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1 IntroductionPlanar point location is a fundamental geometric searching problem and has been extensivelystudied. Given a subdivision S of the plane into polygonal regions, we want to perform on-linequeries that ask for the region of S containing a given query point. In the static case, where S is�xed, there are optimal techniques that achieve O(logn) query time using O(n logn) preprocessingtime and O(n) space [4, 9, 21], where n is the size of S.Research on dynamic algorithms for geometric problems has received increasing attention in thelast years. A survey on the subject appears in [3]. Previous results on dynamic point location datastructures, where queries are intermixed with update operations that insert or delete vertices andedges, are summarized below. In the following, we denote with n the current size of the subdivision.Also, time complexity bounds are worst-case unless otherwise stated.The technique of Overmars [15], based on the segment-tree, deals with subdivisions whoseregions have a bounded number of edges, such as triangulations. The update operations supportedare inserting and deleting edges and isolated vertices. This method uses O(n logn) space and hasO(log2 n) query and update times (amortized for vertex insertion/deletion). Fries, Mehlhorn, andNaeher [5, 6] present a data structure for general subdivisions withO(n) space, O(log2 n) query time,and O(log4 n) amortized update time, using an approach based on the static chain-method [10].The update operations supported are inserting and deleting edges and isolated vertices. If onlyinsertions are performed, the update time is reduced to O(log2 n) amortized.Preparata and Tamassia give two dynamic techniques for monotone and convex subdivisions,respectively [18, 19]. The data structure for monotone subdivisions [18] supports inserting verticeson edges, inserting monotone chains of edges, and their inverses. The space requirement is O(n).The query time is O(log2 n). Vertices can be inserted or deleted in time O(logn), and a monotonechain with k edges can be inserted or deleted in time O(log2 n + k) (thus inserting or deleting asingle edge takes O(log2 n) time) [18]. All bounds are worst-case. The data structure for convexsubdivisions [19] is based on the trapezoid method [16]. It further assumes that the vertices lie ona �xed set of N horizontal lines and achieves space O(N + n logN), query time O(logn + logN),and update time O(logn logN) [19].Tamassia [22] presents a technique for point location in triangulations which allows a trade-o� between query and update time. It is based on the dynamization methods for decomposablesearch problems [14]. The update operations are inserting a \star" (vertex and three edges) in-side a region and swapping the diagonal of a convex quadrilateral formed by adjacent regions.It is shown that for any smooth nondecreasing integer function b(n) with 2 � b(n) � pn, thereexists a dynamic point location data structure with O(n) space, O((log2 n)= log b(n)) query time,and O((log2 n)b(n)= log b(n)) update time [22]. By setting b(n) = 2, we obtain O(log2 n) queryand update times. By setting b(n) = logn, we obtain O((log2 n)= log logn) query time andO((log3 n)= log logn) update time. Finally, by setting b(n) = n�, we obtain O(logn) query timeand O(n� logn) update time [22].Cheng and Janardan [2] present two methods for dynamic planar point-location. Their �rstmethod achieves O(log2 n) query time, O(logn) time for inserting/deleting a vertex, and O(k logn)time for inserting/deleting a chain of k edges. Their second method achieves O(logn log logn+ k)time for inserting/deleting monotone chains, at the expense of increasing vertex insertion/deletiontime to O(logn log logn) and increasing the query time to O(log2 n log logn). Both methods useO(n) space and are based on a search strategy derived from priority search trees [11]. As emphasizedby the authors, such methods are mainly of theoretical interest, because they involve rather complexmanipulations of data structures.Very recently, Goodrich and Tamassia [8] have shown how to dynamically maintain a monotone1



subdivision so as to achieve O(n) space, O(log2 n) query time, O(logn) time for vertex inser-tion/deletion, and O(logn + k) time for the insertion/deletion of a monotone chain of k edges.Their method is based on a new optimal static point-location data structure that uses two inter-laced spanning trees, one for the subdivision and one for its graph-theoretic dual, to answer queries.The link-cut trees of Sleator and Tarjan [20] are used to dynamize the method, which is relativelyeasy to implement. A variation of this method supports updates in a semi-dynamic environmentwhere only insertions are performed. Two semi-dynamic data structures are presented, one withO(logn) query and insertion time (worst-case for queries and amortized for insertions), and theother with O(logn log log n) query time and O(1) amortized time for insertions.In this paper we present a fully dynamic data structure for point location in a monotonesubdivision, based on the trapezoid method [16]. The update operations supported are insertionand deletion of vertices and edges, and horizontal translation of vertices. Point location queriestake O(logn) time, while updates take O(log2 n) time (amortized for vertex insertion/deletion andworst-case for the others). The space requirement is O(n logn). This is the �rst fully dynamicpoint location data structure for monotone subdivisions that achieves optimal query time andpolylogarithmic update time.To compare our result with previous ones, we note that� The fully dynamic data structures of Cheng-Janardan [2] and Goodrich-Tamassia [8] haveslower query time but faster update time and less space requirement (both by a log n factor).