vi�1; vi+1; : : : ; vn; viiSin
e these s
hedules are not ne
essarily feasible, NB a
tually 
onsiders the left-most and rightmost feasible positions for vi (instead of the �rst and last position).NB is 
onne
ted whi
h is an important theoreti
al property of neighborhoods.We now show ex
erpts of the neighborhood implementation in Comet. Thetop-level methods are as follows:void exe
uteMove() fMinNeighborSele
tor N();exploreN(N);if (N.hasMove())
all(N.getMove());g void exploreN(NeighborSele
tor N)f exploreRNA(N);exploreNB(N);g
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al Van Hentenry
k and Laurent Mi
helMethod exe
uteMove 
reates a sele
tor, explores the neighborhood, and exe-
utes the best move (if any). Method exploreN explores the neighborhood andillustrates the 
ompositionality of the approa
h: It is easy to add new neigh-borhoods without modifying existing 
ode, sin
e the subneighborhoods do nothave to agree on a 
ommon interfa
e or abstra
t 
lass. The implementation ofexploreRNA and exploreNB is of 
ourse where the neighbor 
onstru
t is used.1. void exploreNB(NeighborSele
tor N) f2. forall(v in jobshop.getCriti
alVerti
es()) f3. int lm = jobshop.leftMostFeasible(v);4. if (lm > 0) f5. int delta = jobshop.moveBa
kwardDelta(v,lm);6. if (a

eptNBLeft(delta,v))7. neighbor(delta,N) jobshop.moveBa
kward(v,lm);8. g9. int rm = jobshop.rightMostFeasible(v);10. if (rm > 0) f11. int delta = jobshop.moveForwardDelta(v,rm);12. if (a

eptNBRight(delta,v))13. neighbor(delta,N) jobshop.moveForward(v,rm);14. g15. g16.g Fig. 2. Exploration of Neighborhood NB in Comet.Figure 2 gives the implementation of exploreNB: method exploreRNA is simi-lar in spirit, but somewhat more 
omplex, sin
e it involves 5 di�erent moves,as well as additional 
onditions to ensure feasibility. Method exploreNB usesthe instan
e variable jobshop, whi
h is a di�erentiable obje
t representing thedisjun
tive graph, a fundamental 
on
ept in jobshop s
heduling [20℄. This dif-ferential obje
t maintains the release and tail dates of all verti
es, as well as the
riti
al paths, under various operations on the disjun
tive graph. The exploreNBmethod iterates over all 
riti
al verti
es. For ea
h of them it �nds the leftmostfeasible insertion point in its 
riti
al blo
k (line 3). If su
h a feasible insertionpoint exists, it evaluates the move (line 5) and then tests if the move is a

ept-able (line 6). In the DT algorithm, this involves testing the tabu status, a 
y
ling
ondition, and the aspiration 
riterion. If the move is a

eptable, the neighborinstru
tion is exe
uted. The move itself 
onsists of moving vertex v by lm po-sitions ba
kwards. Note that, although the move is spe
i�ed in the neighborinstru
tion, it is not exe
uted. Only the best move is exe
uted and this takespla
e in method exe
uteMove on
e the entire neighborhood has been explored.The remaining of method exploreNB handles the symmetri
 forward move.The neighborhood exploration is parti
ularly elegant (in our opinion). Al-though a move evaluation and its exe
ution take pla
e at di�erent exe
utiontimes, the neighbor 
onstru
t makes it possible to spe
ify them together, sig-ni�
antly enhan
ing 
larity and programming ease. The move evaluation and ex-
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ution are textually adja
ent and the logi
 underlying the neighborhood is notmade obs
ure by introdu
ing intermediary 
lasses and methods. Composition-ality is another fundamental advantage of the 
ode organization. As mentionedearlier, new moves 
an be added easily, without a�e
ting existing 
ode. Equallyor more important perhaps, the approa
h separates the neighborhood de�nition(method exploreN) from its use (method exe
uteMove in the DT algorithm).This makes it possible to use the neighborhood exploration in many di�erentways without any modi�
ation to its 
ode. For instan
e, a semi-greedy strategy,whi
h sele
ts one of the k-best moves, only requires to use a semi-greedy sele
tor.Similarly, method exploreN 
an be used to 
olle
t all neighbors whi
h is usefulin intensi�
ation strategies based on elite solutions [18℄.Implementation of Neighbor The neighbor 
onstru
t is only synta
ti
 sugar on
e
losures are available. Indeed, the synta
ti
 form is rewritten as shown below:forall(v in Size)neighbor(�(v),N)M(v); =) forall(v in Size)Æ  �(v)if (N.a

