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Abstract

Various algebraic models have been used to implement symbolic procedures for solving
summations and recurrences. Surprisingly, one model that has received little attention
in the development of symbolic algorithms is generating functions. Generating function
methods for discrete mathematics provide an ad hoc collection of techniques for solving
summations and recurrences. In this work we consider their systematic application to
symbolic computation.

To demonstrate the feasibility and capabilities of generating functions as an alge-
braic model of computation, we develop and implement algorithms for manipulating
generating functions and the sequences that they encode. In particular, we concen-
trate on algorithms for solving summations and recurrences. Techniques are developed
to handle special functions and hybrid terms, which are terms involving two or more
factors. '

Given various classes of summations and recurrences we develop a theory to char-
acterize the form of their solution. This allows us to demonstrate the ability of our
algorithms to solve problems from these classes. This knowledge also assists us in de-
veloping algorithms that know where to look for a solution rather than doing an ad
hoc search for a solution.
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Chapter 1

Introduction

Computer algebra systems provide an interactive environment to assist in the symbolic
solution of many mathematical problems. Unlike most conventional programming lan-
guages, which produce results in numeric form, symbolic systems express answers using
variable and function names. Such systems benefit from some of the advantages com-
puters offer over hand calculations including increased computational speed, increased
accuracy, and elimination of tedious computations. As a result, the user can avoid
trivial algebra errors and get fast, reliable results.

MACSYMA, Maple, Mathematica, and Reduce are examples of currently available
computer algebra systems.! Maple, in particular, has the ability to solve equations,
perform integration and differentiation, find Taylor series for functions whose deriva-
tives are known or can be found, and solve some types of summations. Symbolic
algorithms for solving some of these problems are well developed. For example, as a
result of Risch’s method, the symbolic integration problem can be considered closed
[BRONSTEIN, RisCH, TRAGER]. In contrast, symbolic algorithms for summations and
recurrences are inadequate. They are limited in the problems that they can solve. In
particular, they do not handle well special functions or hybrid terms, which are terms
involving two or more factors.

Various algebraic models have been used to implement symbolic procedures for
discrete mathematics. Surprisingly, one model that has received little attention in the
development of symbolic algorithms is generating functions. Generating functions are
continuous functions which encode a sequence of values [WILF]. They allow us to
solve a wide variety of problems by manipulating a single continuous function rather
than a possibly infinite sequence of values. Among their applications are enumerations
in combinatorics, moment generating functions in probability, and summations and
recurrences in discrete mathemadtics.

Generating function methods for discrete mathematics provide an ad hoc collection
of techniques for solving summations and recurrences. Their typical applications are

'MACSYMA is a registered trademark of Symbolics, Inc. Maple is a registered trademark of the
University of Waterloo. Mathematica is a registered trademark of Wolfram Research, Inc. Reduce is a
registered trademark of Rand Corporation.



to sums involving polynomials and exponentials and linear recurrences with constant
coefficients. In this work we will consider their systematic application to symbolic
computation. We will develop and implement algorithms that manipulate generating
functions and the sequences that they encode. In particular, we will concentrate on
algorithms for solving summations and recurrences, especially those that involve special
functions and hybrid terms.

1.1. Background and Existing Work

Various algorithms have been implemented to evaluate summations and recurrences.
We will consider several types of sums and recurrences and the algorithms that can
solve them.

1.1.1. Summation

The indefinite summation problem involves finding a closed form solution, s,, to the

equation
n
Spn = Z A,
k=0

where af is a function of £ but independent of n. This problem is equivalent to solving
the difference equation

Sp ™ Sp—=1 = Up.

Three general, algorithmic procedures for solving indefinite summations have been
developed.

Karr’s algorithm considers the problem as a difference equation and uses field theory
to solve it [KARR]. From an initial field of constants, extension fields are built by the
addition of symbols that behave like difference equation solutions. Given a problem
and an extension field, the algorithm will determine when the sum is a function of the
symbols in the field.

Moenck’s method considers the summation problem for polynomial or rational func-
tion summands in a manner analogous to Risch’s method of integration [MOENCK]. The
sum is expressed as a function of a rational part and a transcendental part involving
polygamma functions. These special functions involve logarithmic derivatives of the
gamma, function.

Gosper’s procedure is based on hypergeometric functions and finds a solution if the
ratio s,/sn,—1 is rational [GOSPER 77, GOSPER 78]. The linear difference equation is
reduced by a change of variable to a system of linear equations. Their solution gives
coefficients for a polynomial that yields a closed form solution for s,. In some instances,
this closed form may contain expressions that require iterative methods for evaluation.

Each of these procedures have limitations as to the types of sums they can solve.
Karr’s is limited by the field extensions that have been made, Moenck’s by the form
of the summand, and Gosper’s by the type of the result. The run time complexity of
Karr’s algorithm increases with the number of field extensions. The iterative methods



used by Gosper’s procedure can in some instances require exponential time. In general,
none of these methods handle well summations involving special classes of functions.
One of these special classes of functions is the harmonic numbers,

-
k=1

Moenck’s procedure when appropriately modified can produce this result. Gosper’s
algorithm will not since H,/H,_1 is not a rational function. With the correct field
extensions, this sum as well as sums involving Hy in the summand can be handled
by Karr’s procedure. A similar situation exists for sums involving the higher order
harmonic numbers, H,S’”) =3 %_1 1/k™. Savio, Lamagna, and Liu have considered the
problem of symbolic expressions for summations involving harmonic numbers as an
extension to Moenck’s algorithm [SAvIO].

Another group of special sums of interest are those containing the upper summation
limit » in the summand. Such summations involve sequences defined as a function of
two parameters. One parameter is held constant while summation occurs over the other
parameter. Many sums involving binomial coefficients are good illustrations. Such
problems are known as definite summations since they can be evaluated for only special
values of the upper limit. For example, 3 7-¢ (2) cannot be evaluated for general m. Its
value is known only when the upper limit m > n or for certain specific values of m like
m = n/2. Hayden and Lamagna have developed a procedure based on hypergeometric
functions to evaluate definite summations involving binomial coefficients [HAYDEN 86].

Wilf has proposed a technique he calls the “Snake Qil” method for handling sums
involving multivariate sequences [WILF]. This is one of the few approaches to symbolic
summation that makes use of generating functions. Wilf uses generating functions to
encode free variables in the summand. These are variables that are independent of the
summation index or limit. The result is a sum involving generating functions. This
sum is evaluated and the resulting generating function expanded to find the solution
to the original sum. The generating function is not used to solve the sum, rather it is
used in an attempt to simplify the sum by removing free variables. This method has
particular application to sums involving binomial coefficients.

Fibonacci numbers and Stirling numbers are both special classes of functions that
play an important role in analyzing algorithms. General procedures for summations
involving these numbers do not exist. Hybrid sums, whose summands are products of
values from two or more sequences, are another type of special summation not generally
solvable by existing procedures.

Russell describes a method based on undetermined coefficients for solving hybrid
sums that involve sequences defined by homogeneous linear recurrences [RUSSELL 79].
He defines a standard solution for such sums and proves that if you can solve for the
constants in the solution, then you have found the solution to the sum.

] =



1.1.2. Recurrence Relations

A recurrence relation, also known as a difference equation, is a function expressed in
terms of itself at multiple values. With sufficient boundary conditions, it defines a
sequence of values. When the unknown function occurs only to the first power, the
equation is a linear recurrence relation. Recurrence relations can be categorized by the
form of their equation.

A first order linear recurrence relation has the general form

tn = f(n)tno1 + tn. (1.1)

Each value of the sequence is defined in terms of its previous value. As noted before,
any indefinite summation can be expressed in this way with f(n) = 1. The more
general case of (1.1) is the extended linear first order recurrence relation, which has
the form

tn = f(n)th(n) + @n- (1.2)

The function h(n) determines the index of the previous value in the sequence that is
used to define ¢,. Divide-and-conquer recurrences are examples of (1.2) with h(n) =
n/c, where integer ¢ > 2.

A linear recurrence relation of order k£ has the form

k
i, = ij(n)tn_j + a,. (13)
7=1

The value t, is defined in terms of its previous k values. The function f;(n) is dependent
not only on n, but 7 as well. The more general case of (1.3) is the extended linear
recurrence of order k. Its form is

k
tn =Y fi(0)thtitgny + ans (1.4)

j=1

where hl(n) is the jth composition of the function h(n) with itself. That is, All(n) =
h(h(---h(n)---)). Equation (1.3) is the special case of equation (1.4) with ~A(n) = n—1.

When t, is defined in terms of all of its preceding values, the equation is a full
history recurrence relation. Its general form is

t, = Zn: fi(m)taji + an. (1.5)

=1

We can create linear recurrences that do not look like any of the five types we have
described. However, by defining f;(n) = 0 for appropriate values of j we can categorize
them as being of one of the forms given by equations (1.3), (1.4), and (1.5).

There are other types of recurrences besides the five examined so far. Systems of
linear recurrence relations involve two or more sequences of numbers. The values of
each sequence are defined in terms of previous values of that sequence and values of

4



the other sequences. Multivariate recurrence relations are sequences that are functions
of more than one variable. For example, the binomial coefficients, B, s = (7), satisfy
the recurrence B, ; = B,_1k + Br—1,k.-1. Nonlinear recurrence relations involve the
unknown function raised to powers other than the first.

Algorithmic methods for solving recurrence relations are very limited. Cohen and
Katcoff describe a system that uses a modified generating function approach to solve
linear recurrence relations with constant coefficients of order four or less, first order
linear recurrence relations with variable coefficients, and systems of linear recurrence
relations with one index and constant coefficients [CoHEN]. Karr’s algorithm is based
on first order linear difference equations and can handle any recurrence of this type, not
only summations [KARR]. Hayden and Lamagna report using Gosper’s algorithm to
solve certain linear first order recurrences, systems of linear recurrences with constant
coefficients, and divide-and-conquer recurrences [HAYDEN 88].

1.2. Goals and Overview

The objective of this work is to develop and analyze symbolic algorithms based on
generating functions for solving summations and recurrences. To do so, we have several
major goals.

e The design and implementation of such algorithms. We want to demonstrate
the feasibility and capabilities of generating functions as an algebraic model for
symbolic computation.

o The development of methods for summation and recurrence problems that in-
volve hybrid terms and special functions. Existing algorithms cannot solve such
problems. Developing methods for evaluating these problems will allow us to
extend the class of problems that can be solved symbolically.

e Analysis of the capabilities of generating function based algorithms. We want to
know how our algorithms perform relative to others. In particular, we want to
know when generating function algorithms are better, when other methods are
better, and what procedures are necessary in a comprehensive symbolic system
for solving summations and recurrences.

o Development of a theory regarding solutions to summations and recurrences.
Given various classes of summations and recurrences we want to characterize
the form of their solution. This will allow us to demonstrate the ability of our
algorithms to solve completely a class of problems. Also, by understanding how
the problem class affects the form of the solution we can develop “intelligent”
algorithms that know where to look for a solution rather than using an ad hoc
search for the solution.

As we proceed, we will develop other additional theory and applications. While not
directly related to our major goals, they none the less provide useful tools for other
aspects of symbolic computation with generating functions.



Chapter 2 looks at generating functions and their application to the solution of
summations and recurrences. Generating function methods are developed to handle
sums and recurrences involving hybrid terms.

Chapter 3 presents an overview of the design of generating function based algorithms
for solving sums and recurrences. Some steps of the algorithms can be implemented us-
ing well known techniques. The requirements for these steps are identified. Other steps
necessitate the development of new algorithms for manipulating generating functions.
The capabilities required by these algorithms are determined.

Chapter 4 considers the theory of rational generating functions. Algebraic struc-
tures are defined for these generating functions, the sequences that they encode, and
the closed form expressions that define these sequences. We will later make use of
these algebraic structures to prove the completeness of our algorithms. We also relate
the sequences encoded with rational generating functions to the homogeneous linear
recurrences that define them. As a result, we have numerous ways to determine if a
sequence has a rational generating function, as well as having several ways to define
such a sequence.

Chapter 5 explores the applications of rational generating functions. Properties
of the sequences that they encode are examined. Methods to relate sequences with
common factors in their generating functions are investigated. The solutions to sums
and recurrences involving sequences encoded by rational generating functions are con-
sidered. Closure of these problems is demonstrated and the form of their solution is
described. Finally, algorithms for encoding and expanding rational generating func-
tions are presented along with other algorithms for symbolic summation with rational
generating functions.

Chapter 6 examines multivariate rational generating functions. Among the se-
quences that they encode are the binomial coefficients. Summations involving binomial
coefficients are studied and algorithmic methods for these sums considered.

Chapter 7 explores harmonic numbers. Generating function methods are presented
for sums that involve harmonics numbers, products of harmonic numbers with polyno-
mials and rational functions, and rational functions. An algebraic structure is developed
that defines the set of rational functions which can be summed.

Chapter 8 discusses the implementation of the generating function based algorithms.
The capabilities of the algorithms are analyzed. Complexity issues of the algorithms
and the underlying algebra system are considered.

Chapter 9 looks at the new issues raised by this research and summarizes the results
and contributions of this work.



Chapter 2

Generating Functions

Generating functions are functions that encode complete information about a sequence.
They are an important mathematical tool as they permit the manipulation of a single
value rather than an infinite sequence of values. Among their applications are enumer-
ations in combinatorics, moment generating functions in probability, and the solution
of summations and recurrences in discrete mathematics.

In this chapter we will look at generating functions, techniques for their manipula-
tion, and their application to summations and recurrences. We will extend the theory
of multivariate generating functions to handle the evaluation of some types of sums
and recurrences that involve hybrid terms.

2.1. Generating Function Theory

A sequence is a function whose domain is the integers. Often, the domain is restricted
to the nonnegative or the positive integers. We will be less restrictive and consider
sequences whose domain includes all integers greater than or equal to some constant.
Throughout this work, we will use the notation (a,) to denote the sequence of values
defined by a,,. In this case a,, serves as the name of the sequence. The index 7 indicates
that the sequence is a function of n. Any limits on n define the domain of the sequence.
In some cases a name will not be given for the sequence. Rather, an expression involving
n will be given. In this case, the expression is the function defining the value of each
term in the sequence. For example, (n) is the sequence of integers.

In some cases, the name of a sequence will be used without brackets to refer to the
value of the sequence. If the subscript is a particular integer, such as as, we will be
referring to the value of the sequence at that particular index. If the subscript is a
parameter, such as a,, then we will be referring to either the value of the nth term in
the sequence or the expression defining the value of the nth term in the sequence.

The ordinary generating function for the sequence (ag,a;,az,...} is

G(2) = f: ax 2", (2.1)
k=0



The exponential generating function for the same sequence is

[eo] Zk
H(z)=) a7 (2.2)
k=0
Multi-dimensional sequences are functions of two or more variables. Their values are
encoded by super generating functions, which are found by applying (2.1) or (2.2) to
each variable in the sequence. Thus the two-dimensional super generating function

G(w,z) = i ian,k wk2™ (2.3)

n=0 k=0

encodes the sequence (a, k) by applying (2.1) twice. Exponential generating functions
could have been used to sum over either variable by applying (2.2) instead of (2.1).

Given an ordinary generating function G(z), we need to be able to extract the
sequence that it encodes. In general, we usually want to find an expression for a,, the
coefficient of 2™ in G(z). To obtain this value, consider the sequence found by taking
the nth derivative of G(z) with respect to z. This sequence is

dnG(Z) _ = n k—n
T = k%; k2 ay z
= nla,+ Z(n + k)2 antk 2.

k=1

The function k% is the falling factorial function, k2 = k(k—1)---(k—n+1). Evaluating
this sequence at z = 0 we find that

d"G(z) o
ol nla,
and therefore | &G
"Gz
= — ) 2.
n n!  dz® |, (2.4)

It is informative to note that the series

> n > G(”)(O) z"
G(2) = Y apz" = ) —r
n=0 n=0 '
is the Taylor series expansion of G(z) about z = 0. A similar approach can be used to
extract the nth coefficient from the exponential generating function H(z). Taking the

nth derivative of H(z) we find that

d"H(z) _ ikﬂakzk_”
dzn = k!

o]
(n+ k)2anty 2
=1
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Evaluating this sequence at z = 0 immediately leads to

_ d"H(2)
Gn = ——— e (2.5)

2.1.1. Manipulation of Generating Function

While of theoretical interest, equations (2.1) through (2.5) are not of practical use
when attempting to find or expand generating functions. In many cases, evaluating
the infinite series defined by (2.1) or (2.2) is difficult. For example, finding a solution
for the series

H(z) = Z k2"
k=0

is not easy without the assistance of some additional mathematical tools. Likewise,
while (2.4) and (2.5) can be used without difficulty to find the coefficient of the nth
term of a generating function for a particular small value of n, it may not be easy to
find the general nth term. Consider the generating function

V4
H(Z) = m.
Its nth derivative is \(n + 2)
n nl(n+ 2

Deriving this expression required the examination of H((z) for small values of 7, a
guess of the form of H(™)(2) for general 7, and a proof of the form by induction. Having
done all of this, we are able to determine that the generating function H(z) encodes
the sequence a,, = n. If we were unable to guess at the expression for H(™(2) we would
not have been able to find a,,.

Fortunately, there are many practical mathematical methods that can be used to
assist in encoding and expanding generating functions. Combinatorial enumerations
can be useful. For example, the function 1 + 2 represents membership of an item in a
set. The coefficient of 2° encodes the one case where the item is not in the set and the
coefficient of 2! encodes the one case where the item is in the set. If we have m distinct
items, the coefficient of 2" in the generating function (1 + 2)™ encodes the number of
ways that there could be n items in the set. This quantity is (’1’;), the number of ways
to choose n out of m items, which we know from the binomial theorem is the coefficient
of z™ in (1+ 2)™. Such an approach unfortunately requires deductive reasoning and is
not generally applicable to algorithmic methods.

A more practical way to encode and expand generating functions is to use a set
of generating function manipulation rules. A generating function manipulation is a
mapping of one or more generating functions to a new generating function. The rules
relate these generating function mappings to their corresponding sequence mappings.



Generating Function Relationship Sequence Relationship

S(2) = aA(2) Sk = aag (2.8)
S(z) = 2mA(2) Sk = Gk—m (2.9)
S(z) = aA(z) + BB(2) sk = aar + Bbg (2.10)
S(2) = A(az) sk = oFay (2.11)
S(2) = A(z™), integer m > 2 o = { k/m thmodm=0"(219)
S(2) = dizA(z) s = (k+ 1ag4y (2.13)
S(z) = /0 © A()dt s = 2 (2.14)

Table 2.1. Ordinary Generating Function Manipulations

With them, we can use the construction of a generating function to determine the

sequence that it encodes and we can find generating functions for new sequences that
we build.

Two common power series used with generating function manipulations are

_ k
— = k;z (2.6)
and
z - zk
k=0

These are the ordinary generating function (2.1) and the exponential generating func-
tion (2.2) for the sequence {(ax) = (1). Application of the binomial theorem,

arar =3 (7)

k=0

gives the generating function for the sequence of binomial coefficients (ax) = ((7)).

Table 2.1 lists several manipulations for ordinary generating functions. The left
column expresses the ordinary generating function S(z) as a function of the ordinary
generating functions A(z) and B(z). The right column defines s, the kth term of
S(z), as a function of the sequences defined by A(z) and B(z). Each of these manipu-
lations can be proved by using (2.1) to expand the generating functions and comparing
coefficients of z*.

We can use (2.8) to scale all terms of a sequence by a constant amount and (2.9)
to shift the terms in a sequence m positions left or right. Addition of two sequences

10



is handled by (2.10). These three rules can be used to multiply a known generating
function by any polynomial. For example, if the sequence (ax) is encoded by the
generating function A(z) and the generating function of the sequence (si) is S(2) =
p(2)A(z), where p(2) is the degree m polynomial

p(z) = Y Bz,
j=0

then we have that

S() = 3B A(2).
j=0

Applying (2.8), (2.9), and (2.10) we find that

S(z) = ZZ(,@jan_J’)zn

n=0 =0
and so

m
sk = Y Bitnj. (2.15)
=0

Thus, sk is a linear combination of values from the sequence (ax).

Rule (2.9) also allows to define sequences with domain n > «, for any integer ~.
For example, if A(z) has domain n > 0, then A(2)/2” for v > 0 has domain n > —v
and A(z)/2" =302 ., an2™.

Equation (2.11) is a change of variable rule. It is often used to bring the kth power
of a constant into a sequence. For example, we can apply (2.11) to (2.6) to find that
the generating function of the sequence (a*) is 1/(1 — @z). One special application of
(2.11) is (2.12). This rule generates a sequence whose nonzero elements occur at each
position k that is a multiple of m.

Rules (2.13) and (2.14) are used to bring a factor of k£ or 1/k into a sequence.
Differentiating (2.1) and multiplying by z gives the sequence

ZEA(Z) = zkz: %% = zZ(k+ Dag412" = Z kapz". (2.16)
=0 k=0 k=1
Integrating (2.1) produces the sequence

xR

z by by br_
= bythdt = e =1
/0 B(t)dt / Kt*dt § I Tt i k§=0 P §= k

In particular, applying (2.13) to the generating function (2.6) and multiplying by z
gives

t=

d ]. z st e k
zEE1—z - (1-2)? - zzdzz - Zkz.

11



Applying rule (2.14) to (2.6) results in

/z L dt—ln( L )—i/zt"dt—iik-
Ol_t - -z _k=00 _k=1k.

These manipulations have given us the important generating functions for integers and
their reciprocals.

2.1.2. Application of Generating Functions

Generating functions have application to the evaluation of summations and recurrence
relations. In general, a summation or the particular solution to a recurrence relation
is defined in terms of a sequence (a;). The generating function of the solution to the
summation or recurrence relation can then be expressed in terms of the generating
function of the sequence {ax). If the new generating function can be expanded, the
problem has been solved.

Simple Sums and Convolutions.

Perhaps the most important application of generating functions to summation is the
convolution [GrRAHAM, WILF]. The convolution of the sequences (ax) and (bt) is defined
as

n
Sy = Z arbn_k.
k=0

The sequence (s,,) is the coefficient of 2z in the generating function
S(z) = A(2)B(z2), (2.17)

where A(z) is the generating function of (ax) and B(z) is the generating function of
(bk). This result is easily obtained by using (2.1) to find §(z), the generating function
that encodes s,. Applying (2.1) we find that

5() = D sp2"
n=0
= Z Z apbn_2".
n=0 k=0
Changing the order of summation and replacing n with n + k gives

Z Z apbn_p2"

k=0n=k

o0 o0
Z Z apby 2"k,

k=0n=0

5(2)

12



Rearranging terms and using (2.1) to find the generating functions of the sequences
(ar) and (b,) results in

S(z) = i ap2* i bn2"
k=0

n=0

= A(2)B(z).

A more intuitive proof of the convolution can be found by considering the product

5(z) = A(2)B(2) = iajszbkzk. (2.18)
k=0

§=0

The coefficient of 2™ in (2.18) is simply the sum of all 2™ terms resulting from the
product of A(2) and B(z). Only the terms for 0 < k¥ < n in A(z) can contribute to this
sum. Any other terms from A(z) contribute too large an exponent when multiplied by
a term from B(z). We need to multiply each of these n + 1 terms from A(z) with an
appropriate term from B(z) and sum to get the desired result. Consider the general
kth term from A(z). Its value is axz*. To get the 2™ term of S(2) we must multiply
by the z”~* term from B(z). Summing over all valid values of k gives

n n
sp2” = Zakzkbn_kz”"k = Zakbn_kz”,
k=0 k=0

which, by definition, is the convolution.

Example 2.1. Consider the sum

n

Sp = Zan_ka,
k=1

where (F}) is the sequence of Fibonacci numbers. Applying (2.11) to (2.1) we find
that the generating function of (a¥) is 1/(1 — az). The generating function of (F}) is
z/(1 = z — 2%) [GraHAM]. By (2.17) the generating function of (s,) is

z

§(z) = (1-az2)(1-2-2?%)

Application of partial fractions with respect to z gives

2
S(z): oz 1+a+az

Uta-a)(<ar) (Ifa-ad(l-z-77)

By (2.8) and (2.11), the coefficient of 2™ in the first term is —a™*'/(1 + @ — o?). By
(2.15), the coefficient of 2™ in the second term is (F, + aF, + aF,_1)/(1 + a — a?).
Recognizing that F,41 = F,, + Fj,—1, we find that

—ant! + Fn 4 afpi

[ |
1+a—a?

S8y, =
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The convolution can be generalized to m factors. The generating function of the
convolution

Sp = Z 01,0 + Q2,09 +-t Um,om

a1+ toam=n
S(z) = A1(2)Az(2) - An(2), (2.19)

where A;(z) is the generating function of the sequence (a; ).

Example 2.2. Consider the sum

Sp = Z il Fy.
i+j+k=n

The generating function of the sequence (i) is, as we have seen, z/(1 — 22). By (2.19),
the generating function of (s,) is

22

M) = T e G )

Applying partial fractions we find that

-2+3a+ 2z - 2az —ao?
(1-a)21-2)2 + 1-0)?1+a—-a?)(1-a2)
3a+2+4+ z+42az
(1+a-0a2)(1-2z-22%)

S(z) =

Expanding the generating functions we obtain

s (Ba=2)(n+ 1)+ (1 -2a)n ant?
" (1-a)? (1-a))(14+a-a?)
+ Ba+2)Fo41 + (1 +2a0)F, x
l1+a—a? )

A special case of the convolution results when b; = 1. In that case we are attempting
to evaluate the simple sum
n
Sp = Z af.
k=0

From (2.6) we know that the generating function of the sequence (bg) = (1) is B(z) =
1/(1 — z). Thus the generating function for s,, the solution of the simple sum, is

(e} [e ] n 1
S(2) = D sn2™ = YD @ = I—_—ZA(Z). (2.20)
n=0 n=0 k=0

The value of s, can be found by expanding 5(z).

14



Example 2.3. Consider the sum

By (2.20), the generating function of (s,) is

S(z) =

1
(1-2)1-az)
Applying partial fractions we get

1 «a
SG) = oAy Ao d-a)

Expanding S(2), we find that the coefficient of 2™ is

1 antl 1— antl
T I e 1-a . 1-a

Recurrence Relations

Generating functions can be used to solve several classes of recurrence relations. The
generating function of the sequence is derived directly from the recurrence relation.
Expanding the generating function gives the value of the sequence. The types of recur-
rence problems that can be solved this way include linear recurrences of order ¥ with
constant coefficients, systems of linear recurrences with constant coefficients, and mul-
tivariable linear recurrence relations with constant coefficients. The method is similar
for all three cases. We will consider the linear recurrence case first. The methods for
linear systems and multivariable recurrences are just extensions to this case.

Linear recurrences of order k£ with constant coefficients. The kth order linear
recurrence with constant coefficients is given by

k
th = Y Qilnei + Gn. (2.21)
=1
If a,, = 0 we have the homogeneous recurrence

k
t, = Zaitn-—i- (2.22)
=1

We can define a,, to be the inhomogeneous part of the recurrence (2.21).
The general solution to (2.21) is

t1(19) = tglh) + t%p)~

15



The quantity #{" is the solution to the homogeneous difference equation (2.22) and is

defined in terms of k arbitrary constants. The quantity t%p Vis a particular solution to
the difference equation (2.21) defined without any arbitrary constants. The quantity

#$9 defines all solutions to the recurrence relation (2.21). If k boundary conditions are
specified, the recurrence is completely defined. We can then solve for the k arbitrary
constants in tslg ) and find tn, the solution that satisfies the recurrence [Liu, PurDOM].

Example 2.4. Consider the first order recurrence relation

tn = tn_y + 1.

The homogeneous solution is tslh) = C and a particular solution is tslp ) = n. Thus the

total general solution is given by t%g) = C + n. If we are given the boundary condition

to = 7, the recurrence is completely defined, and its solution is ¢, = n + 7 for n > 0.
[ |

Given (1.3) and k boundary conditions it is possible to find directly a generating
function for the sequence that they completely define. Expanding the generating func-
tion yields the solution to the recurrence. Since this approach takes into account the
boundary conditions it is not necessary to find the general solution and solve for &
arbitrary constants.

The generating function found by this method can be expressed as

T(z) = T (2) + TP)(z).

The generating function T(*)(2) encodes the homogeneous solution and takes into ac-
count the boundary conditions of the sequence. The generating function T(?)(z) encodes
the particular solution that combines with T(*)(2) to give T(z). Normally we would
compute T(z) and not consider the values of T{*)(2) and T(®)(z). However, when we
consider recurrences involving hybrid terms we will need to evaluate each generating
function separately.

Given the kth order linear recurrence with constant coefficients defined by (2.21)
we want to find

T(z) = ) tn2™ (2.23)

The general approach is to multiply both sides of the recurrence by 2™ and sum over n
to get an equation involving T'(z). We can then solve for T'(z). However, we do have
to take into account the k¥ boundary conditions of the recurrence and the fact that the
sequence is defined only for some n > 4 + 1. Thus the recurrence is valid only for
n >4+ k+ 1. One way to do this is to introduce Kronecker delta terms in order to
define the recurrence over all n [GrRAHAM] We can then multiply by 2" and sum over
all n to find a relation defining T'(z). Another approach, which we use here, multiplies
the recurrence by 2™ and sums over those values of n for which the recurrence is defined
[KNuTH, PURDOM]. The resulting summations are then manipulated to find a relation
defining T'(2).
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Step 1. Multiply by 2™ and sum over n > v+ k + 1. From (2.21) we get

> (oS} k >
S s Y Yt 3w
n=vy+k+1 n=y+k+1 i=1 n=vy+k+1

Step 2. Rearrange the order of summation, factor z* out of the inner summation,
and adjust the limits of summation.

0 =) k =)
Z 2" = Z Z otn_;2" + Z an2"™
n=vy+k+1 n=vy+k+1 i=1 n=vy+k+1
k ) S ) 0o
= Zaiz’ Z thi2™ 7t 4+ Z anz"
i=1 n=vy+k+1 n=vy+k+1
k ] o =)
= Z ;2 Z t,2" + Z a2".
=1 n=vy+k—i+1 n=vy+k+1

Step 3. Add and subtract terms to get the inner summation into the form (2.23)

and the second term into the form of its generating function A(2) = 3°72  an2",

th—gctz Za, (th Jrzkj—itn )+Zanz—§an

n=+vy+1 n=vy+1 =1 n=+vy+1 n=vy+1 N=Yq N=Ya

Substituting for T(z) and A(z) and rearranging gives

y+k k _ ~y+k—i ~+k
T(z)— >, tad® = Y a2’ (T(z)— > tnz") +A(2) - D an2"

n=vy+1 =1 n=vy+1 n="a
yt+k—i y+k
= Za, ’T(z) Za, Z th2" + A(2) — Z n 2"
=1 n=vy+1 n="a
. . —i 'y+k
= Zaiz’T(z) - Zaiz’ Z tyin 27T 4+ A(2) - Z 2"
i=1 i=1 n=1 n="q
Step 4. Collect terms and solve for T'(z).
k . v+ k k=i vtk
T(z) - Z ;2T (2) = Z 12" — Z ;2 Z tyyn2’ T + A(2) — Z anz"
=1 n=vy+1 =1 n=1 Nn="%q
Solving for T'(z), we find that
T(z) = E;y:»];+1 - E?:l aizi Eﬁ;zl t7+nz7+n A(z) - En<’y+k n2" (2.24)
1-YF o2t 1-Y7 a2t '
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Expanding T'(z) gives the value of the sequence (t,) that satisfies (2.21) and its k
boundary conditions. If we let (a,) = (0) we find that the generating function of the
solution to the homogeneous recurrence is

Al AN Sl p27tm
T(h’)(z) Zn 'y+1 E% 1 En—l ¥+ . (2.25)
1=k o2
Thus the generating function of the particular solution is
A(z) = Y g2
T (z) = AT Lz, & (2.26)
1- Ei:l a; 2t
Example 2.5. Consider the recurrence
2t'n.—l - tn—2 + 1, ifn ._>... 2;
t, = 2, ifn=1; (2.27)
1, ifn=0.
This recurrence is of order k¥ = 2 and ¢, is defined over n > 0. Thus, v = —1 and the

recurrence holds for n > 2.
Step 1. Multiply by 2™ and sum over n > v+ k + 1. From (2.27) we get

(o) (o) [eS)
Yotnz® = Y (2n1—tan) 2"+ Y 2
n=2 n=2 n=2

Step 2. Rearrange the order of summation, factor powers of z from each summand,
and adjust the limits of summation.

itnz" = QZtn_lz —Ztn 92" +Zz

n=2 n=2

= QZZtnz” —22Ztnz"+ Zz”
n=1 n=0 n=2

Step 3. Add and subtract terms to get the last summation into the form of the
generating function Y %_, 2™ and the other summations into the form (2.23),

itnz"—@z-}-l) 22(Ztnz —1)—22Ztnz +Zz - (z+1).

n=0

Substituting for T'(2) and A(2) and rearranging gives

T(2)— (2241) = 22T(2) = 22— 22T(2)+ A(z) — (2 + 1)
= (22 -2)T(2) - 22+ A(2) — 2 — 1.

Step 4. Collect terms and solve for T'(2).

T(z)— (22—22)T(z) =2z+1-224+A(z)—2-1.
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Solving for T(z) and substituting A(2) = 37 2* = 1/(1 — 2) we find that

1 A(z)—2z-1 1 + P
1-22422 " 1-22-22 = (1-2)2 (1-2)3

T(z) =

We notice that 1

(1-2)*
By (2.13) this is the generating function for the sequence

T®(2) =

tglh) = n+41,

which satisfies the homogeneous recurrence t, = 2t,_; — t,—2 for the boundary con-

ditions tg = 1 and ¢; = 2. We also find that the generating function of the particular
solution is

22

(1-2)>
Applying (2.13) and (2.9) we find that this generating function encodes the sequence

TP (2) =

t(p) _ n(n — 1)
n 2 *

This is a particular solution that satisfies the recurrence t, = 2t,—1 — t,—2 + 1. Com-
bining these two sequences, we find that the complete solution to (2.27) is

n(n—-1)  ni+n+2

tn = tW 410} = np14 5 5

Systems of linear recurrences with constant coefficients. Systems of linear
recurrences are two or more sequences whose recursive definitions are mutually depen-
dent. By applying the first three steps that we used with linear recurrences to each of
the recurrences in the system we are able to find a linear system of generating functions.
Solving the system yields the generating function of each sequence.

Example 2.6. Consider the system of recurrences

P
@ = {an_1+bn, ifn>1;

1, if n=0; and
b _ Gn-1+ bn—la if n Z 1;
L 0, if n=0.

Both recurrences are of order 1 with their boundary condition at n = 0. Thus each
recurrence holds over n > 1. We want to find

A(z) = ianz" and B(z) = anz".
n=0

n=0
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Step 1. Multiply both recurrences by z" and sum over n > 1.
o0 [e o] o0
Z a,z" = Z Q12" + Z bp2™.
n=1 n=1 n=1

o0 o0 o0
Z b2" = Z Ap_12" + Z bp_12".
n=1 n=1 n=1

Step 2. Factor out z and adjust the limits of summation.

o0 o0 o0
E a2t = 2z E anz™ + E bp2™.
n=1 n=1

n=0
oo oo o o]
Z bz" = =z Z a2 + 2 Z bpz™.
n=1 n=0 n=0

Step 3. Add and subtract terms to get the summations into the form of A(z) or
B(z2).

o0 o0 o0
Z a2t —ay = z Z a,2" + Z bpz™ — bo.
n=0

n=0 n=0

o0 o0 (o]

Z b2z —bg = =z Z anz" + z Z b, 2".
n=0 n=0 n=0

Recognizing A(z) and B(z) gives
A(z)—ap = zA(2)+ B(z)— bo.
B(z)—bp = zA(2)+ zB(z2).
Step 4. Substitute for ag = 1 and by = 0 and collect terms.
A(z) — zA(2) = 14 B(2).
B(z) - zB(2) = zA(2).
Solving for A(z) and B(z) we find that

1-2 z
1-3z+422 and  B(z) = 1~-3z+4 22

These rather interesting generating functions encode the sequences a, = Fb,y; and
b, = Fy, [GRAHAM]. N

A(z) =

Multivariate linear recurrences with constant coefficients. Multivariate se-
quences are functions of two or more parameters. They can be recursively defined in
terms of previous values of each of their parameters. To find the generating function of
an m variable sequence, we can choose one parameter and apply the the first three steps
from above to that parameter. The result is a recurrence on m — 1 variables defining
a generating function. We can repeat the process m — 1 times to encode each of the
parameters. In the last iteration, we do step 4 and solve for the generating function.
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Example 2.7. Consider the recurrence for the binomial coefficients.

bp—1k +bp—1k-1, ifk>0andn >0
bpy = 1, if k=0and n >=0; (2.28)
0, if k> 0 and n = 0.

We will first use the variable w to find the generating function

Bp(w) = an,kwk-
k=0

The recurrence over k is of order 1 and is thus valid for all £ > 1.
Step 1. Multiply by w* and sum over k& > 1.

00 0o 00

k k k
E bn,kw = E bn—l,kw + E bn—l,k—lw .
k=1 k=1 k=1

Step 2. Factor w out of the rightmost summation and adjust the limits.
o0 o0 [oe]
D bagwt = Y baoipwt +w ) baogput.
k=1 k=1 k=0

Step 3. Add and subtract terms to get the summations into the form of B, (w).

o0 o0 o0

k k k
E by sw” —bpo = E bp—1wW" = bp_10+ w E b1 rw".
k=0 k=0 k=0

Substituting for B,(w) gives

Br(w) —bpo = Bp_1(w) — bp_10+ wBp_1(w).

We can now repeat the process and find the generating function

[e0]
B(w,z) = ZBn(w)z".
n=0
The recurrence over n is also of order 1 with its boundary condition at n = 0. Thus it
is valid over all » > 1. For those values of n we can note that b, o = b,_10 = 1, which
allows us to simplify the recurrence to B,(w) = (1 + w)B,—1(w).
Step 1. Multiply by 2™ and sum over n > 1.

i B, (w)z" = i(l + w)Bn_1(w)z".

Step 2. Factor out z from the right hand summation and adjust the limits.

i_o: B, (w)z" = 2(1+w) i B (w)z".

n=0
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Step 3. Add and subtract terms to get the left hand summation into the form of
B(w, z).

i Bu(w)2" — Bo(w) = z(1+ w) i B, (w)2".

n=0 n=0

We can recognize that Bo(w) = Y22, boxw* = 1 and substitute for B(w, 2) to get
B(w,2)—1 = 2(1 — w)B(w, 2).

Step 4. Collect terms and solve for B(w, z).

2.2. Hybrid Terms and Generating Functions

The generating function methods that we have examined required that we find the gen-
erating function A(z) for a sequence (aj) that appears in the summation or recurrence
being solved. We then map A(z) to the generating function of the solution §(z). This
approach is limited by our ability to find A(z). One case where we may be unable to
find A(z) is for summations and recurrences that involve hybrid terms. As the name
implies, hybrid terms are the product of values from two parent sequences. Given a

problem involving hybrid terms from the sequence (arbx), we would have to find the
generating function

AB(z) = Zakbkzk,
k=0

in order to use generating functions to find the solution.

In some cases we can evaluate AB(z). The most obvious is the sequence {ara*),
where we can apply (2.11). Unfortunately, there are many cases where we are unable
to find a generating function for {(axbx). Other techniques must be used to attempt to
solve such summations or recurrences. For example, methods such as summation by
parts or Abel’s transformation are often used to attack summations involving hybrid
terms.

While there is no general way to encode the sequence {arbi) in a generating function
of one variable, we can encode the sequence (¢p, k) = (am)(bs) in a generating function
of two variables. Applying (2.3) we find that

C(w,z) = kio: i amw™bgz* = ki_o%A(w)bkzk = A(w)B(z).

=0 m=0

We now have that (abr) = (ckr). Thus, arbr = cgx is the coefficient of w*2* in
C(w, 2).

Not all multivariate generating functions encode hybrid terms. To distinguish the
different types of multivariate generating functions and the sequences that they encode,
we will use the following terminology throughout this work. A hybrid term is a term
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that is the product of values from two or more sequences. Hybrid generating functions
are multivariable generating functions that can be expressed as the product of indepen-
dent generating functions. The sequences that they encode are hybrid sequences. For
example, C(w,2) = A(w)B(z) is a hybrid generating function of two variables. The
sequence that it encodes, (¢in) = (amby) is a hybrid sequence. A diagonal generating
function is a generating function of m variables whose coefficients are all zero except
along the diagonal. An m variable diagonal generating function can be expressed as
F(z,...,2m) = A(21 -+ zp). The sequence that it encodes is given by

f _ ) fa=a=-=an =k
1,02y Xm 0, otherwise.

In the remainder of this section we will consider the application of hybrid generating
functions. Our main tool will be the hybrid convolution, which we will use to solve
summations and recurrences involving hybrid terms.

