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Abstract

Existing theories of nonmonotonic inheritance are generally either com-
putationally feasible or semantically well-founded, but not both. We present
four approaches to inheritance reasoning:

a Touretzky-style path-based theory

e a model-theoretic semantics

a polynomial-time inference algorithm
e a reason-maintenance labeling scheme

and demonstrate that these four approaches yield equivalent results. The
underlying framework further provides a unified theory of inheritance suitable

for principled analysis of existing inheritance systems (rather than ad hoc
comparison of specific examples).

1 Introduction

Inheritance reasoning is ubiquitous. Hierarchies provide a concise encoding of much
of our commonsense knowledge. They appear in various guises in the literature of
artificial intelligence, but also throughout the various arts and sciences. Open nearly
any textbook, and some hierarchy is likely to appear.

Reasoning with inheritance hierarchies is of particular interest to the artificial
intelligence community because hierarchies are not only useful and native to human
reasoning, but also simple and often tractable. The simplicity of the “inheritance
problem” makes it attractive as topic that can be considered in its entirety; its

*The author is supported by an IBM Graduate Fellowship.



tractability makes it practical for the implementation of knowledge representation
systems.

In this paper, we present several equivalent approaches to inheritance reason-
ing. Each approach may be useful in a particular context; by demonstrating their
equivalence, we show that the most appropriate definition may be chosen. Further,
the general frameworks we describe apply not only to the inheritance scheme pre-
sented here, but to general inheritance reasoning. In this way, the current work
provides not only new directions for inheritance research, but also commentary on
and extensions to the existing inheritance literature.

We begin by providing an intuitive description of what we intend by inheritance
reasoning. We view inheritance hierarchies as representing primitive assertions in
the knowledge base of some reasoning agent, and the inheritance problem as that

of determining the agent’s derived beliefs. This provides an appealing base for a
well-founded inheritance theory.

In section 3, we give a formal, path-based definition of inheritance. An inher-
itance theory combines a theory of the transitivity of primitive assertions with an
ambiguity-resolution criterion to be invoked when two paths conflict. We describe
the transitivity component by the notion of reachability; the resolution criterion is
captured by specificity. This framework provides a rich description language for

inheritance, making rigorous such central concepts of inheritance theory as admis-
sibility and credulous extension.

In section 4, we describe a model-theoretic semantics for inheritance hierar-
chies. A hierarchy defines a space of possible world-states, or unambiguous inter-
pretations. Specificity induces a preference relation over these world-states. In the
resulting preferential semantics, each world-state has a classical model-theoretic in-
terpretation, and the interpretation of an inheritance hierarchy is the set of models
of preferred world-states. Previous approaches to semantics for inheritance hierar-
chies have been translational: a hierarchy is represented as axioms of some target
logic. Transitivity and ambiguity resolution are generally fixed as a property of ei-
ther the translation process or the target logic itself. In contrast, the approach that
we present here uses the topology of the hierarchy, together with some specificity
criterion, to resolve ambiguities and select the preferred extensions. By varying the
definition of specificity, we select different sets of preferred extensions, providing

model-theoretic semantics for diverse inheritance theories. We present an alternate
specificity criterion in section 8.

Section § describes a tractable algorithm for computing the inferences sup-
ported by an inheritance hierarchy. This is the first tractable theory for credu-
lous inheritance—reasoning about what might be. Previous tractable inheritance
theories have been limited to skeptical reasoning—computing what must be.

In section 6, we present a reason maintenance update scheme for inheritance
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Figure 1: A simple inheritance hierarchy.

reasoners. This allows us to keep track of all of the possible (or preferred) inter-
pretations of an inheritance hierarchy simultaneously. In section 7, we use this con-
struct to demonstrate that several previous theories of “skeptical” inheritance do
not compute precisely the intersection of interpretations—the certain conclusions
of an inheritance hierarchy—and to prove that no purely path-based inheritance
definition can compute this intersection.

2 Hierarchies as Belief Spaces

In this section, we present an intuitive interpretation of inheritance hierarchies. In
later sections, we give formal definitions of these ideas; here, we hope to motivate
that more formal work by answering the question of “what we mean” when we draw
an inheritance hierarchy. Regrettably, most previous theories of inheritance omit
such a statement of intents, and the lack of such an intuitive semantics has been
one of the criticisms levelled against the entire inheritance endeavor.

Our interpretation of inheritance hierarchies is relatively simple. Each arc in an
inheritance hierarchy represents an atomic assertion in the knowledge base of some
reasoning agent—what this agent “believes,” if you will.! Since this paper deals
exclusively with defeasible inheritance, it 1s possible that an arc in the hierarchy—
an atomic belief—is mistaken (e.g., lumberjacks might not, in fact, be Real™ men);
however, in this agent’s world-model, each of these atomic assertions holds.>

1We put the word “believes” in quotation marks to emphasize that we are not proposing that
edges of an inheritance hierarchy follow any realistic epistemic ontology; rather, we find the term
belief, when removed from that ontologic context, to be suggestive of the kind of tentative assertion
about the world we wish to describe.

2The exception to this is the case in which the knowledge base contains both the atomic assertion
that a (defeasibly) is an &, and the atomic assertion that a (defeasibly) is not an . Here, there
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Figure 2: Is a platypus a mammal?

A second kind of defeasibility arises when we conjoin atomic beliefs. For example,
the belief that lumberjacks are Real™ men, and the belief that Real™ men are
hearty eaters, are more useful if we put them together to conclude that lumberjacks
are hearty eaters. Here we have accepted both the defeasible atomic assertions, and
the defeasible assumption that lumberjacks are typical Real™ men, and therefore
hearty eaters. A vital part of any inheritance theory is the notion of reachability:
under what circumstances are two assertions transitive?

Finally, we have the third kind of defeasibility in inheritance hierarchies: the
defeasibility of ambiguous conclusions. Unlike the defeasibility of atomic assertions
or that of derived (but uncontested) conclusions, ambiguity’s defeasibility arises
when there are two explicit and conflicting arguments. In figure 2, the derived
conclusion that platypi are mammals is directly opposed by the (equally legitimate)
conclusion that platypi are not mammals. In this case, even the reasoning agent is
assumed to be aware of the defeasibility. Indeed, we interpret such a hierarchy as
asserting that the world must be in such a state that either platypi are mammals, or
they are not; but this reasoner does not know which. That is, the atomic assertions
hold; and some (maximal) subset of their transitive closures hold; but there may be
several such subsets, corresponding to several possible states of the world.

The situation here is not as hopeless as it may sound. First, the reasoner may
prefer one of these possible world-states. For example, in figure 3, there are derived
paths asserting that blue whales are aquatic creatures (by virtue of their being
whales, which are explicitly aquatic) and that blue whales are not aquatic (by virtue
of their being mammals). Because blue whales are mammals only by virtue of being
whales, information about whales is more specific to blue whales than information
about mammals, and the reasoner prefers to believe that the actual world-state is
one in which blue whales are aquatic. We discuss the notion of specificity, and the

are (at least) two possibilities: the reasoner’s beliefs may be ambiguous; or they may be (locally)
inconsistent. We opt for the ambiguity interpretation (see below).

4
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Figure 3: A blue whale is an aquatic creature.

selection of preferred world-state, in greater detail below.

Second, even in truly ambiguous cases—such as I';—the inheritance hierarchy
may contain contingent information. In this case, the reasoner cannot determine
whether the actual world corresponds to the possible world-state in which platypi
are mammals, or that in which they are not. However, the reasoner can assert that
if the actual world-state is such that platypi are mammals, then it follows that
platypi produce milk. In this fashion, the hierarchy supports conclusions relative to
a particular possible world-state.

3 A Path-Based Definition

In this section, we present a formal, path-based definition of inheritance hierarchies.
The approach described here is similar to that of Touretzky [29, 30], save that it is
upwards reasoning. This type of inheritance reasons about the properties of some
particular object, rather than about the set of objects possessing some particular
property. Some ramifications of upwards vs. downwards inheritance are discussed
by Touretzky, et al. [31]; the computational advantages of upwards inheritance are
described by Levesque and Selman [25].

The approach that we describe in this section is also credulous: it allows a
conclusion whenever that conclusion is consistent with some (preferred) interpre-
tation of the hierarchy; or, whenever it is a plausible conclusion of the reasoner’s
explicit beliefs. Thus, in a hierarchy like I';, we expect to draw both the conclusion
that a platypus is-a mammal, and that a platypus is-not-a mammal. In section 6,
we discuss the problem of contingent reasoning—determining the assumptions that
underlie credulous conclusions. For example, we conclude that a platypus is-a milk-
producer whenever we assume that it is-a mammal. In section 7, we discuss skeptical
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Figure 4: A hierarchy is ambiguous w.r.t. a focus node.

reasoning, in which only the certain—uncontested—conclusions of the hierarchy are
considered.

3.1 The Framework

An inheritance hierarchy I' = (Vr, Er) is a directed acyclic graph with positive and
negative edges, intended to denote “is-a” and “is-not-a” respectively. We write a
positive edge from a to = as a - z, and a negative edge a - -z. We call a sequence
of positive edges a- sy - -+ s, -z (n > 0),% a positive path, and a sequence of positive
edges followed by a single negative edge a - s; -+ - s, - 7z (n > 0) a negative path.

A path, or argument, a- sy - - - S, - (—)z supports the inference “a is (not) an z.”
We use the notation a—z (resp., az) to stand for this inference, or conclusion,
independently of the path through which it is derived. One inference—e.g., a—z—
may have many supporting arguments—a - s, --- s, -z, a-7 -z, etc.