� The fully dynamic data structure of Preparata-Tamassia [19] has the same performancebounds but is limited to convex subdivisions and to a �xed set of lines on which the ver-tices can be placed.� The fully dynamic data structure of Tamassia [22] achieves the same query time but is limitedto triangulations and has a substantially higher (O(n� logn)) update time.� The semi-dynamic data structure of Goodrich-Tamassia [8] has the same query time andbetter insertion time, but is limited to insertions only.It is conceivable that in many practical applications point location queries are the most criticaloperations, so that our method is especially suitable for them.Our technique extends to general monotone subdivisions the previous results of Preparata andTamassia for convex subdivisions with vertices on a �xed set of N horizontal lines [19]. Several newideas have been used to achieve such an extension. We leave as a challenging open problem thedynamization of the trapezoid method for point location in general (nonmonotone) subdivisions.The rest of this paper is organized as follows. Section 2 contains preliminary de�nitions andresults. In Section 3 we present a data structure for monotone subdivisions with vertices on a �xedset of horizontal lines. We show how to remove this restriction in Section 4, which describes thefully dynamic data structure for monotone subdivisions.2 PreliminariesA polygonal chain is monotone if any horizontal line intersects it in at most one point. A monotonepolygon r is such that its boundary can be partitioned into two monotone chains, which share thehighest and lowest vertices of r. A planar subdivision S is a partition of the plane into polygons,called the regions of S. We allow unbounded region and vertices at in�nity. A monotone subdivisionS is a planar subdivision where each region is a monotone polygon. We assume that the edges of a2



monotone subdivision are oriented from the lowest to the highest endpoint. For additional geometricde�nitions, see [17].We de�ne the following update operations on a monotone subdivision S:insertvertex(v; e; e1; e2): Split edge e = (u; w) into edges e1 = (u; v) and e2 = (v; w) by insertingvertex v along e.removevertex(v; e1; e2; e): Let v be a vertex of degree two such that its incident edges e1 = (u; v)and e2 = (v; w), are on the same straight line. Remove v and merge e1 and e2 into a singleedge e = (u; w).insertedge(e; v1; v2; r; r1; r2): Insert edge e = (v1; v2) into region r such that r is partitioned intotwo regions r1 and r2, with r1 on the left of e and r2 on the right of e.removeedge(e; v1; v2; r1; r2; r): Remove edge e = (v1; v2) and merge the regions r1 and r2 for-merly on the left and right of e into a new region r. This operation is allowed only if theresulting subdivision is monotone.movevertex(v; x): Translate a degree-two vertex v horizontally so that its x-coordinate becomesx. This operation is allowed only if it yields a topologically equivalent subdivision.The above repertory is complete for the class of monotone subdivisions:Theorem 1 An arbitrary monotone subdivision S with n vertices can be assembled from the emptysubdivision, and disassembled to obtain the empty subdivision, by a sequence of O(n) insertver-tex, removevertex, insertedge, removeedge, and movevertex operations. Also, such asequence can be computed from S in O(n) time.Proof: Let S 0 be a triangulation of S, which can be computed in O(n) time [7]. As shown in [22],a triangulation with n vertices can be assembled/disassembled using a sequence of the followingoperations:insertstar(v; r; r1; r2; r3): Add vertex v inside region r and edges between v and the three verticesof r, which is decomposed into new regions r1, r2, and r3.removestar(v; r1; r2; r3; r): Remove degree-3 vertex v and its incident edges, which merges thethree regions formerly containing v into a new region r.swapdiagonal(e; r1; r2): Let e be an edge such that the union of the two regions on the twosides of e is a convex quadrilateral. Remove e and reinsert it as the other diagonal of thequadrilateral, thus creating two new regions r1 and r2.To assemble subdivision S, we �rst construct S 0 by simulating each of the above operationswith O(1) operations of our repertory: for insertstar, assuming that a, b, c are the vertices ofthe triangular region (see Fig. 1(a) ), we insert vertex v on (a; c), move vertex v, insert edges(a; c) and (b; v); removestar is the inverse operation of insertstar; for swapdiagonal, let thetwo triangular regions be 4abd and 4bdc, which share a common side (b; d) (see Fig. 1(b)). Wesimulate by removing edge (b; d) and then inserting edge (a; c). Next, we remove the triangulationedges of S 0 with a sequence of O(n) removeedge operations. 