2.2.1. Hybrid Convolution

We wish to develop a method for convolutions that involve a sequence of hybrid terms
(axbr). This sequence is contained in the hybrid sequence (t;;) = {a;){b;). The gen-
erating function of (t; ;) is T(w,2) = A(w)B(z), where A(w) and B(z) encode (a;)
and (b;) . If we cannot find a single variable generating function for (axbi) we cannot
apply (2.17) to solve the convolution. In an attempt to extend the convolution to a
two variable sequence, we can consider convolving (¢; ;) with another bivariate sequence
(ci ;) encoded by the generating function C(w,z). Applying the convolution to each
variable, we find that the coefficient of w™2" in S(w,2) = C(w,2)T(w,2) is

n n
Spn = chi,jtn—i,n—j~

=0 j=0

This sum has (n + 1)? terms in it. We can see that tp—sn—i = an—ibp—; is a factor in
these terms when ¢ = j. Unfortunately, all terms for ¢ # j have undesired factors in
them. These factors can be eliminated if ¢; ; = 0, when i # j. This leads us to consider
the convolution of a diagonal bivariate generating function with a bivariate generating
function.

Theorem 2.1 (Bivariate Convolution). Let the generating function T'(w, z) encode
the two-dimensional sequence (t,,,) and let C'(wz) be the bivariate diagonal generating
function that encodes the sequence (cx). The coefficient of w™2" in the expansion of

G(w,z) = T(w,2)C(wz) (2.29)
is
min(m,n)
Immn = Ckltm—kn—k- (2.30)
k=0

23



Proof. By algebraically manipulating (2.29), we have been able to show that the
coefficient of w™2" is (2.30). A more intuitive proof can be obtained by considering
how the coefficient of w™2" is obtained from the product of the generating functions
C(wz) and T'(w, z).

The expansion of the generating function C(wz) is

o0
C(wz) = Z crwt 2k, (2.31)
k=0
and the expansion of T'(w, z) is
(o ol s o] L.
T(w,z) = ZZti,jw‘zJ. (2.32)

1=07=0

The coefficient of w™2" in (2.29) results from the sum of all w™z" terms in the product
of (2.31) and (2.32). Only the terms for ¥ = 0 to min(m,n) in (2.31) can contribute
to this sum. Any other terms from (2.31) when multiplied by a term from (2.32) will
have too large an exponent. We need only multiply each of these min(m,n) + 1 terms
from (2.31) with an appropriate term from (2.32) and sum to get the desired result.

Consider the general kth term in (2.31). Its value is cyw*2*. To obtain an w™z"
term we must multiply it by the w™ *2"~* term from (2.32). Summing each product
over all valid & gives

min(m,n) min(m,n)

Ckwkzk) (tm—-k,n—kwm_kzn_k) = Y Cktmknokw™2"
k=0 k=0

Thus, (2.30) is the coefficient of w™z" in (2.29). O

Actually, all that we have done is to convolve the sequence (ci) with the diagonals
of the sequence (2; ;) given by

o0

otk n—ntk .
D tmentknnpk ™R = min(m, ).
k=0

The convolution of the sequence (c¢x) with the sequence of hybrid terms (a;b;), occurs
on the main diagonal given by m = n.

Corollary 2.1.1 (Hybrid Convolution). The solution to the hybrid convolution
Sp = Zan—kbn—kck (2.33)
k=0

is the coefficient of w™z™ in the expansion of
G(w,2) = A(w)B(2)C(wz), (2.34)

where A(z), B(z), and C(z) are the ordinary generating functions of (ax), (bx), and (ck).
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Proof. Let the sequence (;;) = (a;)(b;). Then, T(w,2) = A(w)B(z2). By Theo-
rem 2.1, the coefficient of w™2™ in G(w, z) = T(w, 2)C(wz) is

min(m,n) min(m,n)
Gmm = > Chlm—km—k = > CkGmokbn_g.
k=0 k=0

Since $p = gn,n, we have that s, is the coefficient of w"2™ in G(w, z). 0O

To solve (2.33), we must expand (2.34) as a function of w and z to determine the
coefficient of w™2"™. Unfortunately, we cannot expand over one variable independent
of the other due to the presence of C(wz). This problem can be avoided if one of the
generating functions is a rational function B(z) = p(2)/¢(z), where p(z) and ¢(z) are
polynomials in 2. This permits the use of partial fractions to transform (2.34) into a
form that we can expand.

Example 2.8. Consider the convolution

n

sno= Y 2" FEF.
k=0

By Corollary 2.1.1, s, is the coefficient of w™2" in the expansion of

1 w z
2wz (1—w)?1—2z- 22

G(w,z) = 1

Applying partial fractions with respect to w we find that

z 2z w— 22
Clw2) = 155 ((1—2z)2(1—2wz) " (1—2z)2(1—w)2)'

If we consider the left hand term we see that

1 o0 i
— .t
o - LB
=1
22 = Eoo j2927,  and
—_ 2 ’
(1-22) —~
1 Zoo k. k_k
—_— = 2 w2 .
1 - 2wz P

The product of these generating functions is

(i FiZi> (iﬂjzj) (i 2kwkzk) T ii f: Fijoithyk gititk,
i=1 k=0

=1 i=1 j=1 k=0

We can see by inspection that the coefficient of w™2" in this product occurs when
t = j = 0. This coefficient is 0. We can find the coefficient of w™ in the right hand
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term. The generating function of 1/(1 — w)? encodes the sequence (n + 1). By (2.15),
the coefficient of w™ in the right hand term of G(w, z) is

P n—2z(n+1)
1-2-22 (1-22)2

Applying partial fractions with respect to z gives

z n—2zn+1)  -4(n+6)2+2(n+5) (n+6)z+2(n+5)
1—-2—-22 (1-22)2 (1-22)2 1-2z-22 '

The generating function 1/(1—22z)% encodes the sequence {(n + 1)2") and 1/(1—z—22)
encodes the sequence (Fy,1). Applying (2.15) we find that

sn = —4(n+6)n2"" 1 +2(n+5)(n+1)2" — (n+6)F, — 2(n+5)F(n + 1)
= 2" (n? 4+ 6n+5-n?—6n)—(n+6)F,—2(n+5)F(n+1)
= 52" _(n46)F,—2(n+5)F(n+1). N

Just as we were able to apply the convolution to simple sums, we can apply Corol-
lary 2.1.1 to sums involving hybrid terms [RAVENSCROFT].

Corollary 2.1.2 (Hybrid Sum Theorem). The solution to the hybrid sum

n
Sn = Y agbk
k=0

is the coefficient of w™2" in the expansion of

1
——A()B(2),

G(w,2) =
where A(z) and B(z) are the ordinary generating functions of (ax) and (bg).

Proof. This sum is a hybrid convolution between the hybrid term aib; and the se-
quence (cg) = (1). The generating function of the sequence (1) is C(y) = 1/(1 — y).
By Corollary 2.1.1, s, is the coefficient of w™z" in the expansion of

1
1—-wz

G(w,z) = A(w)B(z)C(wz) =

A(w)B(2). O

We will make frequent use of this corollary. To illustrate its power, we examine its
application to a general class of problems.

Example 2.9. Consider the hybrid sum
Sn = ) cibk,
k=0
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where the sequence (bi) has a generating function of the form B(z) = D(z)/(1 — 2).
This implies that b, = ) f—o dx and that d, = b, — b,—1. Let C'(w) be the generating
function of the sequence {¢). By Corollary 2.1.2, s, is the coefficient of w™2z™ in

D()
1—2

G(w,z) =

1 1
C(w)B =
T, CWB() = 1——C(v)
To find the coefficient of w™2", we can apply partial fractions with respect to z to get

Cw)D(z)  wC(w)D(z)
(1-w)(1-2) (1-w)(l-w2)

G(w, z) =

Let A(w) = C(w)/(1—w). This implies that a, = Y f_q ¢k, a0 = co, and ¢, = ap—ap-
for n > 1. Expanding the left hand term, we find that the coefficient of w™2" is apb,.
The right hand term is the generating function of a hybrid sum. The generating function
wC(w)/(1 — w) encodes the sequence {a;_1) and the generating function D(z) encodes
the sequence (di). Since aj is not defined for & < 0, the right hand term encodes the

summation .
Z ak_ldk .
k=1

Taking the coefficient of w™2™ in G(w, 2), we get the identity

n n
Z cby = anby — Z ap_1dg.
k=0 k=0

Substituting for ¢; and dj we get

aobo + Z(ak = ag-1)bp = apb, - Z ak—1(bx — bx—1).
k=1 k=1

This is the well known summation by parts transformation. Based on this derivation,
we can observe that summations involving a sequence whose generating function has a
factor of 1/(1 — z) are good candidates for the transformation. W

2.2.2. Multifactor Hybrid Terms

We do not have to limit ourselves to solving problems that involve hybrid terms with
only two factors. We can extend our results to m factor hybrid terms by using m factor
hybrid generating functions.

Theorem 2.2 (Multivariate Convolution). Let T'(2,..., zx,) be the m-variate gen-
erating function that encodes the m-dimensional sequence (i, ... a,,) and let C(21 -+ 2m,)
be an m-variate diagonal generating function that encodes the sequence {ci). The coeffi-
cient of (21 -+ 2z,)" in the expansion of

G(z1,..y2m) = T(21,. ., 2m)C (21 2m)
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min(oy yen0m )

Joq,.coam — Z cktoq —kyooytm—k-
k=0

Proof. The proof follows that for Theorem 2.1. We match each term from C(2; - - - 2,,)
for k = 0 to min(a,. .., a,) with a term from T'(21,..., 2y, ). These are the only terms
which can contribute to the coefficient of (21 :-:2,)" in G(21,...,2n,). The sum of
these terms is ga,,...,am-

As a direct result of this theorem, we can evaluate convolutions and summations
involving hybrid terms with m factors.

Corollary 2.2.1 (Multifactor Hybrid Convolution). The solution to the multifac-

tor hybrid convolution
n m
sno= D¢k [ Gint
k=0 =1

is the coefficient of (2 - -z, )" in the expansion of
G(z1y..s2m) = C(z1+++2m) H Ai(z),
i=1

where A;(z;) is the ordinary generating function of (a;t) and C(2; -+ -2y) is the diagonal
generating function of (cg).

Corollary 2.2.2 (Multifactor Hybrid Sum). The solution to the hybrid sum

n om
Sp = ZHai,k
k

=01:=1

is the coefficient of (21 -+ z,)" in the expansion of

1 m
G(z1,. .., 2m) = 1_—7;1‘1—271—[141’(2:'),
=1 ;=1

where A;(z;) is the ordinary generating function of (a; k).

Example 2.10. Consider the sum

Sp = Z 2kka.
k=0

By Corollary 2.2.2, s, is the coefficient of 2"y"2" in

6le:2) = A A= A=y P =z =)
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Application of partial fractions with respect to = gives
yz —Yz 2
G(z,y,7) = ( ).
&02) = Gpa-—2-2 G- (-a) " B s)(1-29)
The coefficient of z”y™z™ in the left hand term is 0. Expanding the right hand term as
a function of z and applying partial fractions with respect to y we find that

ontlyz _ 2" 1lyz ( 2 + yz —2z+2 )
2-y2)(1-9)2(1-2-2%)  (1-2-2%) \(2-2)*2~yz) (2-2)%(1-y)?)"

Once again we can discard the left hand term. We can expand the right hand term as
a function of y and use partial fractions with respect to z to obtain

2712 ((n — 1)z — 2nz + 2n)
G- 2Pl =2=2)

2"tz (2n — (n + 1)2) (

2+ 2 + z-3 )
5(1—z—2%2)  5(2-2)2)°
The generating function 1/(2 — 2)? encodes the sequence ((n + 1)/2"+2). Thus, the

coefficient of 2" is
2n+1

S = ¢ (4nF, =2(n+ 1)F,1 +2nF,_1 — (n+ 1)F,_2)
27t [ 9p2  (n+1)(n—-1) 6n(n+1) 3(n+1)n
3 gn+l on T T on+2 gn+l
2 ((Bn - 1)F 4+ (n—1)F,_1) N 2n? —2(n? - 1)-3n(n+ 1)+ 3(n+ 1)n
- 5 5
M ((Bn—1)F, +(n=1)F,_1) +2 .
= 3 .

2.2.3. Linear Recurrences and Hybrid Terms

One important application of the convolution was made when finding the generating
function of the particular solution (2.26) for linear recurrences with constant coef-
ficients. The multivariate convolution has similar application to linear recurrences
involving hybrid terms.

Theorem 2.3. Let ¢, be the first order linear recurrence with constant coefficients of
order k given by

k m
tn = Z a;tn_; + H A5 m (2.35)

i=1 =1
and k boundary conditions for v + 1 < n < v+ k. Let A;(2) be the ordinary generating
function of the sequence (a; ;) for 1 < ¢ < m. The solution of the recurrence is t, =
tﬁf‘) + tﬁf’), where tﬁf‘) is the coefficient of 2™ in

Ytk 4d koo iNk—ig oyt
Ej:—y+1 120 — Dlieg 02t )i tyyj 2

h
T( )(z) = 1 ~ EZF:l aizi
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7:(P)

and is the coefficient of (21 -+ 2,)" in

+k ;
T(p)(zl, ceey zm) = ’_1 Ai (21) - ZA’_’Ya H:ll a,-,jzf .
1- Zi=1 O!z(Zl Z-m)z 1- Ei:l ai(zl .. .zm)z

where [T, a; ; is defined for j > v,.

Proof. The solution to the homogeneous recurrence t,, = ZLI o;t,—; does not involve
the hybrid term aj, :+-amn. Thus its generating function is given by (2.25). If we

let an, = [[iz; ain we find from (2.26) that the generating function of the particular
solution to the recurrence t,, = ZLI Qitp; +ay s

y+k 4
T?)(z) = A(2) 2 g %7
—YF 2t T1- TF ey’
where A(z) = Y.)2 ,a,2". Let ¢, be the coefficient of 2" in the expansion of 1/(1 —

Yk @;2*). The first term in T{)(2) is a convolution between the sequences {c,) and
(an). Its value is given by

Z Cn—jd; = Z Cn—j H ai,5-
i=1
By Corollary 2.2.1, the value of this hybrid convolution is the coeflicient of (21 -+ -2,)"
in
[, Ai(2:)
1-Yh ez zm)

The second term in T(P)(z) is the product of the polynomial Z*”f anJ and the gen-
erating function 1/(1 - Y5, ;7). It encodes the value

y+k m
Zajcn —i= Y. enj[[ais-
I=Ya itk =1

We can encode this sequence in the diagonal generating function
~y+k m o
i %1 @52
1=k ez zm)’

Thus, we find that the particular solution to (2.35) is the coefficient of (2 - -2,)" in

TE (21,...,2) = [T Ai(2) _ ZJ<'y+kH;nlai,jzg y
= Thaier ) | 1-Thg ez am)
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Example 2.11. Consider the linear recurrence

. = 2tp_1 +nF,, ifn>1;
T 10 if n=0.

We want to find the generating function T'(2) = Y o>, t,2" and then expand to deter-
mine t,. The recurrence holds for n > 1. Multiplying by 2" and summing over n > 1
gives

D oo (e o] oo oo
Z 12" = Z 2t,_12" + Z nF,z" = 2z Z tho12™ 1t + Z nkF,2".
n=1 n=1 n=1 n=1 n=1

Recognizing T'(2) we get
o
T(z)—ty = 22T(2)+ Z nF,z".

n=1

Substituting to = 0 and solving for T'(z) we find that

1
— n
T(z) = 15, nE=1 nF,2".

The homogeneous solution to ¢, is 0. The particular solution is the convolution encoded
by T(z). The value of this convolution is

n
E 2n—kka,
k=0

which we evaluated using the hybrid convolution in Example 2.8. 1

2.2.4. Multifactor Convolutions with Hybrid Terms

The hybrid convolutions we have considered so far have involved a hybrid term and
one other function. As was done with the convolution, the hybrid convolution can be
extended to the product of a hybrid term and more than one additional factor.

Theorem 2.4. Let T(z,..., 2y ) be the m-variate generating function that encodes the
m-dimensional sequence (t4,,.. a,.) and let C;(z) be the ordinary generating function en-
coding the sequence {c; k) for 0 < 7 < p. The multifactor hybrid convolution

14

Gaq,cnom = E tal—n+k,...,am—n+k H CiBi» T= min(al, ey am),
Bi+...+Bpt+k=n =1

is the coefficient of (21 -« zm)™ in the expansion of

P
G(z1y. e s2m) = T(215. ey 2m) H Ci(z1 -+ 2m)-
=1
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Proof. We can express the sum gq,,... 4y, 28

7 p
Goq,yam = z ta1—k,...,am—k Z H CiBiy N= min(al, ceey am)-
k=0 B1+...+Bp=k i=1

By (2.17), the inner sum is the coefficient of 2 in C(z) = C1(2)---Cp(2). If we let ¢
be this quantity, we get

n

9ag,..,am = Z tal —kyeyam—k Cky T = min(al, ceey am)-
k=0

By Theorem 2.2, this is the coefficient of (21 ---2,)" in
P
G(z1y--32m) = T(21y. -3 20)C (21 2m) = T(21,. ..y 2m) HCi(zl coezp). O
=1

Example 2.12. Consider the sum
Sp = Z i2ijk.
i+j+k=n
By Theorem 2.4, s, is the coefficient of w"2" in
wz w z
(1 —w2)2(1 -2wz2) (1 ~w)21—2— 22

Performing partial fractions with respect to w gives

G(w,2) =

G(w,2) =

wz 22 (22 — w2? — 4 + 3wz) L 822
1—2-22 (1-2)3(1 — w2)? (1-22)%(1 - 2w=)
2 (622 — 4w2? — 4z + wz + w)
(1-22)2(1 - 2)3(1 — w)?

The first two terms do not have a w™2" in their expansion. Finding the coeflicient of
w"™ and performing partial fractions with respect to z we get

z((2n+ )22 - 3n+1)22+(n - 1)z)
(1-22)2(1 - 2)3(1 — z — 22)
4(n—-3)z (n-25)z -2z + 8(n+5)z -8z
1-=2 (1-2)2 " (1-2)3 1-2z (1-22)2
_2(8(n+1)z4+13(n+1))
1-2z—22 )

Expanding as a function of z, we find that

$p = 4(n—=3)+n(n-5)—n(n+1)+4(n+5)2" — 4n2"
-13(n+1)F, - 8(n+1)F,1
= 52" _9(n+6)-13(n+1)F, - 8(n+ 1)F,_;. 1
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Chapter 3

Algorithm Design

The generating function methods of Chapter 2 can be used to implement symbolic
algorithms for solving summations and recurrences. In this chapter, we will consider
the design of algorithms based on generating functions for solving linear recurrences
with constant coeflicients, systems of linear recurrences with constant coefficients, sum-
mations, and convolutions. The issues discussed here will guide us as we develop and
implement various algorithms in later chapters.

Section 1 examines the general procedure for solving each problem and identifies the
steps for which generating function based algorithms must be designed and developed.
Section 2 considers in more detail the issues involved in designing algorithms to encode
and expand generating functions.

3.1. A General Algorithm

The general algorithm for solving summations and recurrences can be broken down to
four basic steps:

1. Parse the input.
2. Encode the input generating functions.

3. Transform the input generating functions to the generating function of the solu-
tion.

4. Expand the generating function of the solution.

Of the four steps, parsing and transformation of the input do not require the devel-
opment of generating function based algorithms. Parsing techniques are well known.
Implementation of this step is dependent on the input environment and the informa-
tion that must be obtained from the input. The transformation of the input generating
functions to those of the solution is a mapping based on the input values. The various
mappings are defined in Chapter 2 and can be implemented directly.

Algorithms need to be developed for encoding and expanding generating functions.
The issue here is the determination of which functions can be encoded and what types
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of generating functions will need to be expanded. We have seen that the solution
generating functions are a mapping based on the input. Thus, if we examine the
effects of the mapping, we can determine the possible forms of the solution generating
functions and identify the capabilities needed to expand them.

3.1.1. Recurrences
Linear recurrences with constant coeflicients

When parsing a linear recurrence or a system of linear recurrences we need to determine
the following pieces of information:

s the index variable used in the recurrence,

¢ the index and coefficient of each term within the homogeneous part of the recur-
rence relation,

e the range and value of boundary conditions,
e the inhomogeneous part of the recurrence.

Once the input generating functions are encoded, we can find the generating func-
tion of the solution using (2.25) and (2.26) or Theorem 2.3. If there are insufficient
boundary conditions, we have some choices. The algorithm could issue an error mes-
sage and fail, it could introduce sufficient symbolic constants, or it could use a sufficient
number of constants of value zero.

We can now consider the generating functions that will have to be expanded to find
the solution. The homogeneous generating function will be a rational function. The
particular generating function will involve either a convolution or a hybrid convolution.
If it involves a convolution it will be the product of a rational function and the gen-
erating function of the inhomogeneous part of the recurrence. If it involves a hybrid
convolution, the diagonal generating function part of the convolution will be a rational
function. The hybrid generating function part of the convolution will be the product
of the generating functions of the factors of the inhomogeneous part of the recurrence.

Systems of linear recurrences with constant coeflicients

Parsing systems of linear recurrences is more involved than a single linear recurrence.
We must identify the name of each sequence that is defined by a recurrence relation
and the range and values of its boundary conditions. For each recurrence, we need to
find the following information:

e the index variable,

e the sequence name, index, and coefficient of each term in the homogeneous part
of the recurrence,

o the inhomogeneous part of the recurrence.

34



To find the generating functions of each sequence defined by the system, each re-
currence relation is mapped to a relation involving the generating functions. Each
recurrence can be mapped in the same way. Let z be the generating function variable
and let n be the index variable. Then, the steps involved are:

1.

2
3.
4
5

7.

Determine the lower bound of the index variable n for which the recurrence holds.

. Multiply both sides of the equation by 2™.

Sum over the valid values of n.

. Distribute the summation over each term.

. Factor powers of z from each summation and adjust the limits of summation so

that S o0 tpog2™ = 2952 [

n=ng n=ng—0o

Add and subtract boundary values in order to find generating functions from the
summations.

Gather terms.

Solving the resulting system yields the generating functions for each sequence. The
difficult step in this process is the determination of the lower bound of the index value
for which the recurrence holds. The following steps can be used to find the appropriate
value for each recurrence relation:

1.

For each sequence determine the smallest index for which it is defined.

2. Repeat for each recurrence relation:

(a) Find each occurrence of a sequence in the relation.

(b) Determine the smallest value of the index variable for which that occurrence
is defined.

(c) The maximum of these values is the lower bound of the index variable for
which the recurrence holds.

For example, let ¢, be defined for n > [. If ¢,_, occurs in a recurrence, it will be
defined if n — o > f or, equivalently for n > a + 8. The algorithm finds these values
for all sequence terms in the recurrence and chooses the maximum. This becomes the
lower bound for the index variable and assures that recurrence is valid over the limits
of summation.

In order to expand the generating functions that result from solving this system of
equations, we need to determine their form. To do so, we can consider the mapping
for one of the recurrences. The ith equation in a system of m simultaneous recurrences
has the general form

m ki

m
Do ijtin = DY Bijitinet + Gin, (3.1)
i=1

j=1l=1
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where a; 5, is the inhomogeneous part of the recurrence. The algorithm multiplies by
2™ and sums over valid values of n. It then factors out powers of z, adds and subtracts
terms to complete the generating functions of the sequences, and then collect terms. If
there are m recurrences, the 7th relation will have the form

ipi,j(z)Tj(z) = @(2) + Hi(z), (3.2)

where T;(z) is the generating function of the jth sequence, H;(2) is the generating
function of the inhomogeneous part of the ith recurrence, and p; ;(z) and ¢;(z) are
polynomials in z.

The polynomials p; ;(2) and ¢;(2) arise when we gather terms in step 7. Before
we gather terms, each occurrence of the generating function T}(z) is multiplied by a
constant from the recurrence relation and a power of z from step 5. When we gather
together the terms with T;(z) in them, we get the polynomials p; ;(2). In step 6, when
terms are added to complete the generating functions, the same terms are subtracted
in order to maintain equality. These terms are each a constant multiplied by a power
of z and when collected form g;(z).

To find the values of T;(z) we solve the system of m equations given by (3.2) for ¢
from 1 to m. The following theorem considers the form of the solution of the system
of equations given by a generalized version of (3.2).

Theorem 3.1. Let

m

> pii(2)Ti(2) = Ai(2), (3.3)

J=1
be the ith equation in a system of m equations defining the m unknown functions T}(z),
where p; ;(2) is a rational function in z and A;(2) is any function in z. If the equations are
linearly independent, then the solution to each T;(2) for 1 < i < m is of the form

T() = 3 0ek(2)Ax(o) (3.4
k=1

where g; 1(2) is a rational function of z.

Proof. The proof is by induction. The base case is m = 2. The solution to the system
is

B p22(2) A P1.2(2) )
hz) = P1,1(2)p2,2(2) ~ Pl,z(z)P2,1(Z)Al( ) P1,1(2)p2,2(2) = P1,2(%)P2,1(2) A
T() = e Aa() o A(2).

p1,1(2)p2,2(2) — p1,2(2)p2,1(2) " p1a(2)p2,2(2) — Pr2(2)p2a(?)

Since the equations are linearly independent, the denominators are nonzero.
To prove the inductive step assume that (3.4) is true for m = mg and prove it true
for m = mo + 1. Given a system of mo + 1 equations of the form (3.3) in mg + 1
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unknowns, choose an equation whose coefficient of T,,,4+1(2) is nonzero and let this be
equation mg + 1. Divide this equation by pm,+1,me+1(2) to get

mo

M_Tj(z) + 1t mo+1(2)- (3.5)

T 1lz) = — A
mot ( ) i=1 Pm0+1,mo+1(2) Pm0+1,m0+1(2)

Substitute for Ty, +1(2) in the remaining mq equations of form (3.3). The ith equation
will now be

mo
> pii(2)Ti(z)
Jj=1
mo
Pmo+1 j(z) 1
— Dim ST T(z) s ———————Amar1(2) | = A2).
oH (j:l Prmo+1,mo+1(2) i(2) Prmo+1,mo+1(2) o1( )) =)

Rearranging we get

3

S (Pi,j(z) _ pi,mo+1(z)pmo+1,j(z)) Tj(Z) — Bi(z),

. Pmo+1,mo+1(2)

[
1

where
Bi(z) = M) - Lumetl&) )
Prmo+1,mo+1(2)
We now have a system of mg equations in mo unknowns where the ¢th equation is of
the form (3.3). Since the original equations are linearly independent, the new system of
equations is linearly independent. Applying the induction hypothesis and substituting
for Bi(z), we find that the solution to Tj(z), for 1 <1 < my, is

T(x) = 3 6ix(2)Bu(2)
k=1

3 () (Ak(z) - —’MAmoH(z)) .
k=1

Pmo+1,mo+1(2)

Substituting into (3.5) and rearranging we further find that

m

0 mo
Pmo+1,i(2) Pkmo+1(2)
Trno+1(2 :—E—J;——Eg-,kz(Akz————Am z
o+1(2) Sl Pmotimo1(2) (7 (2 | A=) Pmo+1,mo+1(2) o+1(2)

1
_— A, 2
Pm0+1,mo+1(z) 0+1( )

= _i————pmﬁl’j(z) Zogj,k(z)Ak(z)

j=1 Pm0+1,m0+1(z) k=1

+ % pm0+11](z) %g k(z) pk7m0+1(z) A (Z)
0 AT AT 3 A Ll s T 1
j=1 Pm0+1,m0+1(2') k=1 ? Pm0+1,m0+1(2) mot
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1

_— A
Prmo+1,mo+1(2)
meg Mo

— Z Z gjik(z)pm0+1)j(z) Ak(Z)

k=1j=1 Pmo+1,mo+1 (Z)

mo+1(2)

—_— E E m .
pm0+1,mo+1(z) 7=1k=1 p72no+1,mo+1(z) ¢

Thus, Ti(2) satisfies (3.4) for 1 <i<mg+1. 0O

We can now apply Theorem 3.1 to the system of equations given by (3.2). Since
Aj(z) = ¢;(2) + Hj(z) we find that

Ti(=) = igi,j(Z)(qj(ZHHj(z))
= Y 060 + D)

The first term is a rational function in 2. The second term is the sum of products
between rational functions and the generating functions of the inhomogeneous parts of
the recurrences. If the recurrences are all homogeneous, then each Tj(z) is a rational
function. Thus, we find that we need to develop algorithms to expand rational gener-

ating functions and algorithms to expand convolutions between rational functions and
other types of functions.

3.1.2. Summations
When parsing a summation, we need to determine the following pieces of information:
e whether or not the sum is a convolution,
o the index variable,
¢ the limits of summation,
e the summand.

Having determined this information, we have four possible transformations from
which to choose:

e simple sums,

¢ hybrid sums,

convolutions,

hybrid convolutions.
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The mappings for each transformation are defined in Chapter 2. For the simple sum
and the convolution they are given by (2.20) and (2.19). To find the generating function
for the solution to the hybrid sum we can use Corollary 2.2.2. Corollary 2.2.1 defines
the solution for the hybrid convolution.

As with recurrences, algorithms to expand these generating functions must be de-
veloped. The mappings will produce four possible types of generating functions to
expand. For the simple sum, we will have a convolution between the generating func-
tion 1/(1 — 2) and the generating function of the summand. For the hybrid sum, we
will have a hybrid convolution. The diagonal generating function will be 1/(1 — z) and
the hybrid generating function will be the product of the generating functions of the
factors in the summand. For convolutions, we will have the product of the generat-
ing functions of the factors in the summand. For the hybrid convolution, the hybrid
generating function will come from the product of the factors of the hybrid term in
the summand. The diagonal generating function will come from the product of the
generating functions of the other factors in the summand.

3.2. Algorithm Design Issues

Of the four general steps in the algorithms, we have seen that parsing the input and
transforming the input generating functions to the output generating functions are
implementation problems. We will not consider these problems further. However, for
both recurrences and summations, we need to develop and implement algorithms for
encoding and expanding generating functions.

The encoding algorithm is the same for all problems: given an expression (or func-
tion), find its generating function. The decoding algorithms can be grouped into three
broad categories:

¢ rational functions,
e convolutions,
e hybrid convolutions.

The types of convolutions and hybrid convolutions that will have to be expanded depend
on the types of generating functions that we are able to encode. As procedures to
encode generating functions are developed, procedures to expand convolutions and
hybrid convolutions that involve them must be developed.

3.2.1. Encoding Generating Functions

We must encode generating functions for both the inhomogeneous parts of recurrences
and for the summands of summations. There are two situations that we encounter.
The inhomogeneous term or the summand could be an algebraic expression involving
the index variable or variable of summation. We can treat this expression as the
value of a sequence and attempt to find its generating function. Or, we could be
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given an expression that involves a special function. This is simply the case where a
named function of n, such as a sequence, is part of the expression. We need to find
a generating function for the special function and then a generating function for the
expression involving it.

An important issue in the design of these algorithms is how knowledge is built into
them. One extreme would be to “memorize” everything and resort to table lookup.
The other extreme would be to “deduce” everything and attempt to compute the
generating function from (2.1). Our goal is to be as algorithmic as we can and to
minimize table lookup as much a possible. The algorithms should know a few basic
generating functions which they can look up and then use manipulation rules to encode
additional sequences.

Once implemented, we need to know what class of functions the routine will handle.
This information is needed to design procedures to expand generating functions. We
want to know if the algorithm will handle any function from the class without further
extension. We also want to be sure that the algorithm will fail gracefully when given
a function it cannot encode. It is better to return failure than an incorrect result.

Algebraic Expressions

We can consider various classes of algebraic expressions a, involving the symbol n
and determine if we can compute their generating functions in an algorithmic way.
If we can, we determine the initial generating function we must start with and the
manipulations needed to derive the generating function A(z) for a, from the initial
generating function.

e The expression for a, is constant. We can apply rule (2.8) to the generating
function 1/(1 — 2).

o The expression for a, is exponential. We can apply (2.11) to the generating
function 1/(1 — z).

o The expression for a, is a polynomial. FEach term of the polynomial can be
processed individually. To find the generating function for n*, (2.16) can be
applied k times to the generating function 1/(1—2). The corresponding coefficient
can be handled by (2.8). The generating function for the individual terms can be
added together to find the generating function for the polynomial.

e The expression for a, is a rational function. A general method for encoding
rational functions is not known. For example, the generating function of 1/k is
—1In(1 - z). Unfortunately, we cannot apply (2.14) to bring another factor of 1/k

into the sequence and we are unable to find an ordinary generating function for
1/k2.

e The expression for @, involves sums, differences, and products of polynomials and
exponentials. We can immediately handle the product of a polynomial p(n) with
an exponential o™ using (2.11). For more complicated expressions of this type,
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such as (p(n)a™+q(n)B")r(n)y™, we can expand the expression to a sum of prod-
ucts form and process each term individually. Adding the resulting generating
functions gives the generating function for a,.

Special Functions

Dealing with special functions requires some form of table lookup. We need to go
from the name for the special function to its generating function. When dealing with
special functions we want to maintain flexibility in how information about a function
is specified. We also want to get maximum capability from the fewest definitions.

The simplest way to handle special functions would be to add their generating
function to a table and look them up as needed. This puts the burden of finding
a generating function for a new function on the user. A more desirable method is
to allow the generating function to be computed from the definition of the special
function. The definition could be a recursive definition, a summation, or an algebraic
expression possibly involving other special functions. From the definition the generating
function or hybrid generating function for the special function could be computed.
This approach gives more flexibility to the user in how he adds new information to the
system.

If the special function is a member of some larger class of functions, a procedure
for encoding the whole class can be written. The generating function of the special
function can then be determined algorithmically from the function’s parameters using
some initial table lookup. In this way we can get more capability than we could by
just looking up the generating function or the special function’s definition.

3.2.2. Decoding Generating Functions

The desired result of our algorithms is to find a “closed form solution.” This is a
widely understood but poorly defined concept. In a general sense we want to express
the solution in terms of a finite number of well known and well defined quantities. This
could be an algebraic expression or might include special functions. The question is,
“What form is more important to the user?” If a solution involves Fibonacci numbers,
should the system return the symbol F, or the expression ((1 ++/5)/2)"/v/5 — ((1 —
V5)/2)"/v/5? As procedures for decoding generating functions are designed we must
address the question of what is a proper closed form solution and how should special
functions be used in expressing closed form solutions.

The algorithms to be developed will depend on the type of generating functions
that need to be expanded. We have already found that to solve linear recurrences
we will have to expand generating functions which are rational. We have also found
that the other types of generating functions that we will have to expand depend on
the type of input for which we can encode generating functions. Thus as we develop
routines to encode classes of generating functions we will also develop routines for
expanding convolutions and hybrid convolutions involving the generating functions of
those classes.
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Closed Forms

We will define the closed form of a function s, to be an expression, valid for any
n, that defines s, as an algebraic function of the symbol n using a fixed number of
the operations addition, subtraction, multiplication, division, and exponentiation. For
example, the expression we used for the Fibonacci numbers above meets this definition.

It is often more informative to express the closed form of a function in terms of
other well known functions. In some cases, such as the Fibonacci numbers, these are
functions which have closed forms but whose names are considered more informative.
In other cases these are functions that do not have known closed forms, including
harmonic numbers, Stirling numbers, and Euler numbers. To handle such cases we will
define an eztended closed form to be an expression, valid for any n, that defines s, as
an algebraic function of the symbol n and a set of well defined functions of n using
a fixed number of the operations addition, subtraction, multiplication, division, and
exponentiation.

The algorithmic use of extended closed form solutions for recurrences and summa-
tions raises two important issues. We must decide when to look for a special function
and where to look for it. As we develop new expansion algorithms we must take these
issues into account. While we do not want to do an exhaustive search for special func-
tions in the expansion of a generating function, it might be more informative to include
functions used within the context of the problem being solved: for example, functions
used to define a summand or the inhomogeneous part of a recurrence being considered.
We can thus use the problem input to guide us where to look for special functions in
the solution.
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Chapter 4

Theory of Rational Generating
Functions

Rational generating functions play an important role in discrete math. As we have
already seen, they encode the solution to homogeneous linear recurrences with constant
coefficients. In addition, they encode many important classes of sequences, including
polynomials and exponentials. The set of rational generating functions, as well as the
set of sequences that they encode, form well defined algebraic structures. By studying
these structures, we can characterize properties that apply to all members of the set or
to some well defined subset. We can also show that many manipulations of members
of either set are closed on the set. We will make important use of these algebraic
structures to prove the capabilities of our algorithms for rational generating functions.

In this chapter we look from a theoretical perspective at rational generating func-
tions and the sequences that they encode. We define algebraic structures for the set of
rational generating functions, the set of sequences that they encode, and the closed form
expressions that define those sequences. We then relate homogeneous linear recurrences
to rational generating functions.

4.1. Field of Rational Generating Functions

Before we consider the algebraic properties of rational generating functions we review
some important algebraic structures [BURTON]. The pair (F,*)is a semigroup if

e F is a nonempty set,
e * is a binary associative operation defined on F,
e F is closed under *.
The semigroup (F,*) is a group if and only if
e (F,x)is a semigroup with identity,

o each element in F has an inverse with respect to *.
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If the operation x is commutative, then (F,*) is a commutative group. The system
(G,8,0) is a ring if

e G is a nonempty set,

e @ and © are binary operations defined on G,

e (G,®)is a commutative group,

¢ (G,®)is a semigroup,

o the operation ® distributes over the operation @.
A ring (G,®,0) is a fleld if

o (G —{0},®) forms a commutative group, where 0 is the identity element of the
operation &.

Rational generating functions with coefficients from the set F form a set which we
call RATr. If the system (F,+,-), where + and - are the field operations of addition
and multiplication, is a field then (RATr, +,-) is a field. Addition is closed over this
field and forms a commutative group with identity 0. The additive inverse of each
f € RATr is — f. Multiplication is also closed over RATr and forms a semigroup. If
we eliminate the element 0, then each f € RATr has 1/f as its multiplicative inverse
and (RATr — {0},-) forms a commutative group with identity 1.

The set of functions RATr is commonly named F(z), the rational functions of z
with coefficients from the field 7. We have chosen the RAT notation over the F(z)
notation to highlight the fact that we are discussing a set of generating functions that
encode sequences rather than a set of functions of z. However, we will continue to use
the related notation F[z] to denote the set of polynomials in z with coefficients from
set F.

There are many possible coefficient fields for the rational functions. The more
common are Q, the rational numbers; R, the real numbers; and C, the complex numbers.
We note that RATg C RATg C RAT¢c. We also note that the integers form only a
ring (Z,+,-) since every member of Z does not have a multiplicative inverse in Z.
However, every member of RATg can be expressed as a ratio of polynomials with
integer coefficients so we find that the set RAT7 is equivalent to the set RATg. Thus
(RATz,+,-) is a field even though (Z, +, ) is a ring. Since this is the case, we will keep
the more stringent requirement that the set of coefficients for the rational generating
functions form a field with respect to addition and multiplication.

Throughout this chapter we will refer to both the set RATr and the set RAT. In
the former case the coefficient field will be important to the result, and we will restrict
our discussion to the particular coefficient set F. In the latter case we will be discussing
a property that applies to a generating function that is rational with coefficients from
any field defined with respect to addition and multiplication.

To discuss rational generating functions we need to be able to manipulate them and
the polynomials from which they are constructed. Table 4.1 lists several functions that
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numer(G(z)) numerator of rational function G(z)

denom(G(z2)) denominator of rational function G(2)
degree(p(2)) degree of polynomial p(z)

ldegree(p(z)) degree of lowest order term of polynomial p(2)
coeff(p(2), 1) coefficient of z* in polynomial p(2)

lcoeff (p(2)) coefficient of lowest order term of polynomial p(z)
lterm(p(2)) lcoeff(p(z))2'9e8ree(r(2)) for polynomial p(z)

Table 4.1. Functions for manipulating rational functions and polynomials.

will be helpful. Unless otherwise indicated, we will assume that a rational function is
in normal form. That is, it has been expressed as a ratio of two polynomials. We will
define a trivial rational generating function to be a function G(z) where

ldegree(denom(G(z)) = degree(denom(G(z)).

These are generating functions whose denominator is a trivial polynomial involving a
single power of z. When

ldegree(denom(G(2)) < degree(denom(G(z2)),

we will define G(z) to be a nontrivial rational generating function. We will also define
a finite sequence to be a sequence with a finite number of nonzero terms and a infinite
sequence to be a sequence with an infinite number of nonzero terms.

4.2. Sequences with Rational Generating Functions

The set of rational generating functions encodes a set of sequences. These sequences
form a well defined algebraic structure that can be related to RAT. We consider

manipulation of members of this set and formally define the closed form expressions of
these sequences.

4.2.1. Field of Sequences

Each generating function in the set RAT uniquely encodes a sequence. We call this
set of sequences RAT_SEQ. The system (RAT_SEQ,+,*), where * is the convolution
operation, forms a field. The operations 4+ and * are the sequence manipulations caused
by the corresponding operations in the field (RAT, +, -).

The two fields can be algebraically related. A ring homomorphism is a mapping F
from the ring (F,®,®) to the ring (G,H, ) such that for every f,g € F,

F(f®g)=F(f)BF(g)
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and
F(f09)=F(f)T F(g).

If the homomorphism F is one-to-one, the rings are isomorphic. This means that the
homomorphism preserves the algebraic properties of the ring (F,®,®) when mapping
it onto the ring (G,H,). The two structures can generally be treated as being the
same algebraically.

Not surprisingly, the fields (RATr, +,-) and (RAT_-SEQr, +, *) are isomorphic for
the field (F,+,-). Let ‘expand()’ be the function that expands a function in RATx
to find the sequence that it encodes. Since a generating function uniquely encodes
one sequence, ‘expand()’ is one-to-one. In addition, if F(2),G(z) € RATr encode the
sequences (f,) and (g,) then

expand (F(z) + G(z)) = expand(F(2)) + expand(G(2)) = (fa) + (9n)

and
expand(F(z)G(z)) = expand(F(2)) * expand(G(z)) = (frn) * (gn)-

Thus the mapping ‘expand()’ is a one-to-one homomorphism and the fields (RATx, +, )
and (RAT_SEQr,+,*) are isomorphic. It is also possible to show that the mapping
which encodes the generating function of a sequence in RAT _SEQr, ‘gf()’, is a one-
to-one homomorphism.

