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AbstractRECENT advances in computer technology made parallel machines a reality. Mas-sively parallel systems use many general-purpose, inexpensive processing elementsto attain computation speed-ups comparable to or better than those achieved by ex-pensive, specialized machines with a small number of fast processors. In such setting,however, one would expect to see an increased number of processor failures attributableto hardware or software. This may eliminate the potential advantage of parallel compu-tation. We believe that this presents a reliability bottleneck that is among fundamentalproblems in parallel computation.We investigate algorithmic ways of introducing fault-tolerance in multiprocessorsunder the constraint of preserving e�ciency. This research demonstrates how in certainmodels of parallel computation it is possible to combine e�ciency and fault-tolerance.We show that in the models we study, it is possible to develop e�cient parallel algorithmswithout concern for fault-tolerance, and then correctly and e�ciently execute thesealgorithms on parallel machines whose processors are subject to arbitrary dynamic fail-stop errors. By ensuring e�cient executions for any patterns of failures, the e�ciency isalso maintained when failures are infrequent, or when the expected number of failuresis small.The e�cient algorithmic approaches to multiprocessor fault-tolerance presented inthis thesis make a contribution towards bridging the gap between the abstract modelsof parallel computation and realizable parallel architectures.vii
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Chapter 1Introduction1.1 Overview and MotivationMASSIVELY parallel machines and networks consisting of hundreds and thousandsof processors are in existence today, and the multiprocessor technology is con-tinuing to evolve. In order to take advantage of the processing power of these parallelcomputing environments, there is a corresponding need for e�cient algorithms. Signif-icant research in the past decade was dedicated to the development of e�cient parallelalgorithms that assume perfectly reliable parallel computers. However, the algorithmsthat are to be executed on realizable parallel machines must be able to deal with unpre-dictable system failures. In this dissertation we address e�cient algorithmic approachesto multiprocessor fault-tolerance.In parallel systems, as the number of inexpensive processing units grows, one wouldexpect to see an increased number of failures per individual processing element. Thehardware failures may be caused by fabrication defects or by intermittent errors. Itwould be too costly to make each parallel processing element as reliable in hardware asa single processor machine. When the number of processors is in the thousands, it islikewise impractical to provide fault tolerance and fault masking at the level that canbe achieved by the more expensive, specialized machines with a small number of fastprocessors such as Tandem [17], Stratus [101] or VAXft [26]. In addition, the softwarefor these systems is typically more complex and thus less reliable than the software ofthe more conventional uniprocessors. Therefore, it is critical that fault-tolerant versions1



2 CHAPTER 1. INTRODUCTIONof existing or new algorithms be developed, which preserve e�ciency under adverseconditions.In order for practical multiprocessor software to incorporate speci�c fault-tolerantalgorithms and utilize particular techniques in assuring fault tolerance, these algorithmsand techniques must meet the following criteria:E�ciency : algorithms must use well de�ned and bounded computation and networkresources. Most of the theoretical work to date has concentrated on this goal.Scalability : an algorithm should exhibit stable and predictable performance withinparallel environments of increasing sizes. The traditional asymptotic analysisguarantees this goal only to the extent that reliability and important implemen-tation details are modeled by the theory (see next two points).Reliability : an algorithm must remain operational in a parallel environment subjectto failures. Reliability, e�ciency and scalability are the main subject of this thesis.Feasibility : an algorithm must be implementable using state of the art network andcomputing technology, so that it takes advantage of the considerable computingresources available. Model and algorithm simplicity are keys to being able tointegrate abstract solutions with realizable hardware and software systems.The e�ciency and scalability of parallel algorithms have been the subject of researchsince the seventies. A model of parallel computation known as the Parallel RandomAccess Machine or PRAM [44] has attracted much attention, and many \e�cient" and\optimal" algorithms have been designed for it (the surveys [40, 58] contain a wealth ofinformation on the subject). The PRAM is a convenient abstraction that combines thepower of parallelism with the simplicity of a RAM (Random Access Machine) [39], butit has several unrealistic features. The PRAM has the following requirements:1. Simultaneous access across a signi�cant bandwidth to a shared resource, memory;2. Global processor synchronization; and3. Perfectly reliable processors, memory and interconnection between them.



1.1. OVERVIEW AND MOTIVATION 3The gap between the abstract models of parallel computation and realizable parallelcomputers is being bridged by current research. For example, memory access simulationin other architectures is the subject of a large body of literature surveyed in [98]; forsome recent work see [49, 87, 97]. Computation on asynchronous PRAMs are the subjectof [29, 31, 45, 75, 78]. The reliability of semiconductor memories has been thoroughlystudied, and a survey can be found in [89], while the theory of error detecting andcorrecting codes is reviewed in [76]. The fault-tolerant issues of the interconnectionnetworks used to integrate processors and memory modules are discussed in [2]. Faulttolerance of systolic arrays | a particular class of parallel machines | has been studiedto some extent, and some of the achievements in that area are surveyed in [1]. All theseareas are extremely important for dependable massively parallel computing. In thiswork we address the following issues: the reliability and synchronization of parallelprocessors that can be modeled by PRAMs, and the e�ciency of computation on suchprocessors.The model of parallel computation that serves as the basis for this work is thesynchronous PRAM of Fortune and Wyllie [44], with concurrent reads and concurrentwrites (CRCW). The convention for determining which processor or processors succeed,when concurrently writing to shared memory, is immaterial in our algorithms. Weinvestigate fault-prone PRAMs whose processors exhibit fail-stop processor behavior,such as that of Schlichting and Schneider [90]. The only atomicity requirement is theatomic concurrent writing of single bits. The redundancy provided by concurrent readsand writes is essential to our model, e.g., when the writes are exclusive we show thate�ciency and fault tolerance cannot be combined.This thesis includes and extends the study of fault tolerance that was �rst formalizedby Kanellakis and Shvartsman in [55]. As it was shown there, it is possible to combinee�ciency and fault tolerance in many key PRAM algorithms in the presence of arbitrarydynamic processor errors when processors fail by stopping and do not perform anyfurther actions. The key to such algorithm design is the following fundamental problem,called the Write-All problem:Given a P -processor PRAM and a 0-valued arrayof N elements, write value 1 into all array locations.This problem was formulated to capture the essence of the computational progress that



4 CHAPTER 1. INTRODUCTIONcan be naturally accomplished in unit time by a PRAM (when P = N). In the absence offailures, this problem is solved by a trivial and optimal parallel assignment. However,it is not obvious how to design solutions that are e�cient in the presence of failuresor asynchrony. The �rst algorithm for the Write-All problem with poly-logarithmicoverhead in work was shown in [55].Using solutions to the Write-All problem, we show that arbitrary PRAM algorithmscan be e�ciently and deterministically executed on fail-stop PRAMs, whose processorsare subject either to arbitrary dynamic patterns of failures, or the dynamic patterns offailures and restarts.An important part of this research addresses the de�nition of models for fault-tolerant parallel computation based on selections from a spectrum of types of failuresand on the architecture of the system used. Such modeling must necessarily precedethe development of techniques for constructing parallel algorithms.There is an interesting body of research in distributed algorithms addressing prob-lems similar to those we consider in this thesis. Some of the high level concerns addressedby our parallel algorithms are analogous to those encountered by other researchers intheir work on distributed algorithms. Both the parallel and distributed techniques sharethe goals of failure detection, load scheduling and progress evaluation. For example, faulttolerance is the subject of signi�cant current research in the setting of dynamic asyn-chronous network protocols. Distributed controllers have been developed for resourceallocation in network protocols, where the total number of messages sent is the resourcemonitored [4, 70]. Other developments [3, 13, 15] solve the problems of executing dis-tributed algorithms in the presence of dynamic network changes, i.e., dynamic changesof the computation medium.One of the important results of the work in the distributed model is that it ispossible to take synchronous algorithms or algorithms that are designed for �xed networktopologies and \compile" them so that they can be used with asynchronous networksor the networks whose topology changes dynamically [15]. Our research begins to yieldsimilar results for certain shared memory parallel models.The potential reliability advantage of distributed computing systems is due to thereplication of resources. The resulting redundancy in computation is a trade-o� of e�-ciency (measured in terms of available resources) for fault tolerance. Mullender, in the



1.2. CONTRIBUTIONS 51989 Distributed Systems edition of the ACM's Frontier Series [77], considers indepen-dent failures essential for distributed systems, i.e., a failure of a single processing nodemust not lead to the failure of the entire distributed system. He gives the disqualifyingdisadvantage of multiprocessors with shared memory [77, page 6]:What disquali�es multiprocessors is that there is no independent failure:when one processor crashes, the whole system stops working. . . .Although Mullender primarily refers to the problems of the available general pur-pose multiprocessor architectures, it is nevertheless true that most e�cient parallelalgorithms assume perfect processor reliability, and therefore these algorithms crash orproduce incorrect results even if a single processor failure is encountered. The underly-ing theme that we address in this thesis in the context of parallel algorithms isCombining the reliability potential of distributed computing withthe speed-up potential of parallel computing.1.2 ContributionsWe now overview the contributions of the research included in this thesis. Our mainresults have established that it is possible to combine e�ciency and fault-tolerance fortwo particular parallel models: no-restart fail-stop CRCW PRAMs and restartable fail-stop CRCW PRAMs.We formalized a model of computation and failures (at the granularity of fail-stopprocessing units), and de�ned a complexity measure for evaluating the algorithms'e�ciency and fault tolerance. The key complexity measure that we de�ne general-izes the notion of work of parallel algorithms commonly expressed as the Parallel-time�Processors product (in the absence of failures). We introduced theWrite-All paradigmand showed that e�cient parallel algorithms can be made robust, that is, be e�cientand correct in the presence of arbitrary fail-stop errors without restarts as long as asingle processor remains active. Speci�cally, the e�ciency of parallel algorithms is de-graded by no more than a multiplicative factor that is square in the logarithm of thesize of the input. In many circumstances we achieve even lower overheads.



6 CHAPTER 1. INTRODUCTIONWe have also shown that concurrent write model (CRCW) is essential in achievingrobustness. Concurrent writes is the source of redundancy in our approach. Withoutconcurrent writes, algorithms may incur up to a linear multiplicative overhead as is thecase with the concurrent read exclusive write (CREW) model.For the no-restart fail-stop CRCW PRAMs we developed a general fault-tolerantPRAM algorithm simulation. We showed how to execute correctly and e�ciently anyPRAM algorithm on a fault-prone fail-stop PRAM. The simulation is based on a solutionto the Write-All problem and the techniques used in implementing the general parallelassignment. We have also shown that any parallel algorithm can be optimally executedin the presence of arbitrary fail-stop errors using a slightly smaller number of processorsby taking advantage of parallel slackness as advocated by Valiant in [98]. By optimalexecution we mean that the asymptotic e�ciency of the source algorithm is not degradedeven if arbitrary fail-stop errors are encountered. Given a N -processor PRAM algorithmwe simulate it e�ciently by a P -processor fail-stop CRCWPRAM algorithm, for P � N .The simulation is optimal for P � N=(log2N � logN log logN).Extending the fail-stop no-restart model, we formulated a restartable fail-stop CRCWPRAM and computations in this model. We allow the PRAM processors to be subjectto arbitrary stop failures and restarts that are determined by an on-line adversary. Thefailures result in loss of private memory but do not a�ect shared memory. For thismodel, we de�ne and justify the complexity measures of completed work, where pro-cessors are charged for completed �xed-size update cycles, and overhead ratio, whichamortizes the work over necessary work and failures.We present a simulation strategy for any N -processor PRAM on a restartable fail-stop P -processor CRCW PRAM such that it guarantees a terminating execution of eachsimulated N -processor step, with O(log2N) overhead ratio and O(minfN +P log2N +M logN;N �P 0:59g) (sub-quadratic) completed work, where M is the number of failuresduring this step's simulation. This strategy is work-optimal when the number of simu-lating processors is P � N=(log2N � logN log logN) and the total number of failuresper each simulated N -processor step is O(N= logN). These results are based on a newalgorithm for the Write-All problem, together with a modi�cation of our main fail-stopalgorithm.We studied the lower bounds for the no-restart and for the restartable fail-stopPRAMs.



1.3. RELATED WORK 7We show that there exist no optimal Write-All solutions for N -processor no-restartPRAM, even if each processor can perform memory snaphsots, i.e., read and locallyprocess the entire shared memory at unit cost. The result showed that under thishypothesis, 
(N logN= log logN) work will be required. This is the strongest possiblebound under this assumption.For the restartable PRAM model, we showed that the Write-All problem requires
(N logN) completed work when P = N , and this lower bound holds even under theadditional assumption ofmemory snapshots. Under this assumption we have a matchingupper bound.Despite the memory snapshot assumption, these lower bounds are of interest alsobecause we use these results to show the lower and upper bounds for some of thealgorithms we develop in this work. The lower bounds for both models also apply tothe expected work of randomized algorithms.We also show that for some fundamental algorithms, it is possible to construct fault-tolerant algorithms that improve on the e�ciency of na��ve general simulations. Forexample, we show how to use the Write-All technique to achieve savings in computingparallel pre�xes for any associative operation, and compute list ranking.Finally, using a deterministic bootstrapping and balancing argument, we show howto solve the Write-All problem when auxiliary memory is contaminated with arbitraryvalues. All previous Write-All solutions use 
(P ) auxiliary shared memory and assumethat this memory is cleared or initialized to some known value. For any dynamic patternof fail-stop, no-restart errors on a CRCW PRAM with at least one surviving processor,our new algorithm writes all 1's using O(N + P log3N=(log log2N)) work without anyinitialization assumption. This technique can be combined with anyWrite-All algorithmto yield e�cient simulations of any PRAM and even optimal simulations given processorslack. It can also be used with restartable fail-stop processor simulations.1.3 Related Work1.3.1 Fault-tolerant parallel computationThe study of PRAM fault tolerance was initiated by Kanellakis and Shvartsman in [55],where a new complexity measure for fault tolerant PRAM algorithms was de�ned, where



8 CHAPTER 1. INTRODUCTIONthe notion of parallel robustness was introduced, and where the Write-All problem wasde�ned.The techniques presented in [55] can readily be employed in making arbitrary PRAMalgorithms fault-tolerant. The iterated Write-All paradigm was employed (indepen-dently) by Kedem et al. in [59] and by Shvartsman in [92] to extend the results of [55]to arbitrary PRAM algorithms (subject to fail-stop errors without restarts). In additionto the general simulation technique, [59] analyzes the expected behavior of several so-lutions to Write-All using a particular random failure model. The algorithms analyzedincluded algorithms from [55] and [75], and a new algorithm based on pointer doublingthat has a good expected behavior for the failure model de�ned. The deterministic exe-cution of PRAM algorithms in [92] is optimal for any adversary when parallel slackness(as in [99]) is exploited to our advantage.Asynchronous versions of the PRAM is a subject of recent research. Various means ofrelaxing the strict synchronization requirements of the standard PRAM have been usedto show that e�cient algorithms can be e�ciently executed on asynchronous models[29, 31, 45, 78, 75].A simple randomized algorithm that serves as a basis for simulating arbitrary PRAMalgorithms on an asynchronous PRAM is presented by Martel et al. in [75]. This ran-domized asynchronous simulation has very good expected performance for theWrite-Allproblem when the adversary is o�-line. Other algorithms in this model are given byMartel et al. in [72] and Martel and Subramonian in [73]. Kedem et al. [61] furtherre�ned the results in [59] to produce an approach that leads to constant expected slow-down of PRAM algorithms when the power of the adversary is restricted. The fail-stopdeterministic lower and upper bounds of [55] were also improved in [61] by log logNfactors. Recently, Kedem et al. [60] further investigated the use of randomization forresilient parallel computation. Martel [71] has improved the analysis of the main algo-rithm in [55] by a log logN factor. This improvement also leads to the upper boundthat matches the lower bound in [55] under the memory snapshot assumption as weshow in this work.A parallel algorithm animation tool was developed by Apgar [9] to aid in the analysisof Write-All algorithms using Stasko's [95] TANGO animation system.Our modeling of fault tolerance where a processor is an entity subject to failureshas some similarities with the design of \robust" sorting networks using fault-prone



1.3. RELATED WORK 9switches, as those of Rudolph in [88], and in general with the design of reliable systemsfrom unreliable components, as done by Pippenger in [82] using gates or by Dwork et al.in [38] for networks. The notion of robustness that we target in this research di�ers fromthat of the sorting network in [88], and in that network a linear number of operationsis still critical. Another example is the emulation of PRAMs on faulty hypercubes. Seethe the recent result of Aumann and Ben-Or on high probability emulation [12].Interesting impossibility results for asynchronous shared memory models are givenby Herlihy in [47, 48]. General synchronous PRAM simulations are impossible usingbounded resources on asynchronous PRAMs. Buss et al. [27] show that some deter-ministic computations can be performed using subquadratic work, even when arbitraryasynchrony of PRAM processors is allowed. Anderson and Woll [8] also showed an e�-cient randomized solution for Write-All , as well as the existence of Write-All solutionswith work O(N1+") for P = N and any " > 0 that can be used with the models wede�ne here.Finally, our work here deals with dynamic patterns of faults; for recent advanceson coping with static fault patterns, for example, are addressed by Kaklamanis in [54].The granularity of faults in our work is at the processor level; for recent work on gategranularities see [11, 82, 88].1.3.2 Fault-tolerant distributed computationAdding fault tolerance to algorithms is the subject of signi�cant current research inthe qualitatively di�erent setting of dynamic asynchronous network protocols (recentresults and an overview of this area is well represented by [3, 4, 13, 15]).The general problems encountered in fault-tolerant parallel computation and in par-ticular the problems of allocating active processors to tasks have similarities to theproblems of resource management in a distributed setting. Distributed controllers havebeen developed for resource allocation in network protocols, where the total number ofmessages sent is the resource controlled. For instance, the algorithms of Lynch et al. [70](with a probabilistic setting) and of Awerbuch et al. [4] (with a deterministic setting)are among the most sophisticated in that area. The problem we address in this thesisis, at an intuitive level, one of controlling resource allocation. The resource controlledis all available PRAM processor steps, and the reason we are forced to control it, is the



10 CHAPTER 1. INTRODUCTIONrequirement to complete the computation in the presence of faults. Note that unreliablePRAM processor steps must control all available PRAM processor steps. This intro-duces di�culties that recall the presence of network changes in [3, 13, 15], i.e., dynamicchanges of the computation medium. Fault tolerance of particular network architecturesis also studied in [38]. However, the distributed computation models, the algorithms,and their analysis are quite di�erent from the parallel setting studied here.It is interesting that the concept of a \communication complexity controller" �rstdeveloped for distributed computing has an analog in parallel computing, i.e., \an al-gorithmic transformation that guarantees robustness". Note that the parallel setting issimpler to de�ne and has easier to describe solutions, immediately applicable to a largebody of existing work on parallel algorithms.Parallel computation in the setting where the shared memory is initially contam-inated has some similarities with the notion of a self-stabilizing system introduced byDijkstra in [34]. Paraphrasing [34], a system is self-stabilizing if and only if, regardlessof the initial state the system can always make a state transition into another state,and the system is guaranteed to �nd itself in a legitimate state after a �nite numberof transitions. Our computations using initially contaminated memory can be viewedas self-stabilizing with respect to the state of shared memory. In order to describe ourtechnical contributions we must now review the state-of-the-art of the algorithmics ofWrite-All . For the most recent results in the area of distributed self-stabilizing systemssee the works of Awerbuch et al. [14, 16].Finally, the synchronous parallel setting with fail-stop processor errors is free fromthe limitations inherent in the asynchronous environment, or the situations where theprocessors can perform malicious actions (see [41, 69, 79] for surveys of the topic, and[37, 42, 43] for lower bounds results).1.3.3 Technology for fault toleranceSeveral engineering and technological approaches exist to implementing parallel systemsthat enable them to operate correctly when they are subjected to certain failures. Al-though these research and engineering areas are not as directly relevant to our researchas the work cited earlier, they are nevertheless extremely important. The methodsand technologies summarized below are instrumental in providing the basic hardware



1.3. RELATED WORK 11fault tolerance, thus providing a foundation on which the algorithmic and software faulttolerance can be built.Fault-tolerant memoriesSemiconductor memories are the essential components of processors and of shared mem-ory parallel systems. These memory are being routinely manufactured with built-infault tolerance. The three main techniques used in providing memory fault-toleranceare: (1) Coding: in addition to the bits being stored, this technique utilizes additional(parity) bits in conjunction with various error detecting and/or correcting codes (seeMcEliece [76] for a grand tour). (2) Replication or shadowing: two or more copies ofthe memory are maintained with either the majority vote being taken, or the faultyunits being shut o� in a hybrid approach. (3) Recon�guration: spare memories areused to replace faulty units by recon�guring memory units. The survey of Sarrazin andMalek [89] covers these techniques that are used to make memory (cache and main)more reliable without appreciably degrading its performance.Robust interconnection networksAnother important subject that has been the target of work is the area of fault-tolerantinterconnection networks. Interconnection networks are typically used in multiproces-sor systems to provide communication among processors, memory modules and otherdevices [52]. An encyclopaedic survey of the interconnection networks is given by Al-masi and Gottlieb in [6, Chapter 8]. Theoretical foundations for such networks aresummarized by Pippenger in [83]. The networks are made more reliable by employingredundancy. A survey of fault tolerant interconnection networks is presented by Adamset al. in [2]. An interesting interconnection network routing strategy was described byPreparata [85], in which fast routing is achieved by allowing for some messages to belost and using a redundancy scheme [84, 86] to reconstruct lost information.The area of fault tolerance and e�ciency of interconnection networks is extremelyimportant as an enabling technology for fault-tolerant parallel computation. In thisthesis, we limit our work to the design of algorithmic techniques that assume that arobust interconnection medium such as those surveyed in [2] is available.