Given an inheritance hierarchy I' = (Vr, Er) with nodes a,z € Vr, we say that
 is reachable from a (alternately, a-reachable) if there is some path a-s;---s,- ()2
in Er. If the final edge is positive—s,, - z—we say that z is positively reachable from
a; similarly, s, - 7z and negatively a-reachable. By extension, we say that an edge
s-(—)z is reachable from a if s is positively a-reachable, and a path sy ---s,-(-)z is
reachable from a if every edge on that path is a-reachable. We say that a hierarchy
T is a-connected if every node in Vr and every edge in Er is reachable from a. When

reasoning about an inheritance hierarchy w.r.t. a particular node, we call that node
the focus node.

Ambiguity arises when two paths conflict. Formally, an inheritance hierarchy I' is
ambiguous w.r.t. a node a if there is some node z € Vr such that botha-s;---s,-2

3The notation a - 51 - s; abbreviates the sequence of edges {a- s;,s; - s2}; 81 - - - s abbreviates
{s1-52,82-53,"--8n-1-5a}.
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and a -ty - - -ty - "z are in Ep. In this case, we say that the ambiguity is at z.
Ambiguity is always relative to a focus node: for example, I'y is unambiguous w.r.t.
a, but ambiguous w.r.t. b (at e).

An inheritance hierarchy ' supports a path a- sy -+ - s, (—)z, written I'>a - s -

- 8n » (—)z, if the corresponding sequence of edges a - sy -+« s, - (7)z is in Ep and it

is admissible according to specificity. I' supports an inference a—z (resp, aoz) if

it supports some corresponding path. For simplicity, we also allow the degenerate
path a, with the corresponding inference a—a.

3.2 Specificity

A specificity criterion, or preemption strategy, makes choices among certain com-
peting paths. The idea of a specificity criterion dates from Touretzky [29, 30]. Since
then, many definitions of specificity have appeared in the literature, but all oper-
ate on the same underlying principle: more specific information is more directly
relevant. For example, in figure 3, information about whales is more specific to

blue whales than information about mammals, so we can infer that blue whales are
aquatic.

The framework that we have presented so far is compatible with many of the
existing definitions of specificity. In this section, we present an original definition
that closely resembles Touretzky’s original notion of specificity [29, 30], but which
is computable in polynomial time (see section 5). In section 8, we describe an
alternate definition of specificity—one resembling that of Sandewall [24] and Horty,
et al. [14}]—and show how to integrate that definition into this framework.

An edge v - (—)z is admissible in T w.r.t. a if there is some path a-s; - s, - v,
(n > 0), in Er, and

1. None of the edges of a - s; - - - s, - v is redundant in ' w.r.t. a,

o

. Each of the edges of a- sy - -+ s, - v is admissible in I' w.r.t. ¢, and

3. No intermediate node a, s1, ...5, is a preemptor of v - (—)z.

A path is admissible in T' w.r.t. a if every edge in that path is admissible, and no
edge except possibly the last is redundant in I' w.r.t. a.

A node s is a preemptor of v- z (resp., v- —z) if s- -z (resp., s- ) is admissible
in I'wrt.a.

The difficulties caused by redundant links were noted by Touretzky [29, 30}: Con-
sider I'; augmented by an additional edge from blue whale to mammal. This edge
would be redundant: blue whales are typically mammals even without the explicit
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assertion. However, if the edge from blue whale to mammal were not excluded,
there would be an admissible path blue whale - mammal- ~aquatic creature—no in-
termediate node is a preemptor of mammal- aquaticcreature. Clearly, this is not the
intended meaning here (or, indeed, in any network of this form, since the “whale”
node is always more specific than the “mammal” node (w.r.t. “blue whales”)).

An edge b-w is redundant in I’ w.r.t. focus node a if there is some positive path
b-ty---tym-w € Ep, n >0, for which

1. Each of the edges of b- ¢ - - - ¢,, is admissible in I" w.r.t. a,

2. There are no ¢ and 7 such that ¢ - —t; is admissible in I' w.r.t. a; there is no ¢
such that ¢ - —w is admissible in [' w.r.t. a.*

For example, the path-based definition of supports yields the following conclu-
sions on the hierarchy I'; in figure 2:

I'; P platypus—platypus

Iy P platypus—furry animal a b furry an{ma1—>furry animal
Iy b platypus—egg.layer 'y p furry am.mal—> m{zmmal
«Ty b platypus—mammal I'; | furry animal— milk-producer
* 5‘2 I'i Pﬁ?’PZZﬁmZ’:_m:id cer T's P mammal—mammal
2 platyp mlik-produ I, P mammal—milk-producer
P2 [ egg-layer—egg-layer s P milk-producer — milk-producer

T, P> egg-layer/Amammal

In this case, specificity cannot resolve the ambiguity w.r.t. platypus at mammal, and
I'> supports both of the x’d assertions: that platypi are mammals, and that they
are not mammals. In such a case—when a hierarchy supports conflicting paths—we
say that the hierarchy is truly ambiguous.

The conclusion-set of I's 1s

I's > blue whale— blue whale I's | whale—whale
I's > blue whale—whale I's > whale—mammal
I's > blue whale—mammal I's [ whale—aquatic creature

I's [> blue whale—aquatic creature

I's > mammal—-mammal
I's |> aquatic creature—aquatic creature I's > mammalAaquatic creature

4Although the definitions of admissibility and redundancy are mutually dependent, they are
not circular. Because the hierarchy is acyclic, it can be ordered topologically, and the definition

of an admissible edge v - (—)z depends only on the redundancy of edges with endpoints strictly
topologically earlier than z.

redundancy

truly
ambiguous



In this case, specificity resolves the ambiguities w.r.t. blue whale and whale at
aquatic creature. As a result,

Iz 4 blue whale4aquatic creature and T3 [f whaleaquatic creature

The same set of conclusions would result if we added a redundant edge from blue
whale to mammal.

4 Model-theoretic Semantics

Previous theories of inheritance reasoning have fallen into two major approaches:
translational and path-based. Translational theories include those of McCarthy [21];
Etherington and Reiter [7, 8, 9]; Haugh [12]; Przymusinska and Gelfond [11, 23];
Bacchus [3]; Boutilier [4]; and Krishnaprasad, Kifer, and Warren {17, 18]. These ap-
proaches provide traditional model-theoretic semantics for a hierarchy by encoding
the hierarchy in some existing logic. While this results in a well-behaved semantics,
the translation process itself loses the path-based nature and topological relations
of the original hierarchy. It is our belief that the particular topology of an inheri-
tance hierarchy is crucial to its interpretation,® and translational approaches which

confound explicit edges of the hierarchy with derived conclusions cannot preserve
this topology.

In contrast, path-based approaches—such as those of Touretzky, Horty, and
Thomason [14, 13, 28, 29, 30, 31]; Sandewall [24]; and Geffner and Verma {10]—
preserve precisely the fundamental nature of topology in inheritance; unfortunately,
no previous path-based approach has led to a model-theoretic characterization of
the conclusions of an inheritance hierarchy. Instead, path-based approaches provide
“semantics” for a hierarchy only in terms of the supported paths or inferences—a
sort-of “proof-theoretic” approach to semantics.

Further, virtually every previous approach to inheritance semantics contains
a fixed ambiguity-resolving (preemption) strategy.® Although the selection of an
appropriate preemption strategy is still a subject for debate in the inheritance lit-
erature (see, e.g., Touretzky, et al.’s discussion of the “Clash of Intuitions” [31]),
existing systems of inheritance assume some single, fixed strategy. This makes
principled analyses of preemption strategies at a theoretical level impossible. As
a result, most so-called “comparisons of inheritance theories” are in reality ad hoc
comparisons of system performances on selected examples.

SFor example, most definitions of preemption make the subtle distinction between redundant
and preempting paths based solely on fine topological distinctions.
6The exception to this is Haugh [12]; see the discussion of his work in section 9, below.



This section describes an approach to inheritance which reduces hierarchies to
their credulous extensions—unambiguous possible interpretations. Since extensions
are also hierarchies, and since the reduction to a set of preferred extensions is purely
path-based, this approach takes seriously the primacy of topology in inheritance
reasoning. However, these credulous extensions are unambiguous, and it is straight-
forward to provide a model-theoretic semantics for any single credulous extension.
The resulting interpretation of an inheritance hierarchy is in terms of the models of
its preferred credulous extensions. Unlike translational approaches, we do not rely
on a logic as an intermediary; unlike past path-based approaches, we do obtain a
model-theoretic interpretation as an end result.

An additional advantage of treating ambiguity-resolution as the separate prob-
lem of selecting preferred extensions is that the semantics for individual extensions
described here can be used with a number of different selection strategies. This
means we can compare the ambiguity-resolving heuristics of various inheritance
theories directly and theoretically, rather than by resorting to ad hoc analysis of
specific examples. We do this in section 8, below.

4.1 Semantics for Credulous Extensions

We focus first on the problem of providing a model-theoretic semantics for a single,
unambiguous “credulous extension.” In general, we believe that a translational
approach to inheritance semantics is undesirable. Such an approach trades the
topological information inherent in a hierarchy for the semantics of an existing
logic. In particular, translational approaches provide less-than-satisfactory means of
dealing with ambiguities. Often, they merely adopt the ambiguity-resolving strategy
of the target logic, which may not be appropriate for inheritance hierarchies. Where
they do provide additional, explicit ambiguity resolution, it is fixed as a part of the
translation procedure.