2In the following, we shall make use of biased binary trees [1], which are binary search trees whoseleaves store weighted items. Let w be the sum of all weights. We have that the depth of a leafwith weight wi is at most log(w=wi) + 2, and each of the following update operations can be donein O(logw) time: change of the weight of an item, insertion/deletion of an item, and split/spliceof two biased trees [1]. 3
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Figure 1: (a) Simulation of insertstar and removestar; (b) simulation of swapdiagonal.3 Data Structure for a Fixed Set of Y-CoordinatesIn this section we study a restricted version of dynamic point location where all vertices of amonotone subdivision S lie on a �xed set L of N horizontal lines. Let L = fl1; l2; � � � ; lNg be a setof horizontal lines, in this order from bottom to top, with l1 de�ned by y = �1 and lN de�ned byy = +1. The lines of L partition the plane into horizontal strips, called elementary slabs; the topmost and bottom most elementary slabs are actually half planes. A slab is either an elementaryslab or the union of two contiguous slabs.3.1 Decomposing a Subdivision into TrapezoidsOur point location method is based on a recursive decomposition of the subdivision S into trape-zoids, which is an extention of [16]. A trapezoid � is a quadrilateral with two horizontal sides thatlie on the lines of L. We use left(�), right(�), bot(�), and top(�) to denote the four sides of� . Let bot(�) and top(�) be on lines li and lj, respectively, then the median line of � , denoted bymedian(�), is the line lm with m = b(i + j)=2c. The subdivision S is the trapezoid with the leftand right sides at in�nity and bot(S) = l1, top(S) = lN (thus all four sides are at in�nity).A monotone chain is said to span a trapezoid � if it has a subchain that is inside � and intersectsthe boundary of � in two points on bot(�) and top(�), respectively. An edge e of S that spans �is called a spanning edge of � . Spanning edge e partitions � into two trapezoids �L and �R, withe = right(�L) = left(�R).A spanning region of a trapezoid � is a region r of S such that (i) both the left and right chainsof r span � , and (ii) r contains a segment that spans � . Let r be a spanning region of � and r0 bethe portion of r inside � . We say that r0 is a gap of � if r0 does not have spanning edges of � , i.e.,each of the left and right chains of r0 has at least two edges. It is easy to see that r is a spanningregion of � if and only if the right convex hull of the left chain of r0 and the left convex hull of the4



right chain of r0 do not cross (but are allowed to touch), see Fig. 2(b). If r0 is a gap, the spanningtangents of � in r0 are de�ned as the two (possibly coincident) spanning segments of � that aretangent to the left and right chains of r0. A spanning tangent t decomposes � into two trapezoids�L and �R, with t = right(�L) = left(�R).The decomposition of � by means of a spanning edge or tangent is called a vertical cut (seeFig. 2(a,b)). If a trapezoid � has neither spanning edges nor spanning tangents, we decompose it byits median line median(�) into two trapezoids �B and �T , with median(�) = top(�B) = bot(�T ).This is called a horizontal cut (see Fig. 2(c)). A trapezoid can always be decomposed unless it isempty. We let a vertical cut take precedence over a horizontal cut. Therefore the decompositionprocess is unique up to within the speci�cation of the sequence of consecutive vertical cuts of thesame trapezoid and the choice of spanning tangents. An example of recursive decomposition of atrapezoid is shown in Fig. 3(a).
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Figure 4: Canonical decomposition of a trapezoidof vertices, edges, and regions, so that their associated substructures in the trapezoid tree can bee�ciently accessed. We denote with n the current number of vertices of S.The trapezoid tree, denoted T (S), is a binary tree that represents the recursive decompositionof the subdivision S into trapezoids. Each node � represents a trapezoid � of the decompositionand stores an integer weight(�), denoting the number of vertices inside � excluding those on theboundary. There are four types of nodes: an "-node corresponds to an empty trapezoid, and isalways a leaf of the trapezoid tree. The other types (and corresponding cuts) are: O-node (spanningedge), R-node (spanning tangent), and r-node (median line). In the �gures, we use squares for"-nodes, circles for O-nodes and R-nodes, and triangles for r-nodes (the terminology and symbolsfollow [16]).The trapezoid tree T (�) for a trapezoid � is recursively de�ned as follows (see Fig. 3(b)):1. If � is empty, then T (�) consists of a single "-node.2. If � has