12 CHAPTER 1. INTRODUCTIONFault tolerance in special purpose parallel computersSystolic arrays are special purpose parallel computers that lend themselves to beingengineered with fault-tolerant features. Algorithm-based fault-tolerant techniques aredesigned for speci�c algorithms that are implemented as systolic arrays, and whereoccasional and intermittent failures are expected. For example such techniques are usedfor various calculations on, or with matrices. Typically a limited number of faults canbe handled by systems that utilize various checksumming methods to locate faults thatcaused incorrect values to be computed, and then reconstruct the correct values.Recon�gurable VLSI-based arrays are used when permanent faults (i.e., due to fab-rication defects) are the primary concern. The arrays are manufactured with sparemodules, such that a number of failures can be tolerated by detecting faulty modulesand either bypassing them or automatically replacing them with the spare modules. Thesurvey of Abraham et al. [1] overviews the algorithm-based fault tolerance in systolicarrays and recon�gurable VLSI-based systolic arrays. Relevant theoretical bounds aregiven by Kaklamanis et al. in [54].In his thesis, Hughey [50] presents a programmable systolic array, and he also de-scribes several techniques used for on-board fault detection along with software tech-niques that enable the bypassing of certain processing element failures.In the next section we apply some of the technologies cited above to show an exampleof a realizable system that is consistent with the models we study in this work.1.4 Relation to Physical SystemsThe abstract models of parallel computation we present and study must be able tore
ect or capture the characteristics of actual systems.Processor delay is a feature of any multi-programming environment, in which process-ing priorities are not centrally or predictably speci�ed. A processor may be temporarilyor permanently suspended due to an external event, and processing resources may beunexpectedly required by another task as determined by the underlying system. Inthe synchronous parallel environment that we study, a processor delay is treated as aprocessor failure subject to a possible subsequent restart.



1.4. RELATION TO PHYSICAL SYSTEMS 13Processor failure may occur either because of a physical fault or because anotherentity in the system preempts processing time without saving the old state. If a processordiscontinues its operations due to an internal or external event for the duration ofa computation, we must assure that the computation in progress will proceed to asuccessful completion.Communication delay is a well-known aspect of multi-component systems when infor-mation available at certain components is needed by other components. Small communi-cation delays can be consistent with a system that is designed to operate synchronously.On the other hand, unpredictable or non-uniform delays introduce additional complexi-ties to the design of algorithms. In the synchronous parallel setting we assume that thecommunication delay is uniform for all processors. This will allow for the complexitymeasures to be meaningfully applied when the communications delay is a function ofthe size of the task and the number of processing elements.Communication failure may be due to memory failures or as the result of memoryoperations by other processors. If the communication network reports the failure of anoperation, the processor can re-attempt the access, and the situation can be modeledas a communication delay. If unannounced failures can occur, an algorithm must eitherexplicitly check its write operations or ensure in some other way that omission of a writeis not detrimental to performance.In this work, we treat delay and failure as occurring to the processors only. If memoryoperations are atomic and synchronous, they may be assumed to be instantaneous,and the communication delays or failures may be attributable to the processor, andaccountable at the processor level of abstraction.An architecture for a restartable fail-stop multiprocessorThe main goal of this work is to study algorithmic techniques that enable e�cientparallel computation on realizable multiprocessor systems. We now suggest one way ofrealizing the abstract model of computation where processors are subject to fail-stoperrors and restarts, i.e., the model we formalize in Sections 2.5 and 2.6.Engineering and technological approaches exist that allow implementing electroniccomponents and systems that operate correctly when subjected to certain failures as was



14 CHAPTER 1. INTRODUCTIONPID1PIDP... MEM1MEM2MEMQ...COMBINING NETWORKFigure 1.1: A robust fail-stop multiprocessor.overviewed in the previous section (for surveys and examples, see [33, 51, 53]). We willnow cite the particular technologies that are instrumental in providing basic hardwarefault tolerance and employ these technologies in a foundation on which the algorithmicand software fault tolerance can be built.Semiconductor memories are the essential components of shared memory parallelsystems. Memories are routinely manufactured with built-in fault tolerance using repli-cation and coding techniques without appreciably degrading performance [89]. Intercon-nection networks are typically used in a multiprocessor system to provide communicationamong processors, memorymodules and other devices, e.g., as in the Ultracomputer [91].The fault tolerance of interconnection networks has been the subject of much work in itsown turn. The networks are made more reliable by employing redundancy [2]. A com-bining interconnection network that is perfectly suited for implementing synchronousconcurrent reads and writes is formally treated in [62] (the combining properties areused in their simplest form only to implement concurrent access to memory). Finally,fail-stop processors are formally presented and justi�ed in [90].The abstract model that we are studying can be realized (Figure 1.1) in the followingarchitecture, using the components just cited:1. There are P fail-stop processors, each with a unique address and some amount oflocal memory. Processors are unreliable.2. There are Q addressable shared memory cells. The input of size N � Q is storedin shared memory. This memory is assumed to be reliable.3. Interconnection of processors and memory is provided by a synchronous combininginterconnection network. This network is assumed to be reliable.



1.5. STRUCTURE OF THE DOCUMENT 15With this architecture, our algorithmic techniques become completely applicable;i.e., the algorithms and simulations we develop will work correctly, and within thecomplexity bounds (under the unit cost memory access assumption) for all patternsof processor failures and restarts when the underlying components are subject to thefailures within their respective design parameters.If there is a cost L associated with reading or writing a single shared memory cell,then the work complexity of the algorithms and the simulations that we studied increasesby the factor L.1.5 Structure of the DocumentThe rest of this thesis is structured as follows. Chapter 2 de�nes and motivates themodels employed by this research, the associated measures of complexity, the modelsof failure, and the key Write-All problem. Chapter 3 contains the de�nitions and theanalysis of fault-tolerant parallel algorithms using three processor allocation paradigms:global allocation, local allocation and hashed allocation. In Chapter 4 we address thelower bounds under the memory snapshot assumption. In Chapter 5, the buildingblocks of the previous chapters are used to implement a general simulation of parallelalgorithms. There we also discuss of improvement to the oblivious simulations. InChapter 6 we solve the Write-All problem when the shared memory is contaminatedand we eliminate the requirement of atomic writes of logarithmic number of bits. Weconclude with a discussion in Chapter 7.The bibliography is followed by three appendices. Appendix A contains the detailedpseudocode for algorithm W and two lemmas. Appendix B contains the pseudocodefor algorithm X . Appendix C is reserved for mathematical lemmas used in the lowerbounds proofs.



16 CHAPTER 1. INTRODUCTION



Chapter 2Models and De�nitionsMODELING parallel computation and processor failures must go hand in hand withthe study of algorithms and their complexity. In this chapter we de�ne the basemodels of the computation that are the subject of our research, the models of failurethat we are studying, the two major variations of the fail-stop parallel random accessmachine and the rationale behind the technical decisions that we made. We discuss thede�nitions of the complexity measures that characterize the e�ciency of algorithms forthe models selected and in the context of particular failure models. We also formalizethe key Write-All problem.2.1 Base Model of ComputationWe study fault-tolerant algorithms for the closely coupled synchronous shared memorymultiprocessor systems where the processors need to cooperate in working towards acommon computational goal. Speci�cally, we study algorithms for the systems that canbe modeled by the Parallel Random Access Machine (PRAM) of Fortune and Wyllie [44].The PRAM model is used widely in the parallel algorithms research communityas a convenient and elegant model, and a wealth of e�cient algorithms exist and arecontinually being developed for this model. The surveys of Eppstein and Galil [40]and Karp and Ramachandran [58] cover all of the important variations of the PRAMmodel, and give most of the fundamental PRAM algorithms. Instead of reiterating therationale for studying the PRAM model and listing the variations of the PRAM models,17



18 CHAPTER 2. MODELS AND DEFINITIONSwe refer the reader to the two excellent surveys [40, 58] that succinctly address the topicin the respective introductory sections. For the base model in this work, we use thefollowing de�nition of the PRAM [44]:1. There are P initial processors with unique identi�ers (PID) in the range 1; . . . ; P .Each processor has access to its PID, and the number of processors P .2. The global memory accessible to all processors is denoted as shared, each proces-sor also has a constant size local memory denoted as private. All memory cellsare capable of storing O(logmaxfN;Pg) bits on inputs of size N .3. The input is stored in N cells in shared memory, and the rest of the shared memoryis cleared (i.e., contains zeroes). The processors have access to the input size N .We use the concurrent read, concurrent write (CRCW) variation of the PRAM, inwhich multiple processors can concurrently read or write to the same memory location.In the algorithms we present, all concurrently writing processors write the same valuemaking our approach independent of the CRCW conventions for writes.Our algorithms are described in a model independent fashion using a consistent highlevel notation with the obvious forall/parbegin/parend parallel construct. Such highlevel notation can be formalized as a programming language that can be compiled usingstandard compilation techniques and the techniques speci�c to PRAMs as discussed byWyllie [102].2.2 Measures of E�ciencyComputation speed-up is one of the central reasons for using parallel computers. In thissection, we introduce and discuss a particular way of 
exibly factoring fault toleranceinto the conventional de�nition of parallel work. This de�nition can be adapted for theparticular failure models that we examine in later sections.If a task can be done in time T using a single processor, we would like to perform thesame task in parallel time � = T=P using P processors. This optimal linear speed-upis one of the important goals of parallel algorithm design.



2.2. MEASURES OF EFFICIENCY 19More formally, let parallel work be the product of the number of processors P andthe parallel time � . Parallel algorithms are considered optimal when the parallel workis within a multiplicative constant of the best known sequential time (of course for thecomputation to be practical, the constant must be small). Even if not optimal, parallelalgorithms are generally considered e�cient, if they attain a near linear speed-up. Thatis, using P processors on inputs of size N , the parallel time achieved is T (N)=P (withina multiplicative factor polylogarithmic in N), where T (N) is the best known sequentialbound and P ranges over 1; . . . ; N .E�cient or optimal parallel algorithms have been developed for many fundamentalcomputation tasks such as manipulating integers (e.g., add or sort N integers), ma-nipulating lists and trees (e.g., compute the rankings of the elements of a N -size list,and compute a preorder numbering or subtree sizes, . . . , of a N -size tree). These algo-rithms play an important role in realizing the promise of high speed-ups using massiveparallelism.Unfortunately, the quest for high speed-ups has led to e�cient parallel algorithmsthat are very tightly designed, so that every processor is fully utilized doing some-thing essential for resolving the input task. Thus, parallel algorithm e�ciency impliesa minimization of redundancy in the computation that leaves very little room for faulttolerance. It is interesting to note that most of the known e�cient parallel algorithmsdo not terminate correctly or become quite ine�cient if they are perturbed by simpleprocessor errors. These perturbations are of course outside the original setting, but arenonetheless realistic.Once processor failures are introduced into a parallel computation the ��P measureis no longer that relevant. This is because the computational resource is no longer underthe control of computation | it varies due to failures, and only limited resources maybe available at any given time. The e�ciency of fault-tolerant parallel computation ismore appropriately measured in terms of the processor work steps that are available tothe computation.Consider a computation with P initial processors that terminates in parallel-time �after completing its task on some input data I of size N and in the presence of fail-stoperror pattern F . If Pi(I; F ) � P is the number of processors completing an instructionat step i, then we de�ne the following measure: S = S(I; F; P ) =P�i=1 Pi(I; F ):



20 CHAPTER 2. MODELS AND DEFINITIONSProcessorsTime -? P0Pt0Pt1Pt2Pt3 W = �0 � P0S =Xt Pt�0�1Figure 2.1: Work in the absence (W ) and presence (S) of processor failures.Example 2.1 Work subject to failures: Consider a P0-processor algorithm that termi-nates in time �0 in the absence of failures. The fault-free workW = �0 �P0 is the area ofthe dashed rectangle in Figure 2.1. Due to failures the algorithm begins with Pt0 < P0processors, and then the number of active processors is reduced to Pt1 , Pt2 and Pt3 attimes t1, t2, t3 respectively until the computation terminates at time �1. The work inthe presence of these failures is more appropriately described by the area bounded bythe \staircase" solid lines and the two axis. This area is S. 2S is used as the basis for measuring e�ciency of fault-tolerant algorithms. Thealgorithms are studied in the context of the chosen failure models and in conjunctionwith natural measures of e�ciency. We use S to de�ne available processor steps (S�)and the notion of robustness for the fail-stop no-restart model in Section 2.5, and weuse S to de�ne completed work (S+) and overhead ratio (�) for the restartable fail-stopmodel in Section 2.6.The use of generalized parallel work as the primary complexity measure has theadditional bene�ts of being able to compare meaningfully the e�ciency of fault-tolerantand non-fault-tolerant algorithms. For example, the well-known class NC of algorithmscharacterizes e�ciency primarily in terms of (polylogarithmic) time e�ciency, even ifthe computational agent is large (polynomial) relative to the size of a problem [30, 81].To characterize better the e�ciency of parallel algorithms, the e�ciency measures needto take into account both the parallel time and the size of the computational resource,i.e., parallel work. Such characterizations of parallel algorithm e�ciency are de�ned byVitter and Simons in [100] and expanded on by Kruskal et al. in [63].



2.3. THE WRITE-ALL PROBLEM 212.3 The Write-All ProblemIn order to deal with failures, it is necessary for the correct processors to detect thefailures and reschedule the work of the failed processors. The main problem here isthat the minimization of redundancy in the computation does not leave many resourcesfor failure detection and load rescheduling. It is fairly easy to see that na��ve processorfailure detection and reassignment strategies, e.g., use of a master control or clustering ofprocessors, are inadequate. A master control strategy is sensitive to particular patternsof simple failures. Clustering can degrade the performance, measured as the worst casework S by a linear or greater multiplicative factor. Let us illustrate this discussion withan example.Example 2.2 Write-All: One of the simplest tasks performed by a PRAM is: given azero-valued array of N elements and P processors, write value 1 into each array location.We call this task Write-All. When P = N , this Write-All problem is trivially solvedin constant time by the following (PRAM) program. However, even a single processorfailure will prevent the establishment of fx[i]=1 (i=1, . . . ,N)g as the postcondition.forall processors PID = 1::N parbeginshared integer array x[1::N ];x[PID] := 1parendSimple �xes are available that will make the above program more fault-tolerant. Forexample, for a small number of failures < k, consider the clustering algorithm below.This algorithm performs well for dynamic failure patterns with few errors, but poorly ifthere are many failures. For example, if k is �xed and N variable then it cannot handleN=2 failures, and if k is allowed to grow to N=2 then S becomes quadratic in N .forall processors PID = 1::N parbeginshared integer array x[1::N ];for i = PID to PID + k doif i � N then x[i] := 1 else x[i� N ] := 1 �odparend2



22 CHAPTER 2. MODELS AND DEFINITIONSWe will show the existence of an N -processor CRCW PRAM algorithm for theWrite-All problem of Example 2.2, for which S = O(N log2N) for any pattern offail-stop processor failures. This solution also illustrates the notion of robustness. Theoriginal Parallel-time�Processors product, N , is increased by at most a polylogarithmicin the size of the input multiplicative factor, for any dynamic pattern of failures withat least one surviving processor. Note that there is no knowledge of how many, when,or which processors will fail.Our techniques for deriving fault-tolerant and e�cient algorithms are based on ro-bust solutions for the Write-All problem, and so we grace it with its own name:De�nition 2.1 Given a zero-valued array of N elements and P fail-stop PRAM pro-cessors, the Write-All problem is to set each element of the array to 1. 2Remark 2.1 The main point of Write-All problem is not initializing an array of Nelements, but transforming the contents of shared memory from one state to another.Write-All is formulated to capture the computational progress that can be naturallyaccomplished in unit time by a PRAM in the absence of failures. Write-All can beequally de�ned in terms of computing the absolute values of elements of an array, orcopying to the target array values from another array.2.4 Models of FailureWe now present several dimensions of failure modeling and the models we are concernedwith in this work. Signi�cant research in the past decade was devoted to the study offault-tolerant, distributed computation in the presence of arbitrary (and even malicious)system faults. Byzantine and other simpler failures were extensively studied in thecontext of distributed algorithms for the consensus problem (e.g., Pease et al. [79, 80],also see a survey by Fischer [41]). The failure models for parallel computation areconstructed from failure de�nitions along the spectrum of failure models discussed below.Types of failures, such as byzantine, omission failures, fail-stop failures, etc., havebeen part of the consensus literature as distributed algorithms were being developed todeal with failures (e.g., as discussed by Lamport and Lynch in the survey [66]). In thearea of parallel computation, where processors are more tightly coupled as compared



2.4. MODELS OF FAILURE 23to a distributed environment, failures need to be classi�ed further with the emphasisplaced on the more benign fail-stop case. For example, the synchronous parallel settingwith fail-stop processor errors is free from the limitations inherent in the asynchronousenvironment, or the situations where the processors can perform malicious actions (see[79, 41, 69] for surveys, and [42, 43, 37] for lower bounds).Using state of the art technology, processing elements are being designed with built-in diagnostics capabilities. Upon detecting failures, such processors can isolate them-selves from the rest of the computing environment without harmful e�ects. Such proces-sors are modeled as fail-stop processors. It was shown by Schlichting and Schneider in[90] that using a formal methodology and an appropriate programming language frame-work, it is possible to construct correct algorithms for fail-stop processors. In this workwe in turn show that it is possible to construct e�cient and fault-tolerant algorithms forcertain classes of parallel fail-stop processors. In the context of closely coupled parallelcomputation the fail-stop failures are both accurate and tractable.Adversaries: The notion of adversary is useful and important for the study of par-allel computations under di�erent models of failure. An adversary determines whichprocessors can fail at what step of the computation and which errors can be causedby the failures. When the adversary is omniscient, it has complete knowledge of thecomputation. The adversary can be restricted to have time or space limited knowledgeof the actions (e.g., those performed in the past or just in a subset of the processors).When the adversary is in addition on-line, it can decide during the computation whatprocessors will fail, as in this work. Alternatively, the adversary can be o�-line as inMartel et al. [75], in which case all failure decisions are made prior to the start of acomputation. Finally, an adversary might be limited probabilistically as in Kedem etal. [59], where the faults are occur with certain probability. Here we deal with theomniscient on-line adversaries.Granularity: Whereas, there is a fair amount of analysis based on types of failures andkinds of adversaries, there has been less attention paid to granularity of failures. Forparallel systems granularity seems to be a key concept. Failure granularity de�nes theextent to which sub-system failures a�ect the overall system. Granularity also de�nesthe smallest system components, such that a failure within the component is eithercompletely masked by the component or causes the failure of the entire component. Inpractice, many parallel programs are implemented using threads packages [22, 36]. It is



24 CHAPTER 2. MODELS AND DEFINITIONSalso reasonable to study failure granularity at the level of a single thread.Our modeling of fault tolerance has some similarities with the design of \robust"sorting networks, as those of Rudolph [88], and in general with the design of reliablesystems from unreliable components, as in Pippenger [82] or Dwork et al. [38]. Thedistinguishing characteristic of our approach is the investigation of fault tolerance at theprocessor granularity as opposed to gate or switch granularities [82] and [88] respectively.Magnitude: Many hardware oriented fault tolerance techniques provide fault maskingup to a pre-determined limit. In a distributed setting, some algorithms can handleprocessor failures when the number of failures does not exceed a certain fraction ofthe total number of processors. It is important to develop techniques that can dealwith any number of failures, however such techniques should also yield good resultswhen the number of failures is relatively small. The e�ciency of fault-tolerant solutionmay depend on the maximum allowable number of failures, but it is imperative thatcomputations remain correct for any number of failures (when one or more processorsremains operative). Here we study arbitrary failures and arbitrary failures and restarts.Recovery: In some models it is reasonable to assume that faulty processors neverrecover. For example, manufacturing defects may permanently disable some of thesystolic array processors, while the array remains functional when equipped with on-board fault-tolerance [1, 28, 50]. It is also reasonable for processors to recover at somepoint and rejoin a computation in progress. Failures may be quanti�ed by the durationof a processor's absence from a computation. We consider both the no-restart andrestartable models.Frequency: A �nal but signi�cant dimension is the frequency and timing pattern offailures. Assumptions about failure frequency must underlie any probabilistic analysis.In addition, we believe that the fault tolerant algorithm must show graceful degradationof performance so that when the failures are infrequent the algorithms must be near thepeak of their e�ciency. In this work we place no restriction on the frequency of failures.In the next sections we de�ne two variations of the PRAM whose processors aresubject to stop failures. The two models are:1. The fail-stop PRAM, where the processors do not restart after a failure, and2. The restartable fail-stop PRAM, where the processors can restart after a failure.