4.2.2. Sequence Manipulations

With the exception of (2.14), the manipulations defined in Table 2.1 are closed over
RAT. In each case, applying the manipulation to generating functions in RAT produces
a generating function in RAT. Thus, the corresponding sequence manipulations define
new sequences that are in the set RAT_SEQ.

If we restrict the rational functions to a coefficient field (F, 4+, -), we can show that
the relations (2.8) to (2.13) are closed on RATr under certain conditions. Relations
(2.8), (2.10), and (2.11) are closed on RATr if a,3 € F. The following theorem
determines the conditions under which relation (2.13) is closed on RATr.

Theorem 4.1. Let (F,+,) be a field defined over the operations addition and multipli-
cation. If Z C F, then for every G(2) € RATr, its derivative G'(2) € RATr.

Proof. We can express G(z) in normal form as p(z)/q(2), where p(z),q(z) € F[z].
Differentiating, we find that G'(z) = (p'(2)q(2) — p(2)¢'(2))/q?(2). We see that this
expression is closed on RATr if, for any p(2) € F[2] the derivative p’(z) is also in F[z].
Any polynomial can be expressed as

degree(p(z))

p(z) = Z P2,

=0
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Differentiating with respect to z gives

degree(p(z)) .
Pz) = ). ip

=1

The coefficients p; for ¢ from 1 to degree(p(z)) are in F. If Z C F, then ip; € F and
p(2) e Flz]. 0O

4.2.3. Closed Form Expressions

We characterize the value of each term in a sequence according to the coefficient field
of the sequence’s generating function.

Theorem 4.2. Let (f,) be the sequence encoded by F(z). If F(z) € RATr for coeffi-
cient field (F,+,-)and Z C F then f, € F.

Proof. If F(z) has z as a factor, we can write F(2) = 2™G(z), where z is not a factor

of G(2). By (2.9), (fn) = (gn-m), where (g,) is the sequence encoded by G(z). If

we can prove that g, € F then we have proven that f, € F. We have two cases to

consider: G(z) is a polynomial and G(2) is a nontrivial rational generating function.
Case 1. G(z) is a polynomial. The generating function can be expressed as

degree(G(z))
G(z) = Z gr2".

k=0

Each coefficient g of G(2) is in F. Thus, each term of the sequence

(gn) = (gO’ G1: -+ -5 Gdegree(G(2)) > 0,0,.. )
isin F.
Case 2. G(z) is a nontrivial rational function. The generating function is the ratio

) = P2)
Gle) = q(2)’

where p(2), ¢(z) € F[z]. From (2.4) we find that

1 d"G(z2)

Tl der g
By Theorem 4.1 RATyx is closed under differentiation. Thus, differentiating a rational
function from RATr n times yields a rational function that is in RATr. Evaluating at
z = 0 will produce the ratio of the constant terms in the numerator and denominator
polynomials of the normalized rational function. Each of these constants is in F and
their ratio is in F. Since n! is an integer, Z C F, and G™(2)|,—¢ € F we find that
gmeF. 0O
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We can see why powers of z were factored out of F(z). If the denominator had z
as a factor then the denominator of F(™)(z) would have z as a factor and the constant
term of the denominator of F(™(z) would be 0. In addition, based on the power of
z that is factored out of F(z), we find that the first nonzero term in {f,) occurs at
n = ldegree(numer(F(z))) — ldegree(denom(F(z))). We also note that trivial rational
generating functions encode only finite sequences and nontrivial rational generating
functions encode infinite sequences.

While Theorem 4.2 has characterized the field where the terms of a sequence (g,)
encoded by the generating function G(2) € RATr can be found, we would like to know
more about the closed form expression for g,. If G(2) is a trivial rational function,
then the denominator of G(2) is some power of z and the generating function encodes
a sequence with a finite number of nonzero terms. We can find values for g, by deter-
mining the coefficients of the polynomial in the numerator and using the denominator
to shift and scale the sequence. For n > degree(numer(G(z))) — degree(denom(G(z)))
we have g, = 0. Thus the closed form of a finite sequence is zero.

If G(z) is a nontrivial rational function, then the denominator of G(z) is a polyno-
mial with terms involving more than a single power of z. We can let

p(z) = numer(G(z)) and ¢(2) = denom(G(2)).
If {gn) is the sequence encoded by 1/¢(z) then

degree(p(z))

gn = E coeff(p(2), 2)gn—i-
1=1degree(p(z))

We note that {g,) is defined by the convolution (g») = (pr) * (¢n). However, since (pn)
has a finite number of terms, the convolution defining g, has a finite number of terms.
For n — ldegree(q(2)) < degree(p(2)), some of the values g,_; are zero.

To expand 1/¢(z) we can let

(Z) = 1 _ lcoeff(q(z))zldeg’ree(q(z))
Glz) = q(z)/ lterm(g(2)) ~ o) :
Thus

Lo G(z)

q(z) — lcoeff(q(z))zldegree(a(2))’
and

_ £n+ldegree(q(z))
= lcoeff(g¢(2)) ’
where (g,,) is the sequence encoded by G(z).

It is possible to derive formally and prove a closed form expression for g,, [GRAHAM,
PurpoM]. However, our interest is in the form of this expression so we will look only
at the method for finding it.

We can factor G(z) over the complex numbers as

1
G(z) = (1—rlz)d1---(1—rmz)dm’

(4.1)
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where dy + ...+ d, = degree(denom( G(2))). Application of partial fractions with
respect to z gives

G(z) = ZZ @ f‘;fz)J

=1 j=1

where the values a; ; are constant with respect to z. The generating function 1/(1—az)*
encodes the sequence {(***~")a”). Thus,

ZZ(]-{-n—l)

i=1 j=1

and substituting back we find an expression for g,.

By the Fundamental Theorem of Algebra, every polynomial of degree m with com-
plex coefficients can be factored into m factors. Thus, this method can be applied to
any nontrivial rational generating function to find the closed form expression of the
sequence that it encodes. The only limitation to finding this expression is the ability
to completely factor the denominator of the generating function.

Having characterized the closed forms of sequences in RAT_SFEQ, we would like to
know what expressions can be encoded by a rational generating function. Obviously,
any sequence with a finite number of nonzero terms and a closed form of zero can
be encoded with a trivial rational generating function. Of more interest are those
sequences that are encoded by nontrivial rational generating functions. We will build
an algebraic structure and show that it defines the closed forms of sequences encoded
by nontrivial rational generating functions. This will allow us to define formally the
expressions that can be encoded with nontrivial rational generating functions.

Lemma 4.1. Let (F,+, ) be a field defined for the operations addition and multiplication.
Let (F[n],+,-) be the ring of polynomials of symbol n with coefficients from the set F.
Let f(n) be the closed form of the sequence (f(n)) defined for n > 0. If f(n) € F[n] and
Z C F, then F(z), the generating function of (f(n)), is in RATx.

Proof. We can express the polynomial as

degree(f(n))

f(n) = Z an’,

=0

where o; € F. If the generating function of (n') is Gi(z) = $.52,n'2" then the
generating function of (f(n)) is

degree(f(n))
F(z) = Z a;Gi(2).
=0
We can prove by induction that
ni(2)
Gi(Z) = m, (42)
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where n;(z) € Z[2]. The base case is Go(2) = Y o2 ,12" = 1/(1 — 2). Thus ne(2) = 1.
To prove the inductive step assume that (4.2) is true for ¢ = ip and prove it true for
i = i0 + 1. Applying (2.16) and the induction hypothesis we get

! d _ mi(2 z(n} (2)(1 — 2) + (o + 1)ngy (2
Gioa(2) = 2G(2) = ZE;(I—Z()’ZH - e (l—z)i(o+2 Jio( )).

Since n4,(2) € Z[2], niy41(2) = 2(n{ (2)(1 = 2) + (do + 1)n4(2)) € Z[2].
Substituting, we find that

degree( f(n))
ni(z)
F& = 2wy

If Z C F,then a;n;(2) € Flz] and F(2) € RATr. 0O

This lemma proves that sequences defined by polynomials over the domain of non-
negative integers have rational generating functions. We now build an algebraic struc-
ture that defines expressions that involve exponential terms or factors.

Lemma 4.2. Let Tr be the set {5 z; - yP|z; € Fln], y; € F, integer k > 0} where
(F,+,-) is a field, n is a symbol, and y™ represents an integer power of y. The system
(Tr,+,-) is a commutative ring.

Proof. The proof follows directly from the definition of addition and multiplication
over field (F,+,-) and ring (F[n],+,-). For every y € F, the value y" is defined in
terms of the operation multiplication on the field (F, +,:) . For any value that n can

represent, we can treat y™ as if it were in F. Using this fact we can show by algebraic
manipulation on F and F[n] that

o addition on 7r is associative, commutative, and closed,
e the additive inverse is defined on 7r,
o multiplication on 7r is associative, commutative, and closed,

¢ multiplication distributes over addition on 7r. O

We now show that a sequence defined by a member of 7r for n > 0 has a rational
generating function.

Theorem 4.3. Let (Tr,+,:) be the ring defined in Lemma 4.2 for field (F,+,-). Let

fn be the closed form expression of the sequence (f,) defined for n > 0. If f,, € 7r and
Z C F, then F(2), the generating function of (f,), is in RATr.

50



Proof. Since f, € 7r, we can distribute multiplication over addition to express f, in
sum of products form. Each term in the sum can be expressed in the form ¢,, = p(n)a”,
where p(n) € F[n] and a € F. Since Z C F and p(n) € F[n], by Lemma 4.1 we find
that P(z), the generating function of (p(n)), is in RATr. By (2.11), the generating
function of (t,) is T'(z) = P(az). Since o € F, we can see that the coefficients of T'(2)
are in F and the generating function of each term in the sum of products expansion of

fn isin RATx. Thus F(z), which is the sum of these generating functions, is in RATr.
g

Theorem 4.3 considers only sequences defined by members of 7 for n > 0. We use
generating function shifting techniques to show that a sequence defined by a member
of Tr for n > v has a rational generating function.

Corollary 4.3.1. Let (7x,+,-) be the ring defined in Lemma 4.2 for coefficient field
(F,+,"). Let f, be the closed form expression of the sequence (f,) defined for n > 7. If
fn € Tr and Z C F, then F(z), the generating function of (f,), isin RATx.

Proof. Let (g,) = (fnty) for n > 0. By (2.9), F(z) = G(z)/2", where G(z) is
the generating function of (g,). If G(2) € RATx then F(z) € F. To prove that
G(z) € RATx we find the closed form of g, and show that it is in the set 7.

Fach term in the sum of products form of f, can be expressed as p(n)8™, where
p(n) € F[n] and 6 € F. Substituting, we find that each term in the expression for g,
is of the form p(n — ¥)8"~" = 67 "p(n — 4)8™. If Z C F then 6~7"p(n — v) € F[n] and
0=7p(n — 7)8" € Tr. Thus, G(z) € RATF and F(z) € RAT-. 0O

Corollary 4.3.1 considers only sequences for which the closed form expression is valid
for all terms in the sequence. By definition, a finite number of terms in the sequence
need not be defined by the closed form expression. We extend the corollary to any
sequence that has a closed form in 7r.

Corollary 4.3.2. Let (7x,+,-) be the ring defined in Lemma 4.2 for coefficient field
(F,+,-). Let ng and v be integers such that ng > 7. Let (f.) be a sequence defined for
all » > v with closed form expression ¢,, that defines f, for all n > ng. If f,, € F for all
n > 9, ¢n € Tr, and Z C F then F(z), the generating function of (f,), isin RAT¥.

Proof. By the definition of a closed form, we can express f, as

£ = ent gn, ify<n<ng—1;
" Cn, ifnZnO)

where g, = fo—c,. If Z C F then f,,c, € F for all n and g, € F. The generating func-
tion of (fn) is F(2) = C(z) + G(2), where C(z) = 372 ¢,2" and G(z) = Z‘;Tyl Gn2™.

By Corollary 4.3.1, C(z) € RATy. G(2) is a trivial rational generating function in
RATx. Thus, by the closure of addition on the field (RATx, +,-), F(z) € RATx. 0O
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We have now shown that every sequence with a closed form expression in 7x for
some coefficient field (F,+,-) has a rational generating function. If we look at the
coeflicient field (C, +, ), we can see that the set 7¢ defines the closed form expression
for every sequence with a generating function in RAT¢. Trivial generating functions
have closed form zero which is in the set. By the Fundamental Theorem of Algebra,
the characteristic generating function of any nontrivial rational generating function in
RAT¢ can be factored as in (4.1). This allows us to apply partial fractions to express
the characteristic generating function in the form (4.2). Expanding the generating
function leads to a closed from expression for the sequence that is in 7¢.

4.2.4. Linear Transformations and Products

We have already seen methods for constructing new sequences in RAT _S E() from exist-
ing sequences. The manipulation rules (2.8) through (2.13) when applied to sequences
in RAT _SEQ yield sequences in RAT_SE(. In addition, the convolution operation
is closed on RAT_SEQ. The following two theorems define additional ways in which
members of RAT _SE() can be used to construct new sequences that are in RAT_SEQ.

Theorem 4.4. Let (g,) = (fantp) for o, € Z. If (fn) € RAT_SEQ then (g,) €
RAT _SEQ.

Proof. If (f,) is a finite sequence then (g,) is a finite sequence and its generating
function is a trivial rational function. Otherwise, a closed form expression for the
sequence exists and has the form

In = Zpi(n)azn'

Since this closed form exists, there is some field (F,+,-) such that Z C F and f, € 7r,
where 77 is the set defined in Lemma 4.2. Substituting, we find that

gn = Jants = 2 pilon+B)0T™ = 3 pilan + B)0] (65)".

Since Z € F, the composition p;(an + §) € F[n] and p;(an + ,B)Biﬁ € F[n]. By the
definition of exponentiation, 8 € F for integer . We thus find that pi(an+,3)0f‘n+ﬁ €

Tr, and so, by Corollary 4.3.2, the generating function of (g,) is a rational function
and (g,) € RAT_SEQ. 0O

Example 4.1. Consider the sequence (s,) encoded by the generating function S(z) =
v2(1+ v2)/(1 — v2)3. Its closed form is s, = n®y™. The sequence (t,) = (San+g) has
closed form

t, = (azn + 2a0n + ,82) yonth,
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The generating function of (t,) is

T(z) = itnz"

n=0

= i (azn + 2afn + [32) yontB gn

n=0
= Z ~P (a2n + 2afn + [32) (vo)" 2™
n=0
The generating function of (a’n + 2a8n + $2) is ((e® — 2a8 + 5%)2% + (@ + 2a8 —
26%)z + B%)/(1 — 2)®. Applying (2.11) and (2.8), we find that
2 _ 2 o2 2 2 _ 2\ & 2
T(z)z'yﬁ(a 2af + B%) (v°)" 2° + (o + 205 — 267)y Z+ﬂ.
(1 —v2z)?
Theorem 4.5. Let (s,) = (fogn). f (fn),{(gn) € RAT _SEQ then (s,) € RAT_SEQ.

Proof. If (f,) or (g,) is a finite sequence, then (s,) is a finite sequence and (s,) has
a trivial rational generating function. Otherwise, the closed forms of the sequences
(fn) and (gn) must be in the ring (7r, +,-) for some field (F,+,-). By the closure of
multiplication, the product of their closed forms must be in the ring (7x,+,:). Thus
by Corollary 4.3.2, the hybrid sequence (s} = (fngn) is in RAT_SEQ. 0O

Example 4.2. Consider the sequences {(a,) = (Fra™), (b,) = (nF,), and {c,) = (F2).
We can show that each has a rational generating function. By (2.11) we find that the
generating function of (a,) is

az
A#) = 1—az—a22?
and by (2.16) we find that the generating function of (b,) is

z+z3

Bl = nm =y

To find the generating function of (c,), we first note that the closed form of the Fi-

bonacci numbers is defined for n > 0. Applying (2.1) we find that the generating
function of (c,) is

C(2)

[l
3
[ ag:
P N e N
-
3
S
3)
S———”’
[ &)
N
3

$ (¢ sty 4 5

’n,=0
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! 1 2 N 1
T O5\1-¢% 142z 1-g%
2’2—2

(1+2)(1-32+22)

While the product of two infinite sequences generally produces an infinite sequence,
there are some cases where the hybrid sequence is finite.

Example 4.3. Consider the sequences encoded by the generating functions A(z) =
1/(1 - z%) and B(z) = 2/(1 — 2%). The sequence {a,) encoded by A(z) has the closed

form ) "
a, = +—(2_——)—, for n > 0.
The sequence (b,) encoded by B(z) has the closed form
1 o n
b, = —(2—2—, for n > 1.

The closed form of the hybrid sequence (c,) = (a,b,) is

. = 1+ (=) 1= (-1)"  1-(=1)> 0
" 2 2 - 4 -

Thus, {c,) is a finite sequence. N

4.3. Linear Recurrences and Rational Generating Func-
tions

We have already seen in (2.25) that the generating function of a sequence defined by
a homogeneous linear recurrence with constant coefficients is rational. We consider
more formally the relationship between homogeneous linear recurrences and nontrivial
rational generating functions.

We will use the phrase recurrence relation in two contexts. We will say that a
sequence satisfies a recurrence if substituting appropriate values of the sequence into
the recurrence relation for all n > ng yields a true equation. For example, the Fibonacci
numbers satisfy the recurrence t, = t,_; + t,—3 for n > 2. We will say a sequence
is defined by a recurrence relation if we are given a recurrence relation and sufficient
boundary conditions to generate the terms in the sequence. The Fibonacci numbers
are defined by the recurrence ¢, = t,,—y + tn—g, for n > 2, with £y = 1 and tg = 0.

4.3.1. Homogeneous Linear Recurrences

Let the nontrivial rational generating function G(z) encode the sequence (g,). We
define the characteristic generating function of G(2) to be

1
92) = ) Term(e())’
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where ¢(z) = denom(G(z)). Likewise, we define the sequence {g,,) encoded by G(z) to
be the characteristic sequence of (g,). Note that the denominator of a characteristic
generating function is a polynomial whose coefficient of 2% is 1. We can now relate
every characteristic generating function to a homogeneous linear recurrence.

Lemma 4.3. The characteristic generating function

1

L ot
i=1 X2

z) =
6() = —
encodes the sequence defined by the recurrence

Zf:l (275 P if n Z 1;
In = 1, if n =0;
0, if—k+1<n<-—L

Proof. We can apply (2.25) directly to find that

0 k t k—1 —k
Zn:—k+1 2" — =1 a‘i’zz n:zl t_k+n2 tn
1- Zf:l aizi

Substituting the boundary conditions we get

G(z) =

-1 n 0 k ¢ k-1 -k
n=—k+1 0z" + 12" — Zi:l a;2" Zn:l 0z~ "

1- Zf:l a,:Zi

G(z) =
L
1- Z?:l a‘izi .

Now that we have found the recurrence that defines (g,) we can see why G(z2)
is called a characteristic generating function. Its denominator is equivalent to the
characteristic polynomial that can be used to solve a homogeneous linear recurrence
[L1v]. As we will see throughout this chapter, the behavior of any nontrivial rational
generating function is determined by its characteristic generating function. Likewise,
the behavior of a sequence encoded by a nontrivial rational generating is determined
by its characteristic sequence.

Lemma 4.4. Let )

(1 - Z?:l aizi)
be the characteristic generating function of the generating function G(z). Let
G(2) = p(2) 6(2),

where p(2) = numer(G(z)))/ lterm(denom(G(2))). The sequence (g,) encoded by G(z)
satisfies the homogeneous linear recurrence

k
gn = Zaign—-i-
i=1

G(z) =
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Proof. By definition, the generating function G(z) encodes the sequence (g,). By

(2.15), g = Z?iﬁi‘:ﬂ;&z)) coeff(p(2),7) 4,—;- Applying the recurrence for (4,) from

Lemma 4.3, we find that

degree(p(z)) k
= 3 coefl(p(2), )oY fpij
j=1degree(p(z)) =1

Reversing the order of summation we get

k_ degree(p(2))

gn = Z Z O COEﬁ‘(p(Z),j)ﬂn_i_j
t=1 j=1degree(p(z))

k
= Zaign—i- O
=1

We can now relate every nontrivial rational generating function to a homogeneous
linear recurrence.

Theorem 4.6. Every nontrivial rational generating function F(z) encodes a sequence
(fn) that is defined by a linear homogeneous recurrence with constant coefficients.

Proof. Let .
14+ oqz+ag22+ -+ agzk

be the characteristic generating function of F(z). We can express F(z) as

F(z) =

_ p(2)
(=) = lterm(denom(F(z))) F(2).

By Lemma 4.4, (f,) must satisfy the linear recurrence

k
f‘n = Zaifn—i-

=1

Applying (2.4), we can find sufficient boundary conditions to define {f,). 0O

4.3.2. Boundary Conditions

It is known that an order k recurrence is completely defined by k& boundary conditions
[Liv]. In (2.25) we let the indices of the boundary conditions be y +1 < n < v + k.
By inspection we see that the numerator of the generating function defined by (2.25)
will be the sum of terms involving z7*1,..., z7t% while the denominator is the sum
of terms involving 2°,...,2%. An 27*! can be factored out of the numerator. We find
that if ¥ < —1, the denominator will have a power of z as a factor and if ¥ > —1, the
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numerator will have a power of z as a factor. We also find that the generating function
F(z) for an order k homogeneous linear recurrence with k£ boundary conditions has

degree(denom(F(z))) — ldegree(denom(F(z))) = k and
degree(numer(F(z))) — ldegree(numer(F(2))) < k — 1.

The cases where degree(numer(F(z)))—I1degree(numer(F(2))) < k—1 arise when some
of the initial boundary conditions are 0.
Many nontrivial rational generating functions have

degree(numer(F(z))) — ldegree(numer(F(z))) > k.

The following theorem characterizes the recurrences that define the sequences encoded
by such generating functions.

Theorem 4.7. Let T(z) be a nontrivial rational generating function where

degree(denom(7T(z))) — ldegree(denom(7T(z))) = k and
degree(numer(7T'(z))) — ldegree(numer(7T'(z))) > k.
Let § = degree(numer(T'(z)))—1degree(numer(7T(z)))—k+1. The sequence (t,) encoded

by T'(z) is defined by the order k recurrence encoded by the characteristic generating
function of T(z) and k + § boundary conditions.

Proof. Factor any powers of z out of T'(2) to obtain

numer(T(Z))/Zldeg'ree(numer(T(z)))
denom(T(Z))/Zldegree(denom(T(z))) :

Q(2) =

The degree of the numerator is £ + § — 1 and the degree of the denominator is k.
Polynomial division of the numerator gives

Q) = pl) + r(2)

denom(7(z))/ Zidegree(denom(T (z))) *

where p(z) and r(z) are polynomials in z such that the coefficient of 2° in each is
nonzero. We have

degree(p(z)) = 6 and degree(r(z)) = k—1.

Let (r,) be the sequence defined by r(2)/(denom(T(z))/z'deereeldenom(T(2)))) Expand-
ing generating functions we find that the sequence encoded by Q(z) is

|} coeff(p(2),n) +1n, fO<n<6-1;
I = Tn, if n>é.

By Lemma 4.4, {g,) and {r,) both satisfy the recurrence t, = Sk aita_;. The
boundary values for (r,) are at 0 < n < k — 1 and the recurrence for {r,) holds
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for n > k. From the recursive definition of (g,), we see that the recurrence is valid
only for n > k + 6. If it held for any smaller values of n then we would have that
lcoeff(p(2), 6) = 0, which is a contradiction.

To define the recurrence for (g,), we need boundary values for 6 +1 < n < é+k-1
in order for the recurrence to be valid at n = k4 §. We also need boundary values
for 0 < n < § for the 6 initial values of ¢, which do not affect the recurrence. Thus
we need a total of k + 6§ boundary conditions to define (g,). Since (¢,) is obtained by
shifting (g ), k¥ + 6 boundary conditions are also needed to define (t,). [

Given the recurrence definition

k
n = Zaitn—k
=1

with k& + § boundary terms defined for v+ 1 < n < v+ k+ §, we can modify the steps
followed in Chapter 2 to find the generating function 7'(z) = 3272 1 tn2™.
Step 1. Multiply by 2™ and sum over n > 4 + k 4+ § + 1. This yields

o o k
DU S SPPRIRY
n=vy+k+6+1 n=y+k+6+1 i=1

Step 2. Rearrange the order of summation, factor z* out of the inner summation,
and adjust the limits of summation.

0 k ) o )
Z th2" = Z a2t Z thi2" "
n=y+k+6+1 =1 n=vy+k+6+1
k ) o
= Z o; 2 Z t.2".
i=1 n=y+k+§—1i+1

Step 3. Add and subtract terms to get the sums into the form of the sum for T'(2),

o0 Y+6+k k . =) Yy+k+6—1
S ot = > te2” = Dol ( oot = > tnz"> )
n=y+1 n=vy+1 =1 n=vy+1 n=vy+1
Substituting for T'(z) and rearranging gives
v+6+k k ' y+k+6—1
T(z) - Z 2" = Za,—z’ (T(z) - Z tnz")
n=vy+1 i=1 n=vy+1
k ) k Rt
= Z 0;2'T(z) — Zaiz‘ Z 12"
=1 =1 n=y+1
k . k ktb~i
= Z a;2'T(z) - Z a; 2 Z by 2T
i=1 =1 n=1
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Step 4. Collect terms and solve for T'(2).

k , Ytk+6 kb—i
1) = YarT() = > 1= Y 3 by
=1 n=vy+1 =1 n=1
Doing so, we find that
+k+6 5_'
T(z) = T e — i iz Tek T 27
1- 22_1 a,z"’ ’

It is possible to specify too many boundary conditions. For example, boundary
conditions could be given forvy+1<n<y+k+ 8§ but at n =+ + k + § we find that

k
tyrbts = Zait—y+k+6—i-
i=1

If we isolate the 271**4 terms from each summation in the numerator of the generating
function T'(z) we get

k+6-1 k+6
ZZ:’yH tn2" + Ly ks 2 THF
T(z) = ;
1- _1 ;2
k k6—i-1 —i
Y=l iZ (Zn+ T2 by 21TEES ’)
1-Ykh, 0
+ht6-1, kminly
— E;yl=’y+1 In2 Zz—l Q;z 7 Z - nz’y+n
1- E, ', a2t
k k+6
+ tyrkys TS — TF ) aityyrgsoi 2 HEE
1- 21—1 Q; zz
k+6—1 k46-in1
_ 27::1-{{_-1 12" — —1 Q;z Z e 27T
1-— 21-:1 ;7 .

Thus we see that having unnecessary boundary values will not change the generating
function.

A related problem occurs when a specific set of boundary values leads to cancellation
in the generating function. That is, a particular set of boundary conditions for an order
k recurrence creates a sequence that satisfies an order & — 1 recurrence.

Example 4.4. Consider the recurrence

(24 V2)sno1 — 2V28n2, ifn 22
Sp = 2, ifn=1;
1, if n=0.
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The generating function of the sequence (s,) is

224+ 1-(2-2)2
1= (24 v2)z 4 2v222
1—\/§z

1—(24v2)z 4+ 2v/222
1

1-22

§(z)

Notice that the boundary conditions sg = 1 and s; = 2 satisfy a recurrence, ¢, = 2t,,_1,
whose characteristic generating function is a factor of the characteristic generating

function for (s,). As a result, cancellation occurs. This observation leads to the
following theorem.

Theorem 4.8. Let (g,) be a recurrence that satisfies a homogeneous linear recurrence
with constant coefficients. The sequence (gy) satisfies infinitely many homogeneous linear
recurrences with constant coefficients.

Proof. Let G(z) be the generating function of the sequence (g,). Let G(z) be the
characteristic generating function of G(2) such that

- p(2)
Gz) = lterm(denom(G(2))) §(=),

where p(z) is a polynomial in 2. Let #(2) be a characteristic generating function with
G(z) as a factor, such that

degree(denom( F(z))) > degree(denom( G(2))).
There are infinitely many such (2). If #(2) = G(z)/q(z),

_ p(2)q(»)
G(z) = lterm(denom(G(z2)))

F(2).

We can express ¢, as a linear combination of values from ( f,,), the sequence encoded by
#(2). Duplicating the proof of Lemma 4.4, we can show that g,, satisfies the recurrence

for f,.
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Chapter 5

Applications of Rational
Generating Functions

Having developed a theory of rational generating functions and the sequences that they
encode, we now consider applications of rational generating functions. In this chapter
we will look at relationships involving sequences in RAT_SEQ, then consider the solu-
tion of summations and recurrences, and finally investigate algorithms for manipulating
rational generating functions. We will determine which summations and recurrences
involving sequences from RAT_SEQ can be solved, where their solutions can be found,
and the form in which their solutions can be expressed.

5.1. Sequence Relationships

The sequences in RAT_ S E() have several interesting properties that relate terms within
a sequence and relate terms between sequences with common factors in their charac-
teristic generating functions. These relationships are useful when manipulating or
simplifying expressions that involve sequences from RAT _SEQ.

5.1.1. Relationships Within Sequences

We can relate recursively any term in a sequence defined by an order % linear recurrence
with constant coefficients to any previous term in the sequence.

Theorem 5.1. Let (g,) satisfy the kth order linear recurrence g, = Zle Qign—i- K (g,)
is encoded by the characteristic generating function

g(z) — _______1—_
B 1- Z?:l aizi ’
of {(gn) then
k=1 k-m
In = Fi9n—j + Z Z ®itm - i9n—j—m- (51)
m=1 ¢=1
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Proof. The sequence (g,,) is defined by the recurrence

z:f:=1 aiﬂn-—i, lf n Z 1;
In = 1, if n =0; (5_2)
0$ lf—IZnZ—m+l

We can now prove (5.1) by induction on j. The base case is j = 0. We get

k=1 k—m
In = Hogn+ Z Z Airmf_;9n—m

m=1 =1

= don>
since g_; = 0 for 1 < ¢ < m — 1. To prove the inductive step, assume that (5.1) is true
for j = jo and prove that it is true for j = jo+ 1. Applying the recurrence for g,_j;, to
the induction hypothesis we have

k—1 k—m
FiIn—jo T Z Z Citm Jjo—i9n—jo—m

m=1 i=1

gn

k—1 k—-m
Z Am g 50,9n—j0— -m + Z Z Qitm Fjo~i9n—jo—m+

m=1 m=1 =1

Combining the summations and simplifying gives

k-1 k—
In = CLf; Gn—jo—k + Z (amﬂjo + Z ai+mﬂjo_i) In—j0—m

m=1 i=1
k-1 k—m

= Okf;,9n—jo—k + Z Z Qitm o —i9n—go—m-
m=1 =0

We can break the summation over m into the cases where m =1 and 2 < m < k - 1,
change the limits of the summations over ¢ and m, and rearrange to find that

1 k-m k—1 k—-m
Gn = kg Gn-jo—kt D O Cigmljo_iGn—jo-m T D 9 QitmFjy_iIn—jo-m
m=1 =0 m=2 ;=0
k-1 k—1 k-m
= kg In—jo—k T D @i Fjo—i9n~(jo+1) T D D CikmFjp_iGn—so—m
=0 m=2 1=0
k k=2 k—-m—-1
= Za’ﬂjo (i-1)9n-(io+1) T Z Z Citm+14 5, —in—jo=(m+1) T Ok FjoGn—jo—k

m=1 =0
k-2 k—m

= Zazﬂml-zgn-(ml + 20 D Cikm B (ic1)In—(io+1)+m T+ Ok FjoIn—jok-

i=1 m=1 i=1

The third term can be expressed as akg;, gn—jo—k = Ok—1)+1 (jo+1)~19n—(jo +1)+(k—1)1
which satisfies the summation in the second term for m = k — 1. Absorbing this term
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into the summation and applying recurrence (5.2), we have

k k=1 k—m

i=1 m=1 i=1
k=1 k—-m
Bio+19n—(io+1) T D D CismFjop1-iIn—(io+1)4m- LI
m=1 i=1

This theorem can be used to relate a sequence to its characteristic sequence. Let
(gn) satisfy the homogeneous linear recurrence g, = Zfﬂ ;gn—; for n > ng. Let the
boundary conditions for g, be defined for ng —k — é§ < n < ng — 1, where § is some
nonnegative integer. If we let j = n — ng + 1, we obtain

k=1 k—m
9n = Fnpgi1Ino-1F 2 D Citmbnn41-i9n0—1-m-

m=1 i=1

Thus we find that the sequence (g,) is completely defined by its characteristic gener-
ating function and its boundary conditions.

From a more practical standpoint, this theorem is useful for relating a term in a
sequence to any previous value in the sequence. It can be used to simplify occurrences
of a sequence where the index is a sum of two or more variables, such as ¢, or ts,.

Example 5.1. Consider the Fibonacci numbers, which satisfy the homogeneous re-
currence F, = F,_1 + F,_5 for n > 2. The characteristic sequence for the Fibonacci
numbers is defined by

Tn—1+ Tn——23 ifnzl;
0, if n=-1.

By Theorem 5.1 we have
F, = F;F ;4 Fj1Fn_j1. (5.3)

The Fibonacci numbers are obtained by shifting their characteristic sequence, that is
F, = F,-1 for n > 0. Thus we can substitute for F; and F;_; in (5.3) to find that

Py = FjpFoj+ FiFpj1. B

This identity for the Fibonacci numbers appears frequently in the literature. Among

its applications it has been used to prove that Fj, is a multiple of F,, [GRAHAM, page
280]. Evaluating Fp, gives

Fk’n = Fn+1Fkn—n+Fann—n—l-

Using k = 2 as a base case, the result can be proved by induction on k.
We now consider some properties of sequences defined by second order linear recur-
rences with constant coefficients.
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Theorem 5.2. If (t,) satisfies the linear homogeneous recurrence of order 2

t, = atp1 + ﬂtn—2)

then there exists some constant « such that

tnt1tn—1 "t727, = 7(_ﬂ)n
Proof. Applying the recurrence for ¢, we find that

tnt1tno1 —th = (@ln 4 Btn1)tn_1 — (a1 + Btnz)tn
= ﬂt2—1 - ﬂtntn—2
= —B(tntn-2—12_;). (5.4)
We can find the minimum 7 = ng such that the recurrence ¢,,41 = at,, + ftn—1 holds

for all n 2 ng. Let tn0+1tn0_1 - tio = ’)’(—ﬂ)no Thus v = (t'n.0+1tno—1 — t%o)/(—ﬂ)no
Applying (5.4) n — ngy times we find that

tnp1tn-1 — 2 = (=B)" ™ (tngtitng-1 — 125,) = Y(=B)"

for any n > ng. O

Example 5.2. Consider the Fibonacci numbers, which satisfy the homogeneous linear
recurrence F, = F,_y + F,,_3. By Theorem 5.2, F,y1F—1 — F,f = q(-1)". The
recurrence for F,y holds for n > 1. Thus v = (F Fo — F2)/(-1) = 1 and

FopFog —F2=(-1)". 1

This equation is known as Cassini’s identity [GRAHAM, KNUTH]. We made frequent

use of it in Chapter 2 to simplify the results of hybrid summations involving Fibonacci
numbers.

We can generalize the results of Theorem 5.2. Applying the recurrence to the
expression tym41tn—1 — tmln, we find that

tm+ltn—1 e tmtn = (atm + ﬂtm—l)tn—-l - tm (atn—l + ﬂtn—2)
= Blp_1tn_1 — Btmin_2
= —ﬂ(tmtn—2 - tm—ltn—l)-

As a direct consequence we have that
tm+ltn—1 —tptn = (—ﬂ)c(tm—c+ltn—c—l - tm—ctn—c))

for positive integer ¢. By choosing an appropriate value of m or n, we can define the
constant v as we did in Theorem 5.2 and find that

)rnin(m,n) .

tmy1tn-1 — tmt, = 7(_,6
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As a further extension, we find that if s,, and t, both satisfy the second order homo-
geneous recurrence f, = af,..1 + ffn—2 then

Smiln—1 — Spiln = (asm + ,Hsm-—l)tn—l - sm(atn—l + ,th—Z)
= PBsm-1tn-1 — BSmin—2
= _,H(smtn—2 - sm—lt'n—l)-

This leads to the identity

Sm41ln—1 — Smln = 7(_[3)min(m,n),
for some constant 7.

Theorems 5.1 and 5.2 provide good examples of why it is desirable to treat the
rational generating functions as an algebraic structure. Application of these theorems
to the Fibonacci numbers have been widely cited in the literature as interesting and
useful properties of the Fibonacci numbers. However, by examining the larger set of
nontrivial rational generating functions, we are able to show that these properties apply
to more than one particular sequence.

The final relationship within a sequence that we will examine is the simplification of
expressions involving sequences that satisfy homogeneous linear recurrences. Let (t,) be
a sequence that satisfies the kth order homogeneous linear recurrence ¢, = Zi-;l aitpn_i.
Given an expression involving a fixed number m > k of consecutive terms from the
sequence (t,), we can simplify the expression to involve only k consecutive terms from
the sequence (t,). First, pick the k values t,,...,t,—k+1 that the answer is to involve.
Repeated applications of the recurrence can be used to convert occurrences of the
sequence to the desired index values and leads to the following algorithm.

1. While there are indices greater than n repeat the following step: Find the largest
index greater than n and call this ,,.. Apply the recurrence to express t,4. as
a function of t,4c1,- .oy tnge—k-

2. While there are indices less than n — k 4+ 1 repeat the following step: Find
the term with the smallest index less than n — k + 1 and call this ¢,_;. Re-
arrange the recurrence and substitute to express this term as t,—p = (tn—ptr —
S Gitn—brk—i)/ ke

This algorithm gives a method to reduce the number of terms from a sequence
in an expression. While there could be an expression involving fewer terms from the
sequence, the method guarantees that no more than k terms are needed to express a
sequence defined by an order k recurrence.

Example 5.3. Consider the expression

Sn = n2F 1+ (0 —n)F, 4+ (20 — 1)F_q + 3F,_,.
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We can simplify s, to an expression that involves only F,, and F,—;. F,41 can be
expressed as F, + F,_; and F,,_5 as F, — F,,_1. Substituting we find that

$n = N (Fn4 Foo))+ (0® = n)F, + (20— 1)Fy_y + 3(F, — Fr_y)
(20 —n+3)F, + (n*+2n —4)Fey. B

As a result of this simplification algorithm, we see that expressions involving the
product of two or more sequences can have a large number of terms. An expression
involving the sum of products of two sequences, one defined by an order k recurrence
and the other by an order m recurrence, can have as many as km terms that are
products between terms of the two sequences. Expressions involving products of terms
from a single sequence may have fewer terms in their simplified form. If an expression
involves the product of m terms defined by an order k recurrence, it can be simplified to
include products of the form t,_o,th—0y ** ‘tn—a, 010 <oy <@ < Loy < k- 1.
For example, an expression involving the product of three Fibonacci numbers when
simplified would only need the four products F,F,.F,, F,F,F,_1, F,F,_1F,_1, and
F, 1F,_1F,_1 instead of the eight products that three different order 2 sequences
might require.

5.1.2. Relationships Between Sequences

When manipulating sequences with nontrivial rational generating functions, it is not
uncommon to encounter generating functions with common factors in their denomi-
nators. In such cases, it is sometimes desirable to find an extended closed form for
one of these sequences that involves terms from the other sequences. That is, given a
sequence (f,) encoded by the nontrivial rational generating function F(z) and a non-
trivial rational generating function G(z) that has common factors in its denominator
with the denominator of F(z), we wish to find a closed form expression for g, that
involves terms from (f,).

We comnsider first the relationship between a sequence and its characteristic sequence.
Let (g,) be the sequence encoded by the nontrivial rational function G(z) and let (g,)
be its characteristic sequence encoded by the generating function G(z). If G(z2) =
p(2)/q(2), we can use (2.15) to express g, as a function of terms from (g, ). A more
difficult problem is to find an extended closed form expression for g, that involves
terms from (gy,).

Since the generating function G(z) = lcoeff(q(z))zldeeree(a(2)) /¢(2), we find that
Fn = lcoeff (¢(2))gn_1degree(a(z))> WheTe (gn) is the sequence encoded by the generating
function 1/¢(z). To find 1/g(2) we can use partial fractions on z to get

1 _s(2) | t(2)
9 ~ 20 T e

Multiplying through by p(z) we find that

1 )
5 DS B
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The generating function t(2)p(2)/q(z) encodes the sequence

degree(t(z))
Tn = Z coeff(t(2), k) gn—k-
k=0

The polynomial s(z) encodes a finite sequence. Thus we find that

) e, if n > degree(s(2));
™=+ coeff(s(z),n), if 0 < n < degree(s(z)).

The polynomial s(z) serves to adjust the boundary conditions of ¢,. Shifting and
scaling ¢n gives an extended closed form for g,, that involves a linear combination of
terms from (g,,).