no spanning edges or tangents, the root of T (�) is a r-node storing the median lineof � and two pointers lc and rc (to nodes of hull trees, to be speci�ed later); the left and rightsubtrees of T (�) are the trapezoid trees T (�B) and T (�T ), respectively.3. If � has spanning edges or tangents, let the canonical decomposition of � be �0�1�1 � � ��k�k,and recall that each �i is either a spanning tangent or a maximal sequence of spanning edges.We de�ne the decomposition tree of � , denoted by T (�), to be a biased binary tree for theitems �0; � � � ; �k, where the i-th leaf of T (�) is a r-node for trapezoid �i. (If i 2 f0; kg and�i is empty, leaf i of T (�) is an "-node, with unit weight.) The i-th (in tree inorder nodesequence) internal node �i of T stores �i, where if �i is a maximal sequence of spanningedges, it is stored in a secondary structure as a balanced search tree, and if �i is a spanningtangent, node �i has two pointers lp and rp to the r-nodes of �i�1 and �i, respectively. Node�i corresponds to the trapezoid formed by the union of the trapezoids associated with theleaves in the subtree of T (�) rooted at �i. Finally, the trapezoid tree T (�) is obtained byreplacing each leaf �i of T (�) with T (�i), the trapezoid tree for �i (see Fig. 5). Note thedi�erence between the trapezoid tree T (�) and the decomposition tree T (�).3.2.1 Embedding Hull Trees into the Trapezoid TreeThe horizontal cuts in the decomposition of subdivision S induce a decomposition of each regioninto several subregions, each having spanning edges or spanning tangents. The set of left and right6
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T (�3)T (�2)T (�1) �3�2�1 �3�2�1�0 Figure 5: Trapezoid tree for the trapezoid of Fig. 4.chains of the subregions of S are called the elementary chains of S. We dynamically maintainthe convex hull of the elementary chains of S using data structures called hull trees, which are avariation of the data structure of Overmars and van Leeuwen [13].The hull trees are embedded as secondary structures in the trapezoid tree. Recall that eachr-node � of the trapezoid tree has two pointers lc and rc, and that � corresponds to some trapezoid� . Let lc(�) and rc(�) denote the left-most and right-most spanning chains of � inside � (they mighthave common edges or be coincident). We use two secondary nodes lc(�) and rc(�) to representthe chains lc(�) and rc(�), respectively. We describe lc(�); rc(�) is symmetrically de�ned. Nodelc(�) is a hull tree node, where the structure of the hull tree is de�ned according to the trapezoidtree. Let �0 and �00 be the �rst r-node along the left-most root-to-leaf path in the left and rightsubtrees of �, respectively; the left and right children of lc(�) are respectively lc(�0) and lc(�00). Ifthere is no such �0 (resp. �00), then the left (resp. right) child � of � is an O-node with an "-nodeleft child. We let � be the left (resp. right) child of lc(�) and a leaf of the hull tree. Each nodelc(�) of the hull tree also has a secondary structure (a balanced tree) that stores the points of theleft convex hull of the left spanning chain lc(�) of trapezoid � (for leaf � (an O-node) of the hulltree, the left spanning chain is the left-most spanning segment stored in �), excluding those pointsthat have already been stored in the secondary structures of the ancestors of lc(�) in the hull tree.Recall that each R-node � also has two pointers lp and rp to some r-nodes �0 and �00, re-spectively, and that � corresponds to a gap g. Note that if t is the spanning tangent of g storedin � and �1 and �2 are the trapezoides respectively corresponding to r-nodes �0 and �00, thenright(�1) =left(�2) = t. Thus the left boundary of gap g is the right spanning chain rc(�1)of �1 and the right boundary of g is the left spanning chain lc(�2) of �2. Given the hull trees asdescribed, it is easy to see that rc(�0) is the root of one hull tree and its secondary structure stroesthe complete right convex hull of the left boundary of g, and lc(�00) is the root of another hull treeand its secondary structure stores the complete left convex hull of the right boundary of g.For the purpose of update operations, we also store the extreme-points (a; b; c; d) in each node� of the trapezoid tree (see Fig. 6):(a) � is a r-node associated with trapezoid � . 7



a and b are the top and bottom points of the left-most spanning chain lc(�) of � inside � , andc and d are the top and bottom points of the right-most spanning chain rc(�), respectively.(b) � is an R-node corresponding to a gap g.a and b are the upper-left and lower-left points of g, and c and d are the upper-right andlower-right points of g, respectively.(c) � is an O-node with sequence of spanning edges � = s1:::sp.Let �1 and �2 be the trapezoids with right(�1) = s1 and left(�2) = sp, respectively. If �1is empty, then a = b = "; otherwise a and b are the top and bottom points of the right-mostspanning chain rc(�1) of �1. Similarly, if �2 is empty, then c = d = "; else c and d are the topand bottom points of the left-most spaning chain lc(�2) of �2, respectively.