2.5. NO-RESTART FAIL-STOP CRCW PRAM 25We study fail-stop processor errors [90] that are determined by the worst case om-niscient on-line (adaptive) adversary that is not limited as far as the frequency andmagnitude of errors are concerned.In each of the models, the patterns of processor failures will be speci�ed as sets oftriples <tag, pid, t > where tag is label indicating the type of an event (i.e., failure orrestart), pid is the processor identi�er, and t is the time instance indicating when theevent occurs. The size of the failure pattern F is de�ned as the cardinality jF j.2.5 No-restart Fail-stop CRCW PRAMWe begin with the PRAM model given in Section 2.1. This model is extended witha failure model, and a complexity measure that captures the work of a fault-tolerantalgorithm when its processors are subject to failures.2.5.1 Failure modelThe fail-stop CRCW PRAM extends the basic model by allowing processor failures.The failure model for the fail-stop CRCW PRAM is de�ned as follows:1. We allow any dynamic pattern F of processor fail-stop errors provided one pro-cessor survives (one processor is necessary if anything is to be done). F describeswhich processors fail and when. This pattern is determined by an adversary, whoknows everything about the structure and the dynamic behavior of the algorithm.2. We only consider fail-stop (no restart) behavior: processors fail by stopping andnot performing any further actions. Fail-stop models are reasonable approxima-tions of what is desirable and achievable in practice [90].3. We assume that the shared memory writes of the individual PRAM steps areatomic with respect to failures: failures can occur before or after a shared write ofO(logmaxfN;Pg) bit words, but not during the write. This non-trivial assump-tion is made only for simplicity of presentation. Algorithms using this assumptioncan be automatically converted to use only single bit atomic writes as we show inSection 6.2.



26 CHAPTER 2. MODELS AND DEFINITIONSThe failure patterns are syntactically de�ned as follows:De�nition 2.2 A fail-stop no restart failure pattern F is a set of triples <tag, pid, t >where tag is failure indicating processor failure, pid is the processor identi�er, and t isthe time indicating when the processor stops or restarts. 2Remark 2.2 Since at least one processor must survive if a computation is to terminate,we need only consider failure patterns F of size jF j < P for computations with P initialprocessors.2.5.2 Measure of e�ciency: available processor stepsWe de�ne the complexity measure of available processor steps de�ned using the mea-sure introduced in Section 2.2. This measure generalizes the standard Parallel-time�Processors product. As we discussed earlier, this measure appropriately evaluates thee�ciency of fault-tolerant parallel algorithms. We formally de�ne S as follows:De�nition 2.3 Consider a computation with P initial processors that terminates inparallel-time � after completing its task on some input data I of size N and in thepresence of fail-stop error pattern F . If Pi(I; F ) � P is the number of processorscompleting an instruction at step i, then we de�ne S(I; F; P ) as:S(I; F; P ) = �Xi=1 Pi(I; F ) : 2We now de�ne available processor steps S� in terms of S:De�nition 2.4 A P -processor PRAM algorithm on any input data I of size jI j = Nand in the presence of any pattern F of failures of size jF j � M < N uses availableprocessor steps S� = S�N;M;P = maxI;F fS(I; F; P )g : 2From the de�nition of S, we immediately observe the following property:Property 2.5 Given any fault-tolerant parallel algorithm that uses up to P processors,on inputs of size N , ifM1 < P1 � P2 � P andM2 < P2 � P , then S�N;M1;P1 � S�N;M2;P2 .



2.5. NO-RESTART FAIL-STOP CRCW PRAM 27This is so because by De�nition 2.4, when the smaller number of processors P1 isused, we maximize over the failure patterns with P2 � P1 failures at time zero.The measure S� is used in turn to de�ne the notion of algorithm robustness thatcombines fault tolerance and e�ciency:De�nition 2.6 Let T (N) be the best sequential (RAM) time bound known for N -sizeinstances of a problem. We say that a parallel algorithm for this problem is a robustparallel algorithm if: for any input I of size N and for any number of initial processors P(1 � P � N) and for any failure pattern F of sizeM with at least one surviving processor(M < N), this algorithm completes its task and it has S� = S�N;M;P � c T (N) logc0 N ,for �xed c, c0. 2Remark 2.3 Note that the available processor steps S� de�nes the worst case e�ciencyof a computation. In some cases it may be su�cient for a computation to be e�cientwith high probability, and allow worst case ine�ciency. Such an approach was taken in[59] using a probabilistically restricted adversary. In an analogous fashion it is possibleto modify the de�nition of \robustness" based on the failure model used.2.5.3 Discussion of the technical choices madeFail-stop errors vs. malicious processor behavior: We have chosen to consideronly the failure models where the processors do not write any erroneous or maliciouslyincorrect values to shared memory. While malicious processor behavior is often consid-ered in conjunction with message based systems, it makes less sense to consider maliciousbehavior in tightly coupled shared memory systems. This is because even a single faultyprocessor has the potential of invalidating the results of a computation in unit time,and because in a parallel system all processors are normally \trusted" agents, and sothe issues of security are not applicable.Concurrent writes vs. exclusive writes: The choice of CRCW (concurrent read,concurrent write) is justi�ed in the discussion of lower bounds in Chapter 4, where asimple result shows that the CREW (concurrent read, exclusive write) model does notadmit fault-tolerant e�cient algorithms.Clear vs. contaminated initial memory: We require that a linear amount of sharedmemory location be initially clear, i.e., initialized to zero. While this is consistent with



28 CHAPTER 2. MODELS AND DEFINITIONSde�nitions of PRAM such as [44], it is nevertheless a requirement that fault-tolerantsystems ought to be able to do without. We address this issue in Section 6.1 where wedevelop an e�cient procedure that solves the Write-All problem even when the sharedmemory is contaminated, i.e., contains arbitrary values.Atomicity and word size: Thus far, the model we have de�ned assumes the ability toperform logN -bit word parallel writes atomically. That is the model allows: (1) logN -bit words to be written in unit time, and (2) the adversary could cause failures eitherbefore or after the write cycle of the PRAM, but not during the write cycle. Thealgorithms in these models can be modi�ed so that these two restrictions are relaxed.The new de�nition of atomicity becomes: (1) logN -size words are written usinglogN bit write cycles, and (2) the adversary can cause arbitrary fail-stop errors eitherbefore or after the single bit write cycle of the PRAM, but not during the bit writecycle. We formally show this in Section 6.2.2.6 Restartable Fail-stop CRCW PRAMWe begin with the PRAM model given in Section 2.1. This PRAM model is �rstaugmented with the concept of an update cycle.In all our algorithms for the restartable fail-stop PRAM:� The PRAM processors execute sequences of instructions that are grouped in updatecycles. Each update cycle consists of reading a small �xed number of sharedmemory cells (e.g., � 4), performing some �xed time computation, and writing asmall �xed number of shared memory cells (e.g., � 2).The parameters of the update cycle (number of read and write instructions) are�xed, but depend on the instruction set of the PRAM. The values quoted (4 and 2) aresu�cient for our exposition.We next de�ne the model of failures and restarts model, and two natural complexitymeasures.



2.6. RESTARTABLE FAIL-STOP CRCW PRAM 292.6.1 Failure and restart modelWe use the fail-stop with restart failure model, where time instances are the PRAMclock-ticks:1. A failure pattern F (i.e., failures and restarts) is determined by an on-line adver-sary, that knows everything about the algorithm and is unknown to the algorithm.2. Any processor may fail at any time during any update cycle, or having failed itmay restart at any time, provided that:(i) at any time during the computation at least one processor is executing anupdate cycle that successfully completes, and(ii) failures can occur before or after a write of a single bit but not during thewrite, i.e., bit writes are atomic (see Remark 2.5 below).3. Failures do not a�ect the shared memory, but the failed processors lose theirprivate memory. Processors are restarted at their initial state with their pid astheir only knowledge.The failure and restart patterns are formally de�ned as follows:De�nition 2.7 A failure pattern F is a set of triples <tag, PID, t > where tag is eitherfailure indicating processor failure, or restart indicating a processor restart, PID isthe processor identi�er, and t is the time indicating when the processor stops or restarts.Remark 2.4 The failures and restarts we are considering are di�erent from the errorsof omission, e.g., where processors may skip a step but preserve their local context.Remark 2.5 For simplicity of presentation, we assume that the PRAM shared memorywrites of O(logmaxfN;Pg) bit words are atomic. Algorithms using this assumption canbe easily converted to use only single bit atomic writes as we show in Section 6.2.



30 CHAPTER 2. MODELS AND DEFINITIONS2.6.2 Measures of e�ciency: completed work and overhead ratioWe investigate two natural complexity measures, completed work and overhead ra-tio. The completed work measure generalizes the standard Parallel-time�Processorsproduct and the available processor steps of De�nition 2.4. The overhead ratio is anamortized measure.De�nition 2.8 Consider an algorithm with P initial processors that terminates inparallel-time � after completing its task on some input data I and in the presence ofa failure pattern F . If Pi(I; F ) � P is the number of processors completing an updatecycle at time i, and c is the time required to complete one update cycle, then we de�neS0(I; F; P ) as: S0(I; F; P ) = c �Xi=1 Pi(I; F ): 2De�nition 2.9 A P -processor PRAM algorithm on any input data I of size jI j = Nand in the presence of any pattern F of failures and restarts of size jF j �M :(i) uses completed work S+ = S+N;M;P = maxI;F fS0(I; F; P )g and(ii) has overhead ratio � = �N;M;P = maxI;F �S0(I; F; P )jI j+ jF j � . 2Remark 2.6 Update cycles are units of accounting. They do not constrain the in-struction set of the PRAM and failures can occur between the instructions of an updatecycle. However, note that in S 0(I; F; P ) the processors are not charged for the read andwrite instructions of update cycles that are not completed.Remark 2.7 For the fail-stop no-restart execution of restartable algorithms, the mea-sures S� and S+ are equal asymptotically. When the restarts do not occur, then themaximum work spent in the incomplete cycles is bounded by O(P ), since there can beno more than P failures. Therefore, for the fail-stop no-restart model, using the workS� yields the same results as using the S+ measure. The only di�erence is that S�accounts abstract instructions, while S+ accounts update cycles that might contain asmall constant number of instructions.



2.6. RESTARTABLE FAIL-STOP CRCW PRAM 31Remark 2.8 Consider the de�nition of work S(I; F; P ) (De�nition 2.3) that accountsfor the incomplete update cycles. Clearly S(I; F; P ) � S 0(I; F; P ) + cjF j. Thus, usingS does a�ect asymptotically the measure of work (when jF j is very large), but it doesnot asymptotically a�ect � is given in De�nition 2.9(ii).Remark 2.9 One might also generalize the overhead ratio in terms of S0(I;F;P )T (I)+jF j , whereT (I) is the time complexity of the best sequential solution known to date for the par-ticular problem at hand. For the purposes of this exposition, it is su�cient to express �in terms of the ratio S0(I;F;P )jIj+jF j . This is because for the Write-All problem (by itself andas used in the general simulation) T (I) = �(jI j).Remark 2.10 Another way to generalize the overhead ratio is in terms of S0(I;F;P )�P (I)�P+jF j ,where �P (I) is the parallel time complexity of the best P -processor solution known todate for the particular problem at hand. Again, for the purposes of this exposition, it issu�cient to express � in terms of the ratio S0(I;F;P )jIj+jF j . This is because for the Write-Allproblem (by itself and as used in the general simulation) �P (I) � P = �(jI j).2.6.3 Discussion of the technical choices madeWork vs. overhead ratio: When dealing with arbitrary processor failures andrestarts, the completed work measure S+ depends on the size N of the input I , thenumber of processors P , and the size of failure pattern F . The ultimate performance goalfor a parallel fault-tolerant algorithm is to be able to perform the required computationat a work cost as close as possible to the work performed by the best sequential algorithmknown. Unfortunately, this goal is not attainable when an adversary succeeds in causingtoo many processor failures during a computation.Example 2.3 Work subject to a large number of recoveries: Consider a Write-Allsolution, where it takes a processor one instruction to recover from a failure. If anadversary in
icts a failure pattern F with the number of failure/restarts jF j = 
(N1+")for " > 0, then the completed work will be 
(N1+"), and thus already non-optimaland potentially large, regardless of how e�cient the algorithm is otherwise. Yet thealgorithm may be extremely e�cient, since it takes only one instruction to handle afailure. 2



32 CHAPTER 2. MODELS AND DEFINITIONSThis illustrates the need for a measure of e�ciency that is sensitive to both the sizeof the input N , and the number of failures and restarts M = jF j. When M = O(P )as in the case of the stop failures without restarts, S+ properly describes the algorithme�ciency, and � = O(S+N;M;PN ). However, when F can be large relative to N and P (asis the case when restarts are allowed) � better re
ects the e�ciency of a fault-tolerantalgorithm.Recall from Remark 2.9, that � is insensitive to the choice of S or S 0 (and to usingupdate cycles) as a measure of work. However, update cycles are necessary for thefollowing reasons.Update cycles and termination: Our failure model requires that at any time, at leastone processor is executing an update cycle that completes. (This condition subsumesthe condition of non-restartable fail-stop model that one processor does not fail duringthe computation). This requirement is formulated in terms of update cycles and assuresthat some progress is made. Without it, the algorithms may not terminate, and whenthey do terminate the work may be unbounded. Since the processors lose their contextafter a failure, they have to read something to regain it. Without at least one updatecycle completing, the adversary can force the PRAM to thrash by allowing only thesereads to be performed. Similar concerns are discussed in [90].Update cycles as a unit of accounting: In our de�nition of completed work we onlycount completed update cycles. Even if the progress and termination of a computationis assured (by always completely executing at least one update cycle), but the processorsare charged for incomplete update cycles, the work S (in Remark 2.9) of any algorithmthat simulates a single N processor PRAM step is at least 
(P �N). The reason for thisquadratic behavior is the following simple and rather uninteresting thrashing adversary.Example 2.4 Thrashing adversary: Let ALG be any algorithm that solves the Write-All problem under the arbitrary failure/restart model. Consider the standard PRAMread/compute/write cycles (if processors begin writing without reading a simple mod-i�cation of the following argument leads to the same result). A thrashing adversaryallows all processors to perform the read and compute instructions, then it fails all butone processor for the write operation. The adversary then restarts all failed processors.Since one write operation is performed per read/compute/write cycle, N cycles will



2.6. RESTARTABLE FAIL-STOP CRCW PRAM 33be required to initialize N array elements. Each of the P processors performs �(N)instructions which results in work of �(P �N). 2By charging the processors only for the completed �xed size update cycles, andnot for partially completed cycles, we do not charge for thrashing adversaries. It isinteresting that this change in cost measure allows sub-quadratic solutions.
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Chapter 3Write-All AlgorithmsDEMONSTRATING the existence of e�cient algorithms for the Write-All problemgiven in De�nition 2.1 is essential for the general simulation we develop and an-alyze in Chapter 5. In this chapter we present and analyze several algorithms for theWrite-All problem using three processor allocation paradigms.In the chapter and in the detailed description of the algorithms in Appendices Aand B we assume that N is a power of 2. Nonpowers of 2 can be handled usingconventional padding techniques. All logarithms are to the base 2, and div stands forinteger division with truncation.3.1 Processor Allocation ParadigmsProcessor allocation is often the key problem on the way to achieving e�cient solutions.Processors need to be allocated so that the relative processor loads are balanced ac-cording to appropriate criteria. We present three processor allocation paradigms usedin constructing e�cient solutions for the Write-All problem.In the overview of the processor allocation paradigms and algorithms within eachparadigm we give the complexity results in terms of N , the size of the Write-All array.35



36 CHAPTER 3. WRITE-ALL ALGORITHMSGlobal allocation paradigmThe allocation of processors in the global allocation paradigm is performed using theknowledge of the global state of the computation. The processors compute and reducethe information that is in turn used to synchronize and allocate processors. We presenttwo deterministic algorithms that use global allocation paradigm:Algorithm W : this is a deterministic fail-stop no restart algorithm for which S� =O(N log2N= log logN); this algorithm has an optimal range of processors for which thework of the algorithm is optimal for any pattern of failures for P � N= log2N .Algorithm V : this is an algorithm that can be used with both models; in the non-restartable model it has S� = O(N log2N) and a range of optimality similar to that ofalgorithmW , and for the restartable fail-stop model it has S+ = O(N log2N+M logN),where M is the size of the failure pattern encountered during the execution.Local allocation paradigmHere processors make allocation decisions based on the information that is local to theprocessors, or that is immediately available in constant number of memory accessesfrom the shared data structures. No global synchronization is necessary, and thereforelocal allocation algorithms can also be used with asynchronous systems (as shown byBuss et al. in [27]). We present and analyze a deterministic algorithm, and we present(without analysis) two randomized algorithms based on the deterministic algorithm:Algorithm X : this is a deterministic algorithm that can be used in both the fail-stop and restartable models. In the fail-stop model we show and analyse a particularfailure scenario (this scenario was re�ned by L�opez-Ortiz [68] to exhibit the knownworst fail-stop work for algorithm X). For the restartable model we provide completealgorithm analysis and show that for any pattern of failures and restarts the algorithmhas subquadratic work O(N1:59) and e�cient overhead ratio � = O(log2N) (wheninterleaved with algorithm V ).Algorithms Xcoin and Xdie: these are two variations of algorithm X using cointossing and die casting respectively. The analysis of these algorithms is an open question.