The approach to semantics for credulous extensions we present here is transla-
tional. However, it is not subject to these criticisms of translational approaches pre-
cisely because it provides translations only for credulous extensions—unambiguous
subhierarchies—and not for a hierarchy as a whole. Thus, it does not rely on
the translation procedure or the underlying logic for ambiguity-resolution strate-
gies. All ambiguity-resolution is done in selecting some preferred subset of the
credulous extensions; once the set of preferred credulous extensions—or possible
interpretations—for a hierarchy has been established, the semantics for any sin-
gle extension are straightforward. In the next section, we discuss the problem of
deriving the appropriate (preferred) set of credulous extensions for a hierarchy.

A credulous extension corresponds to a possible ‘world-state’—one in the space
of ‘world-states’ defined by taxonomic ambiguity. Formally, a credulous extension

10
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of an inheritance hierarchy I' with respect to a node a is a maximal unambiguous
a-connected subhierarchy of ' with respect to a: if X! is a credulous extension of I
w.r.t. a, then for every edge v-(—)z € Epr— Exr, adding v-(—)z to X} would make X{
unambiguous or not a-connected. An example of several credulous extensions—and
some non-extensions—for the hierarchy of figure 2 is given in figure 5.

Because a credulous extension is unambiguous, every path is admissible. Thus,
instead of XL [>a—z—there is an admissible positive path from a to z—we need
merely check that there is some positive path from a to = (resp., aAz and negative
path). We make use of this to provide a straightforward model-theoretic semantics
for a single extension:

For every vertex z € Vxr, we create a unique propositional variable z. XL is the
theory (in the propositional calculus) given by

a A AN@29) AN A@Eo~)
zyeExr z—yeExr

Since XT is acyclic and unambiguous, XT is consistent and has a model.

In other words, we translate the edges of X! into material implications, allowing
inference chains exactly when there are paths in the credulous extension. It would
be nice if all of inheritance semantics were this easy. However, Thomason and Horty
demonstrate that the translation into propositional logic does not work even in the
simpler case of strict (non-defeasible) inheritance [28]. In the general defeasible
case, the propositional theory corresponding to an ambiguous inheritance hierarchy
would be inconsistent. The only reason that the propositional theory works here is
that it is the translation of a credulous extension: an unambiguous subhierarchy.
Ambiguity resolution must therefore be applied in selecting the credulous extensions
that are the preferred interpretations of the original hierarchy.

Once we have chosen the preferred extensions-—as we discuss in the next section—
this translational semantics provides the desired result. The following theorem states
that support—the existence of an admissible path—is equivalent to derivability in
the propositional theory. Thus the path-based definition of support, for credulous
extensions, is sound and complete w.r.t. the model-theoretic semantics defined here.

Theorem 1 Let ' be an inheritance hierarchy, with a,z € Vp. Let XL be a cred-

ulous extension of T w.r.t. a, and let XL be the propositional theory corresponding
to XLU. The following are equivalent:

1. XU a—z (resp., afoz).

“A, D, and ~ should be read as propositional conjunction, material implication, and negation,
respectively).

12



2. z is positively a-reachable in Xt (resp., negatively a-reachable).
3. S(T; FZ (resp., ~Z).
4. XV =2 (resp., ~%).

The proofs of all theorems may be found in appendix A.

4.2 Selecting Preferred Extensions

Given a single credulous extension, we have seen how to derive a model-theoretic
interpretation of that extension. In fact, the semantics of the previous section
would work any time we began with an unambiguous inheritance hierarchy (which
would have only a single credulous extension w.r.t. any given focus node). But
inheritance hierarchies are generally ambiguous. As a result, [' may have several
extensions w.r.t. a given focus node, a. Some of these extensions may be more
intuitive than others. In this section, we describe a means of selecting the preferred
(more intuitive) extensions of I' w.r.t. a. The semantics of I" are then simply the
sets of interpretations for the preferred extensions of I" w.r.t. the nodes of Vp.

In inheritance hierarchies, specificity gives us a means of ruling out unintuitive
interpretations. Thus, we use the definition of admissibility according to specificity,
from section 3.2, above, to define the preference relation over credulous extensions.

We say that one extension is preferred to another if it is more consistent with the
constraints of specificity:

Let XL and YL be two credulous extensions of an inheritance hierarchy I' w.r.t.

focus node a. Then specificity prefers XL to YL (XE < YT) if there are some nodes
v and z such that

1. XU and YT agree on all edges whose endpoints topologically precede z in any
topological sort,

2. The edge v - (—)z is is inadmissible in T" w.r.t. a.
3. 381,080 Y >a sy 8p-v-(2)z, and

4. XPtha- sy s, v ()

If a credulous extension is minimal under this preorder—i.e. no other extension is
preferred to it—we call it a preferred extension of the hierarchy:

Pref(T,a) = {XI | VYT, YT £ X}

Figure 6 shows the two credulous extensions of the hierarchy in figure 3. Speci-
. r r
ﬁCIty prefers Xb?ue whale to Yb?ue whale’

13
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1. ng*ue whale and Ygf‘ue whale 38T€€ up to aquatic creature

b

mammal - aquatic creature is inadmissible in I'3 w.r.t. blue whale
. Yl;fue whale &> blue whale - whale - mammal - —aquatic creature, and

3
4. Xl;?ue whale > Dlue whale - whale - mammal - —aquatic creature.

Theorem 2 is a soundness and completeness theorem for the path-based defini-
tion of section 3 w.r.t. the complete model-theoretic semantics defined here: selecting
preferred extensions and providing translational semantics for those preferred ex-
tensions. In section 8, we demonstrate that other inheritance theories, with other
definitions of specificity, can be described in these terms. This enables us to use the
definitions of this section and section 3 to give similar soundness and completeness
results for several existing inheritance theories.

Theorem 2 Let I be an inheritance hierarchy, with a,z € Vr, and let Pref (T, a)be
the set of preferred extensions of T w.r.t. a. Then T [>a—zx iff there is some pre-
ferred extension XL € Pref(T, a) such that XL = Z (resp., apz and ~Z).

The complete model-theoretic interpretation of I'; in figure 2, is therefore the
set of models of preferred extensions. In this case, specificity can’t disambiguate

the hierarchy, and both extensions are preferred. The propositional theories w.r.t.
platypus are '

pla?;pus A (pla,?;pus D furry/a;ﬁmal) A (furry/é;limal D maTn\mal)
A (mammal D milk-producer) A  (platypusD egg-layer)

entailing the conclusions

pla?y\pus furry/za\nimal mammal milk-p/rsducer eggjzyer

14



and
pla?;pus A (pla?;pus:)furryaimal) A (pIaTy\pus:)egngyer)
A (eggfl\ayer:) Nma;x-l\mal)
which entails
platypus furry animal ~mammal eggj;yer

The preferential semantics allows the conclusion that platypus is-a z if z is entailed
by the models of either of these theories, so playtpus is-a

platypus furry animal mammal milk-producer egg-layer

and platypus is-not-a mammal. The hierarchy is unambiguous w.r.t. its other nodes.
The conclusions w.r.t. furry animal are furry animal, mammal, and milk-producer,

. T, .
since X{urry animal 15

furry/;nimal A (furry/ajlimalj)ma;;mal) A (maﬁ?mal:)mﬂk-};'gducer)
Xtz

mammal A (mammalD milk-producer)

— —

Iy

. . — L r, L —
which entails mammal and milk-producer, and X, 2, o oducer 18 milk-producer. X2, 1.,

is
eggjzyer A (eggflsyerD ~ma71-1\mal)
entailing furry animal and ~mammal.

In contrast, specificity does provide a preference over the credulous extensions
of the hierarchy in figure 3 w.r.t. blue whale and whale. The interpretation of I's
w.r.t. blue whale is therefore the interpretation of the single preferred extension,

X123 pate, from figure 6:
blué whale A /(Elue/;hale D lﬁe) A (whale > mammal)
A (whale D aquatic creature)
This entails the conclusions (w.r.t. blue whale)
blue whale whale mammal aquatig-greature

Similarly, specificity prefers the extension w.r.t. whale in which whales are aquatic,
with the corresponding propositional theory

whale A (wﬁle:)ma?x-l\mal) A (wﬁlejaquati?&‘eature)

and the hierarchy entails the inferences that a whale is-a whale, mammal, and
aquatic creature. The hierarchy is unambiguous w.r.t. mammals and aquatic crea-
tures, so there is only one credulous extension w.r.t. each of these:

mammal A (mammalD ~aquatic creature)
and a mammal is-a mammal, but is-not-a aquatic creature; and
aquatic creature

so an aquatic creature is-a aquatic creature.
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5 Computing Specificity

The preference criterion approach to ambiguity resolution is satisfying from a se-
mantic perspective, but it does not tell us much about how to derive the preferred
extensions of a hierarchy. In this section, we give a polynomial-time algorithm for
computing XL, the specificity extension of I w.r.t. a. T is a subhierarchy of T with
the inadmissible edges (w.r.t. a) removed. For example, the specificity extension
of the hierarchy in figure 3 w.r.t. blue whale is shown in figure 7. The following

algorithm always yields a unique specificity extension for a hierarchy w.r.t. a focus
node.

Compute—Specificity—Extension

Let I' be an inheritance hierarchy.
Sort the nodes of I' topologically

For each focus node a ; L will be the specificity
=7 ; extension of ' wr.t. a.
For each node z reachable from a in XL, in topological order
; from a to ...