Example 5.4. Consider the generating function G(z) = 2(142)/(1—2)3 which encodes
the sequence (g, ). We want to find a closed form expression for  g,,), the characteristic
sequence of (g,), that involves terms from (g,). The characteristic generating function
is G(z) = 1/(1 — 2)3. Applying partial fractions over z we get

1 1 8472 | 1172024722
2(14+2)(1-2)3 ~ 8z(1+2) 8 (1-2)3

Multiplying through by z(1 + 2) gives

1 8472z 17—202+ 1722 2(1 + 2)

(1-23 8 8 (1-2)3

Expanding the generating functions we find that

(17gn - 2Og'n.—l + 7977.--2)/8’ it m > 27
g, = 4 (741791 —20g0)/8, ifn=1; (5.5)
(84 1790)/8, ifn=0.
The sequence encoded by G(z) is
— 3
gn = 1
and the sequence encoded by G(z) is

n?4+3n+2
In = 9

In particular, g, = 1 and g; = 3. To verify (5.5) we can substitute values of (g,) to
find that

1P -20(n -1 +7(n—-2)° n’43n42
In = 8 N g
74+ 17(1)3
h=T% T
8
=-=1 N
50 8

3, and
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We now know how to express a sequence as a function of its characteristic sequence
and a characteristic sequence as a function of a sequence that satisfies its homoge-
neous linear recurrence. In the remaining relationships, we will consider how to relate
sequences defined by characteristic generating functions. That is, all generating func-
tions will have the form 1/(1 -5, o;2%). Given that G(2) is related to F(2), we want
to find an extended closed form expression for (g,), the sequence encoded by G(z),
that involves terms from (f, ), the sequence encoded by #(z). Once the sequences
encoded by the characteristic generating functions have been related, we can extend
the relationship to any two sequences characterized by those generating functions.

We first consider the case where G(z) is a factor of F(z). Let F(2) = 1/(p(2)q(z)),

where p(2) and ¢(z) are polynomials of degree at least one and let G(z) = 1/p(z). We
see that

1

G(z) = D) - q(z) F(2).
Thus, by (2.15) dogreola(s)
egree(q(z

o = D, coeff(q(2),k) fr_ss (5.6)

k=0

and we find that g,, can be expressed as a linear combination of terms from (f,,).

Example 5.5. Express the values ¢" and ¢", where (1-¢2)(1 - q@z) =1-2z-22
as functions of the Fibonacci numbers. The characteristic generating function of the
Fibonacci numbers is F(2) = 1/(1 — z — 2?) and encodes the sequence (F,;1). The
sequence (¢™) is encoded by the generating function 1/(1 — ¢2z) = (1 — ¢2) F(2). Thus,
by (5.6) )
¢n = n+l_¢Fn = n+1_(1_¢)Fn = ¢Fn+F—l

Likewise, the sequence (q&") is encoded by the generating function 1/(1 ~ ¢z) = (1 —
¢z) F(z) and

&n = Fop1 — ¢Fn = n+1_(1—§£)Fn = (;Fn-l-F_l. [ |

We next consider the case where G(z)is a power of F(z). We can differentiate #(2)
to obtain a generating function whose denominator has G(z) as a factor and then relate
the new generating function to G(z). This approach, however, leads us to consider a
more general situation. Let #(z) = 1/p(z) and G(z) = 1/q(z). Let each factor of ¢(2)
be a factor of p(z) and let the degree of at least one factor in ¢(z) be greater than the
degree of that same factor in p(z). We can use the following steps to express g, as a
function of terms from (£,).

1. Let S(2) = F(2).
2. Let : = 0.

3. Repeat until ¢(2) is a factor of denom(S§(z)).
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(a) Let S(z) =dS(z)/d=.
(b) Let i =4+ 1.
4. Let s, = (n+ 04,
5. Use the previous method to express g, as a function of s,.
The first three steps of this algorithm calculate

d® 1
dz p(z)’
Every time a rational function is differentiated, the degree of the factors in the denom-

inator increase. Thus we differentiate until the denominator of S(z) contains ¢(2) as a
factor. The generating function S(z)is 3", s,2™. After step 3 we find that

S(z) =

d® d® . .
S(2) = =X for = T g = Sonif e

Thus the coefficient of 2" in §(2) is s, = (n 4 %)tsp44, Which is determined in step 4.
In step 5, we find an extended closed form expression for g, that involves a linear
combination of terms from (s, ). Since s, can be defined in terms of the sequence (f,),
we can substitute to find an extended closed form expression for g, that involves terms
from (f,). This expression will be a linear combination of terms that involve products
between polynomials and terms from (f£,,).

Example 5.6. Consider the generating function G(z) = 1/(1 — z — 2%)%2. We wish to
find an extended closed form expression for g, that involves the Fibonacci numbers.
The generating function

d 1 _ 1+ 22
dzl—2z—22  (1—2z— 22)2

S(z) =

encodes the sequence ((n + 1)F,42). We now want to express the characteristic se-
quence (g,) as a function of terms from this sequence. To do so, we use partial
fractions to obtain

1 16 94142 - 1222 - 823

(1+22)(1—2z—22)2 ~ 25(1+22) t 25(1 — z — 22)?

Multiplying by 1 + 2z we find that

16 | 94 142 —122% - 82°
g(z) - 2_5‘ + 25 S(z)'

Expanding generating functions we get the extended closed form expression

9s, + 14s,_1 — 128,2 — 8s,,_3
ﬂn - 25 "
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We can substitute s, = (n + 1)F,+2 and simplify to obtain

9(n + 1)Fn+2 + 14nFn+1 — 12(n faad 1)Fn - 8(n - Q)Fn_l
In = 25
(4n +6)F, + (3n+5)F,_;
5 .

Using (2.15) and the three methods discussed here, we have the tools needed to
relate any two sequences encoded by nontrivial rational generating functions with com-
mon factors in their characteristic generating functions. If none of the methods are
directly applicable, partial fractions can be used to isolate common factors in their
characteristic generating functions. The previous methods can then be applied to
these common factors to relate the sequences.

5.2. Summation

We now consider the summation of sequences from RAT_SFE(Q. First we determine
the types of sums in RAT_SEQ that can be solved. We then use the partial fraction
expansions of Appendix A to describe the form of the solutions to these sums and
examine ways to express their results.

5.2.1. Closure of Summation
We can use the convolution to show that summation is closed over RAT _SEQ.

Theorem 5.3. Let (a;;) € RAT_SEQ for i from 1 to m. The sequence (s,) defined by

m
Sn = E H 0404

aytot-tom=ni=1

is a member of RAT _SEQ.

Proof. The generating functions A;(2) of the sequences (a; ;) are in RAT. By (2.17)
the generating function of (s,) is

Since RAT is closed over multiplication, S(2) is in RAT and the sequence (s,) is in
RAT_SEQ. 0O

While this seems to be an obvious result, its importance becomes more apparent
when it is considered along with Theorems 4.4 and 4.5. We find that along with simple
sums and convolutions, hybrid sums and hybrid convolutions involving only sequences
from RAT_S EQ have their solution in RAT_SFEQ. In addition, convolutions involving
multiple hybrid terms also have a solution in RAT_SEQ. Thus, for any summation
or convolution involving only sequences from RAT_SE(Q) we know that the generating
function of the solution will be found in RAT.
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5.2.2. Form of Solution

For any summation or convolution within RAT_SEQ, if the solution has a nontrivial
generating function then we need only to expand the generating function in order to
find a closed form expression for the solution. We have seen that such an expression
exists for any nontrivial rational generating function with coefficients from the field of
complex numbers.

Often it is more informative if the result of a summation can be expressed in terms
of the functions in its summand. We will consider the various types of summations
within RAT_SEQ and show that their solutions have extended closed forms involving
the sequences in the summand.

Summations

We first consider the solution to simple sums and then extend the result to hybrid
sums.

Theorem 5.4. Let .
Sp = Z ag,
k=0

where {(a,) is in RAT _SEQ. If {ax) has a nontrivial rational generating function then s,
has an extended closed form expression involving terms from the sequence (ay).

Proof. By (2.17), the generating function of (s,) is §(2) = A(2)/(1 — z), where A(z2)
is the nontrivial rational generating function of (a,). We consider the case where A(z)
does not have 1/(1 — z) as a factor and the case where A(z) has 1/(1 — 2) as a factor.

Case 1. A(z) does not have a factor of 1 — 2 in its denominator. Let A(z) =
p(2)/q(z), where

degree(p(z)) ' degree(g(2)) '
pz) = D> pz and ¢(z) = > @
=0 =0

Using the partial fraction expansion given in (A.8),

5) = 20) (s + o) = e )+T(Z)A(z),

g()(1-2) * q(1)q(z) q(1)(1-2) * ¢(1)
where
degree(q(2))-1
T(z) = Z Z Qdegree(q(z))-%-k—izk-
=1 k=0

The first term encodes a sequence whose closed form is a constant. The second term
is a product between the polynomial 7(2)/¢(1) and the generating function A(z). The
sequence it encodes is a linear combination of terms from the sequence (a,).
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Case 2. A(z)has a factor of 1—-2in its denominator. Let A(2) = p(2)/((1-2)"¢(%)),
where

degree(p(z)) ] degree(g(2)) .
p(z) = >, pd and ¢(2) = > @2
=0 =0

Using the partial fraction expansion given in (A.9),

N 1 7(2) _ p(2) r(2) 2
S(2) = o )(Q(l)(l—z)m+1 R Y q(Z)) - g

where
degree(g(2))-1

T(z) = Z Z Qdeg'ree(q(z))+k—izk-

i=1 k=0
The first term encodes a sequence whose closed form is a polynomial. As in Case 1,

the second term encodes a sequence whose extended closed form involves terms from
the sequence (a,). 0O

We note that if the summand is a finite sequence it will have only a finite number
of nonzero terms. The generating function of the solution will be a polynomial in 2
divided by 1 — 2. The closed form of the sequence encoded by this generating function
is a constant and reflects the fact that once the last nonzero term in the summand has
been added in, the sum remains constant.

We now use Theorem 5.4 to determine the form of the solution to a hybrid sum.

Corollary 5.4.1. Let

n
Sp = Zal,ka2,k"'am,k,
k=0

where each sequence (a;,) for 1 < ¢ < n is in RAT_SEQ. If the hybrid sequence
(@1,ka2k -+ am k) is an infinite sequence, then s, has an extended closed form expression
involving terms from the m sequences (a1 ,) to (@mn).

Proof. The sequence (bx) = (a1,k@2k " - - am k) has an infinite number of nonzero terms.
By Theorem 4.5 we find that B(z), the generating function of (b), is in RAT. There-
fore, by Theorem 5.4, s, has an extended closed form expression involving terms from

the sequence (b,). Since b, = @1n,821,...,0mn, We can substitute for b, to get an
extended closed form expression involving terms from the sequences (a1 ) t0 (@mn)-
O

As a result of these two proofs, we can determine the form of the solution to any
simple sum or hybrid sum involving sequences from RAT _SEQ). Let the summand have
m > 1 factors, each a nontrivial sequence from RAT_SE(Q. Let each sequence (a;y)
satisfy an order k; recurrence. We can see from the proofs that the solution will involve
products between terms from the m sequences. The expression can be simplified so
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that each sequence has only k; terms in the solution. Thus we find that the form of
the solution is
k1—1k2—1 km—1
Sn = Z Z v Z Ci1i2enim@ln—iy 02n—i * " Amon—i,y, + P(n), (57)
11=0 i,=0 tm=0
where p(n) is a polynomial in n and each of the values ¢;, ;, . ;.. is constant with respect
to n.

Of interest are the summands that cause p(n) to be a constant and those that cause
p(n) to vary with n. If we consider the generating function of the summand, we see
that p(n) is not constant only when the generating function has a factor of 1 — z in
its denominator. If this is to occur, the closed form for the summand must include a
polynomial term. In terms of the set 7x, which defines the closed form for members of
RAT _SEQ, a term of the form ¢(n) must be present. The exponential factor of this
term is one. For the simple sum, such summands are obvious from inspection of their
generating function. They can be much more difficult to find for hybrid sums.

Example 5.7. Consider the sequence (s,) = (F). The sequence is nonzero for all
n > 1 and its closed form is

s\ 4
s - (=9
" e
¢4n _ 4¢3n$n + 6¢2n$2n _ 4¢n$3n + ¢§4n
25
¢4n+4¢2n+6+4¢2n+¢4n
25 ’

where ¢ = (1++/5)/2 and ¢ = (1 —}/5)/2. The third term of the numerator is a trivial
polynomial that occurs because ¢?¢? = 1. The generating function of (s,) is
_1_ ( 2 8 4 6
25\2—-72-3v5z 2+432++562z 1-—=z2

5(2)

8 2 )
2+32—/52 + 2— 72+ 352
2(1+ 2) (1 - 52+ 2%)
(1-2)(1=72+422) (14 32+ 22)
The 1— 2 factor in the denominator is contributed by the polynomial term in the closed
form expression for s,. B

From the example we see that when a hybrid sequence has a polynomial in its closed
form expression its generating function will involve powers of 1 — z in its denominator.
Consider the hybrid term b, = a1 82+ *@mn. If @;, has a closed form expression

i
Gin = Y Pij ()07,

Ji=1
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involving t; terms, then

m it
b = H Z Pij;(n)07;,

i=1j;=1
The closed form expression for b, has t1t;-:-t,, terms. If any one of these terms is
a polynomial, then the generating function of (b,) will have a power of 1 — z in its
denominator. For one of the terms to be a polynomial, there must exist some set of
values jq,J2,...,Jm for 1 < j; < t; such that the product 6, ; -8y, = 1. For the
sequence {F?), the product was ¢pdd = 1.

Russell has developed a method based on undetermined coefficients for solving
indefinite hybrid sums involving sequences defined by homogeneous linear recurrences
[RusskELL 79, RUsSELL 82]. He defines a standard sum to be an expression of the form
(5.7), where p(n) is a constant. He proves that if you are able to solve for the constants
Ciy ig,..im 1D the standard sum, then you have found the solution to the indefinite sum.
He also analyzes those summations for which a solution for the constants cannot be
obtained. While he is unable to describe the solution of these sums, he is able to
show that for an m factor summand @y, - - - @, there is a root 6; of the characteristic
polynomial of each {(a;r), such that 6, -- -6, = 1. Since the characteristic polynomial
of a sequence corresponds to its characteristic generating function, we find that the
sum of products expansion of the closed forms of these summands have at least one
polynomial term. The polynomial p(») in the solution (5.7) of these sums has degree at
least one. Thus, adding the nth term to the summation contributes to the value of p(n).
This requires that the coefficients of p(n) be included in the method of undetermined
coefficients in order to find a correct solution. Since Russell does not include the
coefficients of p(n), his method does not find a correct solution.

To overcome some of the limitations in his method, Russell studied the special
cases of sums of sequences defined by second order linear recurrences and sums of the
squares of such sequences [RUSSELL 81]. He derived closed form expressions for the
sums based on the coefficients in the recurrences. By relating the coefficients, he was
able to determine those cases where the closed form expression of the summand involves
a polynomial and introduces a polynomial into the solution.

Convolutions

We can also find extended closed form expressions for convolutions that involve factors
from the summand.

Theorem 5.5. Let

Sp = E 1,00 02,05 * * " Cm,00pn
ayttam=n

where each sequence (a; k) for 1 <i < misin RAT_SEQ. If (s,) is an infinite sequence,
then s, has an extended closed form involving terms from the sequences (a; k).

Proof. By (2.17), the sequence (s,) is encoded by the generating function
5(z) = A1(2)Ax(z) -+ Am(2),
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where A;(z) is the generating function of {(a;). If (s,) is an infinite sequence, then
S(z) is a nontrivial rational generating function. We can use partial fractions on z to

expand §(z) as
Z: S;(z).

Fach S;(z) can be related to one or more of the generating functions A;(z). If none of
the generating functions A;(2) have common factors in their characteristic generating
functions, then each S;(z) can be related to exactly one A;(2). The sequence encoded
by each S;(z) can be expressed as a linear combination of terms from the sequence
encoded by the related A;(2). Thus, we find that the extended closed form solution for
Sy, involves linear combinations of the sequences in the summand.

If any of the generating functions A;(z) have common factors in their characteristic
generating functions, the extended closed form solution is more complicated. Each
S;(z) will either be related to one sequence in the summand or to at least two sequences
in the summand. In the first case, the sequence encoded by 5;(2) can be expressed as a
linear combination of terms from the related sequence. In the second case, we have to
pick which A;(z) we want to relate with S;(z). If the characteristic generating function
of S;(2) is a factor of the characteristic generating function of A;(2), we can express the
sequence encoded by 5;(2) as a linear combination of terms from (a; ). It is possible
for the degree of the characteristic generating function of S;(z) to be greater than the
degree of the corresponding factor in the characteristic generating function of A;(z).
In this case, we differentiate A;(z) in order to relate it to S;(#). The extended closed
form of the sequence encoded by S;(z) will involve a linear combination of terms that
are products between polynomials and terms from {a;,). O

Example 5.8. Consider the convolution

n
Sp = Zakbn—lw
k=0

where the generating function of (ax) is A(2) = 1/((1 - az)(1— Bz)) and the generating
function of (bx) is B(z) = 1/((1 — az)(1 —v2)) The generating function of the sequence
(sn) is

1
SC) = TTera - a-79)
a?(26v — aff — ay) N a?
(@—7a— P —a2) " (a—7)(a=B) (1 oz’
B 73

T G- (e-Br-F2) T (7 -B)a—17Pd-77)

By (5.6), we find that 1/(1 — az) encodes the sequence {a, — fan-1), 1/(1 — §2) en-
codes the sequence (@, — @an—1), and 1/(1 — v2) encodes the sequence (b, — ab,_1).
Differentiating, we find that the generating function /(1 — az)? encodes the sequence
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{(n + 1)(@nt1 — Ban)). Thus, the generating function 1/(1 — az)? encodes the sequence
((n+ 1)(an4+1 — Ban)/a). Expanding S(z) we find that

_ ‘12(2ﬂ7—aﬂ—a7)a 84 o ) _

Sp = (o = 7)%(c — B)? (an — Ban_1) + (a—y)(a—ﬂ)( + 1)(@nt1 — Bay)
33 o oa 43 b abo)

+(ﬂ—7)(a—ﬂ)2(” n_1)+(7—ﬂ)(a—7)2(” abn_1).

5.3. Linear Recurrences

We have shown that homogeneous linear recurrences with constant coefficients define
sequences in RAT_SE(Q. Likewise, we can show that systems of homogeneous linear
recurrences with constant coefficients define a system of sequences that are all mem-
bers of RAT_SEQ. Using the methods of Chapter 2, we can find rational generating
functions for the solutions in both cases. Expanding these generating functions gives a
closed form for the solution to the corresponding recurrence.

It is much more difficult to find an extended closed form for recurrences involving
known sequences from RAT_SEQ. Unlike summation, where we knew to look at
the sequences defining the summand, with homogeneous recurrences we do not know
which sequences to use. If such a closed form is desired, we are reduced to looking
for sequences whose characteristic generating functions have common factors with the
generating function we are trying to expand.

Of more interest are the solutions to inhomogeneous linear recurrences with con-
stant coefficients and systems of these recurrences. In this section we will consider the
solutions to such recurrences when the inhomogeneous part of the recurrences are from

RAT_SEQ.

5.3.1. Single Linear Recurrences

We can show that if the inhomogeneous part of a linear recurrence with constant
coefficients is in RAT_S EQ), then the solution to the recurrence is in RAT_SEQ.

Theorem 5.6. Let the sequence (s,) be defined by the order k linear recurrence with
constant coefficients

k
Spn = Zaisn—i + a;,
1=1

and at least £ boundary conditions. If (a;) € RAT_SEQ then (s,) € RAT_SEQ.

Proof. Let the boundary conditions be defined over Y+ 1 < n <4+ k + §, for integer
§ > 0. Let (f,) be the sequence defined by the recurrence for s, and the boundary
conditions of s, over Y+ § +1 < n <4+ k+ §. By (2.24), the generating function of
() is

y+6+k k - ki 5 -
T(z) = PR TIESE LD DI TEAD D NI I Lo + A2) = S0 anam
1- Ei'c:l aizi 1- Zi"::] aizi
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where A(z) =322, anz" and a, = 0 for n < 7,. By (2.1) we find that

oo v+6
S(z) = Z sp2" = Z sn2" + T(2). (5.8)
n=vy+1 n=y+1

The generating function A(2) is a rational function, therefore T(2) is a rational function
and §(z) is a rational function. Thus, we find that (s,) € RAT_.SEQ. [

We can now consider the form of the solution to inhomogeneous linear recurrences
with constant coefficients.

Theorem 5.7. Let the sequence (s,) be defined by the order k linear recurrence with
constant coefficients

k
Sn = Y 0iSn—i + i,
=1

and at least k£ boundary conditions. If (a;) has a nontrivial rational generating function,
then s, has an extended closed form expression that involves terms from (a,).

Proof. By (5.8) the generating function of the sequence (s,) is

) y+6+k k —k—1 s
s n =y 41 Sn?" Y1 @2t Yoy by sn 2 TOTR
S(z) = Z S 2™ + - :
n=+1 1 =20 iz
b+k
A(Z) — E;YL:’YZ- anz"
where A(2) = Y 07, @n2"™ and a, = 0 for n < 7,. If A(2) is a nontrivial rational

generating function then the third term in S(z) can be related to the generating function

A(z). Thus, an extended closed form expression for s, involving terms from (a,) can
be found. [

The sequence (a,) can be generated using Theorems 4.4 and 4.5. Thus, if a, is a
hybrid term, we can substitute and find an extended closed form expression for s,, that
involves terms from the factors of a,.

5.3.2. Systems of Linear Recurrences

We can extend the results involving inhomogeneous linear recurrences to systems of
inhomogeneous linear recurrences.

Theorem 5.8. Let the sequences (t;,) for 1 < i < m be defined by a set of m simulta-
neous linear recurrences with constant coefficients where the ith recurrence has the form
(3.1). If each sequence (a; ) is in RAT_S EQ and the system of recurrences can be solved,
then (t;,) is in RAT_SEQ.
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Proof. By Theorem 3.1 we have seen that the generating function of the sequence
(tin) has the form

Ti(z) = Qi(z)+igi,j(z)Aj(z)a (5.9)

where Q;(z) and each g; j(2) are rational functions, and the A;(2) are the generating
functions of the sequences (a;y). If each (a;,) € RAT_SEQ, then each A;(z) € RAT.
Thus, each Tj(z) € RAT and each (t;,) € RAT_ SEQ. 0O

We now look at the extended closed form expressions for the solutions to systems
of inhomogeneous linear recurrences with constant coefficients.

Theorem 5.9. Let the sequences (t;,) for 1 < i < m be defined by a set of m simulta-
neous linear recurrences with constant coefficients where the ith recurrence has the form
(3.1). If the system of recurrences can be solved and any of the (a; ) are infinite sequences,
then the sequences (t;,) have extended closed form expressions involving terms from the
sequences (a; ).

Proof. The generating function of each sequence (t;,) has the form given by (5.9).
Each generating function A;(2) that is a nontrivial rational generating function can be
related to the function g;;(2)A;(z) by common factors in their denominators. Thus
T;(z) can be expanded to yield an extended closed form involving terms from those
sequences (a;n).

If any of the sequences (a;,,) are hybrid terms, we can find their generating functions
using Theorem 4.5. We can substitute for hybrid terms a;,, in the solution to find a
closed form expression involving the factors of (a; ).

5.4. Algorithms for Rational Generating Functions

We first present algorithms for encoding and expanding rational generating functions
and consider extensions and applications of these algorithms. We then look at methods
for symbolic summation involving sequences in RAT_SEQ.

5.4.1. Generating Function Algorithms

We start by developing algorithms for mapping between the set of nontrivial rational
functions and the set of closed form expressions. We then apply these algorithms to
encode any sequence whose closed form is in 7x. Application of the algorithms to
encoding generating functions for sequences defined by linear indexing or hybrid terms
is counsidered.
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Input: f,, the expression to encode.
Output: F(z), the generating function of (f,) for n > 0.

1. Expand f, in sum of products form.
2. Let F(z) « 0.

3. Repeat for each term t, in the sum of products expansion of f,:

(a) Express t, as p(n)f™.
(b) Find P(z), the generating function of (p(n)).
(c) Let F(z) « F(2)+ P(6z).

4. Return F(z).

Algorithm 5.1. Rational/Encode. Encodes rational generating functions.

Algorithms for Encoding and Expanding

Algorithm 5.1 encodes rational generating functions. This algorithm takes as input an
expression f, € Tr as defined by Lemma 4.2. It calculates the generating function
F(z) of the sequence (f,) defined for n > 0.

The expression is converted to a sum of products form in Step 1. Step 3 of the
algorithm does the actual calculation of generating functions. Each term in the sum
of products expansion of f, is expressed as the product between a polynomial p(n)
and an exponential 8”. The generating function P(z) of (p(n)) is found. By (2.11) the
generating function of (p(n)8") is P(6z). Summing the generating functions for each
term in the expansion of f, gives F(z). Figure 5.1 traces the execution of Algorithm 5.1
on the input f, = (n2" 4+ 3")(n — 2)5™.

Step 3(b) computes the generating function of a polynomial. There are several
options when implementing an algorithm for this step. If p(n) = po+p1n+- - -+ pmn™,
the naive approach would be to encode each term p;n’ individually. We would apply
(2.16) i times to find the generating function of each {nt), multiply by p;, and then sum
over all . While such an algorithm would find the correct generating function, it is
inefficient. To calculate the generating function of {n'), it recalculates the generating
function of (ni~1).

Algorithms 5.2 and 5.3 present more efficient ways to compute the generating func-
tion of a polynomial. Algorithm 5.2 applies (2.16) to the variable g(z) to compute,
in order, the generating functions of the sequences (1), (n), (n?), ..., (n™). Step 3(a)
uses g(z) to add in the generating function of (p;n‘). Figure 5.2 traces the execution
of Algorithm 5.2 on the input p(n) = an? 4 bn + c.

Algorithm 5.3 modifies Horner’s rule for the evaluation of polynomials [PurDOM].
Horner’s method expresses the polynomial p(n) = po+ pin+ -+ + ppn™, as
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Input: f, = (n2" + 3")(n — 2)5™.
1. fn — (n? —2n)10" — (n — 2)15™.
2. F(z) < 0.
3. Repeat for each term t, in (n? — 20)10" — (n — 2)15™

(a) t, «— (n? - 2n)10".

(b) P(z) = (—z +32%)/(1 - 2)3.

(c) F(z) — 0+ (=102 + 30022)/(1 — 102)3.

(a) tn, « (n —2)15™

(b) P(z) « (=2+32)/(1-2)

(c) F(z2) « (=102 + 30022)/(1 — 102)® 4+ (-2 + 452) /(1 — 152)2.

4. Return (=2 + 95z — 135022 + 425023 + 225002*)/((1 — 102)3(1 — 152)2)).

Figure 5.1. Example trace of Algorithm 5.1.

Input: Polynomial p(n).
Output: P(z), the generating function of (p(n)) for n > 0.

1. Let P(2) < 0.
2. Let g(2) « 1/(1 — 2).
3. Repeat for ¢ from 0 to degree(p(n)) — 1:

(a) Let P(z) «— P(z) + coeff(p(n),)g(2).
(b) Let g(2) — 2¢'(2).

4. Let P(z) « P(2) + coeff(p(n), degree(p(n)))g(z).
5. Return P(z).

Algorithm 5.2. Rational/Polynomiall. Encodes generating functions of polyno-
mials.
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Input: p(n) = an? + bn + c.
1. P(z) < 0.
2. g(2) = 1/(1 - 2).
3. Repeat for ¢ from 0 to 1:

(a) P(z) =0+ ¢c/(1-2).
(b) g(z) « 2/(1 - 2)2.

(a) P(z) « c/(1—2)+bz/(1 - 2)%
(b) g(2) = 2(1+2)/(1 - 2)°.

4. P(2) « (c+bz—c2)/(1 — 2)2+ a(z + 22) /(1 - 2)3.
5. Return ((a —b+¢)22 + (a+b—2c)z+¢)/(1 - 2).

Figure 5.2. Example trace of Algorithm 5.2.

Input: Polynomial p(n).
Output: P(z), the generating function of (p(n)) for n > 0.

1. Let P(2) « coeff(p(n), degree(p(n)))/(1 - 2).

2. Repeat for ¢ from degree(p(n)) — 1 down to 0:
(a) Let P(2) « 2P'(2) + coeff(p(n),?)/(1- 2).

3. Return P(z).

Algorithm 5.3. Rational/Polynomial2. Encodes generating functions of polyno-
mials.
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Input: p(n) = an? + bn + c.
1. P(2) — a/(1 - 2).
2. Repeat for i from 1 down to 0:
() P(z) « za/(1 - 2)? +b/(1 - 2).
(a) P(z) — 2(a+az+b—bz)/(1— 2)®+ c/(1 - 2).

3. Return ((a — b+ ¢)z2 +(a+b—2c)z + c)/(1- z)3.

Figure 5.3. Example trace of Algorithm 5.3.

p(n) = (- (Pmn + pr-1)n + -+ pr)n + po.

By (2.16) we find that if Q(z) is the generating function of (g(n)), then 2Q'(2) is
the generating function of (ng(n)). The algorithm begins with P(z) = p,/(1 — 2),
which is the generating function of (p,). Repetition i of Step 2 starts with P(z)
being the generating function of (pmn'™! + pm—17'"2 + -+ + pm—sy1). Thus, 2P'(2)
is the generating function of (pmni + ppoint 44 Pm—i+17) and step 2 computes
the generating function of the polynomial (p,nt + Pr—1n*"! + -+ + pm_;). After m
iterations of Step 2 we have computed the generating function of (p(n)). Figure 5.3
traces the execution of Algorithm 5.3 on the input p(n) = an? + bn + c.

Algorithm 5.4 expands a nontrivial rational generating function F(2) tofind a closed
form expression for the sequence that it encodes. In Steps 1 through 5 it expresses the
generating function as

Fz) = "),

where ¢z? = lterm(denom(F(z))) and G(z) is the partial fraction expansion of the
characteristic generating function of F(z). Since G(z) has the form (4.1) it has a partial
fraction expansion of the form (4.2). Each term can be written as a/(1 — 82z)™+1,
where o and § are constants and m is a positive integer. This generating function
encodes the sequence {(a(™1™)B"). We could choose to calculate this value from the
generating function 1/(1 — 2) using the manipulation rules for generating functions.
However, since this is the basic sequence on which the closed form expansion of rational
generating functions is built, it is more efficient to map the generating function directly
to the sequence rather than derive it every time it occurs. Step 7 of the algorithm
expands each of these terms and sums the resulting expressions. The net result is g,,
the closed form expression of the characteristic sequence of (f,). Step 8 shifts and
scales g, to find the closed form of the sequence encoded by the generating function
G(2)/(cz%). Step 9 applies (2.15), using the numerator polynomial n(z) to shift and
scale g, to find f,. Figure 5.4 traces the execution of Algorithm 5.4 on the input

F(2) = (2 - 2)/((32(1 - 32)2 (1 - 22)).
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Input: Nontrivial rational generating function F(z).
Output: f,, the closed form expression of the sequence (f,) encoded by F(z).

1. Put F(z) in normal form.
2. Let n(z) « numer(F(2)).
3. Let p(z) « denom(F(z))
Let d «— ldegree(p(z)) and ¢ « lcoeff(p(2)).

Let G(z) be the partial fraction of lterm(p(z))/p(2).

A

Let g, < 0.
7. Repeat for each term T'(2) in G(z2):
(a) Express T(2) as a/(1 — Bz)™+1.
(b) Let t, — a(",™)8".
(c) Let gn « gn + tn.
8. Let gn « gn+d/c.
9. Let fn — T35 ™) coeff(n(2), 1)gn—:
10. Return f,.

Algorithm 5.4. Rational/Expand. Expands nontrivial rational generating func-
tions.
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Input: F(z) = (2 - 2)/(32(1 - 32)2 (1 - 22)).

1. F(z) « (2 - 2)/(32(1 - 32)2 (1 — 22)).

2. n(z) — 2 - 2.

3. p(z) « 32(1 — 32)%(1 - 22).

4. d—1and ¢« 3.

5. G(z) — 3/(1—-32)2 = 6/(1—32) +4/(1 — 22).
6. gn — 0.

7. Repeat for term T'(2) in 3/(1 - 32)2 - 6/(1 — 32) +4/(1 — 22):

(a) T(z) — 3/(1 - 32)2.
(b) tn — 3(n+1)3".
(c) gn — 0+ (n+1)37+1,

(a) T(2) « —6/(1 - 32).
(b) t, — —63™.
(€) gn — (n+1)37+1 . 237+1,

(a) T(2) «— 4/(1 - 22).
(b) t, — 42",
(c) Gn — (n _ 1)3n+1 + gn+2
8. gn « (n37+2 4 2n+3)/3,
9. fn « 2(n3™2 4 2743)/3 — ((n — 1)37+! 4 27+2)/3.
10. Return (5n + 1)3™ + 27+2,

Figure 5.4. Example trace of Algorithm 5.4.
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Application of Encoding and Expanding Algorithms

Algorithm 5.1 finds the generating function for a sequence defined by a closed form
expression for n > 0. This algorithm corresponds to the proof of Theorem 4.3. We

would like to generalize the algorithm to correspond to the proofs of Corollary 4.3.1
and Corollary 4.3.2.

Corollary 4.3.1 allows a sequence to be defined by a closed form expression over n >
v instead of over n > 0. This can be implemented with Algorithm 5.1 by duplicating
the proof of the corollary. To find the generating function F(z) of the sequence defined
by the expression f, over n > v, we can do the following;:

1. Let go = frn—~y. The sequence (g,) will be defined over n > 0.
2. Find G(z), the generating function of (g,) over n > 0.
3. Let F(z) = 27G(z).

We can take a different approach to finding F(z). The generating function we want
is

F(z) = anz"

Algorithm 5.1 returns the quantity

G(z) = ifnz”.

n=0

Thus, we have
E’;i’y fr2™ + G(Z)’ if v < 0;
F(z) =4 G(2), if v = 0;
G(2) = ¥0Zp fa2™, if v >0.

Corollary 4.3.2 allows a finite number of terms in a sequence to have a value different
from that given by its closed form. Let (f,) be defined over n > v and let its closed
form expression ¢, be valid only over n > ng, where ng > v. We can duplicate the
proof of the corollary to find F(z), the generating function of (f,). Let g, = fn —cy, for
v < n < ng. The finite sequence (gn) represents the amount each term in (f,) differs
from its closed form expression. The modified encoding algorithm can be applied as
above to find C(z), the generating function of {(c,) over n > v. Then

ng—1

F(z) = C(2)+ Z gnz".

n=-y

We can use the algorithms for encoding and decoding rational generating functions
to implement Theorem 4.4, which uses linear indexing of an existing sequence to define a
new sequence, and Theorem 4.5, which defines hybrid sequences. Again, the algorithms
follow the proof of each theorem. A new sequence is defined as (s,) = (agn+p) for
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integer a and B or as (s,) = (anbs). The closed form for s, is found from the closed
forms for a, and b,. The generating function encoding algorithm is used to find the
generating function of the sequence defined by s,. Finally, the generating function is
adjusted for any terms in (s, ) that do not satisfy its closed form expression.

5.4.2. Summation Algorithms

The algorithms we have developed provide us with all of the tools that we need to solve
sums and convolutions in RAT _SE@. We outline the steps involved when solving either
type of problem.

To evaluate a summation

n
S = Z ak
k=0
we do the following;:

1. Find the closed form of the summand using the algorithms for linear indexing or
hybrid terms if needed.

2. Find the generating function A(z) of the summand using the appropriate encoding
algorithm.

3. Find the generating function of the solution, S(z) = A(2)/(1 — 2).
4. Expand S(z) to find the closed form of s,.

To evaluate a convolution
Sp = E 01,01 02,05 * * " Amnyom
aytozttam=n

we do the following;:

1. Repeat for each factor a;x:

(a) Find the closed form of a; x using the algorithms for linear indexing or hybrid
terms if needed.

(b) Find the generating function A;(2) of (a; k) using the appropriate encoding
algorithm.

2. Find the generating function of the solution, 5(2) = A41(2)A2(2)---An(2).
3. Expand S(2) to find the closed form of s,.

These steps will find a closed form expression for any summation or convolution
involving sequences from RAT_SEQ. However, we are more interested in expressing
the solutions in extended closed forms that involve the sequences defining the summand.

For convolutions, we follow the proof of Theorem 5.5 and use partial fractions to
expand the generating function of the solution. Each term in this expansion can be
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related to a factor of the summand. This will allow us to express the solution in
terms of the factors in the convolution. The convolution algorithm also provides a way
to find extended closed form solutions for inhomogeneous recurrences and systems of
inhomogeneous recurrences. The generating functions encoding the solutions to these
recurrences involve the convolution of a rational function with the generating function
of the inhomogeneous terms. These algorithms can be used to expand those generating
functions.

For simple sums, we use partial fractions to express S(z), the generating function
of the solution, in the form that we used in the proof of Theorem 5.4. We then express
the solution as a function of terms from {a,), the sequence defining the summand. For
a hybrid sum, we use an approach like that in the proof of Corollary 5.4.1. We find the
closed form of the hybrid term using Theorem 4.5 and then treat the sum as if it were
a simple sum.

This method for solving hybrid sums is limited by the ability to find a closed form
for the hybrid term. In some cases, the hybrid term may have a factor in the summand
for which we cannot find a closed form expression. Thus we may not be able to obtain
the generating function of the summand. Algorithm 5.5 implements the hybrid sum
method based on Corollary 2.2.2. The algorithm uses the hybrid generating function
for the summand to evaluate the sum.

The key to this algorithm is Step 2. To demonstrate the ability of the algorithm,
we can consider the case where the summand has m = 2 factors and then inductively
apply this result to m > 2. To evaluate the m = 2 variable case, we want to find the
coefficient of w™2™ in C(wz)G(w)F(2), where C(wz) is a diagonal rational function of
wz and F(z) and G(w) are rational functions. The hybrid sum method applies partial
fractions with respect to z, discards the term without a w™2z™ term in its expansion,
and finds the coefficient of z™ in the remaining term. We can follow Step 2 to show
that the algorithm does this as well.

In Step 2(a) we let n(wz) = numer(C(wz)), and in Step 2(b) we perform partial
fractions on the denominators with respect to z. By (A.10) we find that

n(wz) numer(F(2))
denom(C(wz)) denom(F(2))
= n(wz)numer(F(z r(w,?) p(w, 2)
= n(wz) (F()) (q(w) denom(C(wz)) + q(w) denom(F(z)))
p(w, z)n(w2)
q(w)

r(w, z) numer(F(2))
g(w)

C(wz) + F(z),

where p(w, 2), ¢(w), and r(w, z) are polynomials. The left hand term does not have a
w™z™ term in its expansion, so we discard it in Step 2(c). The right hand term is the
quantity found in Step 2(d). This term is a product of the polynomial p(w, z)n(wz), the
rational function 1/q(w), and F(z). Expanding as a function of z results in ¢(w)/q(w),
where t(w) is the polynomial in w obtained by using the polynomial p(w, z)n(wz) to
shift and scale terms from the sequence (f,) encoded by F(z). This polynomial is
found in Step 2(e). Finally, in Step 2(f) we let C(w) = t(w)/q(w).
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Input: A list of m generating functions A;(%;) and the sequences (a;,) that they

encode.

Output: An extended closed form solution for s, = ) ¥_g a1,k " @m i involving terms
from the sequences (a1.,) to (Gmn).

1. Let C(21++2m) <« 1/(1 = 21+« 2).

2. Repeat for ¢ from 1 to m — 1:

(2)
(b)
(c)
(d)

(¢)

()

Let n(2; « - -2 ) < numer(C(z; - - 2m)).
Apply partial fractions over z; to 1/(denom(C(2; - - - 2, )) denom(A;(2:)))-
Discard terms with no coefficient of (2; - - - 2,,)" in their expansion.

Normalize the remaining term. It will have the form

P(%i, %it1 - 2m)
q(#i41 +* - 2m) denom(4;(2))’

where p(z;, zi+1 - - - 2m ) is a polynomial.

Multiply this term by n(2; - --2,) and numer(A;(2;)). Find the coefficient
of 27 in

n(2i -+ 2 )P(2iy Zig1 - - - 2m) Ai(21)-

Use n(z; -+ 2m )P(2i, %41+ - Zm) to shift and scale terms from the sequence
(@in). The result is a polynomial t(241 * - 2m).

Let C(zig1- - 2m) < t(Zix1 "+ 2m )/ q(Zix1 - 2m)-

3. Apply partial fractions to the denominator of C (2, )Am(2m)-

4. Find coefficient of 2},. Relate terms in the partial fraction expansion to either
C(2m) or Ap(zm). Expand terms related to Ap, (2, ) as a function of terms from
the sequence (@, ). Find coefficient of 27, in the other terms.

Algorithm 5.5. Rational/Hybrid_Sum. Computes hybrid sums over RAT_SEQ.
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Input: Generating functions A;(z1) = 1/(1 — 221) and A2(22) = 22/(1 — 2o — 22).
Sequences {(a1,,) = (2") and (a2,,) = (Fy) .

1. C(z122) < 1/(1 — z122)

2. Repeat for 7 from 1 to 1:

(a.) n(zlzg) =1.
(b) Partial fractions with respect to z; on 1/((1 — z129) (1 — 221)) gives

29 2
(22 — 2) (1 - 2122) + (2 — 22) (1 - 221).

(c) Discard z2/((22 — 2) (1 — z122)).