3.2. GLOBAL ALLOCATION PARADIGM 37Hashed allocation paradigmHere processors are allocated in a hashed fashion, either according to a randomizedscheme or using a deterministic scheme that approximates a particular randomizedscheme. Hashed allocation algorithms can be used in both restartable and non-restartablefailure models.Algorithm Y : this is an e�cient determinization of a randomized algorithm thatwas de�ned by Anderson and Woll in [8]. We present this algorithm without analysis.Some experimental work suggests that the algorithm is a very e�cient algorithm. Theanalysis of algorithm Y is stated as an open problem that shows an interesting linkagebetween group theory, combinatorics and multi-processor scheduling.3.2 Global Allocation ParadigmThis section consists of three parts. In the �rst two we present two algorithms using theglobal allocation paradigm: algorithm W and algorithm V . In the �nal part we de�nethe processor allocation monotonicity property and show that these two algorithmshave this property. This property will enable us to develop fault-tolerant simulationsfor priority PRAMs in Chapter 5.3.2.1 Algorithm WWe now de�ne and analyze a robust parallel algorithm for the Write-All problem in thefail-stop no-restart model. We call it algorithm W . This solution illustrates the notionof robustness in the fail-stop model. The original Parallel-time�Processors product,N , is increased by at most a c log2N= log logN multiplicative factor, for any dynamicpattern of failures with at least one surviving processor. Note that we have no knowledgeof how many, when, or which processors will fail.Algorithm W solution for the Write-All problem is based on a parallel loop through(1) a failure detecting phase, (2) a load rescheduling phase, (3) a work phase whereassignments (x[i]:=1) are performed, and (4) a phase that estimates the work remainingand controls the parallel loop. The entire algorithm is moderately involved, but fairlymodular. Phases 1 and 4 involve bottom up traversal of two di�erent heaps and phase



38 CHAPTER 3. WRITE-ALL ALGORITHMS2 involves a top down traversal of these heaps. Algorithm W uses the ability of thePRAM to atomically write words of O(logN) bits. However this is only for convenienceof presentation, and in Section 6 we remove this assumption.This solution is simple enough to capture certain engineering intuitions (e.g., therescheduling involves divide-and-conquer) and to be easily implementable (e.g., we in-clude detailed description of the code in Appendix A). Proving robustness is the subjectof Section 3.2. The phases of the algorithm are such that reasoning about the failurepatterns involves few cases and the algorithm analysis uses recurrences and inequalities.By exploiting parallel slackness as as advocated by Valiant [98], and using a slightlysmaller number of processors (1 � P � N=(log2N � log logN logN), where N is thesize of the input array) we show thatWrite-All can be solved optimally with S� = O(N).For simplicity of presentation, in the rest of this section we assume that the initialnumber of processors P is N , where N is the input size. Our results immediately extendto any P in the range 1; . . . ; N by assuming that the algorithm starts with N processors,and that N � P processors fail prior to the �rst step of the algorithm.Algorithm W de�nitionAlgorithm W is a four phase iterative algorithm. It uses full binary trees to (1) enu-merate surviving processors, (2) allocate processors, (3) perform work (x[i] := 1), and(4) measure progress.Input: Shared array x[1::N ]; x[i] = 0 for 1 � i � N .Output: Shared array x[1::N ]; x[i] = 1 for 1 � i � N .Data-structures: We use four full binary trees, each of size 2N � 1, stored as heapsin shared memory. By heap h[1::2N � 1] we mean that array h codes a full binary treestructure by using h[i] (i = 1; . . . ; N � 1) as an internal tree node with the left childh[2i] and the right child h[2i+ 1].The heaps are c[1::2N � 1] (for processor counting and allocation), cs[1::2N � 1](for keeping step numbers), d[1::2N � 1] (for progress counting) and a[1::2N � 1] (fortop-down auxiliary accounting). They are initially 0.The input is in shared array x[1::N ], where the N elements of this array are associ-ated with the leaves of the heaps d and a. Element x[i] is associated with d[i+N � 1]



3.2. GLOBAL ALLOCATION PARADIGM 3901 forall processors PID=1..N parbegin02 Phase W3: Visit the leaves based on PID to perform work on the input data.03 Phase W4: Traverse the d heap bottom up to measure progress.04 while the root of the d heap is not N do05 Phase W1: Traverse the c, cs heaps bottom up to enumerate processors.06 Phase W2: Traverse the d; a; c heaps top down to reschedule work.07 Phase W3: Perform rescheduled work on the input data.08 Phase W4: Traverse the d heap bottom up to measure progress09 od10 parend Figure 3.1: A high level view of algorithm Wand a[i+ N � 1], where 1 � i � N . Similarly processors are initially associated withthe leaves of the heap c, such that processor PID is associated with c[PID+N � 1].Each processor uses some constant amount of local memory. For example, this localmemory may be used to perform some simple arithmetic computations. Importantlocal variables are PID, containing the initial processor identi�er, and pn, containing adynamically changing processor number. Note that PID's do not change but pn's do.Thus, the overall memory used is O(N+P ) and the data-structures are very simple.Control-
ow: Due to the omniscience of the adversary, we employ an oblivious itera-tive approach in the sense that the pool of the available processors is treated uniformlyand is assigned evenly to the tasks that need to be done. The basic idea of the loop is:(a) For failure detection use bottom up, fast parallel summation to estimate the surviv-ing processors and to estimate the progress they have made. (b) For load reschedulinguse a top down, divide-and-conquer strategy based on the estimate of progress made.This idea is realized as follows.The algorithm consists of the parallel loop given in Figure 1. This loop is performed,in a synchronous way, by all processors that have not stopped. It consists of four phasesof steps, and the �rst time only part of it is executed (phases W3 and W4). Of course,processors can fail-stop at any time during the algorithm. We next proceed with a highlevel description of the phases, and then provide additional details with examples.Phase W1 { the failure detection/processor enumeration phase: In this phase all pro-cessors traverse a full binary tree used for processor counting starting with the



40 CHAPTER 3. WRITE-ALL ALGORITHMSleaves associated with processor identi�ers (PIDs) and �nishing at the root. Aversion of the standard parallel addition algorithm is used for counting.Phase W2 { the processor allocation phase: Here, the processors begin at the root ofthe full binary tree that represents the progress of the algorithm, and traverse itstarting with the root and �nishing at the leaves associated with the un�nishedwork. The processors are allocated in a divide-and-conquer fashion according tothe hierarchy of the progress tree.Phase W3 { the work phase: The processors now perform work they �nd at the leavesthey reached in phase W2.Phase W4 { the progress measurement phase: The processors begin at the leaves ofthe progress tree where they ended phase W3 and traverse it to the root to estimatethe progress of the algorithm. A version of the standard parallel addition algorithmis used to count the number of leaves where the work of phase W3 was successfullydone.Algorithm W technical details:In phase W1 each processor PID traverses heaps c and cs bottom up from from thelocation PID+N �1. The O(logN) path of this traversal is the same (static) for all theloop iterations. As processors perform this traversal they calculate an overestimate ofthe surviving processors. This is done using a standard O(logN) parallel-time versionof a CRCW summation algorithm. Heap c holds the sums and heap cs the timestamps(or step numbers) for the current loop iteration. This allows reusing c without havingto initialize it each time. Also, during this traversal surviving processors calculate newprocessor numbers pn for themselves, based on the same sums. Detailed code for thisprocedure is given in Appendix A.2.Each processor PID starts by writing a 1 in the leaf c[PID+N � 1] of the tree c. If aprocessor fails before it writes 1 then its action will not contribute to the overall count.If a processor fails after it writes 1 then this number can still contribute to the overallsum if one or more processors were active at a sibling tree node and remained active asthey moved to the ancestor tree node. The same observation applies to counts writtensubsequently at internal nodes, which are the sums of the counts of the children nodesin tree c.



3.2. GLOBAL ALLOCATION PARADIGM 41Example 3.1 Processor enumeration: Consider phase W1 for N = 4. There are 4 pro-cessors with PIDs 1, 2, 3, and 4, and the counting tree is represented as the heap c[1::7].If processor 1 failed prior to the start of phase W1, pro-cessor 3 failed right after writing 1 into its leaf c[6], andprocessor 4 failed after calculating c[3] = 2 as the sum ofits (c[4] = 1) and processor 3's (c[3] = 1) contributions,then the heap will look like this after the completion of c[1]: 3c[2,3]: 1 2c[4,5,6,7]: 0 1 1 1PID: 1 2 3 4the phase. Observe that the root value c[1] = 3 yet the actual number of active proces-sors is 1. 2It is easy to show that phase W1 will always compute in c[1] an overestimate of thenumber of processors, which are surviving at the time of its completion (see Lemma 3.1).We also need to enumerate the surviving processors. This is accomplished by eachprocessor assuming that it is the only one, and then adding the number of the survivingprocessors it estimates to its left. This enumeration creates the dynamic processornumber pn.Finally, in phase W1 we must be able to reuse our heap several times. This presents aproblem. For example, if a processor had written 1 into its heap leaf and then failed thenthe value 1 will remain there for the duration of the computation, thus preventing usfrom computing monotonically tighter estimates of the number of surviving processors.This is corrected by associating a step number with each node of the count heap c andstoring it in heap cs, thus time stamping valid data. The count step is initially zero,and during each successive loop iteration, gets incremented by each surviving processor.Failed processors will not increment their step numbers, thus enabling the survivingprocessors to detect counts that are out-of-date and treat them as zeroes. We need notworry about time stamping over
ow, since we have words of O(logN) bits and in theworst case the loop iterates N times (see Lemma 3.3).In phase W2 all surviving processors start at the root of the progress tree d. In d[i]there is an underestimate of the work already performed in the subtree de�ned by i.Now the processors traverse d top down and get rescheduled dynamically according tothe work remaining to be done in the subtrees of i.It is essential to balance the work loads of the surviving processors. In the nextsection, we formally show that the algorithm meets the goal of balancing (Lemma 3.2).



42 CHAPTER 3. WRITE-ALL ALGORITHMSAlthough the divide-and-conquer idea based on d is sound, some care has to be put intoits implementation.In the remaining discussion of phase W2 we explain our implementation, which isbased on auxiliary progress tree a. The values in a are de�ned from the values in d.All values in a are de�ned given d, although only part of a is actually computed. Theimportant points are that (i) a represents the progress made and fully recorded fromleaves to the root, and (ii) the value of each a[i] is de�ned based only on the values ofd seen along the unique path from the root to the node i.At each internal node i, the processors are divided between the left and right subtreesin proportion to the leaves that either have not been visited or whose visitation was notfully recorded in d. This is accomplished by computing a[2i]; a[2i+ 1] and using thesevalues instead of d[2i]; d[2i+ 1] in order to discard partially recorded progress (causedby failures and recorded by the processors in the dynamic bottom up traversal of donly part way to the root). We detect partially recorded progress in d when a value ofan internal node in d is less than the sum of the values of its two descendants. Thus,at i, after computing the values a[2i]; a[2i+ 1], the scheduling of work is done usingdivide-and-conquer according to the values N � a[2i] and N � a[2i+ 1].Formally, the nonnegative integer values in a are constrained top down as follows:The root value is a[1] = d[1]. For the children of an interior node i (1 � i � N � 1)we have a[2i] � d[2i] , a[2i+ 1] � d[2i+ 1] , and a[2i] + a[2i+ 1] = a[i]These constraints do not uniquely de�ne a. However, we realize a unique de�nitionby making a[2i] and a[2i + 1] proportional (up to round-o�) to the values d[2i] andd[2i + 1]. Thus, our dynamic top-down traversal (given in detail in Appendix A.4)implements one way of uniquely de�ning the values of a satisfying these constraints.The constraints on the values of a assure that (i) there are exactly d[1] = a[1] numberof leaves whose d and a values are 1 | such leaves are called accounted, and no processorwill reach these leaves, and (ii) the processors reach leaves with the a values of 0 |such leaves are called unaccounted. Also see Example 3.2 below for additional intuitionon a.Remark 3.1 Strictly speaking, the auxiliary progress tree a need not be representedas a shared heap. Since the values of the a heap are computable from the d heap, it is



3.2. GLOBAL ALLOCATION PARADIGM 43su�cient for each processor to have three local scalar variables to represent a node andits two descendants in a \virtual" heap a. However it is convenient to use a as de�nedabove in the proofs of the next section. In any case, a linear amount of storage is used.In phase W3 all processors are at the leaves reached in phase W2. Each processorwrites 1 in the array element associated with the leaf it has been rescheduled to. Priorto the start of the �rst iteration of the loop each processor PID tries to write in locationx[PID]. phase W3 is where the work of the original non-robust algorithm gets done. Itis contained within procedure Main in Appendix A.1.In phase W4 the processors record the progress made by traversing the d heap bottomup and using the standard summation method. The O(logN) paths (dynamically)traversed by processors can di�er in each loop iteration, since processors start from theleaves where they were in phase W3. What is computed each time is an underestimateof the progress made. No timestamps are needed here because the progress recordedincreases monotonically. This dynamic bottom up traversal is given in Appendix A.3.Phase W4 is a simple variant of phase W1, except for the fact that the path traversedbottom up is dynamically determined. One can easily show that the progress recorded ind[1] by phase W4 increases monotonically and it underestimates the actual progress (seeLemma 3.3). This guarantees that the algorithm terminates after at most N iterations,since d[1] 6= N is the guard that controls the main loop.The following example illustrates phase W4, and provides intuition for why the heapa is used in phase W2 and why it is needed by the proof framework presented in thenext section.Example 3.2 Progress estimation: Consider phase W4 for N = 4. There are 4 proces-sors with PIDs 1, 2, 3, and 4, and the progress tree is represented as the heap d[1::7].If, during a phase W4 bottom-up traversal of the progressheap d, processor 4 failed prior to the start of the phase,and processor 3 failed after the �rst step of the traversalhaving written 1 into the leaf d[6], then the d heap willlook like this after the completion of the phase. d[1]: 2d[2,3]: 2 0d[4,5,6,7]: 1 1 1 0PID: 1 2 3 4Let P 0 = 2 be the number of surviving processors. We see that d[1] = 2 is an underes-timate of the actual number, i.e. 3, of visited leaves. If the d heap is used directly in



44 CHAPTER 3. WRITE-ALL ALGORITHMSphase W2 to allocate processors to the unvisited leaves, then the leaf associated withd[7] will be allocated all P 0 surviving processors. On the other hand, by knowing the(overestimate) number of surviving processors P 0 and the (underestimate) of the visitedleaves d[1], we would like to prove that the allocation is balanced, and that no leaf isallocated more than dP 0=(N � d[1])e = 1 processors. We use the heap a in phase W2,where the surviving processors compute a[6] = a[7] = 0, with each reaching a distinctleaf thus assuring balanced processor allocation.Analysis of algorithm WWe now outline the proof of robustness for algorithmW . Lemma 3.1 shows that in eachloop iteration, the algorithm computes (over)estimates of the remaining processors. InLemma 3.2 we prove that processors are only allocated to the unaccounted leaves, andthat all such leaves are allocated a balanced number of processors. Lemma 3.3 assuresmonotonic progress of the computation, and thus its termination. In Lemma 3.4 wedevelop an upper bound on the work performed by the processors prior to the algorithmtermination. Lemmas 3.1 and 3.3 are proved using simple inductions on the structureof the heaps used by the algorithm. Lemma 3.2 is shown by using an invariant for thealgorithm of phase W2. Lemma 3.4 is the central lemma of this section and its proofconsists of a relatively involved induction on the size of the estimated work remainingat some step of the algorithm.These lemmas are used to show the main Theorem 3.5, and, by exploiting parallelslackness, we obtain the optimality result Theorem 3.7.We �rst introduce some terminology. Let us consider the i-th iteration of the loop(1 � i � N). Note that the �rst iteration consists only of phases W3 and W4. De�ne:(1) Ui to be the estimated remaining work, the value ofN�d[1] right before the iterationstarts, i.e. right after phase W4 of the previous iteration (U1 is N); (2) Pi to be the realnumber of surviving processors, right before the iteration starts, i.e. right after phaseW4 of the previous iteration (P1 is P ); (3) Ri to be the estimated number of survivingprocessors, that is the value of c[1] right after phase W1 of the i-th iteration (R1 is P ).The following is shown by straightforward induction on tree c.Lemma 3.1 In algorithm W , for all loop-iterations i we have: Pi � Ri � Pi+1, as longas at least one processor survives.



3.2. GLOBAL ALLOCATION PARADIGM 45Proof: The basis P = P1 = R1 � P2 is obvious. Pi is the number of processors activeprior to the �rst PRAM instruction of the phase W1 algorithm for static bottom-uptraversal. By the de�nition of the model, we immediately have Pi � Pi+1. We will�rst show that Pi � Ri � Pi+1 by induction on the structure of the c tree after thecompletion of the phase W1 static bottom-up traversal. For simplicity we will treat thevalues of the c tree with incorrect cs version numbers as virtual zeroes, and not involvecs tree further in this proof. The proof will involve two inductions: one to show the�rst part of the inequality, and one for the second part.(1) Inequality Pi � Ri: Let s(t) denote the number of processors that initiated phaseW1 of the algorithm in the subtree of the c tree rooted at node t. Clearly, we have thats(1) = Pi.Basis: For all subtrees of height 0 rooted at t, c[t] � s(t), because some processorsmay have stop-failed after the initiation of phase W1, but before the initialization ofthe leaves of c tree.Inductive hypothesis: assume that for all subtrees of height h rooted at nodes t, wehave c[t] � s(t).Inductive step: consider nodes t of height h + 1. By the inductive hypothesis:c[2t] � s(2t) and c[2t + 1] � s(2t + 1). If any processor reached a node t, then c[t] =c[2t] + c[2t + 1] � s(2t) + s(2t + 1) = s(t). If no processors reached the node t, thenc[t] = 0 � s(t).The induction stops at t = 1 where Ri = c[1] � s(1) = Pi, and so Pi � Ri.(2) Inequality Ri � Pi+1: This can be shown using similar induction, but instead of s(t)we de�ne r(t), to be the number of processors that initiated phase W1 in the subtreeof the node t and that completed the phase W1 traversal. r(1) is the upper bound forPi+1, and the induction will show that r(1) � c[1]. 2In the dividing done during the dynamic top down traversal in W , we will allocateprocessors to tasks that either have not been completed, or have been completed, butnot yet accounted for at the root d[1]. Recall that a leaf of d is accounted if it has value 1and if the corresponding de�ned value in the leaf of heap a is also 1 (there are exactly d[1]accounted leaves). In Algorithm W , the processors get allocated in a balanced fashionto the unaccounted leaves, i.e. the leaves whose associated (de�ned and) computed value



46 CHAPTER 3. WRITE-ALL ALGORITHMSin heap a is 0. The next lemma shows that the processors allocation to the unaccountedleaves is balanced. It involves a detailed but straightforward assertional proof. Belowwe give the lemma with a proof sketch, and its full proof is found in Appendix A.6.Lemma 3.2 In phase W2 of each loop-iteration i of algorithm W : (1) processors areonly allocated to unaccounted leaves, and (2) no leaf is allocated more than dRi=Uieprocessors.Proof sketch: The lemma is shown by proving an invariant for the phase W2 al-gorithm. For each active processor, the main assertions of the invariant is that duringthe top down traversal, at each node j of the progress tree d and the auxiliary progresstree a: (1) a[j] is strictly less than the number of leaves in the subtree of node j,and a[j] � d[j], and (2) the maximum number of active processors allocated to theprogress subtree of node j is equal (up to a round-o�) to Ri=Ui times the number ofunaccounted leaves in that subtree. When the surviving processors reach the leaves,it follows from the invariant that a[j] = 0, i.e., the leaf is unaccounted, and that thenumber of processors at that leaf is no more than dRi=Uie.The following lemma shows that for each loop-iteration, the number of unvisitedleaves is decreasing monotonically, thus assuring termination of the main loop afterat most N iterations. The worst case of exactly N iterations corresponds to a singleprocessor surviving at the outset of the algorithm.Lemma 3.3 In algorithm W , for all loop-iterations i we have: Ui > Ui+1, as long asat least one processor survives.Proof: To prove this, we de�ne ai[1::2N -1] and di[1::2N -1] to be the values of trees aand d after the completion of iteration i. d0[1::2N -1] are the initial zero values. We �rstshow that if an iteration i+ 1 is started with tree d satisfying di[t] � di[2t] + di[2t+ 1](1 � t < N), then after the termination of loop-iteration i + 1, tree d will satisfydi+1[t] � di+1[2t] + di+1[2t + 1] (1 � t < N), and along a path completely traversedfrom leaf to root by a processor in phase W4: ai[t] < di+1[t] (1 � t < 2N , t along thepath traversed).This can be shown using straightforward induction on the structure of the tree dand the loop-iteration number i. From this, since Ui = N � di[1] = N � ai[1] andUi+1 = N � di+1[1], we have N � Ui < N � Ui+1 which leads to the desired result. 2



3.2. GLOBAL ALLOCATION PARADIGM 47We now come to the main lemma. We will treat the three logN time tree traversalsperformed by a single processor during each phase of the algorithm as a single block-stepof cost O(logN). We will charge each processor for each such block step, regardless ofwhether the processor actually completes the traversals or whether it fail-stops some-where in-between. This coarseness will not distort our results; since we can have atmost P processor failures it amounts to a one time overcharge of O(P logN). Let ustake a snapshot of the algorithm after completion of several loop-iterations. We areright before loop-iteration i. Vi stands for the total number of block-steps performedby the processors in trying to complete all remaining work (at most Ui).Lemma 3.4 For any failure pattern with at least one surviving processor, and startingat each loop-iteration i, algorithm W completes all remaining work. Its total numberof block-steps Vi is less than or equal to Pi + Ui + Pi log(Ui), where 1 � Pi; Ui � N .Proof: We proceed by induction on the size of Ui. For the base case: We have at mostone unaccounted leaf and some number of processors (Ui = 1; Pi � 1). As long as atleast one processor survives, we are going to visit the single remaining leaf in one phasein which at most Pi processors participate and Pi � Pi + 1 + Pi log(1).For the inductive hypothesis: we assume the lemma is true for all Ui < U; Pi � 1,where U � N . We will then prove it for Ui = U; Pi � 1.We divide the proof in two cases: (1) as many unaccounted leaves at least as pro-cessors, i.e., Pi � Ui, and (2) more processors than unaccounted leaves, i.e., Pi > Ui.In both cases, by Lemma 3.2, we have that the (accounted) progress for iteration iis at least the number of surviving processors Pi+1 divided by dRi=Uie. This is becauseeach one of these processors returns to the root d[1], reporting some progress, and atmost dRi=Uie processors report information about the same leaf.Also, by Lemma 3.1, Pi � Ri � Pi+1, and we can assume that kPi = Pi+1, for somek with 0 < k � 1 (at least one processor survives). Thus, for both the above cases, wehave: Ui+1 � �Ui � Pi+1dRi=Uie� � �Ui � Pi+11 + Ri=Ui� � Ui �1� k1 + Ui=Pi�For the case (1) it is easy to see that we will have at most one processor allocated toeach unaccounted leaf so: Ui+1 � Ui � Pi+1. For the case (2) by the above inequality



48 CHAPTER 3. WRITE-ALL ALGORITHMSand Pi > Ui we have Ui+1 � Ui(1� k=2). Now we use the inductive hypothesis (but foriteration i+ 1) in both cases.Case (1): The survival of at least one processor and Ui+1 � Ui�Pi+1 imply that Ui+1 <Ui. The total work (in block-steps) is at most Pi+Vi+1, where by the hypothesis Vi+1 �Pi+1+Ui+1+Pi+1 log(Ui+1). Thus, it su�ces to show that Pi+1+Ui+1+Pi+1 log(Ui+1)is less than or equal to Ui + Pi log(Ui). This is trivial given Ui+1 � Ui � Pi+1 andLemmas 3.1 and 3.3.Case (2): There are two subcases. If k = 1 the algorithm completes correctly in oneiteration and the work Pi = Ri = Pi+1 trivially satis�es the Lemma. The secondsubcase is the most interesting one and is if 0 < k < 1. For this subcase we useUi+1 � Ui(1� k=2), which implies Ui+1 < Ui. As in case (1), the total work (in block-steps) is at most Pi+Vi+1, where by the hypothesis Vi+1 � Pi+1+Ui+1+Pi+1 log(Ui+1).Thus, it su�ces to show that Pi+1 + Ui+1 + Pi+1 log(Ui+1) is less than or equal toUi + Pi log(Ui). For 2 > Ui+1 = 1 this is trivial.By simple manipulation it su�ces to show that kPi+Ui(1�k=2)+kPi log(Ui(1�k=2))is less than or equal to Ui + Pi log(Ui). This is equivalent to showing thatk�1� Ui2Pi�+ k log�1� k2� � (1� k) logUiRecall that all logarithms are base 2 and therefore (log(1=2) = �1). Since Ui � 2 (Ui = 1was taken care of by base case) we have logUi � 1. Also, in this case 1� Ui=2Pi � 1.It thus su�ces to show the inequalityk log(2� k) � (1� k); for 0 < k < 1 (�)Inequality (�) is true by elementary calculus (it is tight only for k = 1). This completesthe proof of the second subcase, of case (2) and of the Lemma. 2Remark 3.2 This lemma also shows, that if an algorithm existed that could balancethe load of the surviving processors and allocate them in constant time, then the Write-All problem could be solved with logarithmic overhead (logU1 = logN). The lowerbound result in Section 4 provides some intuition for the multiplicative factor logUi.Theorem 3.5 Algorithm W is a robust parallel algorithm for the Write-All problemwith S� = O(N logN + P log2N), where N is the input array size, and the initialnumber of processors P is between 1 and N .