For each edge v - (=) z € Egr, in reverse topological order
; check if v - (=) z is admissible in T
Let I* = T — {q | qis a preemptor of v - (=) zin XL }
If I'* no longer contains a positive path from a to v,
then remove the edge v - (=) z from X
For each remaining positive edge p - =
; check if p - z is redundant in T
If XL contains apathp - ¢ « - - g - z(n > 1)
such that there is no negative path through
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admissible edges from a to any of ¢;, z, in £L
then mark the edge p - ¢ as redundant

Not all of the ambiguities in an inheritance hierarchy are susceptible to speci-
ficity. For example, “diamond” ambiguities such as the “platypus diamond” of
figure 2 cannot be resolved using any preemption technique. For this reason, &T
may still contain ambiguities, and may yield several credulous extensions w.r.t. a.
However, the ambiguities that can be resolved by specificity have been, and the
credulous extensions of £ w.r.t. a are the interpretations of I' (w.r.t. a) that are
consistent with the specificity criterion. Theorem 3 says that any inference in LT
or its extensions is admissible. This means that computing admissible inferences in
YL simply requires verifying that there is some supporting path.

Theorem 3 Let T be an inheritance hierarchy, with a,z € Vi, and let LT be the
specificity extension of I' w.r.t. a. Then the following are equivalent:

1. ZU > a—z (resp., afoz).
2. z 1is positively a-reachable in LU (resp., negatively a-reachable).

9. There is an eztension XZs of £L w.r.t. a, such that XZs [>a—z (resp., a-bz).

The next theorem is a “proof of correctness” for the Compute-Specificity-Extension
algorithm. It says that the inferences supported by the specificity extension (w.r.t. a)
are precisely the admissible inferences in T w.r.t. a. Since both Compute-Specificity-
Extension and path-finding are polynomial, we can use them to determine whether
an inference is supported in an inheritance hierarchy in polynomial time.

Theorem 4 Let T' be an inheritance hierarchy, with a,z € Vr, and let L be the
specificity extension of ' w.r.t. a. Then T'[>a—z iff z is positively a-reachable in
S (resp., a/>z and negatively a-reachable).

For example, T}} . wpae has paths from blue whale to whale, mammal, and
aquatic creature. These are precisely the desired inferences w.r.t. blue whale.

6 Reason Maintenance and Inheritance

In this section, we define a reason maintenance system for inheritance hierarchies.
A reason maintenance system is a construct that keeps track of the assumptions
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or justifications supporting a particular conclusion; several systems of this type
appear in the literature [5, 6, 19, 20, 22]. In the case of inheritance hierarchies,
the reason maintenance system keeps track of the multiple credulous extensions of
a hierarchy (w.r.t. each node), using a set of propositional labels for the nodes of
that hierarchy. This function mimics the behavior of de Kleer’s assumption-based
truth maintenance system (ATMS) [5]; when we introduced the labeling scheme
in [26], we called it the ATMS-labeling of the hierarchy. Like de Kleer’s ATMS, our

reason maintenance labeling keeps track of contingent conclusions—what follows if
we make a certain assumption.

6.1 The Labels

For each pair of nodes, a and z, in Vi we define two labels: [z]f, the conditions
under which @ is an z, and [Z]E, the conditions under which a is not an z. The

rules for labeling a hierarchy mimic the construction of paths by concatenating the
edges of the hierarchy.

Consider an inheritance hierarchy I' w.r.t. focus node a. Reasoning about

whether « is an z, for some particular z € Vi, proceeds as follows:

Let Cposp(z) be the “positive children” of z in I'—the nodes p; € Vr with
positive edges p - £ € Er—and let Cnegr(z) be the “negative children” of z in ['—
n € Vr | n--z € Er. Suppose that, for all p € Cposp(z), a is not a p; i.e., [ [ba—p.
Then T [f a—=z, because there is no support for z. So

~

~[Cposp(z)]. D ~Z

[, [=].

Here, we've introduced a notational shorthand: [Cposr(z)]L really means (Vpecposa(z) [P]5);

where an empty disjunction is to be read as L.

On the other hand, if a might be a p, for some p € Cposp(z), but T {f a—n,
for all of z’s negative children n, then @ might also be an z: z’s positive children

provide it with a supporting argument, and there are no explicit counterarguments.
That yields

[Crosr(2)]E A (~[Cregr(2)]e) D [=]%

Finally, it could be that at least one of Cposp(z) is true, but at least one of
Cnegr(z) is also true. In this case, z is genuinely ambiguous: it has some sup-
port, but there is also a counterargument. There is no constraint corresponding
to this third condition: if z is ambiguous, its value is unconstrained. When this
situation arises, £ becomes a choice-point, and we introduce Z—the free variable
corresponding to the node z—into the labeling scheme.
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Figure 8: The labeling of I'; w.r.t. platypus.

For example, the labeling of the “platypus diamond” of figure 2 w.r.t. platypus
is shown in figure 8. In this hierarchy, [mammal]™ platypus = mammal. Although this
label says very little—platypi are mammals in those extensions in which they are
mammals—the propagation of labels yields [milk- producer]]platypus = mammal—
platypi are also milk-producers in precisely those extensions in which they are
mammals. This is exactly the sort of contingent reasoning that we would expect
our interpretation of inheritance hierarchies to capture.

The conjunction of these constraints gives us the following biconditional:
[zl.=([Cposc ()], A (~[Cregr(2)]a)) V ([Cposc(2)I; A [Cregr(2)], A 2)

In addition, we have [a]f = [T]—a is always an a—and Vz, if z # a is a leaf of the
hierarchy, [z]} = [L]—trivially, T’ [¢ a—z.

There is a similar labeling scheme for [Z]%, the conditions under which I' > a-Az:
1. [@]} = [L]: a is never a non-a.

2. If 2 # a is a leaf of T, [Z]% = [L]: since = cannot be a-reachable, I [¢ afrz.

3. For a generic node, z,
[Zl.=((~[Cposc(2)1%) A [Cregr(2)]) V (ICposp(2)] A [Cregr(2)] A ~2)

Theorem 5 demonstrates that these labels do keep track of all of the credulous

extensions of a hierarchy at once. In the following sections, we present several useful
corollaries of this theorem.

Theorem 5 Let I be an inheritance hierarchy, with a,z € Vr. Then there are map-
pings between the set of credulous extensions of I w.r.t. a, and the truth-assignments
to the labels of T w.r.t. a, such that the truth-assignment assigns [zt = [T] iff the
corresponding extension supports a—z (resp., [Z]L and apz).
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The mapping from extensions of I' w.r.t. a to truth-assignments assigns a variable z
true iff a is-a = in the extension; the inverse mapping creates an extension containing
those edges s-t € Er for which [s]} = [t] = [T], and s-—t € Er whenever [s]} = [T]
and [£]L = [L]. A proof of the legitimacy of these mappings, and of theorem 5, may
be found in appendix A.

6.2 Labels and Specificity

Theorem 5 demonstrates that the valuations of z’s labels w.r.t. a correspond to

the extensions in which a is-(not-)a z. It follows immediately that the labels are
computing reachability:

Corollary 5.1 Let I' be an inheritance hierarchy, with a,z € Vp. Then [z] is sat-
isfiable iff = is positively a-reachable in T'. (resp., [Z]} and negatively a-reachable).

Of course, reachability is not really what we are interested in. I' supports an
inference if its conclusion is reachable by an admissible path, not just any path. That
is, the labels are not taking into account specificity—the preemption of an argument

by a more specific counterargument. In this section we discuss the integration of
specificity with this labeling scheme.

There are two ways that we can take specificity into account. Perhaps the most
obvious is to integrate preemption into the labeling scheme itself, and to condition
the acceptance of a node on its non-preempted children. Unfortunately, even for a
relatively simple preemption scheme such as the one described in section 3.2, these
labels are quite complicated. For example, the “specificity label” for a—z is

- 1
Vo | plA~ A\ Vo [k
p€ECposp(z) {k|a-a¥---sk-p is admissible} {i|s¥-~z€EQ}
A~V Irlia~ A Vo Ish
n€Cnegr(z) {kla-s¥---skn is admissible} {i|s} z€Ep}
Voo pleA~ A Vo s
V pECposr(x) {kla-s%..-sk-p is admissible} {i|sk-~z€Ep}
ANV IRlEA~ A VoL | A ()
i n€Cnegr(z) {kla-sk...sk-n is admissible} {i|s¥-z€Ep} |

For more complex preemption schemes, such as that described in section 8, the
labels become still more complicated.
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But we do not have to resort to embedding specificity in the labeling scheme.
The specificity extension of a hierarchy provides us with precisely the information we
need—a subhierarchy with the inadmissible edges removed—and simple reachability

in the specificity extension is equivalent to reachability by an admissible path in the
complete hierarchy:

Corollary 5.2 Let T’ be an inheritance hierarchy, with a,z € Vr, and let ZL be
the specificity extension of I’ w.r.t. a. Then [[m]]f‘g is satisfiable iff T' > a—z (resp.,
[[i]]f’g and afrz).

Thus, instead of using the more complex “specificity labels” on the full hierarchy,

we can compute the specificity extension of the hierarchy and use the simpler labels
defined in section 6.1, above.

6.3 Using the Labels

We can use this labeling for incremental update of the hierarchy. Consider, for
example, the hierarchy of figure 2. If we later discover that platypi are mam-
mals, the labeling automatically tells us that they are milk-producers as well (since
|Im1'1k-producer]]I;fmypus = [mammal], and now mammal = T. In fact, we can incor-
porate all sorts of ambiguity resolving information—from domain-specific knowledge
to updated beliefs—into this labeling simply by adding further constraints.