(d) Keep 2/((2 — 23) (1 — 221)). We find that p(21, 22) = 2 and ¢(z2) = 2 — 2.
(e) t(zg) « 2711,

(f) C(z2) « 2*1/(2 - 22).

3. Partial fractions with respect to 23 on 2"t12,/((2 — 22) (1 — 22 — 22)) gives

-1 3+ 29
ontl ( )
AP R s ——

4. The coeflicient of 2} is

n+1 n+1 ontlp

Figure 5.5. Example trace of Algorithm 5.5.

In the two variable case, one pass through Step 2 gives us a generating function in
w which we then proceed to expand in Steps 3 and 4. For m > 3, we have to make
multiple passes through Step 2. We can inductively apply the above result to show that
the algorithm finds the desired coefficient of (21 ---2,)". At each iteration of Step 2,
welet w = 241+ 2m, 2 = 2;, and F(z) = A;(2;). The base caseis C(wz) = 1/(1—wz)
and F(z) = A1(21). As we showed before, performing Steps 2(a) through 2(f) on C(w=z)
and F(z) will find the coefficient of z2™. Therefore, it correctly finds the coefficient of 2.
We are then left with C(w) = C(#i41 - 2m) and the generating functions Fi41(2i41) to
F(2m). The problem size is reduced by one variable and we repeat the process until
there is only one variable remaining. Figure 5.5 traces the execution of Algorithm 5.5
for the hybrid sum s, = 37 28 F}.

We can easily modify this algorithm to handle multifactor hybrid convolutions. One
factor in the convolution will be a hybrid term. The factors of the hybrid terms will
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provide the generating functions A;(2;). We multiply the generating functions of the
remaining factors in the summand to get B(w). In Step 1, we let the initial C(z; - - 2p,)
be B(z -+ 2zm). By Theorem 2.4, the coefficient of (2 - - 2,)™ will be the solution to
the multifactor hybrid convolution. The algorithm proceeds to find this value.
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Chapter 6

Super Generating Functions and
Binomial Summation

Super generating functions encode sequences of two or more variables. Among the
sequences that they can be used to encode are the binomial coefficients, the Stirling
numbers, and the Euler numbers. Of these, the binomial coefficients are perhaps the
most important in discrete mathematics. They have a natural physical interpretation
since the binomial coefficient (}) defines the number of ways to choose k distinct items
from a set of n items.

The generating function of the binomial coefficients is a simple instance of a ratio-
nal function of two variables. As we did with RAT, we can define many properties of
multivariate rational generating functions. We show that various types of sums involv-
ing binomial coefficients have solutions and indicate where the solutions can be found.
This will allow us to define classes of summations involving binomial coefficients that
can be solved using generating functions.

6.1. Multivariate Rational Generating Functions

Multivariate rational generating functions are functions of m variables that are rational
with respect to each variable. We discuss some of their algebraic properties, examine
methods for expanding them to find the sequences that they encode, and consider
extensions to the definition of closed form that enable us to include these sequences.

6.1.1. Field of Multivariate Rational Generating Functions

Given the field (F,+,-), the set F(y) of rational functions of the symbol y forms a
field (F(y),+,-). The set RATx(,) of rational generating functions with coefficients
from F(y) forms a field (RATx(y,),+,-). Continuing the process, we find that the
rational functions of m — 1 variables form a field (F(%1)(y2) - (Ym-1),+,-) and thus
the rational generating functions with coefficients from F(y1)(y2) -+ - (Ym—1) form a field

(BATF(y1) (y2) - (yme1)> T2 °)-

91



Many of the properties that we proved for RAT hold for multivariate rational
generating functions. If G(y1,92,---,Ym-1,2) € RATF(y)(y3)(ym—1) 30d Z C F, then
the coefficient of 2™ for a particular » in the expansion of G(y1,¥2,-.., Ym-1,2) is in
F(y1)(y2) -+ (ym). Likewise, we can show that the coefficient of y7* .-y ™7*2" of
G(yl’ Y25 -,ym—l’z) is in F.

Relationships between sequences with common factors in their generating functions
can be shown using our existing repertoire of methods. Relationships within a sequence
are harder to express. In particular, simplification of expressions involving adjacent
terms from a multivariate sequence is not as well defined as in the single variable case.

The definition of a characteristic generating function can be extended to multi-
variate rational generating functions. Each nontrivial multivariate generating function
has a characteristic generating function which maps directly to a multivariate homoge-
neous linear recurrence with constant coefficients. All sequences with this characteristic
generating function will satisfy the recurrence that it encodes.

Every multivariate homogeneous linear recurrence with constant coefficients has a
multivariate rational generating function. A systematic method to solve these recur-
rences depends on our ability to expand rational super generating functions.

6.1.2. Generating Function Expansion

Unlike RAT¢, there are no known methods for finding the general term in the expansion
of a multivariate rational generating function. Rather, we must treat each generating
function individually. We will consider two special cases that are of importance to
summation. The generating function

1
G(y,2) = m,

where p(z) is a polynomial relates to convolutions of sequences from RAT _SEQ. The
characteristic generating function

1
—ay— fz—7yz

is the general form of the generating function for the binomial coefficients. For each of
these generating functions, we consider methods to determine the coefficient of y™2".

H(y,z) = 7

Expansion of G(y,2) = 1/(1 - y/p(2))
We can easily find the coefficient of y™ in G(y, z),

G(y,2) = i (R%)mym.

m=0

The generating function 1/p(2)™ encodes the convolution defined by

Immn = Z Doy *Poms

artagttam=n
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where (p,) is the sequence encoded by 1/p(2).

If m is a particular integer constant, we know how to use repeated differentiation
of 1/p(2) to relate g, to the sequence (p,). Or, we can use Algorithm 5.4 to expand
1/p(2)™ and find a closed form expression for g,,,. However, in this case m is a
symbolic parameter. Technically, 1/p(2)™ is not a rational function. Rather, it is a
function of z and m. Thus, we cannot expand it as we did rational generating functions.

Depending on the degree of p(2) we can attack the generating function in a variety
of ways. We can factor out lterm(p(z))™ = (lcoeff(p(z))zldegreelr(2)) )™ to obtain

1 1
p(2)™ — (leoeff(p(2))2Meereelp())mg(z)m

where ¢(2) = p(z)/ lterm(p(2)). If degree(g(2)) = 1 then ¢(2) = 1+ Bz and

1 1
p(z)"  (lcoeff(p(z))21eexeee())m (1 + Bz)™

1 X (n+m-— )
= egree(p(z))\m IBn "
(lcoeff(p(z) )z degree(r(2))) 'n.z-_-;) ( m -

Thus, we find that
(n+6+m l)ﬁn+5

Jmm = lcoeff(p(2))™ ’

where § = ldegree(p(z)).
If degree(g(z)) = 2, we can choose from two approaches. Since m is a parameter,
we cannot perform partial fractions on 1/¢(z)™. We can, however, determine what the

effect of partial fractions would be. If ¢(2) = (1 — az)(1 — bz) then by (A.2) we find
that

mm 1 ( b)k(m 1+k) mm 1 ( a)k m— 1+k)
Q(z)m - Z (a—b)m+k(1 az)m—k +b Z (b_ @) k(1 — bz)m—F"

We can expand this generating function and shift and scale in order to find a closed
form expression for gn, .. If we want an extended closed form expression, we relate
the generating functions 1/(1 — az) and 1/(1 — bz) to the generating function 1/p(2).
This will allow us to find an extended closed form for the sequences (a™) and (b™) that

involves terms from the sequence (p,). Substituting, we get an extended closed form
for the sequence {(gm n)-

Example 6.1. Consider the convolution
Sn = > FoyFop -+ Fy,,,
aytoagt-tam=n

where m > 2.
By (2.17), the generating function of the sequence (s,)is S(z) = 2™ /(1 — 2 — 22)™.
We will consider the expansion of the generating function A(2) = 1/(1 — 2z — 22)™ =
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1/((1 — ¢2)(1 — ¢2))™, and then recognize that §(z) = z™ A(z) implies s, = ap_m. To
find a,, we need to determine the partial fraction expansion of A(z2).
Factoring A(z) and applying (A.2) gives

= e M ) Sl () ()
A(z) = ¢ ]g (¢_¢)m+k(1_¢z)m_k+¢ §($—¢)M+k(1—¢z)m—k°

Rearranging the terms and recognizing that ¢ — é = /5 and ¢é = —1 we have

ol (=g (TR mal gm(—g)k (M)
A kzﬂ, (V3)mrR(1 — gyt | kZ:O (—/Bym+E(1 — gz)m—k

m-1 m—-k (m 1+k) m—1 &m—k(m 1+k)

= kgo (\/_)m+k(1 _ )m —k + Z (__\/g)m+k(l —-—¢z)m—k-

k=0

The coefficient of z™ in the generating function 1/(1— az)™ is (™ 1™ a" [WiLF]. Ex-

panding the generating function A(2) and rearranging terms, we find that the coefficient
of 2™ is

m—1 ¢m—k(m1;l-il-k) m—-k—14+n .
- e (e

k=0
A oo
k=0 (_\/_)m+k m—k—1

m—1 (m—1+k) (m—-k—1+n

— Z m—é\/g);n_;—kk—l ) (¢m—k+n + (_1)m+k$m-k+n) .
k=0

Recognizing that ¢™ = ¢F,, + F,—1 and <2>“ = $Fn + F,,—1 and rearranging terms gives

m—1 (m—1+k) (m—k—1+n)

a, = m—1 m—k—1
ké% (\/g)m+k

(¢Fm k+n + Fm—k+n-—1 + (_1)m+k¢?Fm—k+n + (—1)m+ka—k+n—l)
m—1 (m 1+k) m—k—l+n)

_ m—k—1
- 1§, (\/_)m+k

(64 (D™ D) Frnmg + (L (™) o) -

Finally, we shift the terms in the sequence (a,) by —m to find that

_ mz—l (m"]:+k) (51_1:1:__11) ((¢ + (_1)m+k{b)F et (1 + (_1)m+k)Fn—k—l) )
5
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It is useful to note that s, = 0 for n < m. Also, the quantity (:;_’;‘_11) is a
polynomial in n of degree m — k — 1. When m + k is odd, the expression in parentheses
simplifies to v/5F,_i, and when m + k is even it simplifies to F,_ + 2F,__1. Thus,

85, is the sum of the products between Fibonacci numbers and polynomials in n. 1
A second way to find gm, when degree(q(z)) = 2 is to express the polynomial as
q(z) = 1 — B2 — B22% and expand 1/q(2)™ as powers of (8 + (22)z,
1 1

g(z)m (1= (B1+fe2)2)™
= Z(z:zm >(ﬂ1+ﬂzz)z

=0
B

We can next use the binomial theorem to obtain

o = S0 )As () Y

The coefficient of 2™ occurs when { + j = n and so we find that

e = 2 (0 (L)) (61

We can then shift and scale g, , to determine p,, .

Example 6.2. Consider the generating function

6 = (r5=z) -

We can express this generating function as
1
G(z) = =2
(2) (1-2(1+2))

Thus, 1 = B; = 1 and by (6.1), the coefficient of 2™ in 1/(1 — z — z%)™ is
i k+m-—1 k
o\ m—1 n—kJ
Shifting by —m, we find that the coefficient of 2 in G(z) is
" (k+m-1 k
we 5 () )

We note that this equation gives a binomial coeflicient identity for the convolution of
m Fibonacci numbers. W
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To expand G(y, z) for degree(q(2)) > 3 we can continue with either approach. If
degree(¢(2)) = 3 and ¢(2) = (1 —az)(1 - bz)(1-cz), we use (A.2) to find the expansion
of 1/((1 — az)(1 — b2))™, multiply the result by 1/(1 — ¢2)™, and apply (A.2) to each
term. This approach can be extended to any degree for ¢(z). The resulting sums are
unwieldy but the algorithm. is consistent at every step.

If g(2) =1 — P12 — B22% — - - - — B42¢, we can expand 1/¢(2)™ to obtain
1 _ 1
(1=piz— Poz? — - — ﬂdzd)m (1—2(681+ P22+ --- +ﬁdzd_l)m
= Z(z—i—m )(ﬂ1+ﬁ2z+ _{_ﬂdzd—l)izi-
1=0 m

For d > 2, continuing to expand this generating function also proves to be unwieldy.

Expansion of #(y,z)=1/(1- ay — Bz — yyz)

To ekpand H(y, z) we consider various cases for a, §, and y. The cases where & = v =
0,=v=0,a=p=0,0r & = =+ =0 are trivial.
The case where oo = 0, 8 # 0, and v # 0 is equivalent to the case where a # 0,
B =0, and v # 0. We consider only the former. Expanding as a function of y and then
of z we find that
1 1 1
1-8z—~vyz 1-821- 1ﬁzy

R S 2.
= 2 T

m=0

B e L

m=0 n=0
o] [e0]
— Z Z & ( )ﬂn m nym
m=0n=m
If 8 = v = 1 we have the super generating function of the binomial coefficients.
Ifa # 0,8 # 0andy = 0, we can expand as a function of y and then of z to obtain

1 1 1
ey Rl vy
_ i a® om
B m_o(l—ﬁz)mﬂy
= ZZ (n—{—m) Brz"y™.
m=0 n=0

Ifa#0,8+#0,and v # 0 we have two cases to consider. When a3 = —v we have
a hybrid generating function which expands to

1 1
l-ay-fBz+afyz  (1—ay)(l-B2)
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0o 00
Z Z amﬂnznym

m=0n=m

Otherwise, we can expand as a function of y to obtain

1 1 1
l—ay—Bz—yyz  1-pz 1_%3,

i (e +72)™

— (1 — Bz)m+1 Y

The generating function (a+7z)™ encodes the sequence {(7)a*y™ %) and (1 - Bz)™+!

encodes the sequence {(*%™)8¥). To expand (a +72)™/(1 — Bz)™*!, we recognize the
convolution

5 - g ()

k=0 n=0
— ii( ) kmk(n+m)ﬂn n+k
k=0n=0 m
LA mek{M—k+m\ ok
- BE () ()
oo min(m,n) _
= Z Z (7;:’) ak,Ym—k (n fn-{_ m) ﬂn—kzn.
n=0 k=0

Thus, we find that

oo oo min(m,n)
1 =33 Z (7:) ok ym=k (n —k+ m)ﬂn—kznym.

1—-ay~pBz—yyz == m

While there were similarities in the approaches we used to expand each of these
generating functions, we see that each had to be handled in a slightly different way.
Generating functions of higher degree or more variables become even more difficult to
expand.

6.1.3. Closed Form Expressions

When dealing with sequences of a single variable, we were able to define a closed
form expression in such a way that the definition held for all sequences with rational
generating functions. If we consider the binomial coefficients, we see that they do not
satisfy this definition.

The binomial coefficients can be defined as

n n! nk
(k) T kn—k)! T R
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The factorial definition uses (n~1)+(k—1)+(n—k — 1)+ 2 = 2n — 1 multiplications
and divisions. The falling factorial definition uses (k — 1)+ (k- 1)+ 1 = 2k -1
multiplications and divisions. We apparently cannot compute (’Z) using a number of
operations independent of both n and k.

Ideally, we would like to extend the definition of closed form to multivariate se-
quences encoded by rational generating functions. Unfortunately, since we do not
know a general method for expanding multivariate rational generating functions, we
cannot be sure if there is a definition that will hold for all sequences that they encode.
Therefore, we will not attempt to extend formally the definition of closed form. We
will examine instead some issues that should be considered when defining closed forms
for multivariate sequences.

We can consider two changes to the definition of a closed form that the binomial
coefficients will satisfy. Our previous definition considered 6™ to be a closed form
even though it is defined as » — 1 multiplications. We could extend the definition to
include factorial or falling factorial as acceptable operations. A second option for m
variable recurrences is to define the number of operations to be dependent on only
m — 1 of the variables. In this way, the “complexity” of the closed form is less than
that needed to compute the sequence from its recursive definition. For example, the
recursive definition of the binomial coefficients involves two parameters, whereas the
number of operations defining them using either factorials or falling factorials involves
only one of the parameters.

The problem domain should also be considered when defining closed form. Gener-

ating functions of the form
1

p(2)™
are actually partially expanded bivariate rational generating functions that encode
sequences defined by a convolution over m factors. For each value of m, the generating
function m encodes a different convolution, each of which defines a different sequence.
For a particular m, the same expression defines the coefficient of 2™ for all » and
the number of operations is independent of n. When regarded as the solution of a
convolution of m factors, the coefficient of 2™ satisfies the definition of closed form. In

this case, m is a parameter of the problem and not a variable relevant to the limits of
the summation.

6.2. Definite Binomial Sums

A definite binomial sum is defined as

= 3 (7)o

k=Q

Because of the symmetry of the binomial coefficients,

(IR RATEp |
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Thus, if we can solve the definite binomial sum, then we can solve the corresponding
convolution.

Theorem 6.1. Let (aj) be in RAT_SEQ. The sequence (s,) defined by

isin RAT_SEQ.

Proof. Applying (2.1) we find

S(z) = anz"

(n + k) akzn+k.
k=0n=0 k

The presence of the summation’s upper limit in the summand affects the derivation.

We can recognize that
i n+k o 1
k T (1= )k

n=0

Rearranging terms and using this result gives

S(z) = Zakzkz< P )z"
k=0 n=0
oo k41
= Zakzk ! )
o 1-2
1 & z \*
- 1—zkz=%ak(1—z)

This sum is just (2.1) evaluated at z = z/(1 — z). We find that

11/4(15)' (6.2)

Thus, A(2/(1 — 2)) € RAT, §(z) € RAT, and (s,) € RAT.SEQ. O

S(z) =
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We can use (6.2) with any sequence (ax) for which we know the ordinary generating
function. The only restriction to finding the solution to the definite binomial sum is
our ability to expand the resulting generating function. However, for sequences from
RAT _SEQ, including hybrid terms whose factors are from RAT_SEQ, we know how
to expand the generating function of the solution.

Example 6.3. Consider the sum

By (6.2), the generating function of (s,) is

1 1 i
o0 - 150 (5) - sy - e

1-2 1—-z

Applying partial fractions with respect to z we find that

1 1 1
S(z) = —= — )
(%) V5 (1 - 3—'b£2 52 1- 3_2 5z)

(- (52)

Notice that this closed form can be obtained directly by applying the binomial
theorem to the closed form expression for the Fibonacci numbers. As we noted in
Chapter 2, S(z) is the generating function of the sequence (F3,). By (5.3), F3, =
Foy1Fy 4+ FoF,y. It is natural to wonder if in general the sequence (s,) defined by
the definite binomial sum has an extended closed form that involves terms from the
sequence in the summand. The answer is no, as we can demonstrate with the binomial

theorem,
n
> (Z)ck = (1+on

k=0

Therefore

The solution (1 4+ ¢)™ does not have an extended closed form expression involving a
fixed number of terms from (c").

We can also apply the hybrid sum method to evaluate the definite binomial sum

o= 3 (e

k=0

The generating function of the binomial coefficients is

Ba() = Y (Z) = (142"

k=
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By Corollary 2.1.2, s,, is the coefficient of w™2z™ in

G(w,z) =

1 n
1_wz(1+z) A(w)’
where A(w) is the generating function of (ax). If A(w) is a rational generating function,

we can write A(w) = p(w)/q(w), where p(w) and g(w) are polynomials in w. By (A.4),
we find that applying partial fractions with respect to w gives

1 s(w, z)
G(w,2) = 1+z"w( + - ),
w2 = W) Gy = wn * e 720)
where s(w, z) is a polynomial of w and z and m is the degree of g(w). We can discard
the left hand term. Since (1 + 2)” is a trivial rational generating function, we cannot
apply partial fractions with respect to 2 to the right hand term

(14 2)"p(w)s(w, 2)
zmq(1/z)q(w)

Expanding as a function of z results in an n + 1 term convolution encoded by the
generating function (14 2)™/(2™gq(1/z)). However, super generating functions can
help us out. The function (14 2)™ is the coefficient of y"2" in 1/(1 — y — yz). Thus we
can encode (14 z)" with its nontrivial rational super generating function, apply partial
fractions with respect to z to

p(w)s(w, 2)
7mq(1/2)q(w) (1 -y —yz)’

and expand the generating functions. The summation index is encoded by the gener-
ating function variables w and 2. The summation limit is £ = n. Thus we want to find
the coefficient of w™2". The generating function variable y was used to encode (1 + 2)"
as a super generating function. The desired term is the coefficient of y".

We now apply this method to the definite binomial sum of the Fibonacci numbers.

Example 6.4. Again consider the sum
" (n
“- £

Applying Corollary 2.1.2 and super generating function techniques, we find that s, is
the coefficient of w"y"™2" in

1 w 1
—wzl—-w—-w?l-—y—yz

H(w,y,2) =
1
Applying partial fractions with respect to w gives

.2
H(w,y,2) = w ( z 1 +1-§-z-+—wz 1 )

l—y—yz\1+2-221-wz 14+2-2%21-w-—w?
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We can discard the left hand term. Expanding the right hand term as a function of w
and applying partial fractions with respect to z gives

Fo+2F, + 2F,_,
(1+2z2-22)(1-y-yz)

1-2y+y=z y?
= (Fo+ 2F, + zF,_ B '
(n z Z2Ln 1)((1_3y+y2)(1+z—z2) (1—33/+y2)(1—3/—yz))

The generating function 1/(1 + z — 2%) encodes the sequence ((—=1)"F,41). Thus, the
coefficient of 2" is

Y(—D)"(Frg1Fno1 — F2)  Fpy™? + Fopy™!
1-3y+y? (1-3y+y?) (1 -yt
The first nonzero term in the expansion of the right hand term is at y™t! and so the

coefficient of y™ in the right hand term is zero. By Cassini’s identity the left hand term
is /(1 — 3y + y?) and encodes the sequence

(6.3)

Sp = an. | |

Notice that if we tried to solve the sum

n
Sp = Z (1:) F
k=0
by this method, we would want to find the coefficient of y™ in (6.3). If m < n, this is
the definite binomial sum and the coefficient of y™ in the right hand term of (6.3) is
zero. However, if m > n, then the coefficient of 4™ in the right hand term is not zero.
Instead, it involves the sum of m — n + 1 terms from the convolution encoded by (6.3).
Thus we see that the hybrid sum method works because of the presence of the factor

of y™*! in the numerator of the right hand term of (6.3).
We can attack the definite binomial sum in yet a third way. By symmetry of the

binomial coefficients
Sp = ap = ag.
k=0 k k=0 \" ~ k

Applying (2.17) and super generating function techniques, we find that s, is the coef-
ficient of y™2z" in
1
S(z) = ———A
(z) 1 - y _ yz (Z),
where A(z) is the generating function of {(at). If A(2) is rational we can apply partial
fractions with respect to z and expand the result to find the coefficient of y™2™.

Example 6.5. Consider the sum



By (2.17) and super generating function techniques, s, is the coefficient of y™2" in

S(y,z) =

z
(1-y-y2)(1-2-2%)
Applying partial fractions with respect to z gives

y+2-yz (1-y)y
S(y,2) = - .
3:2) (I-y-9)(1-2-22) (A-y-9*)(1-y-y2)
If we expand the right hand term as a function of 2 we find that the numerator has a
factor of y™t!l. Therefore the coefficient of y™2™ in the right hand term is zero. If we
expand the left hand term as a function of z we get
yFn+1 + (1 - y)F’n
l—y—y2
Expanding S(y) as a function of y and simplifying gives

Sy) =

Sp = 21:1'1‘1,]:1'r1.+1_'1::,3 = n+1Fn+FnFn—1 = Fp,. 1

These three methods give us the tools to evaluate many types of definite binomial
sums. The multifactor hybrid sum

Sp = Z (Z) a1,k Qm,k

k=0
can be evaluated by the hybrid sum technique. We can also find the generating function

of the hybrid sequence (ay k- --an k) and apply one of the other approaches. The
multifactor convolution

n

a1tozt-tam=n a1
can be written as

n
Sp = Z ( " ) Z 2,05 * * * Oy

a1=0 o1 ozt tam=n—o;

n
= Z ( n ) Z a2,a2 e am,am

a1=0 n—om azt-tam=n—o;

n
= Z (n jal) Z a27a2 Tt am|am

a1=0 agtetoam=o
n
n
= Z( ) 2 B Oman
(251 —
ay1=0 ag+tom=a;

We can first solve the inner convolution or find its generating function. We then apply
one of the previously described methods to the resulting definite binomial sum. If all
of the sequences {a;x) for 2 < ¢ < m are in RAT_SEQ, then their convolution is in
RAT_.SEQ and {s,) is in RAT _SEQ.
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6.3. Indefinite Binomial Sums

As sequences indexed by n, the binomial coefficients (”:Lm) and (:L) are polynomials in
n of degree m. Their generating functions are

~ [n+m\ ., zZm
2( m ) RN

n=0

() . 1
Py (m) = oo

As we can see, the two sequences are similar since their generating functions differ only
by a factor of z™. From their denominators, we see that they both satisfy the same
order m + 1 recurrence. Their denominators also indicate that they are polynomials of
degree m.

For particular values of m, ((*7™)) and ((*)) are in RAT_SEQ. Any hybrid term
involving the product between one such binomial and a sequence in RAT_SFEQ will
also be in RAT_SEQ). Thus, we can solve hybrid sums involving these binomials and
express the answer in an extended closed form that involves m + 1 consecutive terms
from (("+™)) or ((%))- |

We can also find generating functions for hybrid terms involving ((**™)) and ((2))
for particular values of m. The generating function of (s,) = ((™)ay) is

and

dm

S(G) = T A), (6.4)
).

where A(z) is the generating function of (a,). We can use (2.1) to prove (6.4),

2™ dm
p R G

zm dm o

5(z)

= —— anz"

! m
m! dz =

P
= — E apn®Z"™
m)

"t n=m

o0
n
= E an—'z
n=mn m.
o0

= Y (:;) 2,

The generating function of (s,) = (("T™)a,) is

dm zm

5(z) = ——=A(2), (6.5)
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where A(z) is the generating function of (a,). We can again use (2.1) to prove (6.5),

dm zm
S(z) = WEA(z)
1 d™ &

n  n+m
= —_—— a 'z
! m Z
m! dz =

1 o0
= nX::Oan(n + m)2z
ot m
P it
m)

n=0

s n+m\ .
= Zan zZ .

n=0 m

Fither (6.4) or (6.5) can be used to solve hybrid sums involving these binomial
coefficients. We employ (6.4) or (6.5) to find the generating function of the summand,
apply (2.20) to find the generating function of the solution, then expand to find the
solution.

If possible, we would like to find a solution to hybrid sums involving the sequences
((**™)) and ((7)) for all m, rather than for particular values of m. We apply the
hybrid sum technique to one such sum.

Example 6.6. Consider the hybrid sum
Sy = Z (k + m)2k.
k=0 m

Table 6.1 presents solutions to this sum for 1 < m < 5. We would like to find an
expression for the sum involving the symbol m. There is no apparent single closed
form that is valid for all m. While there is some regularity to the form of these
solutions, there appears to be no way to predict the constants in the expressions. Since
the sequence (("j'nm)) satisfies an order m 4 1 recurrence, the solution to this sum may
require m + 1 consecutive terms from the sequence {("}™)).

We can apply the hybrid sum method in an attempt to find such an expression. By
Corollary 2.1.2, s, is the coefficient of w™2" in

1
(1 -—wz)(1-2w)(1-2)m+t’

Applying partial fractions with respect to w gives

H(w,z) =

H(w,7) = —— ( 2 - d ).
=2t \(2-2)(1-2w) (2-2)(1~w2)
We can discard the right hand term. The coefficient of w™ in the left hand term is
2l
(2-2)(1 = z)ym+1’
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ST = ()

S (37 = e ((3)-(39)+6) -

S (37 = w727 ()

2 () = (7)) () () + () -
Jor = (63 o3+ (37 (1) + () +

Table 6.1. Solutions to Sf— (FI™)2¥ for 1 <m <5

The coeflicient of 2™ is a convolution defined by the product of the generating functions
1/(2—2) and 1/(1 - 2)™*1. This convolution has n + 1 terms, which is not a desirable.
We could use (A.1) to perform partial fractions over z. However, we want to find a
general method for solving any hybrid sum involving binomial coefficients. While we
have 2 — 2 in the denominator, we can expect in general to have a polynomial of any
degree. In the general case we could determine the partial fraction expansion for the
polynomial, multiply by 1/(1—2)"*1, and use (A.1) to apply partial fractions over z for
each term. While such an approach works in principle, it quickly becomes complicated.

Fortunately, super generating functions can help us out. The value 1/(1 — 2)™*! is
the coefficient of y™ in the super generating function 1/(1 — y — z). Thus, using the
super generating function we find that s, is the coefficient of y™2" in

2n+1
(2-2)Q1-y-2)

Applying partial fractions with respect to z gives
2n+1 _2n+1 2n+1
= 4+ )
(2-2)(1-y—2) (1+y)(2-2) (1+y)(1-y-2)

Expanding the left hand term we find that the coefficient of y™ in 1/(1+ y) is (-1)™
and the coefficient of 2™ in 1/(2 — 2) is 1/2"*!. Thus the left hand term expands to
(—1)™*1, Expanding the right hand term as a function of z gives

(6.6)

2n+1
(1+y)(1—yntt

(6.7)
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The generating function 1/(1 4 y) encodes the sequence ((—1)™) and the generating
function 1/(1 — y)™*! encodes the sequence {(™'™)). Thus, the generating function in
(6.7) encodes the convolution

71 31y (” " )

1=0 m

and
_ ( 1)m+1 +2n+1 Z( 1),<n+ m — z 'L>-

The binomial coefficient encodes a polynomla,l in n of degree m — i, and so the sum
evaluates to a polynomial of degree m. This is a correct solution which only involves
m + 1 binomial coefficients. Unfortunately, they are not the binomial coefficients that
we are looking for.

We can find an expression involving the desired binomial coefficients as follows. If
we expand the right hand term of (6.6) as a function of y we find that the coefficient
of y™ is the convolution

n+1
2 Z( 1)1 )m+1 1’
1=0

Rearranging this generating function gives

1 1 i
n+1 - n+1 )
2 E%( 1)1 )yt T 2 (1 - z)m+ Z(z -1
2n+1 )zJ( 1)1—1

2"+1 )m+1 Z (Z( 1)} ( )) (=1Y 2.

Expanding as a function of 2z and adding in the expansion of the left hand term of (6.6)

we find that
j=0 \i=j

We have found two expressions for s,,. Note that for a given value of m, both solutions
involve a fixed number of operations that is independent of n. Thus, each result meets
our definition of closed form. We also note that super generating functions have given
us a method to perform partial fractions when the denominator involves a polynomial
raised to a power given by a symbolic parameter. N

We now look at a more complicated sum involving binomial coefficients.
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o
1
=]

(k I)Fk = 1+Fn ( (n 1)
1 1
1

(k;—2)Fk = 24 F, (4

o
Il
=]

o
l
=]

< (k+3 _ n+3 n+3 n+1
(59 = s (4T () -3
3 1

o
"
o

= (k+4 _ n+4 n+3 n+2 n+1 n
( 4 )Fk = —5+Fn<9( 4 )—35( 4 )+59( 4 )—44( 4 >+13(4))
+ +
4 4

Table 6.2. Solution to -7_o (*7™) F; for 1 < m < 4.

Example 6.7. Consider the sum

=3 (k+m)Fk.

k=0 m

Table 6.2 presents the solution to s, for 1 < m < 4. As we would expect, the solutions
involve 2(m+1) terms that are products between Fibonacci numbers and binomial coef-
ficients. We can use the hybrid sum method to find an expression for s,, for general m.
By Corollary 2.1.2 and super generating function techniques, s, is the coefficient of
wy™z" in

w
(l1-wz)Ql-w—-w?)(l—y—2)

Applying partial fractions over w we get

w Y 14 24wz
Hw9,2) = 7= ((1+z-z2)<1—wz>+<1+z—z2)<1—w—w2) |

H(w,y,z) =

We can discard the left hand term. Expanding the right hand term as a function of w
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and applying partial fractions over 2z gives

Fh%‘ZFhﬁ'ZF’_l
(1+2-22)(1-y-2)

— z o 1
= (Fn+an+ F—l)((1+y_y2)(1+z—22)+(1+y—y2)(1_y_z)>-

Expanding the left hand term as a function of 2z and simplifying with Cassini’s identity
we obtain

()" (Fpr P - F2) -1
1+y—y? o l4y—y?
The coefficient of y™ in this generating function is (—1)™*!F,,4,. As a function of y,
1/((1 4+ y — ¥*)(1 — y — 2)) encodes a convolution between the sequences {(—1)*Fiy1)

and (1/(1 — 2z)**1). Expanding the right hand term as a function of y and rearranging
gives

(14 2P 31 ot e + 2P -0 P s
i_O ) =0 ( z)
1 1 ¢ ) 1
= F Z( 1) z+1(1—'—)m—+1:~'+z(fn+F—1)iZ(:)(—1) Fiﬂm
= Fnzl—i% ;}(—1)"1%1(1 - 2) + Fn+1(1 )m+1 2( 1) Fiy1(1 - 2)°
1+2
- -:)m+1 ;;FIH( )zj( 1)
P e 53 o () A0
1=0 j=0

= . —:)fn+1 2) (Z( 1y F,+1( )) (—1)7%
+ Fn+1 )m+1 Z (Z( 1) 1+l( )) (—1)927.

The coefficient of 2™ in this generating function is

F, ‘;(;‘( 1)E+1( ))( 1)1(’”2‘]')

+ Fop1 i (i(q)ipi+1 (;)) (-1)! (n + mn: Jj- 1).
§=0 \i=j

Thus, we find that

s = (=1)"F1F, 4
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FEY (f:_(—l)*mﬂ (J)) (")
+ Fra i (i("l)iFHl (;)) (-1y (n * mn: 7= 1)-
J=0 \ii=j

We note that some simplification is possible. This solution involves the m + 2 binomial
coefficients (";11), ceey (”;"nm) For a particular value of m, we can simplify this to m+1
consecutive binomial coefficients. 1
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Chapter 7

Harmonic Numbers

In this chapter we demonstrate the application of generating functions to summations
involving harmonic numbers in their summands or solutions. The harmonic numbers
are the sequence (H,) defined by

Z":I
" k=1k.

As a result of Karr’s work, it can be shown that there is no closed form expression
involving rational functions of n or exponentials of n that defines H, [DEsal, KARR].
Thus, the solutions to summations that involve the reciprocals of integers require ex-
tended closed forms that use the symbol H,,.

The generalized harmonic numbers are defined by

H(m) Z s

for integer m > 1. Again, for any m there is no closed form expression for the summa-
tion.

The generating function of the sequence (1/k) is

6(:) = ln (7).

By (2.20), the generating function of (H,) is

H(z) = ——G(z) = — ln( 1 )

1—-2 1—2 1-2

For m > 2, there is no known generating function for (Hp, (m) ). However, we can encode

,(1 ) using hybrid generating functions. By Corollary 2.2.2, Hp, (m) is the coefficient of

(21 2p,)" in the expansion of

H(z,...,m) = 1_21 Hln (1_%) (7.1)
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We note that there is no way to rearrange this generating function in order to find an

expression for H,(zm). We cannot use partial fractions as there is only one polynomial in
the denominator. Thus, when we expand this generating function, we must recognize
it as encoding a harmonic number.

7.1. Poly-Log Generating Functions

To solve summations involving products between harmonic numbers and sequences
from RAT_SE(Q, we have to expand generating functions that are of the form

6(z) = 22, (=)

— q(2) "\1->

where p(z) and ¢(z) are polynomials. The polynomial p(z) serves to shift and scale
the sequence encoded by H(z) = In(1/(1 — 2))/q(z). Thus we need only consider the
expansion of H(z). We can further simplify the class of generating functions that we
need to expand by applying partial fractions with respect to z to 1/¢(z), which allows
us to write H(z) as a linear combination of terms of the form

(1 —Lz)m n (1—1—z)'

This generating function is an example of a more general situation involving prod-
ucts between rational and non-rational generating functions. We describe a general
method that can be applied in an attempt to expand such generating functions and
then apply it to poly-log generating functions. Let G(z) be a non-rational generating
function that encodes the sequence (g,) and let

A e 1az)m G(z).

We want to find the sequence (f,) encoded by F(z).

F(z) =

To do so, let
1
S(z) = WG(z)
encode the sequence (s,). By differentiating with respect to z we have
(m — 1)aG(z) 1 d

T(z) = Ed;S(z) - G(2).

1= az)™ (1= az)m1 dz
Substituting, we find that

14

A= az)T 220

EdZ—S(z) = (m—1)aF(z) +
Expanding the generating functions gives
(n+1)snt1 = (m—1)afn +an,
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where {a,) is the sequence encoded by G’(z)/(1 — az)™ 1. We then solve for f,.

For this approach to work, we need to be able to expand S(z) to find s, and expand
G'(2)/(1 — az)™! to find a,. To expand S(z) we apply the method recursively. The
base condition for the recursion is reached after m — 1 iterations and requires that we

be able to expand
1

1-oaz
This may be a known generating function. If not, we recognize that this is the gener-

ating function that encodes a convolution and apply (2.17) to find that the coefficient
of z™ is

G(2).

n n
Z gk an—-k = ot gfk_ .
k=0 k=0 a
We then attempt to find a solution for this summation. Thus, this method reduces the
problem of expanding G(z)/(1 — az)™ to that of expanding the generating functions
G(2)/(1 - az) and G'(2)/(1 — az)™"L.

With logarithmic generating functions, we find that this method works if we are

able to expand
()
In
1—-az 1-2

1 d 1 ( 1 > 1 1
[ e— ] = .
(1-az)m1dz 1-2 (1-az)m11-2
The latter generating function is rational and so we know how to expand it. The former
encodes the convolution

and

n an—k

k

k=1
The value of this sum is known only when o = 1, in which case it evaluates to H,.
Thus, we can use this approach to expand generating functions of the form

(1 —lz)m In (1 i z) )

Example 7.1. Consider the generating function

F.(z) = a —1z)m In (1 i z) .

We will prove by induction on m that it encodes the sequence

<fm,n) = < (n m- 1) (Hn+m—1 - Hm—1)>a (72)

m-—1

for m > 1.

The base case is Fi(z) = In(1/(1 — 2))/(1 — z), which encodes the sequence (H,).
Substituting, we find that fi, = (§)(Hn — Ho). Recognizing Hy = S 1/k =0, we
find that f1, = H,.
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To prove the inductive step, assume that (7.2) is true for m = mg — 1 and prove it
true for m = mg. We want to expand the generating function

Fino(2) = (1 —lz)’"O n (1 i z) )

If we differentiate F;,,,_;(2) we obtain

%Fmo-l(z) d% ((1 m zl)"w‘l 5 (1 . Z))
= (m0_1)1n< L )+ .

(1 —2)mo 1-2 (1— z)mo
1
(1—z)mo’

= (mo— 1)Fnpe(2) +

By the induction hypothesis, the generating function Fy,,—1(2) encodes the sequence
((";?ﬂ;z)(ﬂn_,_mo_z — Hpmy—2)). Therefore, by (2.13) dFp-1(z)/dz encodes the se-

quence {(n + 1)(";’:3;1)(}[,;_,_,,10_1 — H,,,—2)). Expanding the generating functions we
find that

(e ("2 ) nmaes = Hraca)) = o=Vt +{ ("))

Solving for fr,,.n gives

(n + 1)(n+m0_l)(Hn+1no—l - Hmo—2) - (n+m0_l)

—2 -1
from ™ e ™
_ n+4+1l (nt+mp—1 H
- mg — 1 mg — 2 ntmo=1

n+1l fn4+mpg—1 " 1 n+mg—1
mo—-l m0—2 mo~2 mo—l mo-—l )

The first term can be simplified to (";?EII)H ntmo—1. We can simplify the second term

and combine it with the third term to get

n+1l nd+meg—-1 H 4 1 n+mpe—1
mo—1\ mg—2 mo=2 T e —1\ mo-—1




Thus, we find that

n+mg—1 n+mg—1
fmo,n = ( 0 )Hn+mo—1—< 0 )Hmo—l

mg — 1 mg — 1

n+mog—1
( mofl )(Hn+mo—1_Hmo—1)- |

7.2. Harmonic Sums

We now apply the hybrid sum technique to several classes of summations involving
harmonic numbers. Savio, Lamagna, and Liu have studied many of these sums and
defined the form of their solution [SAvio]. We show how the same results can be
achieved using generating functions.

To use the hybrid sum method on summations of the form

n
Sy = ZakHlEm)’
k=1

we must be able to find generating functions for the sequences {(ax) and (H ,Em)). If these

generating functions are A(w) and H(z) then, by Corollary 2.1.2, s, is the coefficient of
w™2™ in A(w)H (2)/(1—wz). When m > 1, there is no known single variable generating

function for the sequence (H ,Em)). However, (7.1) defines an m variable generating
function H(z,...,2n) for (H,gm)). We see that the coefficient of (wz; - -+ 2, )* in the

hybrid generating function A(w)H (z1,...,2n) is akHIEm). Thus, by Corollary 2.2.2, s,
is the coefficient of (wzy -+ :2m )" in the expansion of

A(w)H (21, ..y 2m) /(1 = w21+ - 2m). (7.3)

7.2.1. Harmonic Number Sums

Consider the sum n
Sp = Z H ,Em).
k=1

The sequence (H ,gm)) is the coefficient of (z; - - -z, )* in the expansion of

1 e 1
H(zl,...,zm) = mH]H( )
i=1

1—2

By Corollary 2.2.2, s, is the coefficient of (21 - - - z,, )™ in the expansion of

Gz1,... 2m) = 1——1———H(z1,...,zm) = ———1———Hln( ! )

— 21" 2m (1_21"'217‘1.)2-__
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We can gain some insight into expanding this generating function by considering
the case where m = 1. By (2.20), the solution to

n
Sy = ZHk
k=1

is the coefficient of 2" in H(z)/(1 — 2), where H(2) = In(1/(1 — 2))/(1 - z) is the
generating function of (H). We have seen how to expand this generating function
using the differentiation method. Differentiating H(2) we have

d d 1 1 1 1 1
EH(z) - El—z]n(l—z) - (l—z)zln(l—z>+(1——z)2'

Expanding the generating functions and equating coefficients of 2" gives

(n+1)Hp41 = sp+n+ 1
Thus,
$n = M+ 1)Hpyr —(n+1) = (n+1)(Hpp1 = 1).
Consider differentiating a bivariate generating function F(w, z) with respect to w.