3.2. GLOBAL ALLOCATION PARADIGM 49Proof: This immediately follows from De�nition 2.6 and Lemmas 3.1-3.4. Note thatalthough we assumed N processors in Algorithm W , we only used the fact that P � Nin the lemmas. In fact, as indicated earlier, we accommodate P < N processors byconsidering that N � P processors failed prior to the beginning of the algorithm. Thiscontributes a single charge of O(N�P ) to the cost, and does not distort the asymptoticresult that consists of the product of the total block-steps V1 performed by the algorithmsince the �rst iteration of the algorithm (inclusive) times the per-block-step cost ofO(logN):S = V1 �O(logN) = (P1 + U1 + P1 logU1) �O(logN) (using Lemma 3.4)= (P +N + P logN) �O(logN) (using P1 = P and U1 = N)= O(P logN +N logN + P log2N) = O(N logN + P log2N) . 2One immediate observation of this result shows that fewer processor steps will beexpended by the algorithm if it is started with less than N processors. For example wereach a S� = O(N logN) bound when using P = N= logN processors. A question canbe posed: could an optimal algorithm for the Write-All problem be constructed usinga non-trivial number of processors? This question is positively answered below.We �rst observe that each block-step takes �(logN) time and therefore each pro-cessor can be asked to perform �(logN) processing steps in phase W3 without a�ectingthe asymptotic complexity. To take advantage of this, we parameterize algorithm W asfollows:1. Let N be the size of the input.2. Let H � N be the instance size for the algorithm, thus the height of the treesused is logH .3. Let G = N=H be the number of the input array elements mapped to each leaf ofthe heaps.4. Let P � H be the initial number of processors.With these data structures, the performance of algorithm W is described by thefollowing lemma:



50 CHAPTER 3. WRITE-ALL ALGORITHMSLemma 3.6 Algorithm W with P processors, the progress tree with H leaves (P � H)and 2H � 1 total nodes all initialized to zero and G array elements at each leaf, has thework of S� = O((H + P logH) � (logH +G)) for any pattern of stop failures.Proof: The cost of a single block-step CB is O(logH + G) = O(logH + N=H). ByLemma 3.4 the algorithm will veri�ably visit all leaves of the progress heap after spend-ing V1 = P1 +U1 + P1 logU1 = P +H + P logH = H + P logH block-steps. ThereforeS� = V1 � CB, and so:S� = O(H + P logH) �O(logH +N=H) = O(H logH + P log2H +N + PN logHH ) .2 To achieve work optimality, we would like to choose the parameters in the lemmaso that S� = O(N). While the exact solution is involved, we observe that the followingvalues for parameters G, H and P produce the desired result:G = logN , H = N= logN and P = H= logH = N=(log2N � logN log logN) .Thus by exploiting parallel slackness, we achieve work optimality using a number ofprocessors smaller than N :Theorem 3.7 Parameterized algorithm W with logN array elements mapped to eachleaf of the progress heap is a robust parallel algorithm that solves theWrite-All problemof size N with S� = O(N), when P � N=(log2N � logN log logN).However, as we show in the chapter on lower bounds, no optimal N -processor algo-rithm exists for Write-All.The parameterized algorithm W as in the last theorem above can also be used withany number of processors P such that 1 � P � N . When using P processor such thatP > NlogN , it is su�cient for each processor to take its PID modulo NlogN to assure auniform initial assignment of at least bP= NlogN c and no more than dP= NlogN e processorsto a work element.Worst case adversary for algorithm WWe are going to show in Chapter 4 that an adversary strategy can be constructedso that any Write-All algorithm with P = N processors will be forced to performS = 
(N logNlog logN ) work steps (Theorem 4.4).



3.2. GLOBAL ALLOCATION PARADIGM 51That theorem can be directly utilized to produce the following result:Theorem 3.8 There is a processor failure pattern for algorithm W that results inS = �(N log2N= log logN) , for P = N .Proof: This is accomplished by using the adversary that fail-stops processors accordingto the strategy as in the proof of the Theorem 4.4, except that instead of PRAM steps,the adversary uses block-steps, and the processors are stopped only during the phaseW3 where the operations on the actual data take place. This corresponds to the �xedper block-step processor survival coe�cient k de�ned in Lemma 3.4 being equal to1� 1= logN . 2Using a slightly di�erent strategy, it is possible to construct failure patterns thatforce the algorithm to take 
(N logN log logN) steps (this example is due to Je�Vitter). This is done by utilizing a variable per block processor survival coe�cientk = 1� 1=pUb, where Ub, is the underestimate of the unvisited leaves in Algorithm Wafter the completion of block iteration b.It was shown by Martel [71] that the worst case performance of algorithm W is noworse than S = �(N log2N= log logN). We state this result here and give its proof inAppendix A.6.Theorem 3.9 [71] Algorithm W is a robust parallel algorithm for the Write-All prob-lem with S� = O(N log2N= log logN), where N is the input array size, and the initialnumber of processors P is between 1 and N .3.2.2 Algorithm VAlgorithm W in the previous section is an e�cient fail-stop (no restart) Write-Allsolution. It has e�cient completed work when subjected to arbitrary failure patternswithout restarts. It can be extended to handle processor restarts by introducing aniteration counter, and having the revived processors wait for the start of a new iteration.However, this algorithm may not terminate if the adversary does not allow any of theprocessors that were alive at the beginning of an iteration to complete that iteration.Even if the extended algorithm were to terminate, its completed work is not boundedby a function of N and P .



52 CHAPTER 3. WRITE-ALL ALGORITHMSIn addition, the proof framework for algorithm W does not easily extend to includeprocessor restarts: the processor enumeration and allocation phases become ine�cientand possibly incorrect, since no accurate estimates of active processors can be obtainedwhen the adversary can revive any of the failed processors at any time.On the other hand, the second phase of algorithm W can implement processor as-signment (in a manner similar to that used in the proof of Theorem 4.7) in O(logN)time by using the permanent processor PID in the top-down divide-and-conquer allo-cation. This also suggests that the processor enumeration phase of algorithm W doesnot improve its e�ciency when processors can be restarted.Therefore we present a modi�ed version of algorithm W , that we call V . To avoid acomplete restatement of the details of algorithm W , the reader is urged to refer to theprevious section (3.2.1).De�nition of algorithm VWe formulate algorithm V using the data structures of the optimized algorithm W .Input: Shared array x[1::N ]; x[i] = 0 for 1 � i � N .Output: Shared array x[1::N ]; x[i] = 1 for 1 � i � N .Data-structures: The algorithm uses full binary trees with NlogN leaves for progressestimation and processor allocation. There are logN array elements associated witheach leaf of the progress tree. Each processor instead of using its PID during thecomputation uses the PID modulo NlogN . When the number of processors P is such thatP > NlogN , this assures that there is a uniform initial assignment of at least bP= NlogN cand no more than dP= NlogN e processors to the work elements at each leaf.Control-
ow: Algorithm V is an iterative algorithm using the following three phases.Phase V1 { processor allocation: Allocate processors using PIDs in a dynamic top-down traversal of the progress tree to assure load balancing (O(logN) time).Phase V2 { work: The processors now perform work at the leaves they reached inphase V1 (there are logN array elements per leaf).



3.2. GLOBAL ALLOCATION PARADIGM 5301 forall processors PID=1..N parbegin02 Phase V2: Visit the leaves based on PID to perform work on the i nput data.03 Phase V3: Traverse the d heap bottom up to measure progress.04 while the root of the d heap is not N do05 Phase V1: Traverse the d; a; c heaps top down to reschedule work.06 Phase V2: Perform rescheduled work on the input data.07 Phase V3: Traverse the d heap bottom up to measure progres s08 od09 parend Figure 3.2: A high level view of algorithm VPhase V3 { progress measurement: The processors begin at the leaves of the progresstree where they ended phase V2 and update the progress tree dynamically, bottomup (O(logN) time).Processor re-synchronization after a failure and a restart is an important implemen-tation detail. One way of realizing processor re-synchronization is through the utilizationof an iteration wrap-around counter that is based on the synchronous PRAM clock. Ifa processor fails, and then is restarted, it waits for the counter wrap-around to rejointhe computation. The point at which the counter wraps around depends on the lengthof the program code, but it is �xed at \compile time".Analysis of algorithm VWe now analyze the performance of this algorithm �rst in the fail-stop, and then in thefail-stop and restart setting.Lemma 3.10 The work of algorithm V using P � N processors that are subject tofail-stop errors without restarts is S� = O(N + P log2N).Proof: We factor out any work that is wasted due to failures by charging this work tothe failures. Since the failures are fail-stop, there can be at most P failures, and eachprocessor that fails can waste at most O(logN) steps corresponding to a single iterationof the algorithm. Therefore the work charged to the failures is O(P logN), and it willbe absorbed by the rest of the work.



54 CHAPTER 3. WRITE-ALL ALGORITHMSWe next evaluate the work that directly contributes to the progress of the algorithmby distinguishing two cases below. In each of the cases, it takes O(log NlogN ) = O(logN)time to perform processor allocation, and O(logN) time to perform the work at theleaves. Thus each iteration of the algorithm takes O(logN) time. We use the allocationtechnique of Theorem 4.7, where instead of reading and locally processing the entirememory at unit cost, we use an O(logN) time iteration for processor allocation.Case 1: 1 � P < NlogN . In this case, at most 1 processor is initially allocated to eachleaf. As in the proof of Theorem 4.7, when the �rst NlogN � P leaves are visited, thereis no more than one processor allocated to each leaf by the balanced allocation phase.When the remaining P or less leaves are visited, the work is O(P logP ) by Theorem 4.7(not counting processor allocation). Each leaf visit takes O(logN) work steps; thereforethe completed work is:S� = O�� NlogN � P + P logP� � logN� = O(N+P log P logN) = O(N+P log2N):Case 2: NlogN � P � N . In this case, no more than dP= NlogN e processors are initiallyallocated to each leaf. Any two processors that are initially allocated to the same leaf,should they both survive, will behave identically throughout the computation. Thereforewe can use Theorem 4.7 with the dP= NlogN e processor allocation as a multiplicativefactor. From this, the work is:S� = �P= NlogN � �O� NlogN log NlogN� �O(logN) = O(P log2N):The results of the two cases combine to yield S� = O(N + P log2N). 2The following corollary extracts the slightly better bound analyzed in the case (1)above, and it also covers the processor range for which the work of the algorithm isoptimal.Corollary 3.11 The work of algorithm V using P � N= logN processors that aresubject to fail-stop errors without restarts is S� = O(N + P logN log P ).The upper bound analysis is tight:Theorem 3.12 There is a fail-stop adversary that causes the work of algorithm V tobe S� = 
(P log2N) for the number of processors N= logN � P � N , and S� =
(N + P logN logP ) for the number of processors 1 � P � N= logN .



3.2. GLOBAL ALLOCATION PARADIGM 55Proof: Consider the following adversary for P = N= logN . At the outset the adversaryfail-stops all processors that are initially assigned to the, say, left subtree of the progresstree. Let the number of unvisited array elements be U . By the balanced allocationlemma (3.2) theN processors (dead or alive) will be assigned in a balanced fashion to theleft and right segments of the contiguous U unvisited elements. Initially, U0 is N= logN ,and so the algorithm will terminate in logU0 = �(logN) block-steps when such anadversary is encountered. Each block-step takes �(logN) time using the remaining P=2processors. Thus the work is S� � P2�(logN)�(logN) = �(P log2N) = 
(N logN).When P is larger than N= logN , then each leaf is allocated at least bP= NlogN c andno more than dP= NlogN e processors. All processors allocated to the same leaf have theirPIDs equal modulo N= logN . Therefore the work is increased by at least a factor ofbP= NlogN c as compared to the case P = N= logN . I.e., S� = bP= NlogN c
(N logN) =
(P log2N).Finally, when P < N= logN , the result follows similarly using the strategy of thecase (1) of Lemma 3.10. 2The following theorem expresses the completed work of the algorithm in the presenceof restarts:Theorem 3.13 The completed work of algorithm V using P � N processors subject toan arbitrary failure and restart pattern F of sizeM is: S+ = O(N+P log2N+M logN).Proof: The proof of Lemma 3.10 does not rely on the fact that in the absence ofrestarts, the number of active processors is non-increasing. However, the lemma doesnot account for the work that might be performed by processors that are active duringa part of an iteration but do not contribute to the progress of the algorithm due tofailures. To account for all work, we are going to charge to the array being processedthe work that contributes to progress, and any work that was wasted due to failures willbe charged to the failures and restarts. Lemma 3.10 accounts for the work charged tothe array. Otherwise, we observe that a processor can waste no more than O(logN) timesteps without contributing to the progress due to a failure and/or a restart. Thereforethis amount of wasted work is bounded by O(M logN). This proves the theorem. (Notethat the completed work S of V is small for small jF j, but not bounded by a functionof P and N for large jF j). 2



56 CHAPTER 3. WRITE-ALL ALGORITHMSRemark 3.3 Recall that when the failure patterns are such that the sizeM is boundedby P , then the measures S� and S+ are asymptotically equal.3.2.3 Processor Allocation MonotonicityOne of the advantages of the two algorithms that we presented for the global alloca-tion paradigm is that both algorithms have what we de�ne as the processor allocationmonotonicity property:De�nition 3.1 A given Write-All algorithm has a processor allocation monotonicityproperty if whenever during the execution of any step of the algorithm there are two ar-ray location a1 and a2 (without loss of generality let a1 < a2) that are being concurrentlywritten to by two processors with PIDs p1 and p2 respectively, then p1 < p2.This property becomes important when parallel algorithms are simulated on fault-prone priority PRAMs. These simulations will be addressed in Chapter 5. Neitherthe local allocation algorithm nor the hashed allocation algorithm presented further inthis chapter have this property.To show that algorithms W and V satisfy the processor allocation monotonicityproperty, we need to examine the processor enumeration and allocation phases of al-gorithm W , and the allocation phase of algorithm V . In the enumeration phase, asurviving processor is enumerated by adding one to the overestimate of surviving pro-cessors with PIDs smaller than that processor's PID. Thus processors are enumeratedmonotonically: larger PIDs are given larger processor numbers. In the allocation phase,the enumerated processors are assigned in a divide-and-conquer strategy according toa binary tree: lower (higher) numbered processors are assigned to the subtrees thatcontain lower (higher) numbered work elements. Therefore the processor allocation ismonotonic. The same holds for algorithm V , since processors always have their perma-nent PIDs and enumeration is not used. This proves the following:Property 3.2 Algorithms V and W satisfy the processor allocation monotonicity .



3.3. LOCAL ALLOCATION PARADIGM 573.3 Local Allocation ParadigmIn this section we present and analyze an algorithm that can be used in both the non-restartable and restartable models. We call it algorithm X . We also propose (withoutanalysis) two randomized versions of this algorithm that have the potential of beingmore e�cient (in the expected work analysis) than algorithm X , even when subjectedto the omniscient adaptive adversaries.3.3.1 Algorithm XWe present an algorithm for the Write-All problem, and show that its completed workcomplexity is S = O(N �P log 32 ) = O(N �P 0:59) using P � N processors in the restartablefail-stop model of computation. The important property of X is that it has boundedsub-quadratic completed work; in the restartable fail-stop model, this is independent ofthe failure pattern. If a very large number of failures occurs, say jF j = 
(N � P log 32 ),then the algorithm's overhead ratio � becomes optimal: it takes a �xed number ofcomputing steps per failure/recovery.De�nition of algorithm XLike algorithm V , algorithm X utilizes a progress tree of size N , but it is traversed bythe processors independently, not in synchronized phases. This re
ects the local natureof the processor allocation in algorithm X as opposed to the global allocation used inalgorithms V and W . Each processor, acting independently, searches for work in thesmallest immediate subtree that has work that needs to be done. It then performs thenecessary work, and moves out of that subtree when no more work remains. We presentthe algorithm on the restartable fail-stop model.Input: Shared array x[1::N ]; x[i] = 0 for 1 � i � N .Output: Shared array x[1::N ]; x[i] = 1 for 1 � i � N .Data-structures: The algorithm uses a full binary tree of size 2N�1, stored as a heapd[1 . . .2N � 1] in shared memory. An internal tree node d[i] (i = 1; . . . ; N � 1) has theleft child d[2i] and the right child d[2i+1]. The tree is used for progress evaluation andprocessor allocation. The values stored in the heap are initially 0.