The complexity of this extended labeling algorithm, including further constraints,
is unknown. Since it is a special case of boolean satisfiability, the problem may be
NP-hard. However, for the limited case of determining that a label is falsifiable—
i.e., that there is some credulous extension in which the corresponding inference
does not hold—there is a polynomial algorithm. In the next section, we exploit

corollary 5.3 to solve the problem of skeptical inheritance: computing what must be
true.

Corollary 5.3 Let T be an inheritance hierarchy, with a,z € Vr, and let L be the
specificity extension of I w.r.t. a. Then [z]} is valid (tautological) iff a—z holds in

every credulous extension of T, and [[z]]fg s valid iff a—z holds in every preferred
credulous extension of T (resp., [Z]- and negatively a-reachable).

7 Skeptical Inheritance

Up to this point, we have been discussing credulous inheritance—reasoning in which
a conclusion that holds in some plausible (preferred) extension is acceptable. In this
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Figure 9: Applying ambiguity blocking inheritance to I's w.r.t. a yields Bs.

section, we discuss skeptical inheritance: computing those inferences that hold in
all plausible interpretations. These conclusions are the necessary consequences of

the hierarchy—what the reasoner must believe, no matter which possible world-state
actually exists.

Formally, ideally skeptical inheritance supports exactly those conclusions true in
every (preferred) credulous extension. The labeling scheme of section 6 provides an
elegant language for expressing these two types of inheritance: credulous inheritance
permits a conclusion a—z iff [z]L is satisfiable; ideally skeptical inheritance permits
a—z exactly when [z]L is valid (resp., a4z and [Z]%). If we wish to consider only
preferred extensions, we can simply substitute I[m]]flf: (resp., [[E]]EE) here. Happily,
Kautz and Selman [16] provide a polynomial-time algorithm for determining the
validity of the label of a node. '

In the next sections, we present two previous path-based approaches to skeptical
inheritance, ambiguity blocking and ambiguity propagating inheritance. We demon-
strate that these approaches are not ideally skeptical, but only approximate the
always-true conclusions of a hierarchy. The failure of path-based approaches to be
both sound and complete for ideally skeptical inheritance indicates the importance

of reasoning about conclusions, or inferences, rather than about their supporting
paths, or arguments.

7.1 Ambiguity Blocking Inheritance

The first attempt at skeptical inheritance is due to Horty, et al. [14];® Haugh [12]
gives an equivalent circumscriptive definition. They argue that an ambiguous line

8According to Horty (personal communication), a “skeptical” approach to inheritance is one
which offers a unique, unambiguous set of conclusions for any inheritance hierarchy. This differs
with our intuition that “skeptical” means “unwilling to believe uncertain conclusions.” In Horty’s
view, computing the intersection of the credulous extensions is only one way to reason “skeptically.”
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of reasoning should not be allowed to interfere with other potential conclusions.
Because this approach discontinues a line of reasoning as soon as an ambiguity has
been reached, Haugh calls it ambiguity blocking inheritance. Although Horty, et
al., and Haugh describe a specific theory—including, e.g., a particular specificity
criterion—ambiguity blocking inheritance defines a general approach:

Starting from the focus node a, if a node z is truly ambiguous w.r.t. ¢ in T,°
eliminate all edges into and out of . When the entire hierarchy has been
scanned, the remaining edges form a new network, B, which is unambiguous
w.r.t. a. This is the ambiguity blocking skeptical extension of I'; ambiguity
blocking inheritance concludes that a network I’ admits a—z exactly when
Bib>a-sy - s,-z (resp.,attz and a5y - - - 8, - 1x).

While ambiguity blocking inheritance seems reasonable, it results in some anoma-
lous conclusions. Consider, for example, figure 9. Ambiguity blocking inheritance
on I' with focus node a determines that e is ambiguous w.r.t. a, so it eliminates all
edges to and from e. In particular, it eliminates the edge e- f, ma.klng f unambigu-
ous w.r.t. a: BIs >a—f. This is certainly one possibility. But it is also possible
that a—e; and if a—ve, it is ambiguous whether a— f—that is, @ might not be an f.
[t is certainly not safe to assume from the ambiguity at e that the path a-6-d- f
is always true. But this is precisely what ambiguity blocking inheritance does.*®

A more severe anomaly follows from this first. Ambiguity blocking inheritance
computes a kind of “parity” on the number of ambiguities in a path. According to
ambiguity blocking inheritance, the network in figure 10 is skeptical as to whether a
is-a e or an ¢, but allows the conclusions that a is-a ¢ and a j. Similarly, this net is

°A node z is truly ambiguous in T w.r.t. a if T[> a—z and T > afoz.

0Horty, et al. originally pointed out this difference between ambiguity blocking inheritance and
ideally skeptical inheritance in [14] and [31).
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Figure 11: TITs,

skeptical about whether b or f is-a 7, but allows the paths from a and d to 5. More
than the first anomaly, this result calls into question the intuitiveness of ambiguity
blocking inheritance. In any case, ambiguity blocking inheritance is promiscuous:
there are inferences a—z such that BT b a—x, but [z]! is falsifiable.

7.2 Ambiguity Propagating Inheritance

Unlike ambiguity blocking inheritance, ambiguity propagating inheritance allows am-
biguous lines of reasoning to proceed. An argument thus cannot be certain unless
there are no counterarguments; in contrast, ambiguity blocking inheritance con-
siders only unambiguous counterarguments. Like ambiguity blocking inheritance,
ambiguity propagation defines a family of algorithms. Haugh [12] gives a circum-
scriptive definition; in [27], we describe an O(Er) algorithm.

Starting from the focus node a, if a node z is truly ambiguous w.r.t. @ in
T, rather than eliminating all edges to and from z, retain = but mark it as
ambiguous, and continue inheriting. Although paths to and from z will not
be in 11T, they can still act as counterarguments and prevent other nodes from
being unambiguous. IIL is the subgraph of I' with those edges z - (=)y € Ep
such that z and y are both unambiguous w.r.t. a.

For example, the cascading ambiguities of figures 9 and 10, which gave ambi-

guity blocking inheritance difficulty, present no problem for ambiguity propagating
inheritance. Figure 11 shows ITfe.

In fact, II' never supports extra paths. IIL computes the subhierarchy of I
containing exactly those edges of I' that are in every (preferred) credulous extension
of T w.r.t. a. However, there are some inferences a—z that are supported by every
credulous extension of I' w.r.t. a, but have different supporting arguments in different
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Figure 12: The intersection of credulous extensions is not a path-based notion.

extensions. In these circumstances, we need to reason about inferences rather than
paths.

7.3 Ideally Skeptical Inheritance

Consider the hierarchy in figure 12.' Every credulous extension w.r.t. seedless grape
vine supports the inference seedless grape vine —plant, so ideally skeptical inheri-
tance concludes that seedless grape vines are plants. Suppose, for example, that a
seedless grape vine is a fruit plant; then it is a plant. Suppose that it is not a fruit
plant; then it is unambiguously an arbor plant, and therefore a plant. In any state
of the world, no matter how we resolve the ambiguities of the taxonomy, a seedless
grape vine is a plant. This is reflected in the fact that [plant]L’ = [T).

seedless grape vine

If we wish to determine what is true in all possible worlds, we cannot avoid this
kind of reasoning. There are facts which are true in all credulous extensions, but
which have no justification in the intersection of those extensions. This is why we
cannot generate an “ideallly skeptical extension”—no particular set of edges of T
from seedless grape vine to plant is in every credulous extension, so no such path
can be in the “ideally skeptical extension.” Thus every path-based approach to
skeptical inheritance will always be either unsound or incomplete with respect to
ideally skeptical inheritance. We can only compute the always-true inferences by,
in effect, reasoning about all of the credulous extensions. Fortunately, in acyclic hi-
erarchies, such reasoning is tractable. By combining Kautz and Selman’s algorithm
for falsifying labels [16] with the polynomial-time computation of specificity in sec-
tion 5, we can compute the intersection of credulous extensions—ideally skeptical
inheritance—in polynomial time.

11Apparently, Matt Ginsberg independently proposed a hierarchy with similar properties, in
which Nixon is always politically motivated.
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8 Off-Path Inheritance

The inheritance theory as presented so far uses a specificity criterion called on-path

preemption. In this type of ambiguity-resolution, an edge is inadmissible if every -

non-redundant path leading to that edge contains a preempting intermediary. In this
section, we consider an alternate specificity criterion: that of off-path preemption.'?

Off-path preemption is described in a credulous version by Sandewall [24],!3, in
an ambiguity-blocking skeptical version by Horty, et al. [14], and in both ambiguity-
blocking and ambiguity-propagating versions by Haugh [12]. Here, an edge is inad-
missible if any edge contains a preempting intermediary. That is, off-path preemp-
tion replaces the universal quantifier—in the on-path definition of admissibility—
with an existential. The difference is reflected in the hierarchy of figure 13 In T,
the edge b- —e preempts the inference a—e—Dbarring botha-b-d-e,and a-c-d-e.
On-path preemption allows a—e, since a-c-d-e.

Previous comparisons between on- and off-path preemption have resorted to ar-
guments about the correct semantics of hierarchies with the topology of I's. These
arguments, based on the “intuitive” interpretation of I's with various names as-
signed to its nodes, are nothing more than ad hoc attempts at proof-by-example.
In this section, we present the same approaches to off-path preemption as we have
described for on-path, above. At the end of this section, we show that the princi-
ples brought out by couching the two types of inheritance in our framework can be

constructively compared, and give some opinions as to the relative merits of on- vs.
off-path preemption.

12The terms on- and off-path preemption were popularized by Touretzky, et al. [31].