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of these segments. Each such endpoint appears twice in the secondary structures of overall hulltrees, once as a left convex (sub-)hull point and once as a right convex (sub-)hull point. Therefore,the space complexity of the trapezoid tree T (S) is O(n logN). 2Theorem 3 The depth of the trapezoid tree T (S) is O(logn + logN).Proof: For simplicity, assume that N is a power of 2. Let height(�) be the number of elementaryslabs spanned by a trapezoid � ; obviously height(�) � N .(1) For any r-node of T (S) corresponding to a trapezoid � , we claim that the depth of thetrapezoid tree T (�) is at most logweight(�) + 3 logheight(�) + 1 (let log 0 = 1 for notationalsimplicity).We prove the claim by induction on height(�). For the base case where height(�) = 2, the claim istrivially true since the left and right subtrees of T (�) consist each of an O-node with two children"-nodes. For the induction step, observe that T (�) consists of a root and two subtrees T (�B)and T (�T ); consider the deeper of the two, say T (�B). The upper most part of the trapezoidtree T (�B) is the decomposition tree T (�B); let �i be a leaf of T (�B), and let w = weight(�),wi = weight(�i), h = height(�), and hi = height(�i). Note that leaf �i is either a r-node oran "-node. Since the decomposition tree T (�B) is a biased binary tree, the depth of the leaf �iin T (�B) is at most log(w=wi) + 2. By the induction hypothesis, the depth of the trapezoid treeT (�i) is bounded by logwi + 3 log hi + 1, thus the depth of the trapezoid tree T (�) is at most1 + (log(w=wi) + 2) + (logwi + 3 loghi + 1), which is logw + 3 logh + 1 since hi = h=2. Thiscompletes the proof of the claim.(2) For the trapezoid tree T (S), we have weight(S) = n and height(S) = N . Hence, if theroot of T (S) is a r-node, then we are done. Otherwise, T (S) consists of a decomposition treeT (S) whose leaves are r-nodes or "-nodes. Note that the height of the decomposition tree T (S) isO(logn). Repeating the above argument to the subtrees of T (S) rooted at the leaves of T (S), wehave that the depth of T (S) is O(logn + logN). 2Lemma 1 The hull trees allow to compute in O(logn) time the spanning tangents of a trapezoid� induced by a gap of � .Proof: By the segment tree scheme, each edge of S is cut into O(logN) segments, so there areO(n logN) points maintained in all hull trees and hence the secondary structures of the hull treeshave each height O(logn). Let � be an R-node of T (S) associated with gap g, and let �0 and �00be the r-nodes pointed by lp and rp of �. As already described, the secondary structures of rc(�0)and lc(�00) store the complete right convex hull of the left boundary of g and the complete leftconvex hull of the right boundary of g. Hence, a spanning tangent of a gap g is computed fromsuch secondary structures in O(logn) time (see, e.g. [17]). 2The dynamic operation of merging two right (left) convex hulls (corresponding to two consec-utive left (right) subchains) into a single one is called bridging, and its inverse operation is calledde-bridging. Extending the results of [13], each bridging/de-bridging can be performed in O(logn)time.3.3 QueryPoint location for a query point q is performed by tracing down a path in T (S). Let � be the nodecurrently visited. 9



1. If � is an "-node then we stop.2. If � is a r-node with median line l, we discriminate q against l. If q is below or on l then wego to the left child of �, otherwise (q is above l) we go to the right child.3. If � is an R-node with spanning tangent t, we discriminate q against t. If q is on t or to theleft of t, we set sR  ; and go to the left child of �; else (q is to the right of t) we set sL  ;and go to the right child.4. If � is an O-node, let � = s1 � � �sp be the corresponding sequence of spanning edges delimitingempty trapezoids. If q is to the left of s1, then set sR  s1 and go to the left child of �. Elseif q is to the right of sp, then set sL  sp and go right. Else, by searching in the balancedtree of � we �nd the two edges si and si+1 between which q lies, set sL  si and sR  si+1,and stop.When the above process terminates, we know that the region r containing q is immediatelyto the left of edge sR and/or to the right of edge sL (one of these edges may not be de�ned).Region r can be determined in additional O(logn) time using the boundary trees for regions storingrepresentatives of sL or sR in their leaves. Note that the \masking" action in Step 3 (where sL orsR is set to ;) ensures us to use the information obtained from the �nal point-edge discrimination,and thus to report r correctly.Theorem 4 The time complexity of a point location query is O(logn+ logN).Proof: Traversing a root-to-leaf path, we spend O(1) time at each intermediate node, O(logn)time in the last node, and O(logN) time to compute region r from sL or sR. Hence, by Theorem3, we have that a query takes O(logn + logN) time. 23.4 Insertion and Deletion of EdgesIn this section we consider operation insertedge(e; v1; v2; r; r1; r2). We brie
y describe the updateof the trapezoid tree T (S) and of the embedded hull trees.The edge-insertion algorithm consists of two phases: the �rst phase performs all necessaryupdates on the primal structure of the trapezoid tree T (S) and some work on the hull trees, andthe second phase completes the updates on the hull trees.The �rst phase is a recursive procedure. Starting from the root of T (S), the actions performedat the current node � associated with trapezoid � , depend on the type of node �:1. � is an R-node corresponding to gap g with spanning tangent t and extreme-points (a; b; c; d).If e spans g (namely y(v1) = y(b), y(v2) = y(a), x(v1) 2 [x(b); x(d)], and x(v2) 2 [x(a); x(c)]),we transform � into an O-node with spanning edge e. Else, we consider the following subcases:(a) e does not intersect t.Recursively call the algorithm on the left or right child of � according to whether edgee is to the left or right of t, respectively.(b) e intersects t.Let �0 and �00 be the r-nodes pointed by pointers lp and rp of �, respectively. Weconstruct the other spanning tangent �t of g using the hull trees rooted at rc(�0) andlc(�00). If e does not intersect �t, replace t with �t in �, and recursively call the algorithm on10



the left or right child of � according to whether e is to the left or right of �t, respectively.If instead e intersects also �t, we have to perform a horizontal cut. The operation isillustrated in Fig. 7, where each of the �m's denotes an O-node or R-node. The newspanning tangents t0 and t00 for the lower and upper portions (with respect to l) of g,respectively, are obtained by �rst performing a de-bridging (and also a splitting of thehull trees) on both rc(�0) and lc(�00), then computing the spanning tangents by theresulting hull trees. The remaining operation then essentially corresponds to replacingnode �, �0 and �00 with a new r-node �, where lc(�) and rc(�) are the original lc(�0) andrc(�00), respectively. Special cases in the construction of subtree T1 are schematicallyillustrated in Fig. 8 (and similarly for T2). Note that the decomposition trees (biasedsearch trees) T , T1, and T2 may need to be rebalanced according to the biased treescheme. After the horizontal cut is performed, we recursively call the algorithm on thenew r-node �.