58 CHAPTER 3. WRITE-ALL ALGORITHMS01 forall processors PID=0..P � 1 parbegin02 Perform initial processor assignment to the leaves of the progress tree03 while there is still work left in the tree do04 if current subtree is done thenmove one level up05 elseif this is a leaf then perform the work at the leaf06 elseif this is an interior tree node then07 if both subtrees are done then update the tree node08 elseif only one is done then go to the one that is not done09 else move to the left/right subtree according to PID bit values10 �11 �12 od13 parend Figure 3.3: A high level view of algorithm X .The N elements of the input array x[1 . . .N ] are associated with the leaves of thetree. Element x[i] is associated with d[i+N � 1], where 1 � i � N . The algorithm alsoutilizes an array w[0::P � 1] that is used to store individual processor locations withinthe progress tree d.Each processor uses some constant amount of private memory to perform simplearithmetic computations. An important private constant is PID, containing the proces-sor's own identi�er.Thus, the overall memory used is O(N + P ) and the data-structures are simple.Control-
ow: The algorithm consists of a single initialization and of the parallel loop.A high level view of the algorithm is in Figure 3.3; all line numbers refer to this �gure.More detailed code can be found in Appendix B.The initialization (line 02) assigns the P processors to the leaves of the progresstree so that the processors are assigned to the �rst P leaves by storing the initial leafassignment in w[PID]. The loop (lines 03-12) consists of a multi-way decision (lines 04-11). If the current node is marked done, the processor moves up the tree (line 04). Ifthe processor is at a leaf, it performs work (line 05). If the current node is an unmarkedinterior node and both of its subtrees are done, the interior node is marked by changingits value from 0 to 1 (line 07). If a single subtree is not done, the processor moves downappropriately (line 08).For the �nal case (line 09), the processors move down when neither child is done.
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0 1 2 3 4 5 6 [7][0] [1] [4][6]� � �� � � �� � � ��CCCO C C CW���� C C CW CCCO� � �� � � �A A AU� � � QQQ AAAKs s s s ss sFigure 3.4: An example of processor traversals of the progress treeThis last case is where a non-trivial (italicized) decision is made. The PID of theprocessor is used at depth h of the tree node based on the value of the hth most signi�cantbit of the binary representation of the PID: bit 0 will send the processor to the left, andbit 1 to the right.Regardless of the decision made by a processor within the loop body, each iteration ofthe body consists of no more than four shared memory reads, a �xed time computationusing private memory, and one shared memory write (see Appendix B for the detailedalgorithm). Therefore the body can be implemented as an update cycle.Example 3.3 Progress tree traversal: Consider algorithm X for N = P = 8. Theprogress tree d of size 2N�1 = 15 is used to represent the full binary progress tree witheight leaves. The 8 processors have PIDs in the range 0 through 7. Their initial positionsare indicated in Figure 3.4 under the leaves of the tree. The diagram illustrates thestate of a computation where the processors were subject to some failures and restarts.Heavy dots indicate nodes whose subtrees are �nished. The paths being traversed bythe processors are indicated by the arrows. Active processor locations (at the time whenthe snapshot was taken) are indicated by their PIDs in brackets. In this con�guration,should the active processors complete the next cycle, they will move in the directionsindicated by the arrows: processors 0 and 1 will descend to the left and right respectively,processor 4 will move to the unvisited leaf to its right, and processors 6 and 7 will moveup. 2Analysis of algorithm XWe begin by showing the correctness and termination of algorithm X in the followingsimple lemma.



60 CHAPTER 3. WRITE-ALL ALGORITHMSLemma 3.14 Algorithm X with N processors is a correct, terminating and fault-tolerant solution for the P -processor Write-All problem of size N . The algorithmterminates in at least 
(logN) and at most O(P �N) time steps.Proof: We �rst observe that the processor loads are localized in the sense that aprocessor exhausts all work in the vicinity of its original position in the tree, beforemoving to other areas of the tree. If a processor moves up out of a subtree then all theleaves in that subtree were visited. We also observe that it takes exactly one updatecycle to: (i) change the value of a progress tree node from 0 to 1, (ii) to move up froma (non root) node, or (iii) to move down left, or (iv) down right from a (non leaf) node.Therefore, given any node of the progress tree and any processor, the processor will visitand spend exactly one complete update cycle at the node no more than four times.Since there are 2N � 1 nodes in the progress tree, any processor will be able toexecute no more than O(N) completed update cycles. If there are P processors, then allprocessors will be able to complete no more than O(P �N) update cycles. Furthermore,at any point in time, there is at least one update cycle that will complete. Thereforeit will take no more than O(P � N) sequential update cycles of constant size for thealgorithm to terminate.Finally, we also observe that all paths from a leaf to the root are at least logN long,therefore at least logN update cycles per processor will be required for the algorithmto terminate. 2Now we proceed to the main work lemma. In the rest of this section, the expression\SN;P" denotes the completed work on inputs of size N using P initial processors andfor any failure pattern. Note that in this lemma we assume P � N .Lemma 3.15 The completed work of algorithm X for the Write-All problem of sizeN with P � N initial processors and for any pattern of failures and restarts is SN;P =O(P �N log 32 ).Proof: We show by induction on the height of the progress tree that there are positiveconstants c1; c2; c3 such that SN;P � c1P �N log 32 � c2P logN � c3P .For the base case: we have a tree of height 0 that corresponds to an input array ofsize 1 and at least as many initial processors P . Since at least one processor, and at
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� � � � � � B B B B B Bs� � �3 Q Q Qs B B B B B B� � � � � �SL SRN=2 N=2P=2 ?6logN -1?61Figure 3.5: Inductive step for Lemma 3.15most P processors will be active, this single leaf will be visited in a constant numberof steps. Let the work expended be c0P for some constant c0 that depends only on thelexical structure of the algorithm. Therefore S1;P = c0P � c1P � 1log 32 � c2P � 0 � c3Pwhen c1 is chosen to be larger than or equal to c3 + c0.Now consider a tree of height logN (� 1). The root has two subtrees (left and right)of height logN � 1. By the de�nition of algorithm X , no processor will leave a subtreeuntil the subtree is marked-one, i.e., the value of the root of the subtree is changedfrom 0 to 1. We consider the following sub-cases: (1) both subtrees are marked-onesimultaneously, and (2) one of the subtrees is marked-one before the other.Case 1: If both subtrees are marked-one simultaneously, then the algorithm will termi-nate after the two independent subtrees terminate plus some small constant number ofsteps c0 (when a processor moves to the root and determines that both of the subtreesare �nished). Both the work SL expended in the left subtree of, and the work SR inthe right subtree are bounded by SN=2;P=2. The added work needed for the algorithmto terminate is at most c0P , and so the total work is:S � SL + SR + c0P � 2SN=2;P=2+ c0P� 2  c1 P2 �N2 �log 32 � c2P2 log N2 � c3P2 !+ c0P= c123PN log 32 � c2P log N2 � c3P + c0P � c1P �N log 32 � c2P logN � c3Pfor su�ciently large c1 and any c2 depending on c0, e.g., c1 � 3(c2 + c0).Case 2: Assume without loss of generality that the left subtree is marked-one �rst withSL = SN=2;P=2 work being expended in this subtree. Any active processors from the leftsubtree will start moving via the root to the right subtree. The path traversed by any



62 CHAPTER 3. WRITE-ALL ALGORITHMSprocessor as it moves to the right subtree after the left subtree is �nished is bounded bythe maximum path length from a leaf to another leaf c0 logN for a prede�ned constantc0. No more than the original P=2 processors of the left subtree will move, and so thework of moving the processors is bounded by c0(P=2) logN .We observe that the cost of an execution in which P processors begin at the leavesof a tree (with N=2 leaves) di�ers from the cost of an execution where P=2 processorsstart at the leaves, and P=2 arrive at a later time via the root, by no more than thecost c0(P=2) logN accounted for above. This can be simply shown by constructing ascenario in which the second set of P=2 processors do not arrive through the root, butinstead start their execution with a failure, and then traverse along a path of 1's (ifany) in the progress tree, until they reach a 0 node that is either a leaf, or whosedescendants are marked. Having accounted for the di�erence, we see that the work SRto complete the right subtree using up to P processors is bounded by SN=2;P (by thede�nition of S, if P1 � P2, then SN;P1 � SN;P2). After this, each processor will spendsome constant number of steps moving to the root and terminating the algorithm. Thiswork is bounded by c00P for some small constant c00. The total work S is:S � SL + c0P2 logN + SR + c00P � SN=2;P=2+ c0P2 logN + SN=2;P + c00P� c1P2 �N2 �log 32�c2 P2 log N2 �c3 P2 +c0 P2 logN+c1P �N2 �log 32�c2P log N2 �c3P +c00P= c1PN log 32 � c2P logN �32 � c02c2�� c3P �32 � c00c3 � 3c22c3�� c1P �N log 32 � c2P logN � c3Pfor su�ciently large c2 and c3 depending on �xed c0 and c00, e.g., c2 � c0 and c3 �3c2 + 2c00.Since the constants c0; c00 depend only on the lexical structure of the algorithm, theconstants c1; c2; c3 can always be chosen su�ciently large to satisfy the base case andboth the cases (1) and (2) of the inductive step. This completes the proof of the lemma.2 The quantity P � N log 32 is about P � N0:59. We next show a particular pattern offailures for which the completed work of algorithm X matches this upper bound.Lemma 3.16 There exists a pattern of fail-stop/restart errors that cause the algo-rithm X to perform S = 
(N log3) work on the input of size N using P = N processors.



3.3. LOCAL ALLOCATION PARADIGM 63Proof: We can compute the exact work performed by the algorithm when the adversaryadheres to the following strategy:(a) The processor with PID 0 will be allowed to sequentially traverse the progress treein post-order starting at the leftmost leaf and �nishing at the rightmost leaf.(b) The processors that �nd themselves at the same leaf as processor 0 are (re)startedand allowed to traverse the progress tree until they reach a leaf, where they are failed.(c) Procedure (b) is repeated until all leaves are visited.Thus the leaves of the progress tree are visited left to right, from the leaf number1 to the leaf number N . At any time, if i is the number of the rightmost visited leaf,then only the processors with PIDs 0 to i� 1 have performed at least one update cyclethus far.The cost of such strategy can be expressed inductively as follows:The cost C1 of traversing a tree of size 1 using a single processor is 1 (unit of completedwork).The cost Ci+1 of traversing a tree of size 2i+1 is computed as follows: �rst, there is thecost Ci of traversing the left subtree of size 2i. Then, all processors move to the rightsubtree and participate (subject to failures) in the traversal of the right subtree at thecost of 2Ci | the cost is doubled, because the two processors whose PIDs are equalmodulo i behave identically. Thus Ci+1 = 3Ci, and ClogN = 3logN = N log3: 2Now we show how to use algorithm X with P processors to solveWrite-All problemsof size N such that P � N . Given an array of size N , we break the N elements of theinput into NP groups of P elements each (the last group may have fewer than P elements).The P processors are then used to solve NP Write-All problems of size P one at a time.We call this algorithm X 0, and we will use X 0 in the general simulations.Remark 3.4 Strictly speaking, it is not necessary to modify algorithm X for P � Nprocessors. Algorithm X can be used with P � N processors by initially assigning theP processors to the �rst P elements of the array to be visited. It can also be shownthat X and X 0 have the same asymptotic complexity; however, the analysis of X 0 isvery simple, as we show below.



64 CHAPTER 3. WRITE-ALL ALGORITHMSTheorem 3.17 Algorithm X 0 with P processors solves the Write-All problem of sizeN (P � N) using completed work S = O(N �P log 32 ). In addition, there is an adversarythat forces algorithm X 0 to perform S = 
(N � P log 32 ) work.Proof: By Lemma 3.15, SP;P = O(P � P log 32 ) = O(P log 3). Thus the overall work willbe S = O(NP SP;P ) = O(NP P log 3) = O(N � P log 32 ).Using the strategy of Lemma 3.16, an adversary causes the algorithm to performwork SP;P = 
(P log3) on each of the NP segments of the input array. This results in theoverall work of S = 
(NP P log 3) = 
(N � P log 32 ). 2Remark 3.5 Lemma 3.14 gives only a loose upper bound for the worst performance ofalgorithm X | there we are concerned with termination. The actual worst case timefor algorithm X can be no more than the upper bound on the completed work. Thisis because at any point in time there is at least one update cycle that will complete.Therefore, for algorithm X 0 with P � N , the time is bounded by O(N � P log 32 ). Inparticular, for P = N , the time is bounded by O(N log3). In fact, using the worst casestrategy of Lemma 3.16, an adversary can \time share" the completed cycles of theprocessors so only one processor is active at any given time, with the processor withPID 0 being one step ahead of other processors. The resulting time is then 
(N log3).Remark 3.6 In algorithmX the processors work independently; they attempt to avoidduplicating already-completed work but do not co-ordinate their actions with otherprocessors. In [27], Buss et al. show that this property allows the algorithm to run ona strongly asynchronous PRAM with the same work and time bounds.A fail-stop lower bound for algorithm XThe analysis of the upper bound for algorithm X for the fail-stop no-restart model isstill an open question. In this section we show and analyse a particular failure scenario.The failure scenario is based on the strategy of the adversary that is used in the proofof Theorem 4.4. For algorithm X , this strategy is that if U is the number of unvisitedprogress tree leaves, then in each step where the unvisited leaves have processors assignedto them, the adversary stops the processors that are assigned to the rightmost U= logUleaves. For N = P = 64, this strategy is illustrated in Figure 3.6.
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� -� - ... ?? .....����� � � � � �� � � � � � � � T T T T T T T T6 ??6--� � � � � � � � T T T T T T T T� � � � � � ? ? ? ? �� N= loglog logN NN= logN log log2N � log logNlog logNStage 1 Stage 2Figure 3.7: Stages 1 and 2 of a general fail-stop scenario for algorithm XTheorem 3.18 There is a processor failure pattern for algorithm X that results inS = �(N logN log logN= log log logN) for P = N .Proof: The adversary uses the strategy similar to that in Theorem 4.4, except thatinstead of PRAM steps, the adversary stops the processors only when the waves ofprocessors reach the unvisited leaves. We examine the following stages (stages 1 and 2are illustrated in Figure 3.7):Stage 1: The adversary stop N= logN processors assigned to the rightmost N= logNleaves. The surviving N �N= logN processors are allowed to traverse the tree bottom-up and then top-down (after reaching a node such that only one child is marked 1)until the �rst wave of processors reaches the leaves. There will be: log logN = logN �log(N= logN) such waves. (This is illustrated in Figure 3.7, Stage 1.)As each wave reaches the leaves, the processors that are assigned to the rightmostlogarithmic fraction of the leaves is stopped (in this proof, it is su�cient to use a logNfraction, while in the example in Figure 3.6 we use a logarithm of the remaining numberof unvisited leaves { asymptotically, both logarithms are equal). After the last wavereaches the leaves, there would be �(N= loglog logN N) leaves left. Assume for simplicitythat this number is a power of two (it will be for some su�ciently large N , which issu�cient for lower bounds). Note that the number of surviving processors is still �(N)(= N �N= logN).Stage 2: The processors will have to traverse a path of length �(log(N= loglog logN N)) =�(logN � log log2N) to �nd unvisited leaves. This time there will be: (logN �log logN)� (logN � log log2N) = log log2N � log logN = �(log log2N) waves (sub-tracting subtree heights). This is illustrated in Figure 3.7, Stage 2. The number of



3.3. LOCAL ALLOCATION PARADIGM 67surviving processors is still �(N), as only a diminishing polylogarithmic fraction ofeach wave is stopped.In Stage i, there will be �(log logiN) waves, and the total number of live processorsis still �(N) processors. Each wave will have to traverse paths of length �(logN �log logiN).The algorithm terminates in stage � , such that � = log logN= log log logN at whichtime the remaining leaf (or a constant number of leaves) is visited. While there are still�(N) processors are active. The work performed is as follows:S = NP�i=1(logN � log logiN) = N� logN �P�i=1 log logiN= �(N logN log logN= log log logN �N logN= log logN)= �(N logN log logN= log log logN) .2 Recently L�opez-Ortiz re�ned the particular scenario used in the proof above toexhibit the known worst fail-stop work for algorithm X of �(N log2N= log logN) [68].As the corollary of this result, the upper bound for algorithm X is no better than theupper bound for algorithm W for the fail-stop no-restart model.3.3.2 Algorithms Xcoin and XdieIn this thesis we investigate deterministic solutions and concentrate on the worst caseanalysis. Randomized algorithms for the Write-All problem are capable of improvingon the upper bounds of the deterministic algorithms only when the adversary is o�-lineas in [75] or when the adversary is limited probabilistically as in [59, 61].A randomized asynchronous coupon clipping (ACC) algorithm for the Write-Allproblem was analyzed by Martel et al. in [75]. Assuming o�-line adversaries, it wasshown in [75] that ACC algorithm has expected workO(N) using P = N=(logN log�N)processors on inputs of size N . However, when the adversary is on-line then the algo-rithm becomes ine�cient even for simple on-line adversaries.Example 3.4 Stalking adversary: In the on-line case, we observe that a simple stalkingadversary causes the ACC algorithm to perform (expected) work of 
(N2= polylogN)



68 CHAPTER 3. WRITE-ALL ALGORITHMSin the case of fail-stop errors, and 
�( NpolylogN ) NpolylogN � work in the case of fail-stoperrors with restart even when using P � NpolylogN processors.Algorithm ACC uses as its main data structure a full binary tree similar to theprogress tree of algorithm X . In algorithm ACC, processors randomly visit the nodesof that binary tree. The stalking adversary strategy consists of choosing a single leaf inthe tree employed by ACC, and failing all processors that touch that leaf until only oneprocessor remains in the fail-stop case, or until all processors simultaneously touch theleaf in the fail-stop/restart case. This performance is not improved even when using thecompleted work accounting. On a positive note, when the adversary is made o�-line,the ACC algorithm becomes e�cient in the fail-stop/restart setting.Stalking adversaries can and do occur in practice. Consider a processor or processorsthat repeatedly attempt to read from a \bad" memory location, or a processor thatexecutes an instruction whose microcode is partially corrupt { all such processors maybe failing at the same instruction either inde�nitely, or in an intermittent pattern. 2Here were present two randomized versions of algorithm X , and we conjecture thatthese algorithms have the potential of improving on the performance of algorithmX evenwhen the adversary is the worst case on-line adversary. In particular, either algorithmdoes not allow the stalking adversary to cause quadratic or worse amount of work.Algorithm XcoinThis algorithm uses the data structures of algorithm X and it is identical to algorithmX , except that in line 09 of Figure 3.3 instead of making a move according to the PIDbits, a processor chooses to move left or right after 
ipping a coin.The potential advantages of this randomization is that if more than one processor�nd themselves at the same interior node, then, should they all survive the next step, itis expected that half of them will move right and half left if the corresponding subtreesare not completed.This strategy might yield better expected performance than algorithm X , becausethe processors from the same subtrees will fan-out to the uncompleted portion of theprogress tree sooner.
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� � � � � � B B B B B BBBB s� � �3 Q Q Qs B B B B B B
 BBB� � � � � �pTL TRp ?6h?6logN -hFigure 3.8: An example of an ine�cient progress tree traversalExample 3.5 Ine�cient progress tree traversal: In Figure 3.8, let TL and TR be sub-trees of heights h that are identically positioned within the left and right subtrees ofthe progress tree respectively. Suppose, either in algorithm X or algorithm Xcoin, all pprocessors from the subtree TL reach the root, and the right subtree is not completed.In algorithm X the processors might synchronously reach the root of subtree TR atheight h without fanning out throughout the right subtree because the processors willmake identical down-moves along the path of length logN � h from the root since theyuse identical PID bits along the path having originated in the same subtree (N is thenumber of leaves).However in algorithm Xcoin, the processors will probabilistically fan-out at the rootof the right subtree. Thus, instead of p processors being at the leaves of tree TR, theprocessors will be balanced (probabilistically) throughout the leaves of the entire rightsubtree. 2Algorithm XdieThis algorithm uses the data structures of algorithm X and it is similar to algorithmX with the following two di�erences:1. Instead of using binary values at the progress tree nodes indicating whether thesubtree is completed or not, algorithm Xdie uses the integer values at the nodesto represent the known number of descendent leaves visited by the algorithm asdone in algorithms V and W .2. Instead of making a move according to the PID bits (line 09 of Figure 3.3), aprocessor at an interior progress tree node casts an N -sided die to produce a



70 CHAPTER 3. WRITE-ALL ALGORITHMSrandom number r in the range [1; N ], reads the values d1 and d2 of the left andright children of the progress tree and then:� if d1 = d2 = 0, then the processor moves left and right with probabilities 12 ;� if d1 + d2 6= 0, then the processor moves left if 1 � r � N 2h�1�d12h�d1�d2 , where his the height of the interior progress tree node, and it moves right otherwise| this is done to send processors left or right with probabilities that areproportional to the remaining work in the left (2h�1�d1) and right (2h�1�d2)subtrees. (This is similar to the deterministic divide and conquer strategyused in algorithm W .)This algorithm bene�ts from the earlier fan-out of the processors just like in al-gorithm Xcoin. In addition, in algorithm Xdie the processors take advantage of theknowledge of the remaining amount of work in the left and right subtree at any nodeof the progress tree, and attempt to move down to the leaves in numbers that areproportional to the remaining work in the subtrees.We conjecture that the expected work of both the algorithm Xcoin and Xdie is betterthan the worst case work of algorithm X subject to the worst case on-line adversary.3.4 Hashed Allocation ParadigmThe �nal technique is demonstrated using a new heuristic for determinizing an e�cientrandomized Write-All solution proposed by Anderson and Woll in [8].3.4.1 Algorithm YA family of randomized algorithms for Write-All was presented in [8]. The basic tech-nique in all of these algorithms is abstracted and given as a high level code in Figure 3.9.The basic algorithm in [8] is obtained by randomly choosing the permutation in line 03.In this case the expected work of the algorithm is O(N logN), for P = pN (assume Nis a square).We propose the following way of determinizing the algorithm of [8]: Given P = pN ,we chose the smallest prime m such that P < m. Primes are su�ciently dense, so that