13Sandewall’s notion of credulous extension, however, is closer to our notion of preferred credu-
lous extension.
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Path-Based Definition The off-path definition of admissibility is:

An edge v - (—)z is admissible in T w.r.t. a if no path a- sy -+ - s, - v, contains
a preempting intermediary.

In contrast, the on-path definition, in section 3.2, says that an edge is admissible
if some path does not contain a preempting intermediary—on-path preemption uses
an existential quantifier where off-path uses a universal. Because off-path preemp-
tion says that no path through v to  may contain a preemptor of v - (—=)z, this
definition does not need to explicitly exclude redundant paths. ‘

Model-Theoretic Semantics Here, we simply replace the definition of admis-
sibility in the model-theoretic semantics of section 4.2 with that of the preceding
paragraph. By replacing the definition of admissibility in both the path-based and
model-theoretic approaches to inheritance, we obtain a model-theoretic semantics—
complete with soundness and completeness proofs—for off-path inheritance. In gen-
eral, it should be possible to obtain these results using a preemption strategy cor-
responding to any upwards theory of inheritance.!4

Computing Specificity The algorithm for computing the specificity extension
of a hierarchy w.r.t. a focus node can be adapted for off-path preemption:
Compute—Off-Path—Specificity—Extension

Let T be an inheritance hierarchy.
Sort the nodes of I' topologically

For each focus node a : QL will be the specificity
Ql =T ; extension of I' w.r.t. a.
For each node z reachable from @ in QL, in topological order
; from a to ...

For each edge v - (=) z in ©2L, in reverse topological order
; check if v - (=) z is admissible
If there is some node w € Cposqr(z)
such that w is positively a-reachable in QF
and v is positively w-reachable in QL
then remove the edge v - (=) z from QL

Like BL, OF has removed the inadmissible edges of T w.r.t. a. Computing support

is reduced to verifying reachability, and the complete procedure runs in polynomial
time.

14Because the definition of credulous extension is upwards, the approach presented here does
not lend itself directly to the analysis of downwards inheritance theories.
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Labeling Since QI eliminates the inadmissible edges of ' w.r.t. a, we can use the
simple labels of section 6.1 to calculate contingent conclusions and ideally skeptical
inheritance, in much the same way as we did for on-path preemption.

On- or Off-Path? By defining off-path preemption in this framework, we can
compare its underlying assumptions to those of on-path preemption, presented
above. By examining the differences in preference criteria, we see the principles
behind these two types of reasoning: let ¢y, ...,¢, be many types of ts, each differing
from the typical ¢ in specific ways. For example, ¢ might be birds, and the ¢; might
be flightless birds, tiny birds, songbirds, etc.. Each of these categories inherits most
of the default properties of birds, but overrides some particular default. Now, if some
particular bird inherits from several of these ¢;, what is the expected outcome?

On-path preemption says that a particular bird is typical for a particular default
if it is a member of any ¢; that is normal for that default—e.g., it flies as long as
it is tiny, or sings, or....—even if it is a member of the class that overrides that
default—i.e. even if it is a flightless bird. That is, on-path preemption inherits
default behavior whenever possible.

In contrast, off-path preemption overrides default behavior whenever possible. If
a bird can possibly be atypical—say, flightless—then it ¢s atypical for that property.
Since the reason for defining t4,...,%, as subtypes of ¢ is generally to enforce certain
distinctions between the ;s and typical ts, anything which is a ¢; should probably
be assumed to be at least as unusual as ¢;s. That is, off-path preemption’s strategy

of assuming maximal atypicality is probably a more appropriate description of our
intuitions.!®

9 Other Inheritance Theories

Previous attempts to compare existing inheritance theories have proceeded largely
on the basis of analysis of specific results on particular examples. Because existing
theories either translate inheritance hierarchies into distinct target logics, or bury
the ambiguity-resolving strategies (such as preemption) in complex path-based or
translation criteria, little if any principled analysis has been possible. Touretzky,
et al. [31] attempt to overcome this difficulty. They delimit a space of existing
and potential inheritance theories, identifying several dimensions along which these
theories vary. Nonetheless, this work still relies largely on examples rather than

151 was particularly surprised to reach this conclusion, myself. I’d been a long-standing opponent
of off-path preemption, but when I’d gotten the principles worked out, I have to admit that I found
myself convinced. I present this as anecdotal evidence that understanding the underlying principles
really does help sort out the “right” intuitions—LAS
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principles, and does not separate ambiguity-resolution from the space over which
the ambiguities arise.

A second attempt to unify and compare existing inheritance theories is due
to Haugh [12]. Haugh translates inheritance theories into circumscriptive meta-
theories. His theory is modular with respect to the preemption axioms used, and
indeed he presents preemption axioms for theories of credulous inheritance, skeptical
inheritance both as presented by Horty, et al. [14] and in a corresponding ambiguity-
propagating form, and various types of off-path preemption. However, he does not
distinguish a set of interpretations corresponding to these preemption axioms, mak-
ing it difficult to identify the intuitive principles to which his various axioms corre-
spond. Haugh’s confounding of meta-strategies for addressing ambiguity—credulous
versus skeptical reasoning—with particular ambiguity-resolving heuristics—on- ver-
sus off-path, etc.—is a further symptom of this failure to identify the underlying
space over which ambiguity quantifies.

The numerous preemption strategies in the literature result from differing in-
terpretations of the notion of “subclass,” or specificity. The underlying principle
is that more specific information should override more general. But there is little
agreement on a single definition of “more specific” at the level of the nodes and
edges of an inheritance hierarchy. In the body of this paper, we present on-path
preemption, which is conservative with respect to the acceptance of abnormality.

In section 8, we present off-path preemption, which provides a more promiscuous
approach to abnormality in inheritance.

The different treatments of ¢true ambiguity are reflected in the debate over skep-
tical inheritance. In section 7, we describe previous approaches to skeptical inheri-
tance, and demonstrate the shortcomings of path-based skeptical approaches.

By making various choices on the skeptical /credulous spectrum, and in on- vs.off-
path preemption, we can describe many of the existing theories of inheritance. For
example, Sandewall’s theory [24] is off-path and credulous; Horty, et al.’s [14] is off-
path and ambiguity-propagating. Touretzky’s original theory (29, 30] is a downwards
version of the on-path creduous theory presented in the body of this paper.

By couching other inheritance theories in the framework presented here, we
obtain not merely soundness and completeness results, but a more profound under-
standing of the underlying principles. This allows us to make comparisons based
not on ad hoc examples, but on intuitions that underly them.
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A Proofs of Theorems

The proofs of all theorems are given for the positive cases only (e.g., XL > a—z);
the proofs of the negative cases (e.g., XL [> a4z) are similar.

Many of the proofs of theorems in this section are inductive. The following two
definitions provide the basis for these inductive proofs.

Definition: A node z € Vr is a leaf of I' if  has no children in T, i.e., Cposp(y) =
Cregr(y) = 0.

Definition: The depth of a node z in a hierarchy I, §(z,T’), is defined recursively:

1. Ifzis aleaf of T, 6(z,T) = 0.

2. If z is not a leaf of T, §(z,I') = 1 + max({6(w,T") | w € Cposr(z) U
Cnegr(z)})

Theorem 1 Let ' be an inheritance hierarchy, with a,z € Vr. Let X! be a cred-

ulous extension of T w.r.t. a, and let )/(\1; be the propositional theory corresponding
to XL. The following are equivalent:

1. XL b a—z (resp., apoz).
2. z is positively a-reachable in XT (resp., negatively a-reachable).
3. XL\ % (resp., ~5).
4. 5(\1; =2 (resp., ~Z).
Proof:

1 < 2: By definition, a hierarchy XL |>a—z iff z is positively a-reachable in XT
by an admissible path; but since a credulous extension is unambiguous, every
path is admissible.

2 & 3: =: Assume that z is positively a-reachable in XL, ie. (I s;---5,) a - s1-
++Sp + T € Exr. Then
a A /\ (g,' D) 3,'.*.1) A (gn D) ff) (1)
1<i<n~1
is a sub-theory of XF since a theory validates any subtheory, XF F (1)
and its components. So XF Fa; XF F @ > 5, therefore X F 3,; similarly
XF F 51 D3, so X F 35; ete. So XF Fz.
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<=: Assume z is not positively a-reachable in XL, but 5-(? F Z. Since )’(f Fz,
XEU{NE} F L. In particular, )/(-EU{NE} F ~@; and by the deduction the-
orem, S(-E F ~Z D ~a. Since if is a conjunction of clauses of the form
D1 (and the singleton @), S-(E F ~Z D ~d means that either Z = @ or
there is some conjunct ~Z D 3; (or {1 Dz, where t; = ~3%1)in ﬁ such that
5(-5 F 81 D ~a. By a similar argument, we can show that either 5; = @ or
there is some 53 such that 57 D 3 is in 5-(3 and 5(-? F S D ~a, etc., so that
there must be a chain of conjuncts £ D 5,81 D 52, ...,8n-1 D 8y, 8n D ~a in
5(-?. But these are just @ Dfn,{n Din_1,...,t2 Di1,{1 D Z, and since every
conjunct of ﬁ corresponds to an edge of Exr, this implies a sequence of
edges a -1, - - - t,, - t—making = a-reachable in XI; contradiction.

3 & 4: This follows from the soundness and completeness of propositional logic: a

formula is derivable from a propositional theory iff every model of that theory
entails that formula.

The following lemma is used in the proof of several theorems, below. It says
that any unambiguous a-connected subhierarchy of I' can be extended to make it
maximal—i.e., a credulous extension of I' w.r.t. a.