[o ol o) oo
F(w,z) = Z Z a; jw'2’,

i=0 j=0

If

then

d O &, -y

%—F(w,z) = ZZzai,jw’ 2.

i=1 j=0
A similar result is obtained if we differentiate an m-variate generating function with
respect to one of its variables.
To expand G(z1, ..., 2m ), we differentiate H(z, ..., zy,) with respect to z; to obtain
d

EH(Zl,...,Zm)

d 1 1 m 1
- d_z-l—(1—21---zm1n<1—Z1)H]n(l—zi>)

=2

29+ 2m 1 1 1 )m ( 1 >
(@ (2) e ) I (2)

1=2

The coefficient of (21 -2y, )™ in the generating function H(z,...,2n) is H,(:”) and
so the coefficient of 27 (23 -+ 2,)" in dH(21,...,2,)/d2 is nH™. If we multiply
this generating function by 2; we shift the sequence and find that the coefficient of
(21 2m)" in 21dH (21,...,2m)/d2 is nH,gm). Thus,

d
zla—gﬂ(zh"wzm)
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- mnln<1—zz) 1—-211- 1—z1Hl (1—21)

1=2

1 e 1
= 21---sz(21,-..,Zm)+1_ A Hln( )

2 zml—z112 1-2z

The coefficient of (21«2, )" in 2 -+ - 2,G(21,.. ., 2m) is $y_1. By Corollary 2.2.2 the
coefficient of (21 ---2,)" in

1 21 = ( 1 )
|
1—21---zm1—21i=]~_£n 12

is the hybrid sum

— -1
g1 a2,

Expanding the generating functions and equating coefficients of (wzy - - - 2, )", we have
nH,(lm) = Sp_1 — H,(lm_l).
Solving for s,_y gives s,_1 = nHM — H,(lm_l), which implies that

n = (n+DE - HETY.

7.2.2. Harmonic Sums with Polynomials

Consider the sum .
= > p(k)H™,

k=1
where p(k) is a polynomial in k. A common approach to such sums is to apply sum-
mation by parts. As we have seen, the hybrid sum method is equivalent to summation
by parts when one of the sequences defining the hybrid term has a factor of 1 — z in
the denominator of its generating function.

By (7.3), sp, is the coefficient of (wzy - - 2,)" in

G(w, 21, -, 2m) = —— 1.__ P(w) Hln —
1—wzy- 2y, 1-2 1 2y

where P(w) is the generating function of (p(k)). By the proof of Lemma 4.1, we saw

that polynomials of degree d have rational generating functions whose denominator is
(1 — w)¥*!, Thus,

Pw) = g
and
1 w
G(w, 21,y 2m) = T— (1E(w))d+11—21 Hln(l_z1)
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where g(w) is a polynomial. Using (A.1) to apply partial fractions with respect to w,
we have

G(w, 215y 2m)

q(w) e ( )
= 1
1=z H o 1—2z
(Zl"'Zm)d+1 n i (_1)j(zl"'zm)j
(zl...zm_l)(l_wzl...zm) ; (l_zl...zm)j+1(1_w)d+l—j ’
The left hand term can be discarded. The right hand term can be expressed as
m d
q(w) ( ) (=1)(z1 - 2m)’
In .
1—2- H 1-2% Z ‘(1—2z- zm)J"'l(l — w)dtl-i

N(w,ar o am) q(w))dﬂu_n el (5)

=1

1

1
1
21'--Zm)d+11.=1—'[1 n(l—n)’

N(w,zl---zm)P(w)(l_
where
d
N(w, 21+ 2m) = Z(—l)j(zl---zm)j(l — 21 2L~ w) .

This is a polynomial in w and 2z ---2,. It serves to shift and scale the sequences
encoded by P(w) and [[;%, In (1 - ) J(1 = 21+ 2,)%*. We know the expansion of
P(w) and to expand the hybrid generating function

1 i 1
1
(1—21"'2m)d+1£ n<1"‘zi)’

we apply the differentiation method that we used with poly-log generating functions.

Example 7.2. Consider the sum

= S kHP).
k=1
By (7.3), sy is the coefficient of (wz2223)" in

G(w’ 21, %2, Z3)

= ! ol ! ln( L )m( ! )m( L )
T 1 - w22z (1—w)? 1 — 212923 1—2 1— 2z 1—2z3/)°
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Applying partial fractions with respect to w gives

G(’UJ, 215 %2, 23)

= v ln( L )ln( L )ln( ! )
- 1—212223 ].—21 1—22 1—23

(z12223)* —2z12923 + Wz 2923+ 1
(1= 212223)%(1 — wz12223) (1 — 212223)%(1 — w)?
B w(z12923)? 227923 + w2223 + 1w
T N1 = 212923)3(1 — w21 2923) (1 — 212923)3 (1-w)?

1 1 1
ln(1_21>ln(1_22)1n (1—23>.

We can discard the left hand term. The generating function w/(1 — w)? encodes the
sequence (n). Thus, the coefficient of w™ in the right hand term is

(1 — 22923)3 1l—-2 1— 2z 1—-23

We use the differentiation method for poly-log generating functions to find f,, the
coefficient of (212223)" in

1 1 L !
Folan, 22, 20) = (1 - z12923)° n (1 - zl) tn (1 - 22) n (1 - 23) '

To find f,, we differentiate the generating function

1 1 1 1
F = 1
221,72, %) (1 - z12223)? N (1 - 21) ! (1 - 22) N <1 - 23)

with respect to z; and multiply by z;. This gives

d
z EFZ(ZI,ZZ,ZS)

_ ( 2212923 1n( 1 >+ 1 7 )ln( 1 >ln( 1 )
(1 = 212923)3 1—-2 (1 - 212023)2 1 — 2 1~ 2 1— 23
2212223 1 21 1 1
= F5(z1, 22, 23) + (1-212223)21 ~ 2 In (1 - zz> In (1 - 23) )

The generating function Fy(z1, 22, 23) encodes the sequence ((n + 1)H. ,(1:1)1 - H 7(11)1) and

80 z1dF3( 21, 29, 23) /d21 encodes the sequence n(n-}—l)H,(fgl —nH,(fBl. By Corollary 2.2.2,
the right hand term encodes the hybrid sum 3 ;_; H,£2) = (n-l—l)H,(fBl —H,;1. Relating
coefficients of (z;2923)" we have

n(n+ DHS, —nHE, = 2/ 1+ (n+ DHE, — By
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Solving for f,—1 and shifting gives

n+1)(n+2 2n 43 1
fo = (ot Dnt2) )2( )Hﬁ)z - 5 H, + 5 Hnt2.
Thus, expanding (7.4) we find that
S = —2nf,1+ (TL - 1),fn—1 +nfr

= nfa—(n+1)fra

n(n+1)(n+2 n(2n + 3) n
= ( 2)( )ng - —(—2——H1(722 + EH'n+2
nn+1)?_3 n+1)(2n+1) (2 n+1
_nntl) 2 )‘H1£+)1 + ( o H1£+)1 - Hpy1
n(n+1)

1 1
@Gy Zg@_=
5 oy + 2Hn 2Hn. |

To expand the hybrid generating function

! P(w) ! ﬁln( 1 )
1—wzy - 2, L2y 3 1-—2)’

we first applied partial fractions with respect to w. We could, instead, have applied
partial fractions with respect to z; to obtain

G(w,z1,...,2m) =

G(w, 215y 2m)

1 1 w 1 i 1
= P 1
(l—wl—zl---zm+w—1 l—wzl-uzm) (w)gn(l—zi)

= ! ! P(w)ﬁln( ! )
T o l—2zrezpl-w e 1-—2

1 w5 1
— 1 P .
1—wz1---zm1—wi=]~—-[n<1—z-) ('w)

7

Notice that in this case we cannot discard the term with the factor of 1 — w2y --- 2,
in its denominator as this term has a coefficient of (wz; - - - 2, )" in its expansion. The
generating function P(w)/(1 — w) encodes the sum Y ;_gp(k) and wP(w)/(1 — w)
encodes the sum $°773 p(k). We recognize the right hand term as encoding a hybrid
sum. Expanding the generating functions we find that

m n j-1
sw = B plk) = Yo 5 3 o). (7.5)
k=0

j=1 k=0

In this case the hybrid sum technique is not able to find a closed form solution for the
sum and functions instead as a transformation. The resulting sum is the same as that
obtained using summation by parts.
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We can easily evaluate (7.5). If p(k) is a polynomial of degree d, then its sum is a
polynomial ¢(n) of degree d + 1. We find that

= H{"g(n) - E —‘J(J - 1).

_7—'1

The polynomial ¢(j — 1) is a polynomial in j of degree d + 1. We express it as

d+1
qG-1) = > @i
1=0
Substituting, we find that
n d+1
sn = H{Mg(n) - Z Zq,]
=0
d+1 n
= HMgn)-> Yy 5™
=0 7=1

For particular values of ¢; and m, we can evaluate these summations using generating

functions. If ¢ < m then the sum over j evaluates to H,Sm_i), otherwise it evaluates to
a polynomial.

Example 7.3. Consider again the sum
= S kHP.
k=1

Applying (7.5) and evaluating the summations we find that

Sp = H(3)Zk Z

_71 k=0

1’1

- H(s)”(_"ﬂ_zlz_“_f

2 B2
n(n + 1) 1&1 1&1
= HP) -3 4+:-3 =
2 2 i=1 J 2 j=1 ]2
= Mt Doy la® -,

Note that we were able to evaluate each summation by inspection. However, any one
of them could have been evaluated using generating functions. W

This second approach to evaluating Y ;. kH ,£3) was much easier and results from
the type of transformation done by the hybrid sum technique. In the first example, the
sum was transformed to a new sum involving a harmonic number. In the second, the
sum was transformed to sums of powers of integers, which are easier to evaluate with
generating functions than sums of harmonic numbers.

121



7.2.3. Harmonic Sums with Integer Reciprocals

Consider the sum
— 1 o (m)
=1

The sequence (1/k™) for m > 1 does not have an ordinary generating function. Thus,
we cannot use (7.3) to find s,. However, we can encode (1/k™) with the hybrid

generating function
I | In ( )
i=1 1

By Corollary 2.2.2, s, is the coefficient of (wy « w21 « -+ 2 )" in

G(wl,...,wm,zl, ey Zm)

= 1—wq - wpy2 - Hln(l— >l—z1 Hln(l—zj)

Applying partial fractions with respect to z; we have

G(wl,...,wm,zl,...,zm)

= ! Hln( )ﬁln 1
1—-wy-- wm1—21 m iy 1—w; =1 1-2
om0 (0
1—wy o wWm2r 2m 1 — w1 Wy 1—wi/ 5 11—z )"

We cannot apply partial fractions again. Instead, we expand the generating functions
and hope that the summation has been transformed to a form that can be evaluated.
The right hand term encodes a hybrid sum. Expanding it, we obtain

m m m 1 m
kaﬂ( ) = H{MEM - ZWHH,
=1

where Hém) = 0. We cannot evaluate this sum further. However, we note that both
sides of the equation have a similar sum. We add and subtract terms to the second
summation to find that

® 1 1
= gmgem 5 L (m>___>
Sn H™MWH kzl e (Hk o

= gmpm) _ (m ¥
= HMH{ kzl —H, +kakm

=11
H'r(zm)H'l(zm) —Sn + kz: T
=1
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We recognize that the third term is H,(fm). If needed, we could have evaluated the sum
using Corollary 2.2.2. We solve for s,, to find that

1 1
= —fgem) L Zgm)g(m)

Once again, we get a result that could be obtained using summation by parts. We
note that this method works only for summands of the form H ,Em) /k™. The transfor-

mation of summands of the form H ,Sm) / kP, where m # p, does not result in an equation
with the summation for s, on both sides. Thus, we are unable to solve for s,,.

We also note that evaluating this sum requires that we recognize s, on both sides of
the equation. As a result, we have to do additional manipulation in order to solve the
sum. A similar situation arises for many hybrid sums involving harmonic numbers. We
first use the hybrid sum method to transform the sum and then manipulate the resulting
expression to obtain simpler sums that we can solve using generating functions.

This method can be extended to summands of the form H,Em)/(k + a)™, for posi-
tive integer o, by encoding 1/(k + @)™ in a hybrid term using shifting techniques for
generating functions. By Corollary 2.2.2, the solution to the sum

(m)
Z (k% a)m

is the coefficient of (wy - wWm21 -+ 2p)" In
G(W1y e oy Wiy 21y -y Zm)

_ (wl...wm):Fa ( 1 ) L
Tl —wyer Wy Hln 1— w; l—zl I;[ l—zJ ’

=1

We can attack this generating function as before. The hybrid sum method is used to
transform the sum. The resulting expression is manipulated to obtain simpler sums
that can be solved using generating functions. As a result, we find that

- 1 (m) (m) g(m) _ (2m) _ (m) gr(m) _

E H = H, H; H H H, E E

e CRN) K e 27" km (k+9)’"
and

Z B = Lgem Ly gem Z

a)m 9 9 Lm Z(k-{-])m

For particular values of & and m we can completely evaluate the summations in these
expressions using generating functions.
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7.2.4. Other Harmonic Sums

We can apply the hybrid sum method to other sums involving harmonic numbers,
polynomials, and integer reciprocals. In most cases the method only transforms the
sum. We must then determine if the new sum is one that we can solve. Quite often,
these summations do not have solutions.

For example, consider the summation

sno= S HMHP.
k=1
By (7.3), s, is the coefficient of (wy - - w2y -+ 2p) in

1 1
]_.__wl...wmzl-..zp ]__.wlwm

m 1 1 P 1
1 )
gn(l wi)l—zl---zp.l—‘[ln(l—zi>

- =1

G(W1y -« vy Wiy 215- -5 2p)

Applying partial fractions with respect to w; gives

G(wl,.. wm,zl,...,zp)
ln( > 111( )
E l—w 1—-z1 sz 1— 2z

1 1 At 1
]__zl...zp]__wl.../wm ]__zl...zp]__/wl.../wmzl...zp :

Both terms encode hybrid sums. Expanding we find that

s, = H1(Lm) Zn:ngp) _ Zn: ZH(p)

k=1 k= 2 =1

= 1) (v - 1Y) - 3 (H,@-H,sp-v)

_ m m) g (p=1) () -1
= (n+ V)HMHR), - HMAPY Z H,j’ +kaH(” ).

Solutions for s, are known only for a few particular values of m and p. If p = 1 then

n n 1
Sy = (’n,+].).H7(1 ) n+1 (n+1 H(m Z -1
k=2

If m =1 or m = 2 we can evaluate s,. Likewise, we can solve s, if m = 1 and p = 2.
However, there are no other apparent cases for which s, has a closed form solution.
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7.3. Summation of Rational Functions

The harmonic numbers are the sums of a power of an integer reciprocal. This definition
allows us to solve many summations involving rational functions.
Consider the sum

where q(k) = qo + 1k + -+ + gmk™. We use a lower limit of ¥ > 0 for the sum so
that the range of summation does not include a zero of the polynomial ¢(k). Using
polynomial division, we express p(k)/q(k) as

k) _ o s(k)
a® = BTGy

where (k) and s(k) are polynomials and degree(s(k)) < degree(g(k)).
Partial fractions then allows us to write s(k)/q(k) as

S(k) 1 U ﬁzh
B = 1n 2 e

where ¢(k) has 7 roots such that

q(k) = gm(k - 0‘1)(11 (k- ar)dr
and dy +dy + -+ -+ d, = m. We find that

n r di n

> ,81 h

Sn=ZT(’°)+ EZZ(k_a)h
k=~ M =1 h=1 k=~ ¢

The left hand term is the sum of a polynomial. To sum the right hand term we recognize

that

Z = H'r(szxv
k=a+1 (k- a)m

if o is an integer. Thus we find that the innermost summation evaluates to

\i Bin (») 72—21 1
= BinHpZo; — Bij -

k—'y a")h e k=o;+1 (k - ai)h

We can then expand the outer summations and simplify the resulting expression.

We would like to classify the set of rational functions which can be summed with
this technique. We will call this set of rational functions RF. Note that the numerator
can be any polynomial and the constant 1/g, can be absorbed into the numerator.
The denominator must be a polynomial with integer roots. Thus, we find that

RF = {p(k)/a(k)|p(k) € 1K), q(k) = [[(k o), 1 € 2}

=1
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for some coefficient field (F,+,:). It can algebraically be shown that (RF,+,:) is a
ring.

The hybrid sum method can be used to evaluate the summation of rational functions
from RF. Application of Corollary 2.2.2 to the sum acts as a transformation method
and does not lead directly to a solution. Rather, we must apply partial fractions
to the denominator and multiply each term of the expansion by p(k), the numerator
polynomial. Each term in the expansion is of the form p(k)/(k — a)™ for integer @ and
integer m > 1. We then sum each term with the hybrid sum method. The steps are
similar to those for summing the product of a harmonic number and a polynomial.

7.4. Algorithms for Harmonic Numbers

The techniques described here can be used to implement algorithms for evaluating
harmonic number sums. However, for sums involving the sequences (H,(Lm) ) and (1/k™)
for m > 2, the hybrid generating functions become complicated due to the number of
logarithmic functions as factors.

Other methods provide better approaches to evaluating these sums. The modifica-
tions of Savio, Lamagna, and Liu to Moenck’s algorithm can handle any of the sums
discussed in Sections 2 and 3. Karr’s algorithm will also solve these sums, though to do
so requires that a field extension be defined for every H. ,(Lm) in the summand or solution.

We note that in the case of rational functions from the set RF, we can compute
much of the solution directly from the summand by inspection. We first expand the
summand using partial fractions. Each term in the result is either a polynomial term or
the product of a constant and a power of an integer reciprocal. We can use an existing
algorithm to solve the sum of the polynomial terms. The sum of the reciprocal terms
are, by definition, harmonic numbers and can be mapped directly to their solution.
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Chapter 8

Algorithm Implementation and
Analysis

Symbolic algorithms for manipulating generating functions and the sequences that
they encode were implemented in Maple. In this chapter we describe these procedures,
compare their capabilities with other symbolic algorithms, and consider factors that
affect their run time performance.

8.1. Maple Routines

Various generating function based procedures were implemented in version 4.3 of Maple
to demonstrate the capabilities of generating functions as an algebraic model for sym-
bolic computation [CHAR]. The implementation was not meant to form a compre-
hensive system, and so it does not perform extensive type checking of arguments or
rigorous error checking.

Some difficulties were encountered in the way Maple manipulates and represents
polynomials and rational functions. While correct, Maple’s representation of ratio-
nal functions differs from the “traditional” generating function representation found
throughout much of the literature. For example, while it is natural to write the gener-
ating function of the Fibonacci numbers as
z
F(z) = 1—2z—2%

Maple treats the 2? in the denominator as the dominant term and writes this as
z

forcing the 22 term to have a positive coefficient. Maple’s representation of logarithmic
functions also differs from the more traditional generating function view. While the
generating function of (1/k) is often written as

G(z) = 1n(1iz>,
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Maple writes it as
G(z) = —=In(1- 2).

Implementation of many of the procedures that manipulate generating functions re-
quired adopting the Maple viewpoint. While these representations are easily handled
within a procedure, they are not an ideal form in which to present a result to a user.

Maple’s antomatic simplification rules also present some difficulties. For example,
it is not possible to write the polynomial 2 — z as 2(1 — 2/2). Maple simplifies this
expression to 2 — z. Thus, in Maple we cannot write 1/(2 — 2) as

1

2(1-2/2)
Rather, we must bring the constant out in front and write the expression as

1 1

21-2/2

We describe the procedures we implemented. They are categorized here as polyno-

mial algorithms, rational generating function algorithms, summation algorithms, and
harmonic number algorithms. The Maple source code is given in Appendix B, which

also documents the arguments needed to use the functions. Appendix B presents ex-
amples of the use of each function.

8.1.1. Polynomials

Maple provides an extensive collection of functions for the manipulation of polynomials.
These include versions of all of the polynomial functions in Table 4.1. The following
functions were implemented to provide special capabilities that are useful when dealing
with generating functions.

polynom /coeffs(). Returns a list of the nonzero coefficients of a polynomial ordered
by the degree of their term. A corresponding list of the degree of each coefficient’s
term is returned via a parameter.

polynom /equate(). Determines if two polynomials can be equated by (2.8) and (2.9).
The constants involved are returned via a parameter.

polynom /factor(). Factors a polynomial over the complex field. The Maple proce-
dure factors only over the rationals.

polynom /hasprod(). Determines if a given polynomial is a factor of a product of
polynomials. The product of polynomials can involve polynomials raised to pow-
ers given by parameters. Maple’s ‘ged()’ function cannot handle such expressions.

polynom /map(). Applies a function to each term in a polynomial.

polynom /terms(). Returns a list of the nonzero terms in a polynomial ordered by
degree.

polynom /termscale(). Applies (2.15) to a sequence.
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8.1.2. Rational Generating Functions
rational/encode(). Encodes rational generating functions.
rational/expand(). Expands rational generating functions.

rational/pfrac(). Performs partial fractions. The denominator is factored over the
complex field. Maple’s version factors over the rationals.

rational /recur(). Finds the homogeneous linear recurrence for a sequence encoded
by a rational generating function.

rational/relate(). Relates sequences with common factors in the denominators of
their generating functions. Their are options to relate sequences with common
factors in their generating functions, to relate the characteristic sequence of a
sequence to the sequence itself, and to determine the sequence encoded by a
generating function raised to an integer power.

rational/simp(). Simplifies expressions involving consecutive terms from sequences

in RAT_SEQ.

type/ratseq(). Determines if an expression is a valid member of 7¢, the set of closed
form expressions for RAT_SEQ.

8.1.3. Summation

simple_ sum(). Finds an extended closed form solution for simple sums of sequences

in RAT_SEQ.

convolve(). Finds an extended closed form expression for a convolution of sequences

in RAT_SEQ.

hybrid_sum(). Implements the hybrid sum technique for sequences in RAT _SEQ. It
returns an extended closed form solution.

8.1.4. Harmonic Numbers

harmonic/plog(). Finds an extended closed form expression of a sequence encoded
by a multivariate poly-log generating function.

harmonic/simp(). Simplifies expressions involving harmonic numbers.

8.2. Capabilities

8.2.1. Summary

We summarize the capabilities of our generating function methods for summations and
Tecurrences.
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e Simple sums and hybrid sums on RAT_SEQ. Closed form solutions or extended
closed form solutions involving the sequences in the summand can be found.

e Convolutions on RAT _SE(Q. Generating function techniques can be used to eval-
uate convolutions involving any number of hybrid terms. Closed form solutions

or extended closed form solutions involving the sequences in the summand can
be found.

o Definite binomial sums on RAT_SEQ. Sums involving hybrid terms can be
evaluated. Closed form solutions can be found.

e Indefinite binomial sums on RAT_SFEQ. Binomial coefficients can involve sym-
bolic parameters other than the index of summation. Closed form solutions or
extended closed form solutions involving sequences from the summand can be
found.

¢ Harmonic sums. Generating function methods can be applied to certain summa-
tions involving harmonic numbers. The result is either a solution to the sum or a
transformation of the sum using summation by parts. Certain classes of rational
summands can be solved.

e Homogeneous linear recurrences with constant coefficients. A closed form ex-
pression for sequences defined by a homogeneous linear recurrence or a set of
sequences defined by a system of homogeneous linear recurrences with constant
coefficients can be found.

e Inhomogeneous linear recurrences with constant coefficients. These recurrences
or systems of these recurrences can be solved if the inhomogeneous part of the
recurrence is in RAT_SE(. A closed form expression or extended closed form
expression involving terms from the inhomogeneous part can be found.

8.2.2. Comparison with Other Algorithms

Indefinite Summation

The three important algorithms for indefinite summation have been developed by
Gosper, Moenck, and Karr, respectively [GOSPER 77, GOSPER 78, MOENCK, KARR].
We consider the capabilities and limitations of each.

Moenck’s algorithm evaluates sums of polynomials or rational numbers. The sum-
mation of rational numbers can always be expressed using polygamma functions. These
are transcendental numbers and only in certain cases can a rational expression be found
for the solution. Certain polygamma functions can be mapped to harmonic numbers.
Savio, Lamagna, and Liu have modified Moenck’s algorithm to recognize such situations
[Savio].

Gosper’s algorithm can solve any indefinite summation when the solution s,, has
the property that s, /s,y is rational function of n. There is no known way to tell for
an arbitrary summand if s,,/s,41 is rational without determining s,,. In this sense, the
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summations that this method solves cannot be completely classified. Gosper’s method
will however, always solve sums whose summands are polynomials, exponentials, or
have the form k™aF.

Karr’s algorithm is a decision procedure for evaluating first order difference equa-
tions. It determines whether or not a solution exists as a rational function over a field
of symbols. If it does, it finds an expression in that field. It begins with the field ol
rational numbers of the symbol n. New symbols are added to the field by defining them
as first order linear difference equation. For example, n! = n(n — 1)}, e™ = o™, and
H, = H,_1 + 1/n are all valid extensions. Failure to find a solution does not mean
that the algorithm cannot solve a particular difference equations. It only means that
a solution does not exist within a given field of symbols.

Moenck’s algorithm can solve the sum of any polynomial or rational function. How-
ever, the solution may involve polygamma functions. Thus, we cannot claim that gener-
ating function methods are better than any of them. We cannot completely classify the
sums that Gosper’s method and Karr’s method can solve. However, generating func-
tion algorithms have capabilities that these algorithms cannot duplicate. We consider
some differences in the capabilities of the various algorithms.

Simple sums and hybrid sums on RAT_SEQ can be evaluated using either Gosper’s
algorithm or Karr’s algorithm. If a closed form can be found for the summand, we
express it in sum of products form and apply the algorithm to each term. The result
is a closed form expression for the sum. Moenck’s algorithm cannot be used here since
the terms that are being summed are not polynomials or rational functions. Gosper’s
algorithm cannot be used to find extended closed form expressions involving sequence
names. While function names can be used in Karr’s system if they can be defined
as first order difference equations, many sequences in RAT _SEQ do not have such
definitions.

With the modifications of Savio, Lamagna, and Liu for harmonic numbers, Moenck’s
algorithm can handle any of the harmonic sums that we were able to solve with gener-
ating function methods. These include sums of harmonics, sums of products between
harmonics and polynomials, and sums of products between harmonics and integer recip-
rocals. In addition, Moenck’s algorithm can solve sums involving the rational functions
in the set RF.

For particular values of m, the binomial coefficients ((™+")) and ((7)) are polyno-
mials. The algorithms for indefinite summation can treat them as such. When m is a
parameter, we must treat these binomial coefficients as a symbolic name. Of the indef-
inite summation algorithms, Karr’s is the only one that might be able to handle such
sums. Since () = (m—k~1)(,;™)/k and (¥) = k(*~1)/(k — m), we are able to define
these sequences as first order difference equations for Karr’s algorithm. However, for
general m, the solutions to sums containing binomial coefficients often involve a sum
of m + 1 binomials. Karr’s algorithm finds closed forms that are rational functions of
the symbols in the extension field. Since m is a parameter, a sum of m + 1 terms is
not a rational function and so Karr’s algorithm cannot find these solutions.

There are problems that the other methods can solve that generating functions
cannot. For example, Karr’s method and Gosper’s method can solve ) %_; k k!. Since
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the sequence (k!) does not have an ordinary generating function, our algorithms cannot
solve this sum.

Convolutions

Generating functions appear to be the best known method for evaluating convolutions
in RAT_SE@. There are no other known algorithms that can generally solve such
convolutions. Some particular convolutions can be evaluated by transforming them to
a hybrid sum. For example,

n

n
E an2n_k = 2" Z %’:—.
k=0

k=0

However, this is not easily done for many sequences in RAT_SEQ.

Definite Binomial Summations

Generating functions are the only known method for evaluating definite binomial sums
on RAT_SEQ. Hypergeometric techniques can be used for some special cases. The
Hypergeometric method of Hayden and Lamagna can handle many other definite sums
involving binomial coefficients that generating functions cannot [HAYDEN 86]. For ex-
ample, generating functions cannot solve sums involving ratios of binomial coefficients.
Thus, hypergeometrics are the best apparent choice for definite sums involving binomial
coeflicients.

Linear Recurrences

Cohen and Katcoff implemented an interactive system for solving linear recurrences and
systems of linear recurrences [COHEN]. They use generating functions to determine a
mapping from the problem to the solution. The inhomogeneous part of a recurrence is
mapped to a summation that is evaluated using table lookup. This imposes limitations
on the problems that the method can solve and makes it difficult to solve recurrences
involving special functions. Their system is also limited in the degree of the recurrences
that it can solve.

Karr’s summation method is based on first order linear difference equations. His
algorithm can solve first order linear recurrences with constant coefficients. He is also
able to solve first order linear recurrences with nonconstant coefficients. We did not
attempt to solve such recurrences. However, summation factors may be used to convert
many of these recurrences to summations which we can then attempt to evaluate using
generating functions [GRAHAM].

8.3. Run-Time Complexity

We discuss considerations affecting the run time performance of our algorithms on
three levels. First, we study their behavior as procedures written using Maple’s builtin
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functions as a set of primitive commands. Second, we consider the contribution of the
underlying Maple system, including Maple procedures and data representation. Third,
we examine how the expressions that we are manipulating contribute to the run time
complexity.

8.3.1. Generating Function Algorithms

The run time of most of the algorithms that we implemented is dependent on the
size and structure of the expressions being processed. The algorithms for encoding
and expanding rational generating functions, evaluating hybrid sums, and evaluating
convolutions are the most complex. We consider the factors affecting their run time
performance.

rational/encode(). The implementation of this algorithm is different than that de-
scribed in Algorithm 5.4. The ‘expand()’ procedure of Maple expands to terms
of the form af™n‘. The rational/encode() procedure uses Maple’s ‘collect()’
function to gather the coefficients of each n’. It iterates through these “coeffi-
cients” to the highest degree of n. For n, it computes the generating function
of (n*) from the generating function of (n‘~!). It uses this generating function,
(2.8), and (2.11) to encode each term in the collected coefficient of n‘. The total
execution time depends on the number of terms in the expanded expression and
the highest degree of n. Both of these quantities are functions of the complexity
of the input expression.

rational /expand(). The generating function is expanded by partial fractions. The
number of terms in the result is equal to the degree of the denominator. The
algorithm iterates through each of these terms in order to expand them. To
expand 1/(1 — z)™ for a particular m requires m iterations to compute (™1").
The number of terms with m > 1 depends on the number of factors in the

denominator with degree greater than one.

convolve(). The generating function of the solution is expanded using partial frac-
tions. The resulting number of terms is equal to the degree of the denominator.
The algorithm iterates through each term in the result and compares the term
with the generating functions of each sequence in the summand in order to as-
sociate the term with at least one of the sequences. The total execution time is
a function of the product of the number of terms in the partial fraction expan-
sion and the number of factors in the summand. The terms associated with each
sequence are then summed together and expanded. Execution time for this step
depends on the number of factors in the summand.

hybrid_sum(). The algorithm iterates through each factor in the hybrid term and
performs a partial fraction expansion at each iteration. The final partial fraction
expansion results in a generating function that usually does not involve any of the
input generating functions. This generating function is compared with each of
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the input generating functions using polynom /equate(). If it cannot be related
to any of the input generating functions, rational/expand() is used to find its
closed form. The number of iterations in each part of the algorithm depends only
on the number of factors in the summand.

8.3.2. Underlying Maple System

Many of Maple’s procedures contribute considerably to the execution time of our rou-
tines. For example, Maple provides a procedure for performing partial fractions. In
analyzing our algorithms, we count this as one operation. However, the algorithm for
partial fractions is complex. If an approach such as Gaussian elimination is used, its
run time is a cubic function of the degree of the denominator. Since many of our al-
gorithms use partial fractions, the execution time of Maple’s implementation of partial
fractions has a considerable impact on their performance.

Many of Maple’s procedures must traverse or manipulate the entire expression that
is passed as an argument. The more complex the size and structure of an expression,
the greater the execution time needed to manipulate it. Also, the algorithms Maple
uses to build and access parse trees can affect the time needed to traverse an expression.
Thus, the size and structure of the expressions being manipulated have a direct bearing
on the run time performance of our algorithms. We cannot analyze this contribution
without knowing the actual expressions involved and details concerning the internal
implementation of Maple.

8.3.3. Expression Complexity

Expression complexity depends on the problem being solved. For summation, the
factors in the summand and the size of the summand affect the complexity of the
solution.

Consider the hybrid sums Y"7_, a¥Fx and 3°7_, 2FF;. Conceptually the two sums
are the same and the steps needed to solve them are identical. However, because a is a
symbolic quantity while 2 is a numeric quantity, the manipulations involved with the
first sum are more complex than those involved with the second. The solution to the
first contains the quantity a? + @ — 1. In the solution to the second, the comstant 5,
which is a? + a — 1 evaluated at 2, appears instead. In this case the factor a* introduces
more complexity into the solution that the factor 2*.

Size of the summand also affects complexity of the result. Consider a hybrid term
with m factors. If the ith factor satisfies an order k; homogeneous linear recurrence,
then the solution to the sum may require k;---k,, terms that are products of the
sequences in the hybrid term. This quantity grows exponentially for each k; > 2. Thus,
even though the hybrid sum algorithm appears to be linear in the number of factors in
the summand, the solution size grows exponentially with the number of factors and the
execution time for the Maple primitives and many of our primitives will also become
exponential. We note that any algorithm for solving hybrid sums must experience this
exponential growth of expression size since it will be finding the same solution.
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Chapter 9

Future Work and Conclusion

Future Work

This work is one of the few to explore the algorithmic applications of generating func-
tions. Many open questions and areas of research involving generating functions and
the theory of summation remain to be addressed. We consider some of them here.

Other Generating Function Methods

This research examined the application of ordinary generating functions to several well
defined classes of summations and recurrences. Qur goal was to demonstrate their use
as an algebraic model of computation. Many other generating function methods and
applications have yet to be explored.

Exponential generating functions. Exponential generating functions have appli-
cation to many classes of problems, including definite binomial sums and linear recur-
rences. Their applications need to be classified and algorithms for their manipulation
developed.

Multivariate rational generating functions. It is still an open question as to
whether or not there is a general method for expanding such generating functions.
Development of such a method, or even a collection of methods, will allow the im-

plementation of algorithms for solving multivariate linear recurrences with constant
coefficients.

Asymptotics. Flajolet, Salvy, and Zimmermann implemented a method based on
complex variable techniques for deriving asymptotic information about a sequence from
its generating function [FLAJOLET]. It might be possible to apply similar methods to
multivariate generating functions in order to extract asymptotic information from them.
For example, if the generating function of a hybrid sum cannot be expanded to find a
closed form solution for the sum, it would still be useful to find asymptotic information
about the sum.
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Recurrences with nonconstant coefficients. It is possible to use generating func-
tions to solve many linear recurrences with nonconstant coefficients. The recurrences
which can be solved should be classified and algorithms for their solution developed.
Methods for solving some of these recurrences result in differential equations defining
a generating function. Algorithms for solving many such recurrences will depend on
the development of techniques for solving differential equations.

Probability and statistics. Moment generating functions are used in probability
and statistics to study distributions of discrete random variables and to define their
moments. Many moment generating functions can be found using techniques similar
to those we employed to encode rational generating functions. Application of our
algorithms to these problems can be explored.

Theory of Summation

We used generating functions to develop a theory of summation on RAT_SEQ. This
allowed us to demonstrate the capabilities of our algorithms and to determine where
to find solutions to the summations being solved.

Before algorithms are developed for solving other classes of summations, these
classes should be defined and studied. If only a few sums in the class have a known
solution, then there may be little point in developing algorithms for solving them. How-
ever, if many sums in the class can be evaluated, that knowledge is useful in designing
algorithms and analyzing their capabilities.

Risch’s method solves the problem of symbolic indefinite integration [RiscH]. At
this point, there does not appear to be a counterpart for symbolic summation. However,
extensions to existing algebraic models can be considered in an attempt to understand
better symbolic summation.

Karr’s algorithm is limited by the types of difference equations that it can solve
and the field extensions that it allows. His method solves only first order difference
equations. Extending it to solve order k difference equations would allow it to solve any
linear recurrence. Field extensions in Karr’s method are limited to those defined by
first order difference equations. If field extensions could be defined by order k difference
equations, then his method would be able to completely solve sums from RAT_SEQ.
It would also solve problems involving sequences defined by linear recurrences with
nonconstant coefficients.

Extensions to generating function methods may also be possible. Sequences besides
those in RAT_SEQ, such as Stirling numbers and Euler numbers, have known gener-
ating functions. Summations involving these functions can be studied and the insight
gained may help lead to generating function algorithms for their solution.

Discrete Math Tool

One purpose for developing symbolic algorithms that solve summations and recurrences
is to build computational tools for discrete mathematics. The next logical step is to use

136



these algorithms to build a graphical system for discrete math. Such a system would
provide an electronic worksheet that edits and manipulates sequences and expressions.
It would offer the user some of the advantages that computers have over hand calcula-
tions including increased computational speed, increased accuracy, and elimination of
tedious computations.

Routines for solving summations and recurrences could be built into the system.
Other built in features could include tools for asymptotic analysis and implementa-
tions of commonly used techniques, such as summation by parts or summation factors.
Such systems are being developed for other areas of discrete math. Skiena has used
Mathematica to develop a system for combinatorics and graph theory [SKIENA].

Conclusion

An early goal of this research was to explore the use of generating functions as an
algebraic model for symbolic computation. The intent was to bridge the gap between
the theory of generating functions and its application. However, in the process of
applying generating functions to solve summations and recurrences, we were led back
to theoretical concerns. Two major issues had to be addressed. The first was to show
that we knew where to find the solutions for the problems that we were attempting
to solve. This was necessary to show that our algorithms would be able to expand
the generating functions encoding the solutions. The second was to demonstrate the
ability of our algorithms to completely solve particular classes of problems. To answer
both questions we studied the algebraic properties of the rational generating functions
and the sequences that they encode. As a result, we developed a formal theory of
summation on RAT _SEQ.

This theory of summation on RAT_SFEQ is an important contribution to summa-
tion. We now have a standard against which we can measure symbolic algorithms for
summation. Generating function methods hold up against this standard. They can
solve any sum or convolution on RAT_SE(}, including those involving hybrid terms.
Not only can they be used to find closed form expressions, but they can also be used
to find extended closed forms involving sequences in the summand. None of the other
algorithms to date can make this claim.

We were also able to apply generating functions to sums involving certain expres-
sions that are not in RAT_SE(Q. These include definite and indefinite binomial sums
on RAT_SEQ and several classes of harmonic sums. In addition, we can solve linear
recurrences with constant coefficients and system of linear recurrences with constant
coefficients using generating functions.

Generating functions cannot solve all problems in discrete math. However, they
do provide a powerful tool with wide application to many problems. In addition, they
provide an algebraic model of computation that is much easier to apply and understand
than many of the other methods. They have proven themselves to be a good foundation
for symbolic computation.
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Appendix A

Partial Fraction Expansions

An important tool when dealing with generating functions is partial fraction expansions.
Many of our proofs and derivations involving rational generating functions require the
application of partial fractions. This appendix derives the partial fraction expansions
of the following functions:

1/((1 — az)(1 — b2)™), where a # b,
1/((1 — az)’(1 - b2)™), where a # b,

1/(p(z)(1 — az)), where lterm(p(2)) = 1 and 1 — az is not a factor of p(2),

1/(p(2)(1 — 2)), where 1 — z may be a factor of p(2),

1/(p(wz)q(2)), where w is a variable independent of the polynomial ¢(z).

A.1. Expansion of 1/((1 - az)(1 —bz)™)

The partial fraction expansion of

1
(1-az)(1-bz)™’

where a # b, is

1 _ a™ mol b(—a)*
(1-az)(1-bz)" ~ (a—b)™(1—az) + Z_;O (b— a)kt1(1 - bz)m—Fk"

(A1)

The proof is by induction. The base case is

1 _a 1 b 1
(1-az)(1-bz)  a-bl-az b—al-bz
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To prove the inductive step, assume that (A.1) is true for m = mg and prove it is true
for m = mg + 1. By the inductive hypothesis we have that

1
(1 —az)(1 = bz)motl
1 1
1-b2z(1—-az)(1-bz)me
_ 1 a™o mo—1 b(——a)k
T 1-b2 ((a —b)me(1 — az) t Z (b- a)k+1(1 _ bz)mo—k)
_ 1 a™me Ky b(—a)
T 1-bz (a—b)mo(1 - + Z

— @)FHI(1 = bz)mo—K+T"
Performing partial fractions on the left hand term and absorbing the new term into the
summation gives

1
(1 —a2) (1 = bz)mo+l

a™o a b
= (a—b)ymo ((a—b)(l— az) + (b-a)(1 —bz))
£ b(-a)*
+ Z G

— a)FFI(1 — bz)mo—Fk+1

amotl L b(=lmeame "‘{5 b(—a)*
(a = b)moti(1—az) ' (b—ay™Fi(1—bz) = & (b— a)F+1(1— bz)moti-k

mo+1 b(—a)k
(@ — b)mot1(1 — Z (b — a)k+1(1 — bz)mo+1- -k

which proves (A.1).