3.4. HASHED ALLOCATION PARADIGM 7101 forall processors PID = 1::pN parbegin02 Divide the N array elements into pN work groups of pN elements03 Each processor PID obtains a private permutation �PID of f1; 2; . . .;pNg04 for i = 1::pN do05 if �PID [i]th group is not �nished06 then perform sequential work on the pN elements of the group07 and mark the group as �nished08 �09 od10 parendFigure 3.9: A high level view of the algorithm Y { hashed allocation paradigm.there is at least one prime between P and 2P (e.g, see the discussion in [32, Sec. 33.8]),so that the complexity of the algorithms is not distorted when P is not a prime. Wethen construct the multiplication table for the numbers 1; 2; . . .m� 1 modulo m. It isnot di�cult to show that each row of this table is a permutation and that this structureis a group (using the basic group theory facts, e.g., [23]). Processor with PID i uses theith permutation as its schedule.Note that the table need not be pre-computed, as any item can be computed directlyby any processor with the knowledge of its PID, and the number of work elements w ithas processed thus far as (PID�w)modm. A detailed pseudo-code for the deterministicalgorithm Y is given in Figure 3.10.We conjecture that the worst case work of this deterministic algorithm is no worsethan the expected work of the randomized algorithm.The open problem below contains an interesting observation of a group-theoreticaspect of a multi-processor scheduling problem [93].An open problem: What is the completed work of algorithm Y with the proposeddeterminization? We have performed some experimental analysis and all cases it re-sulted in the the work being is O(N logN). This is the same as the expected workusing random permutations. We next brie
y state the relevant framework, and thenstate the open problem.In [8], the analysis of the randomized algorithm is based on the de�nition of ameasure, called contention, that evaluates the \overlap" of a permutation representinga processor schedule with respect to a permutation representing a scheduling adversary:



72 CHAPTER 3. WRITE-ALL ALGORITHMS01 forall processors PID = 1::P = pN parbegin02 ��The x[1::N ] array elements are viewed as divided into pN work groups03 ��of pN elements in each: x[1::pN ], x[1 +pN::2pN ], etc.04 shared x[1::N ]; ��shared memory05 shared done[1::pN ]; ��done markers06 shared w[1::pN ]; ��done by each processor07 private k; ��local workgroup number per processor08 w[PID] := 1; ��the initial workgroup to do09 while w[PID] 6= 0 do ��While not all pN groups done10 k := (PID �w[PID]) mod m ��current workgroup number11 if not done[k] ��group is not marked �nished12 then ��perform sequential work on the pN elements of the group13 for i = 1::pN do14 x[(w[PID]� 1)pN + i] := 1;15 od16 done[k] := true ��mark workgroup as �nished17 �18 w[PID] := w[PID] + 1; ��advance processor's groups done counter19 od20 parendFigure 3.10: A detailed view of the deterministic algorithm Y .De�nition 3.3 [8] Given two permutations � and � represented as lists of integersf1; :::; pg, the contention of � with respect to �, denoted C(�; �) is de�ned as follows:scan � left-to-right, and for each encountered item, delete that item from �, C(�; �) isthe number of times the deleted item is at the head of the list �.For example, C(h2; 4; 1; 3i; h1; 2; 3; 4i) = 2, and, C(h3; 2; 1i; h2; 1; 3i) = 1.Contentions for a set of permutations is de�ned as follows:De�nition 3.4 [8] Given a set of permutation � = f�1; :::; �pg and a permutation �,C(�; �) is de�ned as Pp1C(�i; �).Intuitively, contention measures redundant work performed by an algorithm thatuses hashed allocation paradigm. The key relevant results shown in [8] are:Lemma 3.19 [8] For permutations � and �, C(�; �) is equal to the number of left-to-right maxima in ��1 � �, where � is the permutation composition.



3.4. HASHED ALLOCATION PARADIGM 73Lemma 3.20 [8] If in an algorithm Y with p processors, each processor uses a permu-tation from � = f�1; :::; �pg as its schedules, then the worst case work of the algorithmis O(p �max�C(�; �)).When we consider the group of all permutations of integers f1; :::; pg with the per-mutation composition � being the multiplication operation for the group, the followingcorollary follows:Corollary 3.21 For any two permutations �, �: C(�; �) = C(��1 � �; e), where e isthe identity permutation.We now use the deterministic algorithm Y with the permutations being computeddeterministically as we proposed, and reduce our conjecture to a problem below thatexhibits an interesting connection between multiprocessor scheduling on one hand andgroup theory and combinatorics on the other.The P permutations that are computed by the processors constitute a group. Callit �. Using the above corollary, we observe that the contention of the set of P per-mutations with respect to any permutation � is C(�; �) and it is the same as thecontention of the left coset of �, ��1 �� with respect to the identity permutation, thatis C(��1 ��; e). This allows us to reduce the problem to the following (the details areleft as an exercise).In order to show that the worst case work of Y is O(N logN), using the aboveframework, it is su�cient to show that:Given a prime m, consider the group G = hf1; 2; . . . ; m � 1g; � (mod m)i.The multiplication table for G, when the rows of the table are interpretedas permutations of f1; . . . ; m� 1g, is a group K of order m� 1 (a subgroupof all permutations). Show that, for each left coset of K (with respect to allpermutations) the sum of the number of left-to-right maxima of all elementsof the coset is O(m logm).
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Chapter 4Write-All Lower Bounds WithMemory SnapshotsADVERSARIES considered in this work are very powerful | no optimalN -processorsolutions exist for the Write-All problem even if the processors have the abilityof taking instant memory snapshots.In this chapter we show that for any algorithm that implements an N -processor ro-bust solution to theWrite-All problem in either the no-restart fail-stop or the restartablefailstop model, a failure pattern can be constructed that will cause the algorithm to per-form a superlinear number of processing steps. That is, there are no work-optimalN -processor solutions in these models (in contrast, optimality can be achieved by ex-ploiting parallel slack, i.e., using fewer than N processors).The lower bound results apply to the worst case work of the deterministic algorithms,and the expected work of deterministic and randomized algorithms that are subject todynamic on-line adversaries. These results hold even under the additional assumptionthat processors can read and locally process all the shared memory at unit cost. Wealso show that concurrent writes are necessary for the existence of robust algorithms |concurrent writes are an important source of redundancy in our approach.75



76 CHAPTER 4. WRITE-ALL LOWER BOUNDS WITH MEMORY SNAPSHOTS4.1 Lower Bounds for the No-Restart Fail-Stop ModelWe now present a lower bound that holds for the fail-stop PRAMs as well as for amuch stronger model where the processors can take unit time memory snapshots, i.e.,processors can read and locally process the entire shared memory at unit cost.We �rst list three simple mathematical lemmas (whose proofs are given in Ap-pendix A), then state the main lower bounds theorem and its proof.Lemma 4.1 Given a sorted list of m (m > 1) nonnegative integers a1; a2; . . . ; am thenwe have for all j (1 � j < m) that �1� jm� mXi=1 ai � mXi=j+1 ai:Lemma 4.2 Given G > 1; N > G, and integer � such that � < logNlogG � 1 , thenthe following inequality holds: b. . . bbN =Gc=Gc . . .=Gc| {z }� times > 0 (where � is the number ofdivisions by G).Lemma 4.3 For N !1 : �1� 1logN� logNlog logN = 1� 1log logN + O� 1(log logN)2� :In the theorem, we will make use of Lemma 4.1 with G = logN .Theorem 4.4 Given any (deterministic or randomized) N -processor CRCW PRAMalgorithm that solves theWrite-All problem, the adversary can force fail-stop errors thatresult in 
(N logNlog logN ) steps being performed by the algorithm, even if the processorscan read and locally process all shared memory at unit cost.Proof: We are going to present a strategy for the adversary that results in this worstcase behavior. Let A be the best possible algorithm that implements a robust solutionfor the Write-All problem. Each processor participating in the algorithm is allowed toread the entire shared memory, and locally perform arbitrary computation on it in unittime.Let P0 = N be the initial number of processors, and U0 = N be the initial number ofunvisited array elements. The strategy of the adversary is outlined below. Step numbersrefer to the PRAM steps (not to be confused with block-steps or loop-iterations used



4.1. LOWER BOUNDS FOR THE NO-RESTART FAIL-STOP MODEL 77in Section 3.2.1). For each step, the adversary will be determining what processors aregoing to write to what shared memory locations.Step 1: The adversary chooses U1 = bU0= logU0c array elements with the least numberof processors assigned to them. This can be done since the adversary knows all theactions to be performed by A. The adversary then fail-stops the processors assigned tothese array elements, if any.To estimate the number of surviving processors and to express this mathematically,we will be using Lemma 4.1 with the following de�nitions:Letm = U0, and let a1; . . . ; am be the sorted in ascending order quantities of proces-sors assigned to each array element, moreover, let am also include the quantity of anyun-assigned processors (i.e., a1 is the least number of processors assigned to an array el-ement, a2 is the next least quantity of processors, etc.). Let j = U1. Thus the adversaryfailed exactly Pji=1 ai processors. The initial number of processors is: Pmi=1 ai = P0,therefore, the number of surviving processors P1 is: Pmi=j+1 ai = P1 . Using Lemma 4.1,we get:P1 � (1� U1=U0)P0or, after substituting for U1 and using the properties of 
oor:P1 � �1� bU0= logU0cU0 �P0 � �1� 1logU0�P0Step 2: The adversary again chooses among the U1 remaining unvisited array elementsU2 = bU1= logU0c elements with the least number of processors assigned to them. UsingLemma 4.1 again in a similar way:P2 � �1� bU1= logU0cU1 �P1 = �1� bbU0= logU0c= logU0cbU0= logU0c �P1� �1� bU0= logU0c= logU0bU0= logU0c �P1 = �1� 1logU0�P1 � �1� 1logU0�2 P0Step i: The adversary chooses among Ui�1 unvisited array elements Ui = bUi�1= logU0celements with least number of processors assigned to them. Again, applying Lemma 4.1:Pi � �1� bUi�1= logU0cUi�1 �Pi�1 � �1� 1logU0�Pi�1 � �1� 1logU0�i P0This process is repeated for as long as there are any unvisited array elements, atwhich point the surviving processors will successfully terminate the algorithm. Let �be the step at which the last unvisited element is �nally visited. Let us use Lemma4.2 with G = logN and � the largest integer such that � < logN= log logN � 1. Then



78 CHAPTER 4. WRITE-ALL LOWER BOUNDS WITH MEMORY SNAPSHOTSU� = b. . . bbN =Gc=Gc . . .=Gc| {z }� times > 0; and so � must be greater than � because U� = 0.Thus we have � � logU0log logU0 � 1 = logNlog logN � 1 > � .We want to estimate S = P�i=0 Pi: By the adversary strategy given above, for allPRAM steps i: Pi � (1� 1logU0 )iP0: Therefore:S = �Xi=0 Pi � �Xi=0�1� 1logN�i P0 ; Using the summation of a geometric progres-sion we obtain:S � P0 1� (1� 1logN )�1� (1� 1logN ) = P0 logN �1� �1� 1logN���� P0 logN 0@1� �1� 1logN� logNlog logN1AUsing the result of Lemma 4.3: (1� 1logN ) logNlog logN = 1� 1log logN + O( 1(log logN)2 ), weobtain the following lower bound on the number of PRAM processor steps:S � P0 logN �1� 1 + 1log logN + O� 1(log logN)2��= P0 logNlog logN + O�P0 logN(log logN)2�Therefore S = 
(N logNlog logN ) . 2We use this result in Section 3.2.1 to exhibit a processor failure pattern for algorithmW that results in the worst case behavior of algorithm W that corresponds to workS = �(N log2N= log logN).Remark 4.1 The lower bound of 
(N logNlog logN ) is the strongest possible bound for thefail-stop model without restarts under the memory snapshot assumption. This can beshown in a straightforward way by adapting the analysis of algorithm W by Martel [71](Theorem 3.4bis in Appendix A.6). According to the analysis, the number of \block-steps" of W for P = N is O(N logN= log logN) and each block-step can be realized atunit cost each, under the memory snapshot assumption.We close this section with a comment on the knowledge of the adversary used in theproofs. The adversary dynamically fails processors based solely on their intent to writeinto the array to be initialized by the algorithm. The adversary uses no knowledge



4.2. LOWER BOUNDS FOR THE RESTARTABLE FAIL-STOP MODEL 79about the methods that the algorithms use in selecting the array elements to writeinto. Therefore the worst case behavior caused by such adversary will also apply to thecases where the algorithm uses a stronger PRAM model (such as the ideal PRAM ofBeame and Hastad [20]) with arbitrarily powerful instruction set or the cases where thealgorithm makes probabilistic decisions (such as using a coin toss).On the other hand, when the adversary is limited as in Martel et al. [75] and Kedemet al. [59] by using o�-line, oblivious adversaries, or the adversaries that are limitedstochastically, better expected work has been reported for CRCW PRAMs.4.2 Lower Bounds for the Restartable Fail-Stop ModelAs we have shown in Example 2.4 in Section 2.6, without the update cycle accountingthere is a thrashing adversary that exhibits a quadratic lower bound for the Write-All problem in the restartable fail-stop model. When the update cycle accounting isintroduced, we showed in Section 3.3.1 that there is a sub-quadratic solution. Withthe update cycle accounting we now show N �P +
(P logP ) work lower bound (whenP � N), even when the processors can take unit time memory snapshots, i.e., processorscan read and locally process the entire shared memory at unit cost.Theorem 4.5 Given any P -processor CRCW PRAM algorithm that solves the Write-All problem of size N (P � N), an adversary (that can cause arbitrary processor failuresand restarts) can force the algorithm to perform N � P + 
(P log P ) completed worksteps.Proof: Let Z be any algorithm for the Write-All problem subject to arbitrary fail-ure/restarts using update cycles. Consider each PRAM cycle. The adversary uses thefollowing strategy:Let U > 1 be the number of unvisited array elements. For as long as U > P , theadversary induces no failures. The work needed to visit N � P array elements whenthere were no failures is at least N � P .As soon as a processor is about to visit the element N � P + 1 making U � P ,the adversary fails and then restarts all N processors. For the upcoming cycle, theadversary determines how the algorithm assigns processors to write to array elements.



80 CHAPTER 4. WRITE-ALL LOWER BOUNDS WITH MEMORY SNAPSHOTSBy an averaging argument, for any processor assignment to the U elements, there is aset of bU2 c unvisited elements with no more than dP2 e processors assigned to them. Theadversary fails these processors, allowing all others to proceed. Therefore at least bP2 cprocessors will complete this step having visited no more than half of the remainingunvisited array locations.This strategy can be continued for at least logP iterations. The work performed bythe algorithm will be S � N � P + bP2 c logP = N � P +
(P logP ). 2Note that the bound holds even if processors are only charged for writes into thearray of size N and do not have to only write the value 1. The simplicity of this strategyensures that the results hold in the strongly asynchronous model.Theorem 4.6 Any N -processor strongly asynchronous PRAM algorithm that solvesthe Write-All problem of size N has total work N � P +
(P logP ).Proof: Any possible execution of an algorithm on the restartable fail-stop model canbe duplicated by an appropriate interleaving on the strongly asynchronous model. Theargument in Theorem 4.5 works even if failed processors do not lose local state, and sothe same strategy will work in the strongly asynchronous model. 2This lower bound is the tightest possible bound under the assumption that theprocessors can read and locally process the entire shared memory at unit cost. Althoughsuch an assumption is very strong, we present the matching upper bound for two reasons.First, it demonstrates that any improvement to the lower bound must take account ofthe fact that processors can read only a constant number of cells per update cycle.Second, it presents a simple processor allocation strategy that we use to advantage inSection 3.2.2 when we analize algorithm V .Theorem 4.7 If processors can read and locally process the entire shared memory atunit cost, then a solution for the Write-All problem in the restartable fail-stop modelcan be constructed such that its completed work using P processors on input of size Nis S = N � P + O(P logP ), when P � N .Proof: The processors follow the following simple strategy: at each step that a processorPID is active, it reads the N elements of the array x[1::N ] to be visited. Say U of these



4.3. OTHER BOUNDS 81elements are still not visited. The processor numbers these U elements from 1 to U basedon their position in the array, and assigns itself to the ith unvisited element such thati = dPID � UP e. This achieves load balancing with no more than dPU e processors assignedto each unvisited element. The reading and local processing is done as a snapshot atunit cost.We list the elements of the Write-All array in ascending order according to thetime at which the elements are visited (ties are broken arbitrarily). We divide this listinto adjacent segments numbered sequentially starting with 0, such that the segment 0contains V0 = N � P elements, and segment j � 1 contains Vj = b Pj(j+1)c elements, forj = 1; :::; m and for some m � pP . Let Uj be the least possible number of unvisitedelements when processors were being assigned to the elements of the jth segment. Ujcan be computed as Uj = N � Pj�1i=0 Vi. U0 is of course N , and for j � 1, Uj =P �Pj�1i=1 Vi � P �(P � Pj ) = Pj . Therefore no more than d PUj e processors were assignedto each element.The work performed by such an algorithm is:S � mXj=0Vj & PUj ' � V0 +Pmj=1 j Pj(j+1)k l PP=j m= V0 +O0@P mXj=1 1j + 11A = N � P +O(P logP ) :2 Finally, the lower bounds in this section apply, just as the results for the non-restartable model, to the worst case work of the deterministic algorithms, and to theexpected work of the deterministic and the randomized algorithms subject to the worstcase dynamic on-line adversaries (that cannot a�ect a coin toss or a random numberselection).4.3 Other bounds4.3.1 A lower bound for CREW PRAMIn the absence of failures, any P -processor CREW (concurrent read exclusive write)or EREW (exclusive read exclusive write) PRAM can simulate a P -processor CRCW



82 CHAPTER 4. WRITE-ALL LOWER BOUNDS WITH MEMORY SNAPSHOTSPRAM with only a factor of O(logP ) more parallel work [58]. We now show that amore severe di�erence exists between CRCW and CREW PRAMs (and thus also EREWPRAMs) when the processors are subject to failures.Theorem 4.8 Given any (deterministic or randomized) N -processor CREW PRAMalgorithm that solves the Write-All problem, the adversary can force fail-stop errorsthat result in 
(N2) steps being performed by the algorithm, even if the processors canread and locally process all shared memory at unit cost.Proof: To prove this, we �rst de�ne an auxiliary Write-One problem as follows: Givena scalar variable s whose value is initially 0, store 1 in this variable.Let B be the most e�cient asymptotically CREW algorithm that solves the Write-One problem that is able toread and process all shared memory at unit cost. Such analgorithm is no more e�cient asymptotically than the algorithm below that utilizes anoracle to predict the best selection of a processor that is chosen to exclusively write thevalue 1: forall processors PID=1..N parbeginshared integer s;while s = 0 doif PID = Oracle() then s := 1 �odparendTo exhibit the worst case behavior the adversary fails the processor that was selectedby the Oracle() to perform the exclusive write until a single processor remains. Theremaining processor is then allowed to write 1 by the adversary. Clearly S = 
(N2).Finally, it can be shown by a simple reduction to the Write-One problem that anyN -processor CREW solution to theWrite-All problem has the worst case of S = 
(N2).2 For the CREW PRAMs, Martel and Subramonian show a randomized Write-Allalgorithm in [73] that, when adversary is oblivious and non-adaptive, has expected workof only O(N logN) using N processors, and expected work (N) when using N= logNprocessors. Thus it appears that adaptive adversary are signi�cantly more powerfulthan the oblivious adversaries as far as randomized CREW algorithms are concerned.