Lemma 1 Let ' be an inheritance hierarchy, and let {v;-z;} be an unambiguous a-
connected subhierarchy of I'. with a-sy-+-s,-x € Er. Then there is an extension (of T
w.r.t. a) X§ = Extend ({v;- (=)z;},T) containing {v;-(-)z;} (i.e. {vi-(=)z:} € Exr)
Further, if {v; - (=)z;} are all admissible in T w.r.t. a, then there is a preferred
extension of T w.r.t. a containing {v; - z;}.

Proof: Construct XI = Eztend({v; - z;},T') as follows:
1. Let {v; - (=)z:} € Exr.
2. For each node z, in topological order, add the edge v - (—)z € Er to Exr if

(a) v is positively a-reachable in Extend({v; - z:},T) (as constructed so far),

(b) v-(—)z is admissible in " w.r.t. a, and

(c) adding v - (=)z won’t make Ertend({v;- z;},T') (as constructed so far)
ambiguous.

By construction, Xt = Extend({v; - (=)z;},T) is a credulous extension of T' w.r.t.
a: it is unambiguous and a-connected, and any edge that could be added without
contradicting one of these two properties has been.
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Further, if every edge in {v; - (—)z;} is admissible in ' w.r.t. a, we claim that
X = Extend({v; - z;},T) is a preferred credulous extension of ' w.r.t. a.

Let YL # XT be a credulous extension of I' w.r.t. a. Assume by way of contra-
diction that YL < XI. Then there are some nodes s,¢ € Vxr such that

1. XL and Y! agree on all edges whose endpoints topologically precede ¢ in any
topological order,

2. s-(~)t is inadmissible in " w.r.t. a,
3. XUba sy sm-8- (), (m>0), and
4, Y b a sy spm-s- ()t

If s- (=)t is inadmissible in I w.r.t. a, then either

1. s-(—)tisin {v; - (—)z;}. But then it must be admissible, since {v; - (—)z;} is
admissible in T'; or

2. it was added during the construction. But then it is admissible in T' w.r.t. a,
by condition 2b.

So XL does not contain an inadmissible edge, and it is is therefore a preferred
extension of I' w.r.t. a.

The following lemma says that a non-redundant unsupported path is not in any
preferred credulous extension.

Lemma 2 Let T’ be an inheritance hierarchy, and let a- sy - - - 8, - ()x € Er, with
none of a-sy--- s, redundant in T w.rt. a. IfT P a-s1- s, (—)z, then no preferred
extension of I' w.r.t. a—X. € Pref(T, a)—supports a-s; -+ s, - (7)z.

Proof: The proof proceeds by induction on n:

Base Case: f n = 0, Tpa-z: a-z is trivially admissible in ' w.r.t. a, since

it contains no intermediate nodes to preempt it. Therefore, the theorem is
trivially true for n = 0.

Induction Hypothesis: Assume that whenever I' b a-s,---s, -z, n < k, no preferred
extension of I' w.r.t. a supports a - sy--- s, - z.
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Induction Step: Let a-s;---s, -z € Ep, with none of a - s; - - - s; redundant in
I wrt.a;let Tpa-s;---sp-z,andleta-s;- s, 2z € Exr. If any of
a-s1-+- S is inadmissiblein " w.r.t. a, then I' }6 a-s;- sk, and by the induction
hypothesis, XL & Pref(T, a). But ifall of a- s; - - - s; are admissible in T, then
some intermediate node a, sy, ..., Sk—; must be a preemptor of si - z. Call it

s;. Then there is an edge s; - =z € Er. Let Y = Eztend(X%|, U {s; - ~2},T),
where XL}, is

{si- (=)t | si+ (—)ti € Exr and t; precedes z in some topological sort of I'}

Then Y is a credulous extension of T w.r.t. a (by lemma 1, since XL|,U{s;-—z}
is an unambiguous subhierarchy of I' w.r.t. a). Further, YT < XT:

1. XTI and YT agree on all edges whose endpoints topologically precede z in
any topological order,

2. sk -z is inadmissible in T" w.r.t. a,
3. XP'b>a-s;---s- 2, and

4. Y a sy 55 2.
So XL & Pref(T, a).

Theorem 2 Let T' be an inheritance hierarchy, with a,z € Vr, and let Pref(T, a)be
the set of preferred extensions of ' w.r.t. a. Then I'[>a—z iff there is some pre-

ferred extension Xt € Pref(T, a) such that )/(T; = Z (resp., afpz and ~Z).
Proof:

=: This follows directly from lemma 1 and theorem 1, conditions 1 and 4.

<: Assume that ' [ a—z, i.e. that there is no admissible path from a to = in T.
We demonstrate that z is not positively a-reachable in any preferred credulous
extension XL of T w.r.t. a; by By theorem 1, conditions 2 and 4, this means
that there is no preferred credulous extension of I' w.r.t. a for which X! = Z.

1. Assume that there is no path from a to z in I'. Then there is no path

from a to z in any credulous extension of I' w.r.t. a (since every credulous
extension is a subhierarchy).

2. Assume that z is a-reachable in T'; but not by an admissible path. Let
a-Sy-++Sn - be an inadmissible path in I w.r.t. a; i.e., either some edge of
a-Sy--- Sy is redundant in I w.r.t. a, or some edge of the path as a whole
is inadmissible. Let X! be a credulous extension of I'w.r.t. a, and let
a-s1---8n°x € Exr. Assume by way of contradiction that X € Pref(T, a).
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If no edge of a- sy - - - s, is redundant, then XL & Pref(T, a), by lemma 2.
So some edge must be redundant; call it s;-s;4+1. Then there is a sequence

of edges s;-qy - qm- Siy1 € Er, (m > 0), such that T {§ abq;, (1 < j < n).
Now either

(a) si-q1-" - qm - si41 € Exr. Then by lemma 2, XT & Pref(T, a); or
(b) si*q1***qm-sit1 & Exr. Then ¢; must be negatively a-reachable in XL,
for some j—or we could add this path without making Xt ambiguous,

so it is not maximal and therefore not a credulous extension. But

I'}f afq;. Here, we argue inductively that because g; is negatively
a-reachable in XL, XU & Pref(T, a).

Theorem 3 Let T be an inheritance hierarchy, with a,z € Vr, and let £L be the
specificity extenston of I w.r.t. a. Then the following are equivalent:

1. 5P b a—z (resp., aprz).

wo

z is positively a-reachable in £L (resp., negatively a-reachable).

3. There is an extension ng of £L w.r.t. a, such that XGEE > a—z (resp., apz).

Proof:

1 & 2: =: If ET > a—z, then z is positively a-reachable in ©f by an admissible
path, so z is certainly positively a-reachable in Z.

«: Let Lf [f a—z. Then every non-redundant path a-s, - s, v-z € Egr
contains a preemptor of v - z. But if v -2 € Egr, v is positively a-
reachable by a non-redundant path containing no preemptors of v - & (or
v -z would have been removed from £0); so v- r ¢ Esr. Since our choice

of v was arbitrary, the argument holds for anv v; and z is not positively
a-reachable in Tat all.

2 & 3: =: If z is positively a-reachable in £T, then there is some sequence of edges

a-81 -5, 2 € Exr. By Lemma 1, there is an extension of xr, ng,
such that ng contains @ - 8 - - - 8, - z; by Theorem 1, this means that
X% > aoaz.

=X ng b> a—z means that there is a path a-s;---3s, -z € Ex,:g. But
Exfg C Egp,s0a-s1-- s,z € Egr, and z is positively a-reachable in
L,

a
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Theorem 4 Let T be an inheritance hierarchy, with a,z € Vr, and let T8 be th-
specificity extension of ' w.r.t. a. Then I' > a—z iff z is positively a-reachable in
©L (resp., apz and negatively a-reachable).

Proof: The proof proceeds by induction on é§(z,I'):

Base Cases: If z is a leaf of I, then either £ = a—and I' > a—a and a is positively

a-reachable in L' —or z # a—and I' 6 z—a, nor is z positively a-reachable in
s
—Ja .

Induction Hypothesis: Assume that. for all nodes z € Vr with 6(z.I') < 2. ' > a—z
iff z is positively a-reachable in L.

Induction Step: Let y € Vp. §(y,. 1) = n.

=: Let I' > a—y. Then there is some non-redundant sequence of admissible
edges a-sy-+- s, -y € Er containing no preemptors of s, -y. In particuiar,
a.si,.... sy are positively a-reachable in ' by a sequence of non-redundant.
admissible edges—I" > a—a, s1, ..., sn. Further, §(a,I') < §(sy,T) < ... <
6(sn,I') < é(y,T') = n. so by the induction hypothesis, a.si,...,s, are
positively a-reachable in L. Then if we remove the preemptors of s, -y
from £, “he path a - s; - - - s, - y will remain: it contains no redundant
edges, so we do not delete the edge s, - y from EL, and y is positively
a-reachable in L.

<: Let ' a—y. Then every non-redundant sequence of admissible edges
a-sy+-Sq-y € Lp contains a preemptors of s, - y.

1. Assume that y is not positively a-reachable in I'. Then certainly, y
is not positively a-reachable in .

2. Assume that y is positivelv a-reachable in I'. but for everv positive
child p of y, [} a—p. Then by the induction hypothesis. since
§(p.TY < é(y,T) = n. p is not positively a-reachable in L!: so v is
not positively a-reachable in El;.