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outside the region bounded by lc(�) and rc(�) (the other endpoint of e must be some pointon lc(�) or rc(�)). Speci�cally, if e touches the top or bottom side and is to the left of lc(�)(i.e., either y(v2) = y(a) and x(v2) < x(a), or y(v1) = y(b) and x(v1) < x(b)), we mark lc(�),perform a de-bridging on lc(�) without splitting the primal structure of the hull tree; similarly,if e touches the top or bottom side and is to the right of rc(�) (i.e., either y(v2) = y(c) andx(v2) > x(c), or y(v1) = y(d) and x(v1) > x(d)), we mark rc(�), perform a de-bridging onrc(�) without splitting the primal structure of the hull tree. After this hull tree update, weprocede to update the primal structure of the trapezoid tree. We have three subcases:(a) e lies below l.Recursively call the procedure on the left child of �.(b) e lies above l.Recursively call the procedure on the right child of �.(c) e is cut by l into e1 and e2, with e1 below e2.Recursively call the procedure twice to insert e1 into the left child of � and e2 into theright child of �.The second phase procedes by walking up in the trapezoid tree: we traverse the path createdfrom the �rst phase in reverse order (since we marked the r-nodes visited in the �rst phase, weknow the entry points). For each r-node � in the path, if lc(�) is marked, we perform a bridgingfrom its two children of the hull tree; if rc(�) is marked, we perform the same operation.The time-complexity analysis is based on the following lemma, which provides an upper boundon the number of horizontal cuts.Lemma 2 A horizontal cut at an R-node � causes O(logN) additional horizontal cuts in thesubtree of �.Proof: Let � be the trapezoid associated with node �, and t its spanning tangent. Let the medianline l of � cut � into �B and �T , with �B below l and �T above l. After inserting edge e, at least oneof �B and �T is spanned by t, depending on whether e intersects t above or below l. Thus, at mostone of �B and �T may need to be horizontally cut (recall that a horizontal cut occurs only when eintersects both spanning tangents). We conclude that the number of horizontal cuts is bounded bythe number of r-nodes on a root-to-leaf path. 2Theorem 5 Updating the trapezoid tree T (S) in consequence of operation insertedge(e; v1; v2; r; r1; r2) takes O(logn logN) time.Proof: We claim that each phase takes O(logn logN) time. In the �rst phase, by the segment treescheme, the algorithm splits e into O(logN) fragments and allocates them into a set of O-nodes andR-nodes. At each such allocation node we either recompute a spanning tangent (R-node) or insert einto a balanced tree (O-node), which takes O(logn) time. In general, before the insertion of edge e,region r is horizontally partitioned into subregions r1; :::; rm, each having spanning edges or spanningtangents. Assume that the endpoints of e are in subregions ri and rj . Since e is a spanning edgefor rk, i < k < j, there cannot be horizontal cuts in rk during operation insertedge. Thus, onlythe trapezoids of ri and rj may get horizontally cut. By Lemma 2, a total of O(logN) horizontalcuts are performed. Each horizontal cut takes time O(logn) to perform de-bridgings, compute newspanning tangents t0, t00, and rebalance the decomposition trees T , T1, and T2. Therefore the �rstphase takes O(logn logN) time. In the second phase, there are O(logN) r-nodes traversed, each13



takes O(logn) time for at most two bridging operations on the hull trees. So the second phase alsotakes O(logn logN) time. 2Operation removeedge is the inverse of insertedge and its algorithm is similar (there arehorizontal merges instead of horizontal cuts).Theorem 6 Operation removeedge takes O(logn logN) time.3.5 Other Update OperationsThe algorithm for operation insertvertex(v; e; e1; e2) is outlined as follows:1. Use the query algorithm to �nd the O-node � with sequence of spanning edges � = s1 � � �spsuch that e = si for some i and v lies in the trapezoid � of �.2. Perform a local restructuring at �, which essentially corresponds to cutting e horizontallyalong the median line l of � into e0 and e00 respectively below and above l. Namely, weconstruct a trapezoid tree Tv whose root v is a r-node containing l, and whose subtreesconsist each of an O-node with two children "-nodes, where the left O-node v0 contains e0and the right O-node v00 contains e00. Also, both lc(v) and rc(v) have v0 and v00 as their leftand right children in the hull trees. Let TL and TR be the left and right subtrees of �. Therestructuring replaces � with two O-nodes, �1 and �2, and tree Tv, as shown in Fig. 9. Also,if e = s1 and lc(�0) was previously the parent of � in some hull tree, we replace � with lc(v)as a child of lc(�0); similarly, if e = sp and rc(�00) is the parent of � in some hull tree, wereplace � with rc(v) as a child of rc(�00). Other details are given below.3. If v lies on l then perform up-propagating rebalancings caused by the weight change, andstop; otherwise, if v is below l, then recursively call the procedure on the left subtree of Tv;if v is above l, recursively call it on the right subtree.