ept(Æ))N.insert(Æ,new 
losure fM(v); g);The rewriting uses method a

ept on the sele
tor to determine whether toa

ept a move. It also ensures that 
losures are 
onstru
ted lazily.6 Sequential Composition of NeighborhoodsThis se
tion dis
usses the use of 
he
kpoint to express the sequential 
omposi-tion 
on
isely. Sequential 
omposition is often fundamental in very large neigh-borhood sear
h, whi
h explores sequen
es or trees of (possibly heterogeneous)moves and sele
ts the best en
ountered neighbor (e.g., [8, 1℄). This se
tion illus-trates these 
on
epts using variable-depth neighborhood sear
h (VDNS) [8℄, avery large neighborhood sear
h shown very e�e
tive on graph-partitioning andtraveling salesman problems.
Fig. 3. A Sequen
e of Moves

Variable-Depth Neighborhood Sear
h VDNS
onsists of exploring a sequen
es of k dis-tin
t moves and moving to the state withbest evaluation in the sequen
e. By exploringsequen
es whi
h in
lude degrading moves,VDNS may avoid being trapped in lo
al op-tima of poor quality.Consider Figure 3 whi
h plots the qualityof a sequen
e of moves. Ea
h node in the graph 
orresponds to a 
omputationstate and two su