3. Assume that there is some node » € Cposriy) sucn that [ >a—p.

Then by the induction hypothesis, p is positively a-reachabie in Lt —

sav, by a-s) -+ s, p. with all of these edges admissible and none of

them, except possibly s, - p redundant in I' w.r.t. a (there must be
some such admissible non-redundant path, or s, - p would have been

pruned from L), Also. if s, - p is redundant in ' w.r.t. a. then p-y

is pruned from ¥, and p & Cposcr(y); either there is some other

P’ € Cposp(y) U Cposcr(y)—w.lLo.g. " we consider this p' instead—or

there is not, and we revert to one of the previous cases.
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We claim that one of a, 54, ..., 8, is a preemptor of p-y in . Assume
by way of contradiction that none of a, sy, ..., s, € Cnegr(y). Then
y is positively a-reachable in XL by a non-redundant (in ' w.r.t. a)
sequence of admissible (in I" w.r.t. a) edges containing no preemptors
(in T') of the final edge. But then I' > a—y; contradiction. So one
of a, $1,...,5, 1s a preemptor of p-y in I'; and when the preemptors
of p - y are removed from T, p is not positively a-reachable by a
non-redundant (in Xf w.r.t. a) path in XT, so p-y is pruned. By the
same argument, every edge p; - y € Er is pruned from X[, and y is
not positively a-reachable in ZI.

The next lemma says that if « is (positively or negatively) a-reachable, then

[2)e=(~1=]2)-

Lemma 3 Let ' be an inheritance hierarchy, with a,z € Vr. Let L(T',a) be the
ATMS labeling of T w.r.t. a, with [z]L, [Z]L € L(T, a). Then

1. =15 = (~[210) A ([Cposp(2)I5 V [Cregr(2)]T)
2. [z] = (~[2]%) A (ICposp(2)]G V [Cregr(2)]5).-
Proof:
L ICposr ()] | [Cregr(=)], | 2 | [zl || (~[2]%) A (ICposc(2)], V [Cregr(z)].) |

1 1 | L L
1 1 T L 1
L T ] L 1
1 T T L 4
T L L T T
T 1 T T T
T T ) T T
T T TI L 1L
Similarly,

LICposc(e)]e | [Cregr(z)]a | 2 [ [, [| (~[=]0) A ([Cposr(z)]. V [Cregr()].) |

K e L

||| =] | -
o I e il L

||| A ||+
| == = A A - e
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Theorem 5 Let T be an inheritance hierarchy, with a,z € Vp. Then there are map-
pings between the set of credulous extensions of I' w.r.t. a, and the truth-assignments
to the labels of T w.r.t. a, such that the truth-assignment assigns [z]5 = [T] iff the
corresponding extension supports a—zx (resp., [T} and apz).

Proof:
Let T be the set of all possible truth-assignments to the variable corresponding
to the nodes of Vr. If T € T is a truth-assignment to the variables corresponding

to Vr, and [z]L is a propositional formula over these variables, then 7 ([z]L) is the
truth-value assigned to the formula [z]t under 7 in the traditional sense.

Let {X'} be the set of credulous extensions of T' w.r.t. a.
Define p : T — {XL} as

Eqry = {s-teEp|T([sID) = T([t]Y) = [T}
U{s- -t € Er | T([s]%) = [T] and T([%) = [T]}
V¢(T) = {t | S - (—l)t € Brort- (—|)v € Er}

We claim that ¢(7) is a credulous extension of I' w.r.t. a.

1. Certainly, ¢(7) is a subhierarchy of I

2. (T) is unambiguous: by lemma 3, [t]E A [7]} is unsatisfiable:

LA = [0A (1) A ([Cpose ()] V [Cregr(D)]))
= ([tIe A (~It10)) A (ICpost ()] V [Cregr(t)]5)
= LA ([Cposp(t)]5 V [Cregr(t)]5)
= 1

So it is not the case that s, -t and s, - -t are both in Ey,(7), for any sy, s, 1.

3. ¢(7) is maximal: Assume by way of contradiction that there is some edge
s+ (=)t € Er — Ey1y, and (Vy(1), Ey(ry U {s - (—)t}) is unambiguous and a-
connected. Then either 7 ([s]%) # [T}, or T ([t]%) (resp., T ([E]L))# [T

T ([s]%) # T: Then s is not positively a-reachable in (7 '), and adding s- (=)t
would not preserve a-connectedness.

T([tIE) (resp., T([ZIL))# T: But T([t]%) is either [T] or [L]—7T assigns a
truth-value to every variable corresponding to a node in Vr, and {t]T is
a propositional formula over these variables. So 7 ([t]}) = [L]. But
T([th) = (T([Cposp()IZ) A (~T ([Cregr(t)]5)))
V(T (ICposr(1)]5) A T ([Cregr(t)]5) A T (%))
= T([Cposp(]Z) A ((~T ([Cregr(DID)) V T(E))
= [L]

40



In particular,

T([Cposp(t)]s) = [L]

This means that Vp € Cposp(t), T([p]}) = [L]. In particular, T([s]%) =
[L] # [T], and s is not positively a-reachable in ¢(7T), so adding s-t would
not preserve a-connectedness. By a similar argument, 7 ([f]L) # [T]
means that 7([Cnegr(¢)]L) = [L]; T([s]E) = [L] # [T]; s is not positively
a-reachable in ¢(7); and adding s-—¢ would not preserve a-connectedness.

Then 7 ([z]Y) = [T] iff z is positively a-reachable in (7 ), so by theorem 1,
T([eI5) = [T)iff (T) b az. |
Define ¢ : {XL} — T as

~ _ T, ifXUba—sz
7(@) = {_L, if XLt a—z

Then (»(XI)([]) = [T) iff X5 >a—z. The proof proceeds by induction on
6(z,T):

Base Cases: If z is a leaf of T', then either

Lz =e Then XC b a—a. Also, [alf = [T], 0 (¥(XD)([z]%) = (#(XD)([T]) =
ot ThenT e and ] = [1], s0 ($(XD))([=]5) = (H(XD))([L]) =
1.

Induction Hypothesis: Assume that, for all nodes z € Vr with §(z,T) < n, ((XE))([z]) =
[T]iff XE b a—z.

Induction Step: Let y € Vxr, §(y,X]) =n. Then

X[ = (¥ XF))([[CPOSF(t)]]F)/\( (B(XL))([Cnegr(t)]2)))
V(@ (XD)([Cposp(OIF) A (W(XD))([Cregr(t)]2) A (H(X0))(E))

Since Yw € Cposp(z)UCnegr(z), §(w,I’) < n, the induction hypothesis applies
and (»(XD)([w]Y) = [T] iff XE > a—w. Now, either

1. X' > a—y. Then y is positively a-reachable in XL, but not negatively
a-reachable: Ip € Cposp(y), XL B> a—p, but Vn € Cnegr(y), XL }p a—n.
Then 3p € Cposr(y), (¥(X5))([ple) = [T], but ¥n € Cnegr(y), ($(Xo))([]5) =
[L]); and ($(XE))(Iy]e) = [T]
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2. XUt a—y. Then y is not positively a-reachable in XL: either y is
negatively a-reachable, or y is not a-reachable at all. In either case,
Vp € Cposp(y), Xi b a—p, and so ($(X3))([pl;) = [L]. But then
(BXDN[IL) = [L] as well.

Corollary 5.1 Let ' be an inheritance hierarchy, with a,z € Vr. Then [z]Y is sat-
isfiable iff = is positively a-reachable in T. (resp., [Z]} and negatively a-reachable).

Proof: If [z]! is satisfiable, then there is a truth-assignment 7 to the variables
corresponding to the nodes of I' such that T([z]L) = [T]. (7) is a credulous
extension of I' w.r.t. a such that 7([y]}) = [T} iff o(T) > a—y; so p(T) b a—z.
By theorem 1, this means that z is positively a-reachable in ¢(7), and since ¢(7T)
is a subhierarchy of I', = is positively a-reachable in I' as well. Conversely, if z is
positively a-reachable in T, then by lemma 1, there is an extension XL of T' w.r.t.
a containing a positive path from a to z; by theorem 1, XL |> a—z; and %(XEL) is a
valuation of the variables corresponding to the nodes of T that assigns [z] = [T].

Corollary 5.2 Let T' be an inheritance hierarchy, with a,z € Vr, and let XL be‘
the specificity extension of ' w.r.t. a. Then [[x]]fl; is satisfiable iff T > a—zx (resp.,
=l

[z]5e and aprz).

Proof: By corollary 5.1, [[:v]]fl; is satisfiable iff z is positively a-reachable in Xt.
By theorem 4, z is positively a-reachable in XL iff T' > a—z.

Corollary 5.3 Let I' be an inheritance hierarchy, with a,z € Vr, and let EL be the
specificity extension of T w.r.t. a. Then [z]} is valid (tautological) iff a—z holds in

every credulous eztension of I', and [[m]]fl; is valid iff a—z holds in every preferred
credulous extension of T (resp., [Z]L and negatively a-reachable).

Proof: If [z]! is valid, then every truth-assignment to the variables corresponding
to the nodes of T satisfies [z]L. In particular, if XL is a credulous extension of T
w.r.t. a, then ¥(XE) satisfies [z]E—(XE)([z]E) = [T]. But by theorem 5, %(XL)
assigns Y(XL)([z]}) = [T] iff XL [> a—=z. Since the choice of XL was arbitrary, this
holds for every credulous extension of I' w.r.t. a, and every credulous extension of
I' w.r.t. a supports a—z.

Conversely, assume that [z]} is not valid. Then there is some truth-assignment
T that falsifies [z]5: 7([z]%) = [L]. Consider the credulous extension (7 ); by

theorem 5, (7 ) }f a—=z. So there is some credulous extension of I' w.r.t. a that
does not support a—z.
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