A.2. Expansion of 1/((1 - az)(1 - bz)™)
The partial fraction expansion of

1
Tjm(z) =

(1 —az)i(1-=bz)"’

where a # b, is

1 ( b)k(m 1+k) .m—l ( a)k(J—1+k)

Tim(2) = amkzz;,(a bymtk(1 — az)i- &0 k%%(b a)itk(1 — bz)m=k’ (A.2)

This result can be obtained as an extension of Problem 5.39 in [GRAHAM], which
states that if 2y = az + by then

w“ m+n—1-k nim—=k, k - m+n—1_k n—kym_k
kzl( n—1 )ab a;+2 _q a” " b y",

k=1 m
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We can also prove (A.2) by induction on j. From (A.1) the base case is

1 a™

Z b(—a)*
(1—az)(1-bz)" _ (a—-b)y"(l— az) — a)k+1(1 — pz)ym—k’

Tl,m(z) =

To prove the inductive step, assume that (A.2) is true for j = jo and prove it is true
for 7 = jo + 1. By the inductive hypothesis we have that

1
= m Tio,m(2)

N GO () pio ()
T 1-az ( Z < (a—b)m+E(1 — az)io—F +o Z — a)lotk(1 — bz)m—k) '

Multiplying through and applying (A.1) gives

S G euy,
Tjo+1,m(2) = a kz=% (a b)m+k(1 _ aZ)j°+l_k
k(jo—1+k
+b‘7° Z ) (0_70-—1 ) 1
= (b—a)ott (1-az)(1-bz)m-*

IR e ey
- Z (a — b)ym+k(1 — gz)do+1-Fk

—1+k
(_a)k m— k(JoJoi-{-)

o7 Z < (b= ayo+F(a— by"*(1 - az)

- m=1m—k~-1 b(_a)k-}-z(mjol-{k)
J!
+o° > Z; (5 2y P ERF(L — hajFT (A.3)

We will consider first the middle term in (A.3). Rearranging terms and evaluating the
summation gives

—14k jo—1+k
(_a)k m— k(Jo 1+ ( 1)Jo+2k (Jojol-;)

b Z + (b a)o+h(a - i ey = Z (@ = byt (1 — az)

B (—bYoa L io-1+k
B (a—b)f°+m(1—az)z( jo—1 )
(=b)*ea™ (Jo +m— 1).

(a = b)otm(1 —az)\ m-1

We will now evaluate the third term in (A.3). Shifting the limits of the inner summa-
tion, changing the order of summation, and evaluating the inner summation produces

14k
bJo mz:l mZk ! b(_a)k+z(Joj° _1_-; )
oSl — a)dotkHiF1(1 — pr)ym—k-i
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m—=1 m-1 b(—a) _70—1+k)

— o Jjo—1
- Z;) pard (b — a)lotit1(] — pz)ym—1
N oy
== (b — a)ioti+1(1 ~ pz)m—+
—1 ; Ay
—a) -14+k
— b_70+1 _ ( a’) . Jo
§J (b— a)ptiti(1l — bz)ym— ké% Jjo—1
_ Jjo+1 (_a)i Jo+ i
= b ;} — a)lotiti(] _bz)’m—i< i |
Substituting back into (A.3) and absorbing the middle term into the first sum gives
Tj0+1,m(z)
_ mmzl (= ("t (=byea™ ("ath")
- o (a—b)™HE(1 — az)iotl=k * (g — b)iotm(1 - az)
+1
4 plot1 mz:l (~a)'(%) _
= a)10+z+1(1 bz)m-—z
Jo ( b)k(m 1+k) m—1 ( a) (Jo+l)

= a™ Jo+1
- Z “ (a—b)mtk(1 — az)ioti=Fk +b Z < (b~ a)ioti+l(1 — pz)m—t”

which proves (A.2).

A.3. Expansion of 1/(p(z)(1 — az))

The partial fraction expansion of
1
p(2) (1 - az)’
where
p(2) = ap+ a1z 4 ag2® + - 4 ag2°

and 1 — az is not a factor of p(2), is given by

1 Y Y daapk 2t 1
p(z)(1—az) a®p(1/a)p(2) p(1/a)(1 - az)’

We can factor p(z) over the complex numbers as

(A.4)

P(z) = aulz =)z —r2) (2 = rj-1)(z = ).

Let

Pm(2) = bmo+bmiz+ bm,gz2 + ot by m 2™

= bm,m(z - 7‘1)(2: - 7‘2) . '(z - Tj-—l)(z - Tm)a
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where by, = ag and 1 < m < d. Thus, p(2) = pa(2) and pm4+1(2) = (2 = Pmt1)Pm(2).
Relating coefficients of z in p,,(2) and pm4+1(2) we find that

bm,Orm+1, ifi= 0;
bm+1,i = bm,i—l - Tm+1bm,ia if1 S 1 S m; (A5)
b m, fe=m+1.

We will prove by induction on m that

1 _ E?—-_Ol ke @ btz 4+ 1 (A.6)
pm(2) (1 —az) — a™pm(1/a)pm(2) pm(1/a)(1—az)’ ’
The base case is
1 ~ 1
p(z)(1—az)  (b1o+b112)(1 - az)
_ b1,1 a
(aby,0+4 b1,1)(b1,0 + b1,12) * (ab1o +b1,1)(1 — az)
b1, 1

i (1/a)pi(?) | pr(1/a) (1 - az)
To prove the inductive step, assume that (A.4) is true for m = mo and prove it is
true for m = mgy + 1. By the inductive hypothesis we have that
1
pm0+1(z) (1- az)

1
(z - T'mo+1)pmo(z) (1 - az)
B 1 S0 ka0 @ bmo otk 2 1
Z = Tmo+1 amopmo(l/a)pmo(z) pmo(l/a‘)(l - az) -

Distributing the product, recognizing pm,+1(2), and applying partial fractions gives

1
Pror1 () (1 - 22)
X7 S0 @b motk=i 1
T = s )@ Pme (1 @)Pmo(?) | (2 = T s1)Pra (/@)L — a2)
TP o @ bmo motk—i 1
T (1 /Pngna() Po(/ (1 i) G e
+

Pro(1/@) (1 = armg 1) (1= @2)°
We can put the first two terms over a common denominator, rearrange the third term,
and recognize pp,+1(1/a):
1 _ Z;@O_l {czo @by mo+k— 2" (1 = aTmyt1) = ™ Py (2)
Pmo+1(2) (1 — az) am0pmo(1/a) (1 = aTmg+1)Pmo+1(2)
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apmo(]-/a) (l/a‘ - Tmo+1) (]- - a‘z)

m—?O-1 k 0 ajbmo,mo+k-.7'zk(1 - armo+1) - amopmo(z)

am°+1pmo+1(1/a)pmo+1(z)
1
Pmo+1(1/a) (1 - az)’
The second term is in the desired form. We can use the distributive law to rearrange
the numerator of the first term to find

+

+

mo—1 jJ )
Z Z ajbmo,mo+k—.7'zk(1 - a’l‘m0+1) - amopmo(z)
7=0 k=0
mo=1 j mo-l 4
= Z Z ajbmo,mo+k-jzk - Z Z aJ+1Tmo+1bm0,m0+k—jzk - amopmo(z)
j=0 k=0 j=0 k=0
mo—1 3 ) mo 7—1 ] mo
= Z Z ajbmo,mo+k—jzk - Z Z @ Trmg+10mo,mo+k—j+1 2k —amo Z bmo,kzk
7=0 k=0 j=1k=0 k=0
0 J mo—1 j
= Z Z ajbmo.mo+k—.72 + Z Z a bmo mo+k— .72
7=0 k=0 j=1 k=0
mo—-l j—]. . mo .7"“1 .
- Z Z 0 Trmg+1Dmg mo+k—j+1 2 - Z Z a’ Tmo+10mo,motk—j+1 2*
mo
—a™ Z bmo,kzk- (A7)

We now apply (A.5) to derive the coefficients of pp,+1(2) from p,,,(2). The first term
in (A.7) is a double sum having simply k£ = j = 0. Its value is by mg = bmo+1,mo+1»
which allows us to write the double sum as

0 3 0 3

Z Z “meo,mo+k—jzk = Z Z “meo+1,mo+1+k—jzk-

J=0k=0 j=0k=0

The second and third terms in (A.7) combine with each other,

mo—l _7 mo—l _7""1
j k j k
Z Z ajbmoym0+k—jz - Z Z aJTmo+1bmo,mo+k—.7'+1z
j=1 k=0 j=1 k=0
mo—1 J-1
j k
= Z a’ Z (bmoymo+k-.7' = Tmo+10mg,mo+k- .7+1)z + Z bmo,mo+k—.72
j k=0 k=3
mo—1 i—-1
j k
= Z a’ Z bmo+1, mo+1+k—JZ + Z bmo+1,mo+1+k—j %
] k=0 k=3
mo—1 7
j k
= Z Z @’ bing+1,mo+1+k—j2 -
ji=1 k=0
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Finally, we can combine the fourth and fifth terms in (A.7),

mo ] -1
Z Z a Tmo+1bmo,mo+k—1+1z ~a™ Z bmo,kz
j=m0 k=0
mo j—1 § mo .
= Z Z aJTmo+1bmo1mo+k—j+1z - Z a’ Z bmo,mo+k—jz
j=m0 k=0 j:mo k=0
mo (i1 . J .
= E a’ Z(Tmo+1bmo,mo+k—j+1 - bmo,mo+k—j)z - meo,mwk—jz
j=mg k=0 k=3
mo  fi-1 . J .
= Z a’ Z bmo+1,mo+14k-52" + Z bmot1,mo+1+k—52
j=mo k=0 k:]
mo J L
= Z Z ajbmo+1,mo+1+k—jz .
j=mo k=0

Substituting back into (A.7), we find that

mo—1 j
j k
Z Z ajbmoymo+k—jz (1 - armo+1) - a’mopmo(z)
7=0 k=0
mo—1 J
k
= ZZG Bmo-+1,mo+14+k—j 2 + Z > a7 bmgt1,mo+14k—j2
3=0 k=0 j=1 k=0
mo  J .
+ Y @ bmos1mot14k—2
j=m0 k=0
mo Jj 8
= 3 @ bmotlmotitk—iZ
7=0 k=0
Thus,
mo+1 —J ;
1 X Yheo @bmot14k-j2" 1

Pmot1(2) (1= a2) @™ Fppoy1(1/0)Pmet1(2)  Pmosr(1/a)(1— a2)’

which proves (A.6). Letting m = d we find that (A.4) is true. We note that this partial
fraction expansion is valid even if p(z) has z as a factor. In that case, some of the roots
r; are zero but the proof is not dependent on any of the roots being nonzero.

A.4. Expansion of 1/(p(z)(1 — z))

The partial fraction expansion depends on whether or not p(z) has 1 — z as a factor.
We consider both cases.
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We first consider the case where 1 — z is not a factor of p(2). Let

p(z) = po+pzt -+ pd

and .
b(z) = 1+ byz+---+ b2,
where b; = p;/po. Thus p(z) = pob(z). By (A.4) we find that

1 1
p(z2)(1—2)  pob(z)(1-2) '
1 S120 Yoo bikiZ®

pb (=2 T pob(L)b(2)

Multiply the second term by po/po and recognize that p(z) = pob(z) and p; = pob; to
find that

1 _ 1 o X020 Theo bitk—i?t
p(z) (1~ 2) pob(1) (1 - 2) pgb(1) b(z)
- 1 120 Yho Pisk—iz® (A.8)
p(1)(1-2) p(1) p(z)
We now consider the case where p(2) has 1 — z as a factor. Let
p(z) = (1-2)"q(2),
where _
q(2) = g0+ @zt +g2.
Factoring out 1/(1 — 2)™, applying (A.8), and recognizing p(z) we find that
1 1
PR 1-2) ~ 1-2"1-2)E)
1 ( 1 120 Sheo Gitk-iZ* )
(I-2) \g(1)(1~2) q(1) ¢(2)
_ 1 S0 Thoo Gik—iZt (A.9)
g(1) (1 - z)m+! q(1) p(2)
A.5. Expansion of 1/(p(wz)q(z))
The partial fraction expansion of
1
p(wz)q(2)’
where w is a variable independent of the polynomial p(z), has the form
1 r(w, z) s(w, 2) (A.10)

p(w2)g(z) ~ Hwp(wz) ' H(w)g(z)’
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where r(w), s(w, z), and t(w) are polynomials.
The proof is by induction. If p(wz) is a polynomial of degree m in wz and ¢(z) is
of degree n, then we can factor p(wz) over the complex numbers as
p(wz) = pp(wz—11)--(wz —7p)
and express q(z) as
9(2) = @+t azt -+

Let
pi(wz) = pm(wz—r7r1)-(wz—1),
1
To(w,2z) = ———, and
0( ) me(Z)
Ti(w,z) = T_’"l_(wﬁ
wz — 7

Then 1/(p(wz)q(z)) = Tm(w, z). We will use induction on m to prove that Ty (w, 2)
has the form

rm(w, 2 sm(w, z
o) = S i (A1)
The base case is
Ty(w,z) = 1 = 1 .
Pm(wz —11)q(2)  —pmmi(l — wz/r1)q(2)
By (A.4) this is
1 " o (2) gnan—sdt
D S e T g (2) e/ wa(e)
1
We find that

(S
N
It
N
[l

(B)+a () +sa(2)
Go+aq - +q2 " + Gn -

1 - -
= on (QOw" + w4 gorfu™? 4 - 'anil) .

Substituting and rearranging gives

wn

pm(wz — 1) (Qw™ + 1wt 4 gariwn=2 4 - - - 4 ¢, 77)
- i J
E?:é i::O (71-_11)-) q'"-+k_j Zk
1\" 2
—PmT1 (;) (gow™ + qiriw™=! + @riwn=2 + -+ + gu17) ¢(2)
wn
p1(2) (Qow™ + qrriw™ = + goriw™=2 4 -+ 4 g 77)
n—1 . ]
1 -1 k

(qow™ + quriw™= + garfw™=2 + -+ gur}) g(2)

Tl(w, Z) =

+
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Letting

r(w,z) = w",
'n. -1 n-1 jJ
sl(w) = Z Z ( ) qn+k_jzk, and
pm §=0 k=0
ti(w) = qouw" + qriw™ ! + griw™ 4+ .- gur?,

we find that
r(w, 2) s1(w, 2)
ti(w)p1(wz)  ti(w)g(z)
To prove the inductive step, assume that (A.11) is true for m = mg and prove it is
true for m = mg + 1. By the induction hypothesis we have

Tl(w,z) =

Tm0+1(w72)
Tro(w, 2)
WZ — Trmg41
B 1 ( Tmo (W, 2) + Sme (W, 2) )

b (W)Pmo (W2) — tmy (w)g(2)

Wz — Tmp+1

_ Tme (W, 2) N Smo (W, 2)
(wz ~ Tmg+1 ) tmo(w)pmo(wz) (wz - T'mo+1) tmo (w)‘I(Z)
_ Tme (W, 2) —8mo (W, 2) 1
(W2 = Tmgt1) tmo (W) Pmo(w2) tmo(W)  Tmot1 (1 =~ w2/Tmey1)4(2)

We now want to expand 1/((1 — wz/7m,+1)q(2)) using partial fractions with respect to
z. Applying (A.4) and rearranging gives

1
(1 - wz/rmo+1)q(z)

-1 ] J
B 1 N 720 k=0 (#ﬂ) Gtk 2"
= n
Q(T'mo+1/w)(1 - ’wZ/’I‘m0+1) (-r,,::.{.]) Q(Tmo+1/w)Q(Z)
1 —j Y
~ W Y120 Theo (—Tmf " ) Inik-j2°

(1 = wz/rmg+1)@me+1(w) * (%)n Qmo+1(w)a(2)

where Qmo41(w) = W'q(Tme41/W) = QU™ + ATmep1w™ ! + orZ, w2 4 o 4
GnTmy+1- Substituting,
T'Ino+1(w7z)
Tmo(wvz) + -—smo(w,z)w"
(W2 = Tmot1) tmo (W)Pmo (W2)  tmg (W)Tmo41(1 = W2/ Tmot1)@mo 41(w)
k

n—1

i 3
J w R
—smo(w,z) j=0 2 k=0 (Tmo-c-l) In+k—-j2

g (W)Tmo41 (735) @mo+1(w)a(2)
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Pme (W, 2) Sme (W, 2)w"
(W2 = Pmot1) tmg (W)Pmo(W2)  tmo (W W2 = Pmot1)@mo+1(w)

1w j
~8mq (W, 2)Tp 31 3720 Theo (:,f::) Gntk—j 2"
mo(w)Qmo+1(w)q(z)

We can put the first two terms over a common denominator and recognize pmq+1(wz)
to get

Tmo(u” Z)Qmo+1(w) + Smg (w’ z)wnPMO (wz)

T w,z) =
mart (002 = (W2 — g2 () @1 ()
—8mq (W, z)"mo+1 En__o Zk_o (rm“) Gnyk—i 2"
mo(w)Qmo+1(w)Q(z)
(0, )@ () + Sing (0, 2) 0y (2)
tmo(w)pmo+1(wz)Qmo+1(w)
~8mo (0, 2ok 2725 Theo (m) Gnth—j 2"
tmo(w)Qmo+1(w)q(z)
Letting
rmo+1(w,z) = rmo(w Z)Qmo+1(w)+ Smo(w z)wnpmo(wz)’
Smo4+1(W,2) = —Smy(w, z)rmo+1 Z Z( ) Gnik—j2", and
=0 k=0 "mo+1
tmo+1(w) = tmo(w)Qmo+1(w)’
we find that
Tong41(w, 2) = Tmo+1(W, 2) Smo+1(W, 7)

tmo+1(W)Pmo+1(w2) * tmo41(w)g(2)
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Appendix B

MAPLE Source Code

Source code is presented for the procedures that were implemented. Following each
procedure are examples of its use. Where Maple provides a similar function, their
differences are illustrated.

B.1. Polynomial Procedures

B.1.1. Package polynonm

Source Code

CEE SRS RS SRS E SIS ISR S SIS LT EEL
# (C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #
RS RS ET IS I T RIS TSI LIS TELS SIS ST LS

#

#

# defines table for polynom package
#

polynom := table((

‘polynom/coeffs' = ‘readlib(’ ‘polynom/coeffs‘’,

‘‘‘my__lib name.‘/polynom/coeffs.m*)’,
'readlib{’ ‘polynom/equate‘’,

‘‘.my lib_name.‘/polynom/equate.m‘)’,

‘polynom/equate’

‘polynom/factor' = ’‘readlib(’ ‘polynom/factor‘’,

‘‘.my_lib name.‘/polynom/factor.m‘)’,
‘polynom/hasprod' = ‘readlib(’ ‘polynom/hasprod‘’,

‘*.my_ lib name.‘/polynom/hasprod.m*)’,
‘polynom/map = 'readlib(’ ‘polynom/map‘’,

‘‘.my_ lib_name.‘/polynom/map.m‘)’,
‘polynom/terms' = ‘readlib(’ ‘polynom/terms‘’,

‘*.my_ lib name.‘/polynom/terms.m‘)’,
‘polynom/termscale' = ‘readlib(’ ‘polynom/termscale‘’,

‘‘.my__lib name.‘/polynom/termscale.m‘}’
1):
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save polynom, ‘‘.my_lib_name.‘/polynom.m‘;

Example

> with(polynom) ;
[polynom/coeffs, polynom/equate, polynom/factor, polynom/hasprod,

polynom/map, polynom/terms, polynom/termscalel

B.1.2. Procedure polynom/coeffs
Source Code

FHESHEFHFHER A A EEA SRR AR R AR R R
# (C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #
S E AR LRSS T LRI RS ETSEEE TSI ELE L L L
#

#
# like coeffs, except orders by degree
#
# pz a polynomial of z
# z polynomial variable
# unnasssigned name for returning list of powers of z
# that correspond to coefficients returned by the procedure
#
‘polynom/coeffs* := proc(pz, z, r)
local c, # expression sequence of coefficients

t; # expression sequence of powers of z

if not type(r, name) then
ERROR{( ‘third argument‘, r, ‘not a name‘)

fi;
c := NULL;
t := NULL;

collect (expand{pz), 2);

=

process terms in order of degree

while "™ <> 0 do

t:=t, z"ldegree(", z);

c:=c, tcoeff("", z):;

nen - tcoeff(""", z)* z”ldegree (""", 2)
od;

3=

return expression sequence of coefficients
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save ‘polynom/coeffs, ‘‘.my 1lib name.‘/polynom/coeffs.m*;

Example
> PI=WXXN2+WN2%x%;
2 2
Pi=wx +W X
> ‘polynom/coeffs‘(p, w, 't’);
2
X , X
>t
2
W, W
> coeffs(p, w, "t’);
2
X, X
>t
2
W, W
> ‘polynom/coeffs‘(p, %, "t');
2
W, W
>t
2
X, X
> coeffs{p, X, "t'}:
2
W, W
>t
2
X, X

B.1.3. Procedure polynom/equate

Source Code

FHEHHAHHAAAHHA AR AR ARA AR A A A MR A HHE SRR AR A
# (C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #
FHEHHHHHH AR E AR A AR R R R R R R R R
#
#
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#
#
#
#
#
#
#
#
#

Returns p(z) = a * t(b*z)
ty polynomial in y
y polynomial variable
pz polynomial in z
z polynomial variable

result name
if function is true, assigned list [a,bl

‘polynom/equate' := proc{ty, y, pz, 2z, result)
local t 1t, p_lt, # trailing coeffs of pz, ty
tty, ppz, # ty/tcoeff(ty), pz/tcoeff (pz)
t ¢, p_c # polynomial coefficients
t t, p_t, # corresponding powers of y, z
i, # loop counter
dd, # expression sequence of degree
# of elements in t_t

ratio; # prospective value of b

$+=

TS

if not type(result, name) then
ERROR('fifth argument must be type name‘)
fi;

collect (expand (ty), y):
t_1t := tcoeff (", y):

collect (expand (pz), z);

p_lt := tcoeff (", z);

tty := collect(expand(ty/t_1t), y, distributed, normal);
ppz := collect (expand(pz/p_lt), z, distributed, normal);
t_c := ‘polynom/coeffs‘( tty, y, ‘t_t’);

p_c := ‘polynom/coeffs‘( ppz, z, 'p_t’);

determine if polynomials have same number of terms

if nops{i{t_cl) <> nops{{p_cl) then
result := NULL;
RETURN (false)

fi;

determine if polynomial terms have same powers

true;

for i to nops(it_cl) while ™ do
degree(t_t (i), y) = degree(p_tf{il, z)

od;
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if not "™ then

result := NULL;
RETURN (false)
fi;
#
#
#
dd := op(map( proc(t,v) degree(t,v) end, [t t], y) );
#
# determine if found b and can relate coefficients

if type(dd[2],o0dd) then
ratio := (p_c[2]/t_c[2])"(1/dd[2]);
if ppz - subs{y=ratlo*z, tty) = 0 then
result:=[p_lt/t_1t, ratiol;
RETURN (true)
fi
else
ratio := (p_cl2]/t_cl(2])"~(1/dd[2]);
if (ppz - subs(y=ratio*z, tty) = 0) then
result:={p_lt/t_lt, ratiol;
RETURN (true)
elif (ppz - subs(y=-ratio*z, tty) = 0) then
result:=[p_lt/t_1lt, -ratiol;
RETURN (true)
fi

fi;
result := NULL;

false
end:

save ‘polynom/equate‘, ‘‘.my_ 1lib name.‘/polynom/equate.m®;

Example

> ‘polynom/equate‘(l+z+z"2, z, 1-2*w+d*w"2, w, ‘c’});

true
> ¢y
[11 _2]
> ‘polynom/equate‘(l4+z+z"2, z, 1+2*w+4*w"2, w, ’'c’);
true
> c¢;
(1, 2]

\%

‘polynom/equate (1+z+z"2, z, 1-3*z+4*z"2, 2z, ‘c’);
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false

> ‘polynom/equate*({l+z+2°2, 2z, l-2z, 2z, ‘c’');
false

> ‘polynom/equate‘(l-y, y, 3-6*w, w, ‘c’);
true

[3, 2]

B.1.4. Procedure polynom/factor
Source Code

SEEE SRS E SIS EEERTEEEEEE T
# (C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #
FHAHBAAAA R A AR AHAHF A HEHHH A A FEE A AR F RS RASER S S

#

#

# factors a polynomial over the complex field

# does not fail gracefully if it cannot find the roots
#

# pz polynomial in z

# z polynomial variable

#

‘polynom/factor' := proc(pz, z)
local i, roots, c;
collect (expand (pz), z);

c := lcoeff(", z);
collect (expand{pz/c}), z):

roots solve(" = 0, z);

roots

1;

for i in roots do
Il*i

od;

map( proc{r,z) z-r end, ("], z);

c * u

end:

save ‘polynom/factor‘, ‘‘.my lib name.‘'/polynom/factor.m®;

Example

> factor(l-z-z"2);

1 -2z -2
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> ‘polynom/factor‘(l-z-z"2, z);
1/2 1/2
- (z +1/2 - 1/2 5 ) (z + 1/2 + 1/2 5 )

> expand (") ;

2
1 -2z -2z

B.1.5. Procedure polynom/hasprod
Source Code

HHEHFHAFARHARAFHARAHBHF IR AH AR A AR AR H A HH SRR F AR RSB HH RS
# (C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #

FHEFHAHA AR AR A R A AR AR A AR A B HHE AR AE A AR AR AR A R A
#

#
# determines if polynomial expression p has t as a factor
# p can have factors of the form n(z)”m, where m is a symbol
#
# p expression bullt from product of polynomials
# and polynomials to a power
# t a polynomial
#
‘polynom/hasprod' := proc(p, t)
local i;
‘polynom/hasprod/gcd' := ‘readlib( ’ ‘polynom/hasprod/gcd‘’,
** . my_ lib_name . ‘/polynom/hasprod/gcd.m‘)’;
#
# 1f type is product check each factor

if type(p, ‘*') then
false;
for i to nops(p) while not " do

not type( ‘polynom/hasprod/gcd‘( op(i,p), t), constant)
od

else

not type( ‘polynom/hasprod/gcd*( p, t), constant)
fi

end:

save ‘polynom/hasprod‘, ‘‘.my__lib_name.‘/polynom/hasprod.m‘;

#
# determine 1f t is a factor of p

# p 1s either a polynomial or a polynomial "~ power
#
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‘polynom/hasprod/gcd' := proc(p,t)

if type(p, '~') then
gcd( op(l,p), t)
else
gcd( p, t)
fi
end:

save ‘polynom/hasprod/gcd‘, ‘‘.my lib name.‘/polynom/hasprod/gcd.m‘;

Example
> p 1= (l-w*z)*(l-z-2"2);
2
p:=(l-wz) (1l -2z ~-2)

> ‘polynom/hasprod‘(p, l-w*z);

true
> ‘polynom/hasprod‘'(p, 1l-z-z"2);

true
> ‘polynom/hasprod‘(p, 1l-w);

false
> ‘polynom/hasprod‘(p, 1l-w-w"2);

false
> p = (l-w*z}*(l-z)"m;

m
p:= (1 -wz) (1 - 2)

> ‘polynom/hasprod‘'(p, l-w*z);

true
> ‘polynom/hasprod‘(p, 1l-z);

true
> ‘polynom/hasprod'(p, 1l-w);

false

B.1.6. Procedure polynom/map
Source Code

FHARHH AR AR AR AR A RS A H AR S A A A A HA AR SRS E AR AR SRS
# (C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #
FhAFAA A AR A A A A SR A AR HAS RS RA S A AR RS RRARAEEAS
#

#

# maps fn to each term of pz

¥
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fn MAPLE procedure
Pz polynomial in z
z polynomial variable

each term in pz passed to fn{()
optional arguments to ‘polynom/map‘'() passed to
fn() as arguments

X = o H HF H W

‘polynom/map‘ := proc{fn, pz, 2z)
local i, t; # terms of pz

t := ‘polynom/terms‘(pz, 2z);

0;
if nargs > 3 then
for i to nops([t]) do
" + fn(op(i, (t]l), args(4..nargsl)
od
else
for i to nops([t]) do
" + fn(op(i, [t]))
od
fi

end:

save ‘polynom/map‘, ‘‘.my__lib name.‘/polynom/map.m‘;

Example

> ‘polynom/map‘( proc(t,z,c) subs(z=c*z, t) end, l+w+w"2, w, W, 2);
2
l +2w+ 4w

B.1.7. Procedure polynom/terms
Source Code

S TR RIS E T I TSI ELE LSS IEIEEELITELL LS S
# (C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #
IR AR E SIS ELEE LTSI E S
#

#

# returns sequence of terms from pz in order of degree

#

# pz polynomial in z

# 2z polynomial variable

#

‘polynom/terms' := proc(pz, 2z)

local i, ¢, d;

159



c := NULL; # build expression sequence of terms
collect (expand (pz), z, distributed, normal):

#
# pick off terms by degree
#

while " <> 0 do
d := ldegree(", z);
c := ¢, tcoeff("", z)*z"d;
wne - tcoeff (""", z)*z"d
od;

c
end:

save ‘polynom/terms‘, ‘‘.my_lib name.‘/polynom/terms.m*;

Example

> ‘polynom/terms‘®(atc*z"2t+b*z, z);
2
a, bz, cz

B.1.8. Procedure polynom/termscale
Source Code

FHAGHARAH AR AAHRES R AR RHHAAHRRRAF A AR A R R RS H AR
# (C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #

FREHHHAR AR A AR HH AR AR AR R BB EH A AR A H A H A BB B R RS HHEHE
#

#

# Shifts and scales fn to determine sequence encoded
# by the product of pz and the generating function of fn
#

# pz polynomial in z

t z polynomial variable

# fn expression for term in sequence

# ie n*2”n or F(n) or n*C(n)

# n sequence index used in fn

#

‘polynom/termscale' := proc( pz, 2z, fn, n )

local t, ¢, 1i;
¢ := ‘polynom/coeffs‘(pz, z, 't’);
0;

for i to nops((c]) do

" + op(i,[c]) * subs( n = n - degree( op(i,{t]) ), fn)
od
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end:

save ‘polynom/termscale‘, ‘‘.my__lib name.‘/polynom/termscale.m?;

Example

> ‘polynom/termscale‘(l-z+z~2, z, F(n), n):
F(n) - F(n - 1) + F(n - 2)

> ‘polynom/termscale‘(l-z-2z*2, z, n”2, n);
2 2 2
n - {(n-1 = (n - 2)

> ‘polynom/termscale® (1-2*w+3*w~2, w, n*2°n*F(n), n):
n (n - 1) (n - 2)
n2 F(n) -2 (n-1) 2 F(n - 1) + 3 (n - 2) 2 F(n - 2)

B.2. Rational Generating Functions

B.2.1. Package rational
Source Code

S EEE AR RS RS EESEEEE RS EESEIESEETEL L
# (C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #
IEE s3SI LSS EES
#

rational := table (][

‘rational/encode = ’'readlib(’ ‘rational/encode‘’,

*“‘“.my_ lib name.‘/rational/encode.m‘)’,
‘rational/expand' = ’readlib(’ ‘rational/expand‘’,

**.my_lib name.‘/rational/expand.m‘)’,
‘rational/pfrac* = "readlib(’ ‘rational/pfrac‘’,

**.my lib name.‘/rational/pfrac.m)’,
‘rational/relate = ’readlib(’ ‘rational/relate’,

*‘*.my_ 1lib name.‘/rational/relate.m‘)’,
‘rational/recur' = ’‘readlib(’‘rational/recur‘’,

*‘.my__lib_name.‘/rational/recur.m‘)’,
'readlib(’ ‘rational/simp*’,

**.my_1lib name.‘/rational/simp.m‘)’,
"readlib(’ ‘type/ratseq‘’,
**.my_lib_name.‘/type/ratseq.m‘)’

‘rational/simp®

‘type/ratseq®
1)

save rational, ‘‘.my_lib name.‘/rational.m‘;

Example

> with(rational):
[rational/encode, rational/expand, rational/pfrac, rational/recur,

rational/relate, rational/simp, type/ratseq]
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B.2.2. Procedure rational/encode
Source Code

HEAHHHRHAHEHRFARAHR R AR AR A AR EHRHF AR R A RS H AR AL R 4
# (C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #
(32 s SRR E LIRSS ESAR RS REEESELEE S

encodes fn as a rational generating function
fn must satisfy type(fn, ratseq, n)
where type ratseq 1s defined by type/ratseq

fn an expression in n of type ratseq
n index variable
z variable for generating function

optional arguments:
n =c¢ index of first nonzero term, ie n=5
[n_i=fn_i, ...] 1list of terms not defined by fn
n_i is integer index, fn_1i is value of sequence at n_i

EE e S T R T R R R

‘rational/encode' := proc(fn, n, z)
local i,
ep,
gz,
Fz,
start,
1;

expanded polynomial form of fn

generating function of n”i, built iteratively
builds generating function of <fn>

special case -- index first nonzero term
special case -- list of terms not defined by fn

H= 4 H H B

‘rational/encode/expterms' := ‘readlib(’‘rational/encode/expterms‘’,
e my lib name. ‘/rational/encode/expterms.m‘)’;

#
# get optional arguments
#
start := 0;
1 = ()
for i from 4 to nargs do
args[il;
if type("™, ‘list’) then
1 :="
else
start := rhs(")
fi
od;
#
# shift to handle any index for first nonzero term
#
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subs (n=n+start, £fn);

expand fn, collect as a polynomial in n
each coefficient will be sum of terms of form
a*b” (c*n+d)

H= == = = H

expand (") ;
if type(",‘+'} then
map (simplify,")

else
simplify (")
fi;
ep := collect (", n);

loop through coefficients of n"i

gz is generating function of <n"i>

for each coefficient, loop through terms and encode
generating function of a*b”(c*n+d)n”i using gz

H= H R = N =

gz := 1/(1l-2z);

Fz := 0;

for i from 0 to frontend( degree, f{ep,n}) - 1 do
frontend{(coeff, [ep, n, il):
if " <> 0 then

Fz := Fz + ‘rational/encode/expterms‘( ", n, gz, 2z)
£fi;
gz := z * diff(gz,z)
od;
Fz := Fz + ‘rational/encode/expterms‘( frontend( lcoeff, [ep, n]), n, gz,

z);

+=

shift back generating function to handle any first nonzero term

Fz*z"start;

prs

correct for terms not defined by fn

for 1 in 1 do
" + simplify( rhs(i) - subs(n=lhs(i), fn) ) * z~lhs (i)
od;

end:

save ‘rational/encode‘, ‘‘.my__lib name.‘/rational/encode.m‘;
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#
# encode coefficients of each term in polynomial ep
#

‘rational/encode/expterms' := proc(fn, n, gz, 2)
local t, ¢, e;

if type{(fn, ‘+') then
map(‘rational/encode/expterms®, fn, n, gz, 2z)
else

parse fn so that a*b”(c*nt+d) is (a*b~d)*(b~c)"n
and encode it

HH H N N

if type(fn, ‘*') then
c 1= 1;
e 1= 1;
for t in fn do
if type(t, '~') then
c 1= c * op(l,t)"coeff(op(2,t), n, 0});
e (= e * op(l,t)~coeff(op(2,t), n, 1)
else
c :=c *t
fi

elif type(fn, ‘') then
c := op(l, fn)"coeff(op(2, £fn), n, 0);
e := op(l, fnY~coeff(op(2, fn), n, 1)

c := fn;
e =1
£fi;
c * subs(z = e*z, gz)
fi
end:

save ‘rational/encode/expterms:,
*‘*.my_1lib_name.‘/rational/encode/expterms.m*;

Example

> ‘rational/encode®(a*n”"2+b*n+c, n, z);
c b z / 1 z \
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> normal (") ;

c~-2cz+cz +bz-Dbz

> collect (numer ("), z)/denom(");

>

> normal (") ;

B.2.3.