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Now, we give the details of step 2. Let (a; b; c; d) be the extreme-points of �, e = (y; x), and� = �1e�2 (�1 = � if e = s1 and similarly for �2). Essentially, �1 corresponds to �1 and �2 to �2.We specify �1 as follows (�2 is de�ned symmetrically).(a) e = si with i > 1 (thus �1 6= �).�1 stores �1 and the extreme-points (a; b; x; y).(b) e = s1 (thus �1 = �).If a = b = ", then the subregion to the left of e is empty; we remove �1 and TL altogether.Else, the subregion to the left of e now becomes a gap with extreme-points (a; b; x; y) and aspanning tangent t = (y; a); we store t and (a; b; x; y) in �1.Operation removevertex is the inverse of insertvertex, and is performed by a similaralgorithm.Theorem 7 Operations insertvertex and removevertex can each be performed in timeO(logn+ logN).Proof: We analyze the time complexity of insertvertex: Step 1 takes O(logn + logN) time;step 2 takes O(logn) time to split � into �1 and �2, and to rebalance the decomposition treecontaining �1 and �2. In step 3, the number of recursive calls is O(logN) since edge e can onlybe horizontally cut into O(logN) segments, and each recursion takes O(1) time since the O-node� now contains only one spanning edge. Finally, the propagaion of rebalancings at step 3 takesO(logn+logN) time. Therefore, the total time for insertvertex is O(logn+logN). The analysisof removevertex is analogous. 2Finally, operation movevertex(v; x) may destroy (or create) spanning tangents in the subre-gions to the left and right of v, which induces O(logN) horizontal cuts (or merges) of trapezoids.Theorem 8 Operation movevertex(v; x) can be performed in time O(logn logN).4 Data Structure for General Monotone SubdivisionsIn the previous section we have described our dynamic data structure for the case when all nvertices of S lie on a �xed set of N horizontal lines. In this section we extend the technique toremove this constraint.Without loss of generality we assume that no two vertices of S have the same y-coordinate andthe degree of each vertex is at most three. This is not restrictive since we can expand a vertex vwith degree d > 3 into a chain of degree-3 vertices connected by edges of in�nitesimal length. Sincethe sum of the degrees of all vertices of S is O(n), the total number of vertices after the expansionis still O(n). Every update operation in the original subdivision S can be simulated with O(1)operations in the modi�ed subdivision with bounded-degree vertices.4.1 Y-TreeWe make use of another type of binary search tree, called BB[�]-tree [12]. Let � be a �xed real,with 14 < � � 1� p22 . Some important properties of a BB[�]-tree are listed below:1. A BB[�]-tree with n nodes has height O(logn).15



2. Assume that we augment a BB[�]-tree with secondary structures. Let the subtree with root vhave k leaves, and let the time for updating the secondary structures after a rotation or doublerotation at node v be O(k log k). Then the amortized rebalancing cost per insertion/deletionis O(log2 n), when we perform a sequence of n insertions and deletions into an initially emptyBB[�]-tree.We use a BB[�]-tree, called Y-tree Y (S), for storing the vertices of S sorted by y-coordinate.Each node v of Y (S) also corresponds to the slab containing all the vertices in the subtree of v andbounded by the horizontal lines associated with the ancestor nodes of v immediately preceding andfollowing v in symmetric order.The trapezoid tree of S is then constructed using the tree Y (S) to determine the horizontalcutting scheme. Indeed, each r-node � of the trapezoid tree is associated with node v of Y (S)such that the trapezoid � of � is horizontally cut by the horizontal line through vertex v. Also, ther-nodes forming �B and �T are associated with the left and right children of v in Y (S), respectively.Note that many r-nodes of the trapezoid tree may correspond to the same node v of Y (S). We letv have bidirectional pointers to such r-nodes, so that the space requirement for Y (S) is O(n logn).With these