essive nodes are neighbors in the transition graph of thelo
al sear
h. VDNS explores the whole sequen
e and then returns to the best
omputation state, i.e., the before-last node.
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helfun
tion boolean sele
tBest(Lo
alSolver ls,int l,in
fintg f,Closure Move) fboolean found = false;with 
he
kpoint(ls) fChe
kpoint 
hp(ls); int best = f;forall(i in 1..l) f
all(Move);if (f < best) ffound = true; best = f; 
hp = new Che
kpoint(ls);gg
hp.restore();greturn found;g Fig. 4. The implementation of VDNS in Comet.Che
kpoints Che
kpoints are a simple 
on
eptual abstra
tion to express VLNSalgorithms. A 
he
kpoint is simply a data stru
ture that impli
itly represents the
omputation state of a lo
al solver, i.e., the state of all in
remental variables anddata stru
tures of the solver. Whenever a lo
al solver is in 
he
kpointing mode,
he
kpoints 
an be saved and, later, restored in order to reset all in
rementalvariables, 
onstraints, and data stru
tures to their earlier states. Che
kpointsare �rst-
lass 
itizens in Comet. They also en
apsulate in
remental algorithmsto avoid saving entire 
omputation states.Variable-Depth Neighborhood Sear
h in Comet We now illustrate how to expressVDNS in Comet for graph partitioning [8℄, where moves 
onsists of swappingtwo verti
es, one from ea
h set in the partition. The snippetsele
tBest(ls,nb/2,
ost)sele
t(s in BestSwaps) fx[s.o℄ :=: x[s.d℄; mark[s.o℄ := true; mark[s.d℄ := true;gshows the 
ore of the sear
h pro
edure in Comet. In the snippet, ls is the lo
alsolver, nb is the number of verti
es, 
ost is the 
ost of the partition, bestSwapsis an in
remental set of tuples whi
h maintains the best swaps, x is an arrayof in
remental variables spe
ifying whi
h set of the partition a vertex belongsto, and mark is an array of in
remental Boolean variables, indi
ating whether avertex have been sele
ted in the VDNS sequen
e already. The sele
tBest fun
-tion is the 
ornerstone of the VDNS implementation. It re
eives four arguments:the lo
al solver, the length of the sequen
e, the fun
tion to minimize (an in
re-mental variable), and a 
losure representing the move. Here the move 
onsistsof sele
ting a tuple s in BestSwaps and to swap the verti
es s.o and s.d. Bothverti
es are then marked in order to avoid sele
ting them again in the sequen
e.Figure 4 depi
ts the implementation of fun
tion sele
tBest. It uses thewith 
he
kpoint(ls) statement to indi
ate the use of 
he
kpointing inside
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h 13the en
losed blo
k. It saves the 
urrent state in variable 
hp using instru
-tion Che
kpoint 
hp(ls). The forall loop explores a sequen
e of l moves,storing the best 
omputation state in variable 
hp. After this exploration, in-stru
tion 
hp.restore() restores the best 
omputation state en
ountered (pos-sibly the initial state). Note that Comet supports the synta
ti
 rewriting fromf(a1,...,an) S to f(a1,...,an,new 
losure f S g) when the last argumentof fun
tion f is a 
losure. The VDNS implementation has a number of interest-ing features. First, it is entirely generi
 and reusable: It 
an be applied to anarbitrary move and separates sear
h heuristi
 and the meta-heuristi
. Se
ond,
he
kpoints spe
ify what to maintain, i.e., the \best" 
omputation states, butnot how to save or restore it. The implementation uses in
remental algorithmsto do so, but this is abstra
ted from programmers. Finally, observe the role of
losures for the generi
ity of the VLNS implementation.Implementation of Che
kpoints We now dis
uss the 
he
kpoint implementation.The key to an in
remental implementation lies in a representation of 
omputa-tion states as sequen
es of primitive moves from an initial state (i.e., the statewhen the 
he
kpoint statement is exe
uted). In other words, a state s is a se-quen
e hm0; : : : ;mki where mi is a primitive move. A primitive move in Cometis a fun
tion f : State ! State from 
omputation states to 
omputation stateswhi
h is invertible, i.e., there exists a fun
tion f�1 su
h that f(f�1(s)) = s.For instan
e, a move x[i℄:=j 
orresponds to a fun
tion f(s) = sfx[i℄=jg wheresfy=vg represents the state s where y is assigned the value v. The inverse moveis of 
ourse f�1(s) = sfx[i℄=lookup(s0; x[i℄)g where s0 is the 
omputation statebefore exe
uting the move, and lookup reads the value of a variable in a 
ompu-tation state. Consider now how to restore a state sr from a state s
 wheres
 = hm0; : : : ;mn;m0n+1; : : : ;m0kisr = hm0; : : : ;mn;m00n+1; : : : ;m00l i:The Comet implementation exploits the 
ommon pre�x of the two states. Itundoes the suÆx hm0n+1; : : : ;m0ki by using the inverse moves, and then exe
utesthe moves hm00n+1; : : : ;m00l i. This implementation has several properties. First, itsmemory requirements are independent of the size of the 
omputation states. Onlymoves are memorized and the size of a 
he
kpoint 
 only depends on the lengthof the sequen
e from the initial state to 
. Se
ond, the runtime requirements arealso minimal, sin
e they either reexe
ute a subsequen
e exe
uted before or theyexe
ute the inverse of su
h a subsequen
e. For VDNS, for instan
e, restoringthe best state does not 
hange the asymptoti
 