Source Code

+az + az

(—-c+b-a) z + (2c-b-a)z-c

‘rational/encode‘{ (n*2”"n+3"n)*(n-2)*5%n, n,

1 4
2 ——————— - 20 memeeee————
1 -15 z 2
(1 - 10 z)
/ 1
+ 10 z |-~ + 20
| 2
\N(1 -~ 10 z)
2

z);

(L -

- 2+ 95 z - 1350 z + 4250 z

10 z)y /

+ 22500 z

(- 1+ 15 2z) (- 1+ 10 z)

Procedure rational/expand

RS EE S EE TR EESEEEEEEEEIE SIS SIS IESSELEE L
(C) Copyright 1991 by Robert Andrews Ravenscroft,
IS E ISR LSRR ZEEESSESIEEIEEEIELSIELLSEEELE

#

#

o3 3 F

Expands rational generating function Fz

Fz rational function in z
z generating function variable
n index variable for sequence

‘rational/expand®

local num,
den,
i,
d ¢,
d_d;

#
#
#
#
#

:= proc(Fz, z, n)
numerator
denominator

low order coeff of denom
low degree of denom
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‘rational/expand/extract' := ‘readlib(’‘rational/expand/extract‘’,

**.my__lib_ name.‘/rational/expand/extract.m')’;

™S

™S

™S

if not type(z,name) then
ERROR( ‘argument*, z,

elif not type(n,name)
ERROR( ‘argument ', n,

elif not type(Fz,ratpoly, z)

then

‘not a name?‘)

‘not a name‘)
then

ERROR ( ‘argument *, Fz, ‘not rational‘')
fi;
if not has(Fz,z) then

Fz * ‘delta‘(n,0)
elif type(Fz, *+') then

term := map( ‘rational/expand‘, Fz, z, n)
else

normal (Fz) ;

num := numer (") ;

den := denom{("");

d ¢ := tcoeff(den, z);

d_d := ldegree(den,z);

den := den/d_c/z"d_d;

if degree{den,z) = 0 then

handle finite rational generating functions

‘polynom/map ' (proc(t,z,n,d)
num, z, zZ,
"/d ¢
else

apply partial fractions,

‘rational/pfrac‘(l/den, 2z):;

if type(", ‘+') then

map ( ‘rational/expand/extract®, ",

else

‘rational/expand/extract* (",

£fi;

shift and scale for d ¢, d_d

subs (n=n+d_d, ")/d_c;
‘polynom/termscale® {num,
fi

Z,

lcoeff(t,z)*'delta'(n,degree(t,z)-d}
n, d d);

expand each term

z, n)

z, nj
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fi
end:

save ‘rational/expand‘, ‘‘.my lib name.‘/rational/expand.m‘;

‘rational/expand/extract' := proc({ Fz, z, n )}
local m, i, ¢, num, den, pz;

normal (Fz);
num := numer{");
den := denom("");

S

factor out any constants from den

if type(", **') then
c := map(proc(t,z) if not has(t,z) then t else 1 fi end, ", z);
den := den/"

else

fi;

den is a polynomial now, of form (a-b*z)" (m+l)
map l/den to Choose(m+n, n) * b®n / a”{(m+n+l)

H= o o

if type(den, *~') then
m := op(2,den) - 1;
pz := op(l,den)

m:= 0;
pz := den;

S

compute the binomial coefficient

product( (n+7i")/’i’, 'i’'=1l..m };

" * (-coeff(pz,z,1l) / coeff(pz,z,0) ) ~ n [/ coeff{pz,z,0)" (m+l);

use num to shift and scale
multiply in any constant

H= e e S

expand (numer (Fz)) ;
‘polynom/termscale*(", z, "", n);
ll/C

end:

save ‘rational/expand/extract?,
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‘‘“.my_1lib_ name.‘/rational/expand/extract.m‘;

Example
> ‘rational/expand‘(z/(l-z-z"2}, z, n);
/ 1 \(n - 1) / 1 \(n - 1)
|- 2 ————=—== | [~ 2 ———====u |
| 1/2]| | 1/21
\ 1 -5 / \ 1 +5 /
= 2 e + 2 mmmmmmmm e
1/2 1/2 1/2 1/2
(1 - 5 ) 5 (1L + 5 } 5

> ‘rational/expand‘(1/(2-3*z)"4, z, n);

1/16 (1 + n) (1/2 n + 1) (1/3 n + 1) (3/2)

> normal (") ;

n
1/96 (1 + n) (n + 2) (n + 3) (3/2)

B.2.4. Procedure rational/pfrac

Source Code

FH4 444 4HHHAHE AR E AR AR R A A R R
# (C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #
322SR LTSS SIS EEEIIITEET T ETE LT

Performs partial fractions over the complex field

Fz nontrivial rational generating function
z generating function variable

NOTE : no error checking of failure in ‘polynom/factor:® ()

o H= o S 3 FE M R

rational/pfrac' := proc(Fz, z)
local temp, den, d_poly, d power, new gf, i, num, res, c;

if nargs < 2 then
ERROR(‘Insufficient arguments‘)

elif not type(z, name) then
ERROR( *Argument ' . z . " not a name‘)

elif not type(Fz, ratpoly, z) or type(Fz, polynom, z) then
ERROR (‘*Argument ' . Fz . ' not rat poly?')

fi;
#
# partial fractions over the rationals
#
new_gf := convert (normal (Fz), parfrac, z):;
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H H = N

process each term,
if can be factored, do so and apply partial fractions again

if type(new_gf, ‘+') then

res := 0;

for i from 1 to nops(new_gf) do
temp := op(i,new_gf);
num := numer (temp);
den := denom(temp);

if type(den, **') then
c:= map(proc(f,v) if has(f,v) then 1 else f fi end, den,
else
c:=1
fi;
den := den/c;
if type(den, ‘”') then
d poly := op(l,den);

d_power := op(2,den)
else
d poly := den;
d_power := 1
fi;
if degree(d poly, z)>1 then
res := res

z)

+ convert (num/c/ (‘polynom/factor*(d poly, z))"d_power,

parfrac, z, true)
else
res := res + temp
fi
od
else
num := numer (new_gf);
den := denom(new_gf);
if type(den, **') then
c:= map(proc(f,v) if has(f,v) then 1 else f fi end, den, 2)
else
c:=1
fi;
den := den/c;
if type(den, ‘'~') then
d poly := op(l,den);

d_power := op(2,den)
else
d _poly := den;
d_power := 1
fi;
if degree(d_poly, 2z)>1 then
res := convert (num/c/(‘polynom/factor*(d_poly, z))~d_power,
parfrac, z, true)
else
res := new_gf
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fi
£fi;

res
end:

save ‘rational/pfrac‘, ‘‘.my_ lib_name.‘/rational/pfrac.m‘;

Example

> ‘rational/pfrac‘(z/(1-z-z"2), z);
1/2 1/2

> convert(z/{(l1-z-z"2), parfrac, 2z);

B.2.5. Procedure type/ratseq
Source Code

HAHHHERAFFEHS AR AR HEHAEHHEREHS AR A H R H AR R A SRR AR
# (C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #
FEAHERAAHAH A SRS AR FH SRS FER SR F SRS SRR RS AR
#

used with MAPLE’s type function to determine if £fn is
a valid closed form expression for RAT SEQ

fn expression in n
n index variable

H M H H B HH

‘type/ratseq' := proc(fn, n)
" local i, expr;
expr := fn;
if type(expr, polynom, n) then

RETURN (true)
fi;

parse expr
continue until find invalid form or everything checks out

H 3
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if type (expr, then
if not has( op(l,expr),
op(2,expr);
if type(", polynom,
RETURN (t rue)
fi
fi;
RETURN (false)
fi;

A \)

n) then

n)

if type(expr, ‘+') then

true;

and degree (",

n)<=1 then

for i to nops(expr) while " do
‘type/ratseq® (op{i,expr), n)
od;
RETURN (")
fi;
if type(expr, ‘*') then
true;
for i to nops(expr) while " do
‘type/ratseq® (op(i,expr), n)
od;
RETURN (™)
fi;
false;
end:
save ‘type/ratseq‘, ‘‘.my__lib name.‘/type/ratseq.m‘:
Example
> type(a*n"2+b*n+c, ratseq, n);
true
> type((n*2°n+3"n)*(n-1) *5"n, ratseq, n);
true
> type(n~(-1), ratseq, n);
false
> ‘rational/expand‘{(z/{(l1-z-z"2), z, n);
/ 1 \({n - 1)
|- 2 —=—————= |
| 1/21
\ 1 -5 /
- 2 ——mmmm e +
1/2 1/2
(1 -5 ) 5
> type(", ratseq, n);
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true

B.2.6. Procedure rational/recur

Source Code

SRR E RIS ESELLLLS

#

(C} Copyright 1991 by Robert Andrews Ravenscroft, Jr. #

FEHHHHARHSHRRRAH LB FH A AR R AR R R R R A

#

$= A= H H o M o W

Determines homogeneous linear recurrence with
constant coefficients that defines sequence encoded by Fz

Fz nontrivial rational function
z generating function variable
F name for sequence

n index variable

‘rational/recur‘ := proc(Fz, z, F, n)

#
#
#

local ¢, d, deg, recur, i, fn, bterms, res, nn, dd, shift;

if not type(z, name) then
ERROR ( ‘second argument‘', z, ‘not a name‘)
fi;

if not type( normal(Fz), ratpoly, z) then
ERROR(‘first argument', Fz, ‘not a rational function‘)
fi;

if not type(n, name) then
ERROR(‘fourth argument', n, ‘is not a name‘)
fi;

if type(F, name) then
fn := F(n)
elif type(F, function) then
fn := op(0,F) (n)
else
ERROR(‘third argument‘', F, ‘is not a function name‘)
fi;

build recurrence from characteristic generating function

denom{normal (Fz));
simplify("/tcoeff (", z)/z"ldegree("™, z));
c := ‘polynom/coeffs*(", z, 'd"});

deg := degree( d[ nops((d]l) 1, z);

recur := 0;
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H

=

E'S

for i from 2 to nops([(d]) do

recur := recur - c[i] * subs(n=n-

od;
recur := fn = recur;

find boundary condition

normal (Fz);
nn := numer(");
dd := denom("");

determine index of first term

shift := ldegree(nn, z);
nn := expand{nn/z"ldegree(nn, z) );
shift := shift - ldegree(dd, 2z):

dd := expand(dd/z”~ldegree(dd, z) );

determine number of terms needed

degree (d[i], z),

if degree(nn, z) < degree(dd, z)} then

bterms := degree{dd, z)

else
bterms := degree(nn, z)+l
fi;
#
# use differentiation method to find
#
res := [];
nn/dd;
1;
for i from 0 to bterms-1 do
res := [ op(res), subs(n=i+shift,
normal (dif£ (""", z));
T x (i+l)
od;
[recur, op(res)l
end:

values

fn)= subs(z=0,

fn)

llll)

/

n

save ‘rational/recur‘, ‘‘.my_1lib name.‘/rational/recur.m‘;
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Example

> ‘rational/recur‘(z/(l-z-2"2), z, F(n), n);
bytes used=1001928, alloc=417792, time=3.116

{F(n) = F(n - 1) + F(n - 2), F(l1) =1, F(2) = 1]
> ‘rational/recur‘(1/(1-2*z), z, t(n), n);
[t(n) =2 t(n - 1), t(0) = 1)

> ‘rational/recur‘{(z/(1-z)"2, z, s(n), n);
[s{n) = 2 s(n - 1) - s(n - 2), s(l) =1, s(2) = 2]

> ‘rational/recur‘((z+z"2)/(1-z)"3, 2z, r(n), n);
{fr(n) = 3 r{(n - 1) - 3 r(n - 2) + r(n - 3), r(l) =1, r(2) = 4, r(3) = 9]

> ‘rational/recur‘((1+z+z"2+z"°3)/(1-2*z+z"2), z, t(n), n);
[t(n) =2 t(n - 1) - t(n - 2), t(0) =1, t(l)y = 3, t(2) = 6, t(3) = 10]
B.2.7. Procedure rational/relate

Source Code

RS SR RS LRSS LTSRS LE L L
# (C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #
#EHAEHAAAAAARH AR AHARRAF AR HH AR R AR S AR AR H AR AR AR RS

‘rational/relate’( option, F(z), 2z, F(n), n, G(y), y)

Relates sequence encoded by G(y) to F(n), the sequence
encoded by F(z), when option is one of the following:

common denom(G(y)), denom(F(z)) have a common factor
includes case where denom(F(z)) is factor of denom(G(y))
contains denom(G(y)) 1s a factor of denom(F(z))

common will do this case
common calls contains to relate the common factor
super denom of G(y) contains only powers of factors of denom(F(z))

‘rational/relate‘( power, F(z), z, F(n), n, pwr)

Relates sequence encoded by F(z)"pwr to F(n),
the sequence encoded by F(z)

‘rational/relate‘( denom, F(z), z, F(n), n)

find sequence represented by 1/denom(F (z))
can be easily mapped to characteristic generating function

S5 o S o S o S M e M W o SE 3E 3 S oS3k 3 3 o

‘rational/relate' := proc{fn opt, Fz, z, Fn, n)

‘rational/relate/common' := ‘readlib( ’ ‘rational/relate/common‘’,
‘‘.my lib name.‘/rational/relate/common.m‘)’;
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‘rational/relate/contains' := "readlib( ’ ‘rational/relate/contains‘’,
‘‘.my_ lib name.‘/rational/relate/contains.m‘)’;

‘rational/relate/super' := ‘readlib( ’‘rational/relate/super‘’,
‘‘.my_ lib_name.‘/rational/relate/super.m‘)’;
‘rational/relate/denom' := ‘readlib( ’ ‘rational/relate/denom‘’,
‘‘.my_lib_name.‘/rational/relate/denom.m‘)’;
‘rational/relate/power' := 'readlib( ’‘rational/relate/power‘’,

‘‘.my lib_ name.‘/rational/relate/power.m‘)’;
if not type( ‘rational/relate/‘ . fn_opt, procedure) then
ERROR(‘invalid relate option‘, fn_opt)
fi;

if nargs > 5 then

‘rational/relate/' . fn opt(Fz, z, Fn, n, argsl[6..nargs] )
else
‘rational/relate/* . fn_opt(Fz, z, Fn, n)
fi
end:
save ‘rational/relate‘, ‘' . my 1lib name . ‘/rational/relate.m®;
#
# common
#
‘rational/relate/common' := proc{Fz, z, £fn, n, Gy, y)

local Gz, com_fact, term;

‘rational/relate/contains' := ‘readlib( ’ ‘rational/relate/contains‘’,
‘‘.my lib_name.‘/rational/relate/contains.m‘)’;

Gz := subs{y=z, Gy);
# find sequence encoded by common factor in denom’s

com_fact := gcd(denom(normal(Fz)), denom(normal(Gz)) ):
term := ‘rational/relate/contains‘(Fz, z, fn, n, 1/com fact, z);

¥ isolate factors in denom of Gy that are not common with denom Fz
# expand to find sequence that they encode
# termscale for numerators

convert (normal (Gz), parfrac, z):
map( proc(fz, pz, zz)
if degree(gcd(denom(fz), pz), zz) = degree(denom(fz), zz)
then fz else 0 fi end, ", com_fact, z );

‘polynom/termscale’ ( normal ("*com_fact), z, term, n);

" + ‘rational/expand‘( """ - "t 2z, n);

if type(fn, function) then
‘rational/simp‘(", Fz, z, fn, n)

else
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fi
end:

save ‘rational/relate/common?‘,

**' . my 1lib name . ‘/rational/relate/common.m‘;
#
# contains
#
‘rational/relate/contains' := proc(Fz, z, fn, n, Gy, y)
local term, Gz;
‘rational/relate/denom' := ‘readlib( ’‘rational/relate/denom‘’,
‘‘*.my_ 1lib name. ‘/rational/relate/denom.m‘}’;
# find sequence encode by l/denom(Fz)
term := ‘rational/relate/denom‘(Fz, z, fn, n);
# relate sequence encoded by 1/denom(Gy) to term
Gz := subs({y=z, Gy):
denom(normal (Fz))/ denom(normal (Gz)) ;
simplify(");
‘polynom/termscale (", z, term, n);
# termscale for numerator of Gy
‘polynom/termscale® (numer (normal(Gz)), z, “, n) ;
if type(fn, function) then
‘rational/simp* (", Fz, z, fn, n)
else
fi
end:

save ‘rational/relate/contains®,

‘' . my_ 1lib_name . ‘/rational/relate/contains.m?;
#
# super
#
‘rational/relate/super' := proc(Fz, z, fn, n, Gy, y)

local Gz, dd, f, i, new gf;

‘rational/relate/denom' := ‘readlib( ’‘rational/relate/denom‘’,
*‘.my 1lib_ name.‘/rational/relate/denom.m*)’;

Gz := subs(y=z, Gy):;
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dd := denom{normal (Gz));

# iterate until denominator has denom(Gy) as a factor

f := fn*z"n;
new_gf := Fz;
i :=0;

while degree(gcd( denom(new gf), dd), z) <> degree(dd, z) do
f = diff(f, z);

new gf := normal{(diff (new_gf, z});
i = 1i+1
od;
f:=subs(n=n+i, f£f);
f := ‘rational/relate/denom‘{ new gf, z, subs{(z=1l, f), n);
# find polynomial to multiply 1/denom(new_gf) by
# in order to get Gy
# termscale sequence encoded 1/denom(new gf) to find
# sequence encoded by Gy

expand( simplify(Gz * denom(new _gf) });

‘polynom/termscale* (", z, f, n);

if type({fn, function) then
‘rational/simp*(", ¥z, z, fn, n)

else

fi
end:

save ‘rational/relate/super?,

A my lib name . ‘/rational/relate/super.m‘;
#
# denom
#
‘rational/relate/denom' := proc(Fz, z, fn, n)

local nn, dd, pn, pd, temp, cc, 1i;

normal (Fz);

nn := numer ("}
dd := denom("");
if ldegree(nn, z) = degree(nn, z) then

RETURN( subs{n = n + degree(nn, z), fn) / lcoeff(nn, z) )
fi;

# find 1/(nn*dd) = A/nn + B/dd
# where pn = A/nn and pd = B/dd

temp:=convert(l/nn/dd, parfrac, z);
pn := map(proc(f,p,v) if has(gcd(denom(f),p),v) then f else 0 fi end,
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", non, z);

pd := map(proc(f,p,v) 1if has(gcd(denom(f),p),v) then f else 0 fi end,
", odd, z);

pn := normal (pn);

pd := normal (pd);

# find sequence encoded by 1/dd

simplify( pd * nn / Fz );
collect (", z);
cc := coeffs( ", z, ‘temp’ );
0;
for i to nops{(lccl) do
" + ccl[i] * subs( n = n - degree(temp(i]l, 2z), fn )
od;

if type(fn, function) then
‘rational/simp* (", Fz, z, fn, n)

else
n

fi

end:

save ‘rational/relate/denom®,

e my lib name . ‘/rational/relate/denom.m‘;
#
# power
#
‘rational/relate/power® := proc(Fz, z, fn, n, pwr)

local nn, dd, t, i, dnum, dden, target;

‘rational/relate/denom* := ‘readlib( ’‘rational/relate/denom‘’,
**.my lib_ name.‘/rational/relate/denom.m‘)’;

normal (Fz);

nn := numer (");

dd := denom("");

t := ‘rational/relate/denom*(""", 2z, fn, n);
t =t * z"n;

new_gf := 1/dd;

# iterate to find desired power

target := dd " pwr;
i:=0;

while degree(gcd( denom(new gf), target), z) <> degree(target,

t = diff(t, z);:
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new_gf := normal(diff(new_gf, z));
i = i+l

od;

t := subs(n=n+i, t):;

# find sequence encoded by denom, then termscale for numerator
t := ‘rational/relate/denom'( new_gf, z, subs(z=l, t), n);

expand (nn"pwr* denom(new_gf) / target );
‘polynom/termscale (", z, t, n);

if type(fn, function) then
‘rational/simp‘(", Fz, z, fn, n)
else
fi
end:

save ‘rational/relate/power?,

W my lib name . ‘/rational/relate/power.m‘;
Example
> £ := 1/(l-a*z)/(l-b*z);
1
f 1=
(1 - az) (1 -Db 2z
> g = 1/(l~-a*z);
1
g = T
1 ~-az

> ‘rational/relate®{common, £, z, s(n), n, g, 2);
s{n) - b s(n - 1)

> ‘rational/relate‘{(common, g, z, t{(n), n, £, 2z):

> ‘rational/relate‘(contains, f, z, s(n), n, g, 2);
s(n) - b s(n - 1)

> g 1= 1/(1-b*z)/(l-c*z);
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‘rational/relate (common, £, 2z, s(n), n, g, 2z2);

‘rational/relate(denom, z*(1l+z)/(1l-2)"3, 2z, s{(n), n);
- 17/8 s(n) + 5/2 s(n - 1) - 7/8 s(n -

‘rational/relate® (power, z/{(1-z-2z"2), z, F(n), n, 2);
(1/5 n - 1/5) F(n) + 2/5 F(n - 1) n

‘rational/relate® (power, z/{(1-z-z"2), 2z, F(n), n, 3):
2

(- 3/50 n - 1/25 + 1/10 n ) F(n) - 3/25 F(n -~ 1)

f:=1/(1-2%2)/(1-3*z);

g:=1/(1-2%2) 3/ (1-3*z);

(1 -2z (1 -3 2z)

‘rational/relate® (super, £, z, s(n), n, g, z);
2 2

(1 - n = 9n) s(n) + (24 + 3 n + 27 n) s{n - 1)

B.2.8. Procedure rational/simp

Source Code

BHEFBE RS HAHAHARREH AR FHEHEES LR A R A R

#

(C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #

FHAHFHHFHAHHHAAFEHAAE B E R AR AR E  R  RR A

#

S oS B S S 3 ok e SE SE S 9 o

Simplify expressions involving named sequences from RAT .

expr expression to simplify

Fz generating function of sequence
z generating function wvariable

F seqguence name

n index variable

For order deg recurrence, simplfies to F(n-deg+l),
An optional parameter can specify a base, so that
simplifies to F(base-deg+l), ..., F(base)

o r

A MAPLE procedure can be passed as a optional parameter
Coefficient of F(base-i) 1is collected when done and the
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# procedure is applied to each coefficient

#
‘rational/simp‘ := proc(expr, Fz, z, F, n)
local ¢, d, deg,
recur, back_recur, # recurrences
i, base, s_proc;
‘rational/simp/walk' := 'readlib{(’ ‘rational/simp/walk‘’,
*‘“'.my 1lib name . ‘/rational/simp/walk.m‘ )’;
#
# get optional parameters
#
base := n;

s_proc := NULL;
for i from 6 to nargs do
if typelargs|[i], procedure) then

s _proc := args{i]
else
- base := args|[i]
fi
od;
#
# build recurrence equations for simplification

denom{(normal (Fz));

expand (") ;

simplify("/tcoeff (", z)/z"ldegree(™, z))};
¢ := ‘polynom/coeffs* (", z, 'd’);

deg := degree( d{ nops({d]l) 1, z);

recur := 0;
back recur := 0;

for i from 2 to nops([d]) do

recur := recur - c[i] * subs(n=n-degree(d[i], z), F);
od;
recur := F = recur;
for i from 1 to nops([d]) -1 do
back_recur := back recur
-~ c[il/cl nops{[d]) 1
* subs (n=n+deg-degree(d[i], z), F);
od;
back_recur := F = back_recur;
#
# Walk the expression, and simplify any terms not in
# F(base-deg+l), ..., F{(base)
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‘rational/simp/walk*(expr, op(0,F), n, recur, back _recur, deg, base);
expand (") ;

H=

Collect coefficients of F(base-i)

subs(n = base-’i’, F)$’1i’=0..(deg-1);
if s_proc = NULL then
collect (™, ["], distributed)

else
collect ("*, ("], distributed, s_proc)
fi
end:
save ‘rational/simp‘, ‘. my lib name . ‘/rational/simp.m*;
#
# Walk expression, find occurences of F{()
#
‘rational/simp/walk® := proc(expr, F, n, recur, back recur, deg, base)
‘rational/simp/sub’ := ‘readlib(’ ‘rational/simp/sub‘’,
** . my_ lib name . ‘/rational/simp/sub.m®
if not has(expr, F) then
RETURN (expr)
fi;
if type(expr,function) and op(0,expr) = F then

RETURN (‘rational/simp/sub’(expr, n, recur, back recur, deg, base));
fi;

map ( proc({x, al, a2, a3, a4, a5, a6)
‘rational/simp/walk‘(x,al,a2,a3,a4,a5,a6) end,
expr, F, n, recur, back_recur, deg, base)
end:

save ‘rational/simp/walk‘, ‘. my__lib name . ‘/rational/simp/walk.m‘;

#
# Bpply recurrence to simplify occurences not in

# F(base-deg+l), .. F(base)
#
‘rational/simp/sub® := proc(f, n, recur, back recur, deg, base)

local ¢, 1i;
c := op(f) - base;

if type(c, integer) then
if ¢ > 0 then
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£

for i from ¢ by -1 to 1 do
subs( subs( n = base + i, recur), "):
simplify (™)

od;
elif c<= -deg then
£;
for i from ¢ to -deg do
subs( subs(n = base + i, back_recur), ");
simplify (")
od
else
f
fi
else
£
fi
end:
save ‘rational/simp/sub‘, ‘. my__ lib_name . ‘/rational/simp/sub.m‘;
Example

> ‘rational/simp*(F(n+l1)+F (n)+F (n-1), 1/(l-z-z"2), z, F(n), n);
2 F(n) + 2 F(n - 1)

> ‘rational/simp*("™, 1/(l1-z-z"2), z, F{(n), n, n+l);
2 F(n + 1)

> ‘rational/simp*(“, 1/(l1~z-2"2), z, F(n), n, n-1);
4 F(n - 1) + 2 F(n - 2)

B.3. Summation Procedures

B.3.1. Procedure simple_sum
Source Code

ISR SE LRSS LRSS ELEILEIETELIEE S
# (C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #
FHEHHRAAA A AR AR AR R AR R R BB AR SRR

#

#

# Evaluates the indefinite sum of Fn

#

# Fz Generating function of summand

$ z Generating function variable

# Fn Summand - ratseq expression or sequence name
# n Index for solution sequence

#

simple_sum := proc(Fz, z, Fn, n)

local m, term, nn, dd;
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normal (Fz);
nn := numer(");
dd := denom("");

# find factors of (1-z) in denom of Fz
m := degree( gcd( (1-z)~degree(dd, z), dd), z);
# this must be a polynomial summand

if m = degree(dd, z) then
if type(Fn, function) then
‘rational/relate( super, Fz, z, Fn, n, Fz/(1-z), z);
‘rational/simp*(", Fz, z, Fn, n)
else
‘rational/expand( Fz/(l-z), z, n)
fi;
RETURN (")
fi;

# non - polynomial, apply pfrac

dd := expand( simplify( dd/(l1-z)"m )} ):

convert (1/dd/(1-z), parfrac, z, true);

¥ expand resulting generating functions

if degree( gcd( denom(op(l,"))}, 1-2z), z) > O then

term := ‘rational/expand( nn*op(l,")/(1-z)"m, 2z, n)
+ ‘polynom/termscale’( simplify( op(2,")*dd), z, Fn,

else
term := ‘rational/expand‘( nn*op(2,")/(1l-z)"m, 2z, n)
+ ‘polynom/termscale’( simplify( op(l,")*dd), z, Fn,
fi;

if type(Fn, function) then

term := ‘rational/simp‘(term, Fz, 2z, Fn, n)
fi;
term

end;

Example

> simple sum(z/(l-z-z"2), z, F(n), n);
-1+ 2 F(n) + F(n - 1)

> ‘rational/simp“ (", z/(l-z-2"2), z, F(n), n, n+2);
-1+ F(n + 2)

> simple sum(z*(1l+z)/(1-2)"3, z, n"2, n);
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n (1/2 n + 1/2y (1/3 n + 2/3) +1/2 (n - 1) n (1/3 n + 1/3)

> normal (%) ;
3 2
1/3 n +1/2 n + 1/6 n

> factor(™):;
1/6 n (n + 1) (2 n + 1)

> simple_sum(z/(1-z)"2, z, n, n);
n (1/2 n + 1/2)

> normal (") ;
1/2 n (n + 1)

B.3.2. Procedure hybrid_sum

Source Code

FHEFHAHHAHE AR A AA AR R R R R R
# (C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #
FHEHHF A HAHH RS HAH AR AR AR R R R R R

Evaluates hybrid sums and convolutions

Conv convolution gf -- for hybrid sum use 1/(l-2)
must be a diagonal gf of the product of variables
used in Gfs
Gfs list of gfs and sequences for the hybrid term
each item in list is a list [gf, z, £fn]
where gf is generating function,
z is generating function variable
fn is sequence encoded by gf
each z must be distinct
element index for solution

Optional args

cterms = [list of convolution terms]
list is same format as Gfs except variables need
not be distinct
used to pass list of factors defing the gf Conv
file = name
file
write intermediate results to file
if no name given write to terminal
rfile = name
rfile
write result to file
if no name given write to terminal
flags = ([list]
list of flags to control intermediate results that are output

S o S S S ot S e o Sk o o S S S Sk oS o i e S e W S o S 3E W G 3
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choices are
P results of partial fractions
T term resulting from expanding each generating function
W print data used to expand final generating function
R print final result

H H= = S = A

hybrid_sum := proc(Conv, Gfs, element)
local term, temp, v, i, var, gf, F, cnst, ¢, conv, gfs,
conv_terms, output, out_ file, res out, res file, out_options;

%=

process optional args

conv_terms := [];

output := false;

res_out := false;
out_options := [‘P', ‘R‘];

gfs := Gfs;
conv := Conv;

for 1 from 4 to nargs do
if typel(args[i], ‘=‘) then
args([i];
op(l,");
if " = ‘cterms' then
conv_terms := op(2,"")
elif * = ‘file' then
out_file := op(2,"");
output := true
elif " = ‘rfile‘ then
res_file := op(2,"");
res_out := true
elif " = ‘flags‘ then
out_options := op(2,"")
fi
else
args|[i];
if " = *file' then
output := true;
out_file := ‘terminal’
elif " = ‘rfile‘ then
res _out := true;
res_file := ‘terminal’
fi
fi
od;

#

# determine product of all gf variables
#
v = 1;
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for i to nops(gfs) do
v := v * op{2,0p(i,gfs))
od;

if output then
writeto(out_file)
fi;

#
# process all but last gf
#

while nops(gfs) > 1 do
# get generating function and sequence it encodes

op(l,gfs};

gf := op(1l,");
var := op(2,"");
F := Op(3,"""),’

# do partial fractions
temp := convert(conv / denom(gf), parfrac, var, true);

if output and has{out_options, ‘P’) then
print (‘Partial fractions‘, temp)
fi;

# discard term that expands to 0

temp := map({proc(f,v) 1if ‘polynom/hasprod:(denom(f),v)
then 0 else £ fi end,
temp, denom(conv));
temp := normal (temp);
vi= v/var;

# remaining term is a product
# extract factors that involve the denom of the gf

c:= 1/ map(proc(f,v) if ‘polynom/hasprod*(f,v) then f else 1 fi end,
denom(temp), denom(gf) );
temp := numer (temp) /
map (proc(f,v) if ‘polynom/hasprod*(f,v) then 1 else f fi end,
denom(temp), denom(gf) };

#

# temp is product of factors not involving denom of gf
# the denom of temp is new convolution gf

# the num of temp is polynomial of v and var

# use it to termscale sequence F encoded by gf

#

cnst := denom(gf) / denom(temp):;
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term := ‘polynom/termscale‘ (numer(temp), var, F, element);
# simplify if F is a function

if type(F, function) then
normal (term) ;

term := ‘rational/simp*{(numer (“), gf, var, F, element)/denom{")
£fi;

if output and has(out_options, ‘T’) then
print (*Term*, term)

£i;
conv := term*c*cnst;
gfs := [op(2..nops(gfs),gfs)]
od;
#
# one gf left
#
op(l,gfs);
gf := op(1l,");
var := op(2,"");

F := op(3’llll")’.
#

# apply partial fractions, isolate terms that make up denom of gf
#

temp := convert(conv / denom(gf), parfrac, var):

if output and has(out_options, ‘P’) then
print (‘Partial fractions‘', temp)

fi;

c := map(proc(t,f,v) if has(gcd(denom(t),f),v) then 0 else t fi end,
temp, denom{gf), var);

temp := normal (temp - c);

if typel(c, ‘+') then

c := map(proc(f,g) £*g end, c, numer(gf))
else

c = c * numer(gf);
fi;
cnst := simplify(denom(gf) / denom(temp) ):

‘polynom/termscale® (numer (temp), var, F, element);
if type(F, function) then

normal (") ;

‘rational/simp* (numer (™), gf, var, F, element)/denom("™)
else

fi;
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term := " * cnst;

if output and has(out options, ‘T’) then
print (*Term‘, term)

fi;

#

# expand other terms in resulting gf

# envoke wrap up in attempt to relate it to
# input gf’s or convolution gf’s

#

if typel(c, ‘+') then

term := term + map(wrap_up,c,var, [op(Gfs), op(conv_terms)],element,
output and has(out_options, ‘W’) )

else
term := term + wrap_upl(c,var, [op(Gfs), op(conv_terms)],element,
output and has(out_options, ‘W') )
fi;

if output and (has(out_options, ‘R’) or has(out_options, ‘T’)) then
print (*Result‘, term)
fi;

if res_out then
writeto(res_file};
print (*Result‘, term)

fi;

writeto(’terminal’);

term
end:

#

# uses ‘polynom/equate‘ to determine if gf can be related
# to any of the gf’s in Gfs using the scale rule or the

# power rule, otherwise expand gf

#

wrap_up := procl(qgf, var, Gfs, element, output)
local i, g, v, £, res, t, temp;

for i to nops(Gfs) do

op(i,Gfs);
g := op(l,");
v = op(2,""):
f = op(3,""");
if ‘polynom/equate’(denom(normal(g)), v, denom(normal(gf)), var, ‘res’)
then
t := ‘rational/relate‘(’denom’, g, v, f, element);
t:= t/op(l,res) * op(2,res)”element;
temp := ‘polynom/termscale‘( numer (normal(gf)), var, t, element);
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if output then
print (‘Wrap-up‘, gf, ‘expands to‘', temp)
fi;

RETURN (temp)

fi
od;
if output then

print (‘Wrap-up‘, gf, ‘does not expand‘)
fi;

"*Rat_expand’’ (gf,var,element)

end:
Example
> c4;
1
l -xyz
> gf4;
1 n y z
[[~====-= ¢ X0 2 ), [mmmmemm— ¢ Yo nly [-=mmmmmmee ¢ 2, F(n}1]
1 -2 x 2 2
(1 - y) l -2z -2
> hybrid_sum(c4, gf4, n);
n n n n
1/5 (-2 2 + 62 n) F(n) + 1/5 (-2 2 + 22 n) F(n - 1)
n n (n - 1) (n - 1)
-1/10 (- 22 +2 2 n) 2 (1/4)
n (n - 1)

+ 1/5 2 n (1/2)

> map (simplify, ");
(n + 1) n (n + 1) (n + 1)
1/5 (- 2 + 62 n) F(ny + 1/5 (- 2 + 2 n)y F(n - 1)

+ 2/5

> map(factor, ");
(n + 1) n (n + 1)

1/5 (- 2 + 6 2 n) F(n) + 1/5 2 (n - 1) F(n - 1) + 2/5
>
> #
> # sum(i+j+k=n, 1*2°3*k*F(k) )
> #
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> cl9;

(1 - w z) (1L - 2 w z)

> gfl9;

[[-====—m- ¢ W, nl, [moeeemmm—— 2z, F(n)]]

> hybrid sum(cl9, gf19, n);

(n - 1)
(- 13 n - 13) F(n) + (-8 n-8) F(n - 1) - (- 8 n - 40) 2
(n - 1)
- 8n 2 +4n-12 + {n -5 n-2n (1/2 n + 1/2)
> map (simplify, ");
(n - 1)
(- 13 n - 13) F(n) + (- 8 n - 8) F(n - 1) - (- 8 n - 40) 2
n
-4n2 4+ 4n-12 + {(n - 5 n~-n (n + 1)
> map (factor, ");
(n - 1) n
- 13 (n+ 1) F(n) - 8 (n + 1) F(n - 1) + 8 (n + 5) 2 - 4n 2

+4n-12 + (n - 5 n-n (n + 1)

> frontend( collect, [", [F(n), F(n-1), 2"n)], distributed, simplify]l);
n
- 13 F(n) n- 13 F(n) -8 F(n - 1) n -8 F(n-1) + 202 -2n - 12

B.3.3. Procedure convolve
Source Code

S EEEd i s E SRS SIS SIS EEEE S
# (C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #
FHEHHHHH A A B AR A S4B A B A AR H AR AT R R R A R R
#

Extended closed form expressions for convolutions on RAT SEQ

Gfs 1list of gfs, each item is list [gf, p, fn]
where gf is the gf in variable var
p is the power of that factor
(number of times fn is factor in the convolution)
fn function encoded by gf

H= H R R S K H H

var generating function variable
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#

element index for solution

#

# optional arg

# debug turns on debug messages

# useful trace of execution
#

convolve := proc(Gfs, var, element)

local i, j, items, gf_num, gf den, fn, gf, deg,

list_sub, list_sup, gf_sub, gf sup, d, term,

debug_it := false;
if nargs > 3 then
if args([4]='debug’ then

debug_it := true

fi
fi;
items := nops(Gfs);
gf num := array(l..items);
gf den := array(l..items);
fn := array(l..items);
gf sub := array(l..items);
gf_sup := array(l..items);
prod num := 1;

prod_den := 1;
for i to items do
# get gf

op(i, Gfs);

gf := op(l,");
deg := op(2,""});
f = Op(3,""“);

# build gf of solution
# build lists of numer, denom for later use

normal (gf~deg) ;

gf num({i] := numexr(");
prod num := prod_num * "“;
gf_den[i] := denom("""});

prod_den := prod _den * “;

# store sequence encoded by gf

fn[i] := ‘rational/relate‘(power, gf, var, £,
gf sub[i] := 0;
gf supl[i} := 0

od;
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#

# Do a very large partial fractions expansion
#

prod_den := convert(l/prod_den, parfrac, var);
if not type(", ‘+‘) then
# 1f single term, find expansion

op(l, Gfs):

gf := op(1l,"):
deg := op(2,""});
f = op(3,""");

‘rational/relate® (super, gf, var, £, element,
normal (prod num*prod den), var);

normal (") ;
if type(f, function) then
‘rational/simp® {(numer(*), gf, var, £, element, normal)
/ factor (denom("})
else
simplify (")
if type(f, polynom, element) then

normal (") ;
collect (numer ("), element) / factor(denom('"))
else
factor (");
fi
fi;
RETURN (")
fi;

#
# Relate each term in parfrac expansion to an input gf

# Sum up terms in arrays gf sub[] and gf supl]
#

for i to nops( prod den )} do
gf := op(i, prod_den);
list_sub := [1;
list_sup := [];

d := denom(gf);
for j to items do
deg := degree( gcd(d, gf _den(jl), var);
if deg > 0 then
if deg = degree(d, var) then
# d is factor of denom
list sub := [op(list_sub), jJl
else
# d has common factor with denom
# BUT has higher degree that the factor in denom
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list_sup := [op(list_sup), 3j]
fi
fi
od;

if debug it then
print (i, list_sub, list_sup)
fi;

#
# add d to entries in gf_sub(] or gf supl(]

# corresponding to the gf with which d has common factors
#

if nops(list_sub) > 0 then
for j to nops(list_sub) do

gf_sublop(]j,list_sub)] := gf_subfop(j,list_sub)] + gf/nops(list_ sub)
od
else
for j to nops(list_sup) do
gf_suplop(j,list_sup)] := gf suplop(j,list_sup)] + gf/nops(list sup)
od
fi

od;

if debug_it then
for i to items do
print (gf_sub(i], gf sup{il)
od
fi;

#
# Expand the gf’s stored in gf_sub[] and gf supl]

# by relating them to the sequences encoded by the input gf’s
#

term := 0;

for i to items do
op(i, Gfs);
gf := op(l,");
deg := op(2,"");
f = Op(3,"""),’

normal (gf_sub[i]l*prod_num*gf_den{il]l/gf num(il);

if gf sup[i] <> 0 then
# have factors in denom with higher powers than in gf
‘rational/relate® (super, gf, var, f, element,

normal (gf sup(il*prod_num + " ), var)
else

# have polynomial times gf
‘polynom/termscale (", var, fn[i]l, element)
fi;
normal (") ;
if type(f, function) then
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‘rational/simp® (numer("), gf, var, f, element, normal)
/ factor (denom("))
else
simplify(™);
if type(f, polynom, element) then
normal (™} ;
collect (numer ("), element) / factor(denom(™))
else
factor (™)
fi
fi;
term := term + ";

od;

#

# Return the result
#

term

end:

Example

> read data;

> convolve (", z, n);
(- 5a-3) F(n) + (- 3 a-2) F(n - 1) (-1 +a)n+ 3a-2

_______________________________________ g
2 2
-a-1+a (- 1 + a)
(2 + n)
a
b e
2 2
(- 1 + a) (-a=-1+ a )
> &
> # convolve F(i) F(j) k for i+j+k=n
> &
> [([z/(l-2-272), 2, F(n}l, {z/(l1-z)~2, 1, nll;
z z
| , 2, F(myl, [-—=--—- , 1, nl]]
2 2
1 -z -z (1L - z)

> convolve (", z, n);
1/5 (7 n - 32) F(n) + 1/5 (4 n - 20) F(n - 1) + n + 4
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B.4. Harmonic Number Procedures

B.4.1. Procedure harmonic/plog
Source Code

(33333233 RSN EESS SIS EE S
# (C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #
i F3 333 SRS TSI ETEII IS LS
#

#

# Expands the multivariate poly-log generating function
#

# 1

L prod(i=l..c, 1In(l/(1-z.i})
# (l-prod(i=l..c, z.i))})"™m

#

# ¢ number of generating fucntion variables

# m degree of convolution

# n 1index variable for solution

#

‘harmonic/plog' := proc{c,m,n)

local fn, sn, i, C;

# procedure to compute a binomial coefficient
C:= proc(n,k) local i; product((n+l-i)/i, i=1..k) end;

if c¢c=1 then
# have a harmonic number

fn := "H’ (m, n)
elif m=1 then
# have 1/k
sn := ‘harmonic/plog‘'(c-1, m, n);
fn := ( (n+l)*subs{n=n+l, sn) - Cl{c+n-1, c-1) ) / (c-1);
else
# have 1/k"m
sn := n* ‘harmonic/plog‘{c-1, m, n):
fn := sn - ‘harmonic/plog‘{c-1, m-1, n):
fn := subs(n=n+1, fn)/(c-1)
fi;

expand (fn);
collect (", ['H’ (m+l1-'1', n+c-1) $ ’1’=1..m]);

map (factor, ")
end:

Example

> ‘harmonic/plog‘(l, 1, n):
H(1, n)

> ‘harmonic/plog‘(l, 2, n):

196



H(2, n)

> ‘harmonic/plog‘{2, 1, n):
(n + 1) H(1, n + 1) = n -1

> ‘harmonic/plog‘(3, 1, n):

2
1/2 (n + 2) (n + 1) B(l, n +2) - 3/2 -3/4n - 9/4n
> #
> # the sum of H(m,n)
> #
> ‘harmonic/plog‘(2, m, n):

H{m, n+ 1) n + H(m, n + 1) - H{m - 1, n + 1)

> ‘harmonic/plog‘(3, 3, n):
1/2 (n + 2) (n + 1) H(3, n+ 2) - 1/2 (3 + 2 n) H{(2, n + 2)

+ 1/2 H(1, n + 2)

B.4.2. Procedure harmonic/simp

Source Code

HELFE A AHEE A A A AR F A A SRS SRR AR A AR R A A
# (C) Copyright 1991 by Robert Andrews Ravenscroft, Jr. #
FHAGBHHAFRHLR AR A H AR HH R AH A AR A HR AR R H A AR R R R
#

Simplifies expression involving harmonic numbers
Expects ALL harmonic numbers to be expressed as H({m,n)
where, H(m,n) = sum{(i=l..n, 1/i"m),

Thus, H(n) should be written as H(1l,n)

expr expression to simplify
n index to simplify all Harmonic numbers relative to

F= F M M S S H H o I

‘harmonic/simp' := proc(expr, n)
local v, h list, m list, m, i, res;

# find all harmonic numbers in expression
# h_list is actually a set to eliminate multiple occurances
h list := ‘harmonic/simp/walk‘(expr):;

res ;= expr;
m list := [];
# for each harmonic, express it relative to H{(m,n)
for i in h_list do
v := op(2,1i) - n;:
if type(v,integer) then
m := op(l,1i);
if not member{(m, m_list) then
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m_list := [op(m_list), m]
£i;
if v < 0 then
0;
for j to -v do
"+ 1/(n+1-3j)"m
od;
res := subs(i=H{m,n)-", res)
elif v > 0 then
0;
for j to v do
" + 1/(nt+3j)"m
od;
res := subs(i=H(m,n)+", res)
fi

fi
od;

map ( proc{m,n} ‘H’{m,n) end, m list, n);
collect (res, ", distributed, simplify)
end;

‘harmonic/simp/walk' := proc(expr)
local 1i;

if not has(expr, ‘H’) then
{}

elif type(expr, function) and op(0,expr)=’'H’ then
{expr}

else

{}s;
for 1 to nops(expr) do
{ op("), op( ‘harmonic/simp/walk‘{op(i,expr)) ) }
od
fi
end;

Example

> ‘harmonic/simp*(H(l,n), n+l);
H(l, n + 1) - ———--

> ‘harmonic/simp*(H(1l,n), n-1);
H(l, n - 1y + 1/n

> ‘*harmonic/simp* (", n);
H(1l, n)

> ‘harmonic/plog‘*(3, 3, n);
1/2 (n + 2) (n + 1) H(3, n + 2y - 1/2 (3 + 2 n) H(2, n + 2)
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+ 1/2 H{(1, n + 2)

> ‘harmonic/simp*(", n);
1/2 H(1, n) + 1/2 (n + 2) (n + 1) H{(3, n) + (- 3/2 - n) H{(2, n)
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