modi�cations, the trapezoid tree has height O(logn) and use overall space O(n logn).4.2 Update OperationsOperations insertedge, removeedge and movevertex are performed essentially as before, ex-cept that every time we create/destroy a r-node we have to update the pointers to and from thecorresponding node in Y (S).Regarding operation insertvertex(v; e; e1; e2), we insert v into Y (S), and modify the algo-rithm of the previous section so that at the last recursion where the trapezoid � of � is within anelementary slab, the horizontal line going through v is added and taken as the median line of � .The rebalancing of the tree Y (S) is performed by means of rotations. Suppose that a rotationof Y (S) occurs at nodes u and v, where the former parent u becomes the child of v. This meansthat in the trapezoid decomposition process the horizontal cuts through v now take priority overthe cuts through u. Let the trapezoids horizontally cut along line y = y(u) be �1; :::; �m. Ther-nodes of these trapezoids are pointed by node u of Y (S). For each �i, we completely rebuild thetrapezoid tree T (�i) according to the new decomposition sequence. This consists of performing astatic pre-processing to construct each T (�i).Lemma 3 If the subtree Tu rooted at node u of Y (S) has k leaves, then the total space used by thetrapezoid subtrees T (�1); � � � ; T (�m) rooted at the r-nodes �1 � � ��m pointed by u is O(k log k).Proof: For each �i, consider the �rst encountered r-nodes of T (�i) when walking up from leaves.Each such node � corresponds to a trapezoid containing exactly one vertex v through which themedian line goes, thus � corresponds to node v of Tu. Since Tu has at most 2k� 1 nodes, the totalnumber of such v's from all T (�i)'s is at most 2k� 1 and thus the union of �1; :::; �m contains O(k)vertices. Let ki be the number of vertices in �i (thus the number of �'s in T (�i)). De�ne count of� to be the number of r-nodes in the path from � to the root of T (�i), inclusive. The count of �is O(log k) since Tu is a BB[�]-tree with this height. So the total number of r-nodes in T (�i) isO(ki log k). For the O-nodes, note that �i has no spanning edges (otherwise the associated node of�i would not be a r-node), thus each edge in �i must be incident on some vertex inside �i. By theargument in the proof of Theorem 2, the total size of the O-nodes in T (�i) is O(ki log k). Again, bythe argument in the proof of Theorem 2, the numbers of R-nodes and "-nodes in T (�i) are O(ki)16



and O(ki log k), respectively, and the size of the overall hull subtrees in T (�i) is O(ki log k). Finally,recall that Pmi=1 ki = O(k), so the lemma follows. 2
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Figure 10: Proof of Lemma 3.We specify the task to be carried out when a single rotation in Y (S) occurs. Let �i and ki beas de�ned in the above proof. For each �i, we rebuild the trapezoid tree T (�i) as follows:After each horizontal cut, we must try to �nd all possible gaps so that the decompositioncan proceed. Assume that originally �i was cut by lu (going through vertex u) into �Aand �B[�C , and the latter was cut by lv (going through v) into �B and �C , where �A, �B,�C are in top-to-bottom order. After rotation between nodes u and v of Y (S), �i is �rstcut by lv into �C and �A [ �B . At this stage, we must try to �nd a spanning tangent forevery subregion in �A [ �B and in �C , since these were never encountered before. Thenfor the subregions in �A [ �B without spanning tangents, we cut them by lu. Hence atmost 4ki subregions need to be tested; for each such subregion, we perform O(1) de-bridgings and bridgings on the corresponding hull trees so that the two convex hulls ofthe left and right boundaries are available, then try to �nd the spanning tangent usingthe hull trees. If the subregion does not have a spanning tangent, then a horizontal cuton the subregion causes two de-bridgings on the two hull trees. This takesO(log ki) timeper subregion and thus total time O(ki log ki). The rest part is to rebuild T (�i). Sincethe size is O(ki log k) and all the information still exists, we spend the same amount oftime to re-arrange the nodes.Lemma 4 If node u of Y (S) has k leaves, then a single/double rotation at u takes O(k log k) timeto update the corresponding trapezoid subtrees.Hence, applying the properties of BB[�] trees we have that the amortized cost of operationsinsertvertex and removevertex is O(log2 n).By combining the results of this and the previous section, we obtain the central result of ourpaper: 17
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