omplexity: in the worst 
ase,restoring the 
he
kpoint involves as mu
h work as exploring the sequen
e.The 
he
kpoint implementation is related to te
hniques underlying generi
sear
h strategies (e.g., [19, 15, 22℄). However, it does not use ba
ktra
king and/ortrailing. Rather, it makes heavy use of inverse moves, whi
h is eÆ
ient be
ausethe invariant propagation algorithm never updates the same in
remental vari-able twi
e [14℄ (whi
h is not the 
ase in 
onstraint satisfa
tion algorithms ingeneral). Our implementation thus 
ombines low memory requirements with in-
rementality, whi
h is 
riti
al for many lo
al sear
h appli
ations.
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k and Laurent Mi
hel7 Experimental ResultsThis se
tion des
ribes some preliminary experimental results to demonstratethe pra
ti
al viability of the abstra
tions and of 
losures. It 
ompares variousimplementations of the tabu-sear
h algorithm DT (the goal, of 
ourse, is not to
ompare various s
heduling algorithms). In parti
ular, it 
ompares the originalresults [5℄, a C++ implementation [21℄, and the Comet implementation. Table1 presents the results 
orresponding to Table 3 in [5℄. Sin
e DT is a
tually fasteron the LA ben
hmarks (Table 4 in [5℄), these results are representative. In thetable, DT is the original implementation on a 33mhz PC, DT* is the s
aledtimes on a 745mhz PC, KS is the C++ implementation on a 440 MHz SunUltra, KS* are the s
aled times on a 745mhz PC, and CO are the Comet timeson a 745mhz PC. S
aling was based on the 
lo
k frequen
y, whi
h is favorable toslower ma
hines (espe
ially for the Sun). The times 
orresponds to the averageover multiple runs (5 for DT, 20 for KS, and 50 for CO). Results for Comet arefor the JIT 
ompiler but in
lude garbage 
olle
tion. The results 
learly indi
atethat Comet 
an be implemented to be 
ompetitive with spe
ialized programs.Note also that the C++ implementation is more than 4,000 lines long, while theComet program has about 400 lines.ABZ5 ABZ6 ABZ7 ABZ8 ABZ9 MT10 MT20 ORB1 ORB2 ORB3 ORB4 ORB5DT 139.5 86.8 320.1 336.1 320.8 155.8 160.1 157.6 136.4 157.3 156.8 140.1DT* 6.2 3.8 14.2 15.1 14.2 6.9 7.1 7.0 6.0 7.0 6.9 6.2KS 7.8 8.2 20.7 23.1 20.3 8.7 16.4 9.2 7.8 9.3 8.5 8.1KS* 4.6 4.8 12.2 13.6 11.9 5.1 9.6 5.4 4.6 5.5 5.0 4.8CO 5.9 5.7 11.7 9.9 9.0 6.7 9.8 5.6 4.8 5.6 6.3 6.5Table 1. Computational Results on the Tabu-Sear
h Algorithm (DT)8 Con
lusionThis paper presented three novel 
ontrol abstra
tions for Comet, whi
h signif-i
antly enhan
e the 
ompositionality, modularity, and reuse of Comet. Theseabstra
tions may signi�
antly improve 
on
iseness, extensibility, and 
larity ofthe lo
al sear
h implementations. They all rely on �rst-
lass 
losures as theenabling te
hnology and 
an be implemented eÆ
iently.One of the most appealing features of Comet is its small number of funda-mental 
on
epts, as well as their generality. First-
lass 
losures simplify manyappli
ations beyond lo
al sear
h (e.g., [12℄) and are ubiquitous in fun
tionalprogramming. Events are related to many 
onstru
ts in the logi
 and fun
tional
ommunities (e.g., delay me
hanisms and rea
tive fun
tional programming). In-variants (one-way 
onstraints) and 
onstraints are widely re
ognized as naturalvehi
les for many appli
ations. These 
on
epts provide signi�
ant support forlo
al sear
h, and may signi�
antly redu
e the distan
e between high-level de-s
riptions of the algorithms and their a
tual implementations. Yet they are non-intrusive and impose minimal \
onstraints" on programmers, who keeps 
ontrolof their algorithms and their 
ode organization. An interesting topi
 for futureresear
h is to study how to unify the Comet ar
hite
ture with the tree-sear
hmodels proposed in [23, 11℄, sin
e both approa
hes have orthogonal strengths.
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