4.3. OTHER BOUNDS 834.3.2 Lower bounds with test-and-set operationsUnder certain assumptions on the way that memory is accessed in the strongly asyn-chronous model, a di�erent lower bound is shown by Buss et al. in [27]. Assume that,instead of atomic reads and writes, memory is accessed by means of test-and-set oper-ations. That is, memory can only contain zeroes and ones, and a single test-and-setoperation on a memory cell sets the value of that cell to 1 and returns the old value ofthe cell.Theorem 4.9 [27] Any strongly asynchronous PRAM algorithm for the Write-Allproblem which uses test-and-set as an atomic operation requires N + 
(P log(N=P ))total work, for P � 3.This lower bound can be applied equally well if the atomic operation is compare-and-swap, or to any set of atomic read-modify-write operations where the read andwrites are constrained to be to the same cells. The result also applies to the fail-stoprestartable model, when each update cycle accesses only one array element used by theWrite-All problem.
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Chapter 5Algorithm Simulations andTransformationsIN THIS chapter we develop a general technique for e�cient simulation of any PRAMalgorithm by a fail-stop CRCW PRAM using the Write-All paradigm. We formulatea universal PRAM interpreter (UPI), then develop a fault-tolerant UPI that can executeany PRAM algorithm by storing the programs and processor registers in shared memory.Our simulation is based on executing individual PRAM computation steps using theWrite-All paradigm in such a way that the complexity of solving a N -size instance ofthe Write-All problem using P fail-stop processors, and the complexity of executing asingle N -processor PRAM step on a fail-stop P -processor PRAM are equal.The fault-tolerant algorithms are executed on CRCW PRAMs whose processors aresubject to fail-stop errors. As we have shown in Chapter 4 on lower bounds, the CREW(concurrent read, exclusive write) model is not su�cient due to the fact that very simpleadversaries can cause at least a quadratic amount of work for any Write-All solution,even if the restarts are not allowed.We will show that in the no-restart fail-stop model the algorithms that can bemade fault-tolerant include the following models: weak (only zeros can be written con-currently), common (concurrent writes of identical values are permitted), arbitrary(some single processor succeeds), priority (highest numbered processor succeeds), andstrong (processor writing the largest value succeeds). In the restartable model, wecan make fault-tolerant all of the above, except for the priority PRAM (for detailed85



86 CHAPTER 5. ALGORITHM SIMULATIONS AND TRANSFORMATIONSsurveys of PRAM variations see [40, 58]).For the no-restart model, we show that the simulation of PRAM algorithms can bedone using optimal work in the presence of arbitrary fail-stop errors. This is accom-plished using our simulation together with algorithm W that is optimal on inputs ofsize N when using P processors such that W is in its range of optimality. The resultingfault-tolerant execution does not degrade the asymptotic e�ciency of the source algo-rithm. For the restartable model we show a strategy that is work-optimal when thenumber of simulating processors is P is within the optimality range of algorithm V andthe total number of failures per each simulated N processor step is O(P logN).We also show that in some cases it is possible to develop fault-tolerant algorithmsthat improve on the e�ciency of general but \na��ve" simulations of these algorithms.Finally, we brie
y discuss some parallel e�ciency classes and \closures" with respectto fault tolerance.5.1 General Parallel AssignmentIn this section we introduce the basic techniques that are going to be used in the PRAMsimulations.Given a solution for theWrite-All problem, it can readily be used as a building blockfor transforming e�cient parallel algorithms into robust ones. The techniques used areillustrated by producing a robust general parallel assignment in the following example:Example 5.1 General parallel assignment: Consider computing and storing in an arrayx[1::N ] the values of a function f that depend on the processor numbers PID and theinitial values of the array x. Also, for simplicity, assume f can be computed in O(1)sequential time. forall processors PID = 1::N parbeginshared integer array x[1::N ];x[PID] := f(PID; x[1::N ])parendWe convert the assignment to a form that remains correct when processors fail andwhen multiple attempts are made to execute the assignment, assuming there are means



5.1. GENERAL PARALLEL ASSIGNMENT 87for reassigning surviving processors that have accomplished their initial task. This isdone using binary version numbers and two generations of the array:forall processors PID = 1::N parbeginshared integer array x[0::1][1::N ];bit integer v;x[v + 1][PID] := f(PID; x[v][1::N ]);v := v + 1parendHere, v is the current bit (mod 2) version number (or tag), so that x[v][1 . . .N ] isthe array of current values. Function f will use only these values of x as its input. Thevalues of f are stored in x[v+ 1][1 . . .N ] creating the next generation of array x. Afterall the assignments are performed, the binary version number is incremented (mod 2).At this point, a simple transformation of a solution to the Write-All problem, withthe general parallel assignment replacing the trivial \x[i] = 1" assignment, will yield arobust N -processor algorithm. 2The preceding example directly yields the following:Proposition 5.1 The asymptotic work complexities of solving the general parallel as-signment problem and the Write-All problem are equal. 2Similarly to the general parallel assignment , any Write-All solution can be directlyused to zero an array of size N , copy N computed values from one array to another, roperform any other single step PRAM computations.Write-All algorithms usually assume that an amount of shared memory proportionalto either the number of processors P or the problem size N is available, and that it isinitialized to zero (we relax this assumption in Section 6.1). This is true of all knownWrite-All solutions [8, 27, 55, 56, 59, 61, 75], and this also applies to algorithms thatcan be adapted to serve as an Write-All solution, e.g., [29]. Furthermore, iterative useof the Write-All technique in a single algorithm requires that the heaps contain zeroesat the start of each iteration. This can be accomplished by utilizing three identical setsof the heaps. One is used in the main algorithm, another set of heaps is used for zeroingthe other two in a Write-All style, and the third set is saved for the next use of the



88 CHAPTER 5. ALGORITHM SIMULATIONS AND TRANSFORMATIONSzeroing clean-up step. This step does not a�ect the asymptotic e�ciency, and we willassume that the heaps are appropriately cleared in the rest of this section. We are goingto revisit this technique in more detail in the next two sections.5.2 A PRAM InterpreterPRAM programs are normally presented as high level programs that can be compiledinto assembly level instructions using conventional techniques (see a discussion in Wyl-lie's thesis [102]). As is the case with sequential processors, the instructions are storedin memory, the address of an instruction to be executed next is stored in an instructioncounter register, and in order to execute an instruction, it is fetched into an instructionbu�er. When control structures such as while-do and if-then-else are used, they thebranching of control is compiled as assignments to instruction counters. Other processorprivate memory cells are stored in general purposes registers. Here we will use a formal-ization of the de�nition of PRAM such as the one used by Karp and Ramachandran in[58]. Informally, PRAM instructions consist of three synchronous cycles:1. Read cycle: a processor reads a value from a location in shared memory intoprivate memory,2. Compute cycle: a processor performs a computation using private memory,3. Write cycle: a processor writes a value from a location in private memory to alocation in shared memory.To formalize PRAM programs that are speci�ed in terms of a PRAM \machinelanguage", we formulate a de�nition given in Figure 5.1 in conjunction with the codefor a PRAM interpreter. The simple PRAM program in De�nition 5.1 in the �gureimplements the synchronous computation performed by a PRAM.The number of registers per processor, l = jrj, is typically constant for uni-processors,however in parallel processing it is important to provide each processor with larger pri-vate memories in order to allow them to perform as much computation as possiblewithout having to access the shared memory. We will consider private memories of sizesup to O(logkN) for some constant k. This does not diminish the computational powerof the model, since if an algorithm assumes a larger than available private memory, adedicated portion of shared memory can be used by such algorithms.



5.2. A PRAM INTERPRETER 8901 forall processors PID=1..P parbegin02 shared SM[1..M ]; ��shared memory03 shared PROG[1..P ,1..size]; ��P programs of length size04 private IB ��instruction bu�er05 private r record IC, RR, WR, ... end ��private registers06 r.IC := 1; ��start at the �rst instruction07 while r.IC 6= 0 do ��while not HALT08 IB := PROG[PID,r.IC]; ��fetch of <R() C() W() J()> into IB09 r.RR := SM[R(r)]; ��read cycle10 r := C(r); ��compute cycle11 SM[W(r)] := r.WR; ��write cycle12 r.IC := J(r); ��next instruction13 od14 parendDe�nition 5.1 A P -processor PRAM program on inputs of size N is de�ned as follows:1. The P processors have unique identi�ers PID in the range 1 to P .2. Each processor has an instruction bu�er IB, and a set of internal registers col-lectively referred to as the record r. The number of registers per processor, jrj,is l. The registers in r include an instruction counter IC, a read register RR anda write register WR used for reads/writes from/to shared memory.3. Q uses shared memory cells SM[1..m] for some m, with the �rst N cells con-taining the input. Shared memory cells and registers are capable of storingO(logmaxfN;Pg) bits each.4. Program instructions are stored in a shared array PROG[1..P ,1..size], where sizeis a constant. Program for processor i is in PROG[i,1..size]), one instruction perarray element.5. Instructions consist of four encoded operations <R() C() W() J()>. After readingan instruction into IB, a processor interprets this code as follows (line numbersrefer to Figure 5.1):Read cycle (line 09): read into RR the contents of shared memory location R(r),Compute cycle (line 10): assign to registers in r the result of computation C(r),Write cycle (line 11): write the contents of WR to shared memory location W(r),Update instruction counter (line 12): compute next instruction address; IC = 0 isa halt.2 Figure 5.1: Universal PRAM Interpreter.



90 CHAPTER 5. ALGORITHM SIMULATIONS AND TRANSFORMATIONSAlso note that we allow for processors used by a PRAM program to read and updatethe entire private memory of size l in unit time. When simulating PRAMs on fail-stopPRAMs, the fail-stop processors will not need and do not use this capability. Thisallows for the PRAM programs to be more 
exible, without imposing any restrictionson the fail-stop processors used to simulate these programs.In De�nition 5.1, R(), W() and J() are expressions involving registers, and C() isthe code for individual processors' compute cycles. PRAM programs are executed bythe UPI that accepts a PRAM program and its input as data.5.3 General Simulations on Fail-stop Processors WithoutRestartWe say that a PRAM algorithm is fault-tolerant if it completes its task in the pres-ence of arbitrary fail-stop errors. We say that a PRAM algorithm is simulated by afault-tolerant PRAM algorithm when both algorithms exhibit identical input/outputbehavior. Such simulation is robust if it is e�cient, and it is optimal if the e�ciency ofthe simulating algorithm (measured as work) is within a constant factor of the e�ciencyof the simulated algorithm:De�nition 5.2 Let M be a simulation of a P -processor PRAM algorithm Q, whoseparallel-time on inputs of size N is less than or equal to �(N), by a fault-tolerantP 0-processor algorithm Q0.(1) M is robust, if Q0 has S = O(P � �(N) � logcN) for a constant c, and(2) M is optimal, if Q0 has S = O(P � �(N)). 2Remark 5.1 Note that a robust simulation of an algorithm is not the same as a ro-bust algorithm. This is because robustness is de�ned in relation to the best sequentialalgorithm, and not in relation to the work of an arbitrary parallel algorithm which maybe ine�cient. However a robust simulation of an e�cient algorithm yields a robustalgorithm.Finally, it is relatively easy to construct robust simulations using a small number ofprocessors, e.g., using P processors to simulate N processors when P is polylogarithmic



5.3. GENERAL SIMULATIONS ON FAIL-STOP PROCESSORS WITHOUT RESTART91in N . We show next that this is possible for P in 1 � P � N , and optimally so for Pin 1 � P � N= log2N .The UPI in Figure 5.1 models arbitrary computation performed by a PRAM, andin this section we develop an e�cient fault-tolerant UPI.Let us de�ne Sw(X;P ) to be the cost of solving the Write-All problem of size X ,using P (P � X) processors. We measure this cost as S, and we will make use of theProperty 2.5 that states that Sw(X;P 0) � Sw(X;P ) when P 0 � P .Now the main lemma.Lemma 5.1 Let Q be a P -processor common (arbitrary) CRCW PRAM algorithmthat uses m shared and l = O(P logkN) (constant k) local memory on inputs of size N .Q can be simulated on a P 0-processor (P 0 � P ) fail-stop common (arbitrary) CRCWPRAM using O(m + l) shared memory, at the cost of S = O(Sw(P; P 0) � logkN) perparallel PRAM step.Proof: The desired result is achieved by constructing a robust version of UPI of Fig-ure 5.1. Figure 5.2 illustrates an intermediate step of the construction, and Figure 5.3is the �nal pseudo-code for the robust UPI. The proof consists of the following sixsteps: (1) local memory is stored in shared memory, (2) shared memory is split intotwo generations, \current" and \future", (3) PRAM step computations are changed touse current memory as input and use future as output and as a computation scratch-pad, (4) current and future memories are reconciled to produce new current memory,(5) instruction counters are examined to detect termination, and �nally, (6) each of themodi�ed groups of actions is placed in the work phase of a Write-All algorithm. Nowthe details.First, we have to store processor local memory in shared memory, since after pro-cessors fail, the local memory is lost. We observe that l local memory cells can bestored in shared memory without a�ecting program semantics. To do this, registers aresubscripted by PID (lines 04-05, all lines refer to Figure 5.2).We then separate all shared memory and registers into two generations: current(using subscript 0) and future (subscript 1) (lines 02 and 05). All memory referencesare now made using the generation subscript 0 or 1 (lines 10-19). This does not a�ect



92 CHAPTER 5. ALGORITHM SIMULATIONS AND TRANSFORMATIONS01 forall processors PID=1..P parbegin02 shared SM[0..1,1..M ]; ��two generations of shared memory03 shared PROG[1..P,1..size]; ��P programs of length size; one generation04 shared IB[1..P ]; ��instruction bu�ers, shared05 shared r[0..1,1..P ] record IC, RB, WB, ... end ��two sets of shared registers06 ��Initialize instruction counters07 r[0,pid].IC := 1; ��start at the �rst instruction08 while r[0,pid].IC 6= 0 do ��while not HALT09 ��Tentative computation10 IB[pid] := PROG[pid,r[0,pid].IC]; ��fetch <R() C() W() J()>11 r[1,pid] := r[0,pid]; ��copy registers to scratchpad12 r[1,pid].RB := SM[0,R(r[1,pid])]; ��read cycle13 r[1,pid] := C(r[1,pid]); ��compute cycle14 SM[1,[W(r[1,pid])] := r[1,pid].WB; ��write cycle15 r[1,pid].IC := J(r[1,pid]); ��next instruction16 ��Reconcile shared memory17 SM[0,W(r[1,pid])] := SM[1,W(r[1,pid])];18 ��Reconcile registers19 r[0,pid] := r[1,pid]20 od21 parendFigure 5.2: Modi�ed UPI using two generations of shared memory.the asymptotic memory requirement of size O(m+ l). This is done to assure that thememory that can be accessed by processors that have not yet completed a particularaction (due to failures) is not changed. This allows the PRAM instructions to berestarted when active processors are re-allocated.Next we group statements into four actions to compute future memory values and toreconcile current and future memories. The initialization of ICs takes place in line 07.The contents of the while loop of Figure 5.1 are grouped into 3 actions: the actionon lines 09-15 performs the tentative PRAM step computation using current memoryas input, and future memory as output and as a scratchpad; the action on lines 16-17reconciles shared memory; and the action on lines 18-19 reconciles processor registers.Now a Write-All algorithm is used with each of the four actions as work phases,see Figure 5.3, steps a, b, c and d. This assures that all actions of a given phase areperformed before any of the actions of the next phase are attempted.Algorithm W utilizes workspace memory of size O(P ) on inputs of size P usingP 0 processors (P 0 � P ). This memory initially contains zeroes. Consecutive use ofthe algorithm W in a single algorithm requires that this workspace is zeroed. This is



5.3. GENERAL SIMULATIONS ON FAIL-STOP PROCESSORS WITHOUT RESTART9301 forall processors PID=1..P 0 parbegin02 shared PROG[...], SM[...], IB[...], r[...], H1, H2, H3, HALT initial false;03 a: Initialize ICs to 1 using H1; Clear H1 using H3;04 while not HALT do ��while not all processors halte d05 b: Perform a tentative PRAM step using H1;06 Clear H1 and H3 using H2;07 c: Reconcile shared memory using H1;08 Clear H1 and H2 using H3;09 d: Reconcile registers using H1;10 Clear H1 and H3 using H2;11 e: Compute, using H1, HALT=false i� 9PID such that IC 6= 0;12 Clear H1 and H2 using H3;13 od14 parend Figure 5.3: Pseudo-code for a robust UPI.accomplished by utilizing three interchangeable workspaces, call them H1, H2 and H3.H1 is used in the actual algorithm. H2 is used in zeroing H1 and H3 using a Write-All algorithm. H3 is saved for the next use of the zeroing cleanup step. H2 and H3then alternate. This simple, but modular cleanup technique a�ects neither the overallasymptotic memory usage, nor the asymptotic e�ciency of robust algorithms when thecleanup stages are interleaved with the computation stages (Figure 5.3).Lastly, we need to check for the algorithm termination by verifying that all processorshalted. This is done by computing shared HALT to be true, i� for all PIDs, IC=0. Thiscan be accomplished in unit time on a CRCW PRAM in the absence of failures. Here wecompute HALT as follows: it is initialized to true, then using the Write-All technique,processors examine the simulated ICs and execute \HALT:=false" for each IC 6= 0(Figure 5.3, step e).In this simulation, due to failures, the synchronous tentative PRAM step computa-tions may occur asynchronously (in the sense that the synchronous PRAM steps of thesimulated processors can be performed at di�erent times by the simulating processors).However since no processor reads or writes registers of other processors, and since theprogram PROG[...] is either common or arbitrary CRCW, it does not matter inwhat order the shared memory is written by the simulated processors. Therefore thesimulated PRAM steps will write values to shared memory in a way that is consistentwith both the common and arbitrary models.



94 CHAPTER 5. ALGORITHM SIMULATIONS AND TRANSFORMATIONSTo analyze the complexity of the resulting fault-tolerant computation, we �rst ex-amine the use of registers. In tentative computation and reconciliation of registers inFigure 5.2, each PRAM processor may need to compute the values of, and copy theshared memory that represents a processor's registers as the result of interpreting thecomputation C(). This must be done sequentially by each processor, thus incurring apolylogarithmic in N multiplicative overhead. However this overhead still falls withinthe de�nition of robustness (De�nition 2.6).The complexity of applying this technique to a single PRAM step is bounded by thecomplexity of solving the Write-All problem in steps a, c and e of Figure 5.3, plus thecomplexity of robustly writing and copying l = O(P logkN) shared memory in steps band d. To copy l memory, we apply the Write-All technique l=P times at the cost ofSw(P; P 0) per application. Therefore, the total cost per single PRAM step isS = O[Sw(P; P 0) + (l=P )Sw(P; P 0)] = O[Sw(P; P 0) + logkN � Sw(P; P 0)]= O(Sw(P; P 0) � logkN).2 A construction for PRAM simulation, similar to the one used in Lemma 5.1 wasindependently developed by Kedem et al. in [59] using the Write-All technique to sim-ulate any common or arbitrary CRCW PRAM algorithm that uses arbitrary sharedand no local memory. That construction does not allow any local memory, while weallows up to poly-log local memory. Note that we allow the processors to update thelocal memory in unit time. This makes our simulation nominally more general becausethe use of local memory is not mandated but is allowed up to a certain limit, while [59]does not allow any local memory. In [59] it is also observed that since P processors canonly read P and write P shared memory cells in a single PRAM step, the overhead inshared memory need only be O(P ) when processors have no local memory. The resultsthat follow do not take advantage of this optimization.Theorem 5.2 Any P -processor PRAM (EREW, CREW, and weak, common, arbi-trary, priority or strong CRCW) algorithm that uses arbitrary shared and poly-logarithmic in the input size local memory can be robustly simulated on a fail-stopP 0-processor common or arbitrary CRCW PRAM, when P 0 � P .



5.3. GENERAL SIMULATIONS ON FAIL-STOP PROCESSORS WITHOUT RESTART95Proof: We use any robust Write-All solution, e.g., algorithm W . For common orarbitrary CRCW PRAMs, Theorem 3.5 establishes Sw(P; P 0) = O(P log2 P ). Thenthe proof follows from Lemma 5.1 and De�nition 5.2(1).Correct EREW (exclusive read, exclusive write), CREW and weak CRCW PRAMprograms can be directly executed on a CRCW PRAM without changing the programsemantics. Therefore the technique of Lemma 5.1 can also be used with CREW andEREW algorithms that are to be executed on a CRCW PRAM. Thus the result holdsfor EREW, CREW, and weak CRCW models.To extend the simulation to stronger CRCW models such as priority and strong,we use an e�cient algorithm transformation technique that preserves algorithms' e�-ciency to within a logarithmic in the number of processors factor as shown in [40](attributed to folklore): \A parallel computation that can be performed in time � ona P -processor strong CRCW PRAM, can also be performed in time � log P using PEREW processors". Therefore we �rst preprocess priority and strong PRAM algo-rithms, and then robustly simulate the transformed algorithms on fail-stop common orarbitrary CRCW PRAMs. 2To achieve optimal simulation, we need to use an optimal Write-All solution. For thepurposes of the proof we are going to use the algorithmW within its range of optimality:Theorem 5.3 Any P -processor PRAM algorithm that uses arbitrary shared and con-stant local memory per processor can be optimally simulated on a fail-stop P 0-processorCRCWPRAM, when P 0 � P= log2 P . EREW, CREW, andweak and common CRCWPRAM algorithms are simulated on fail-stop common CRCW PRAMs; Arbitrary,priority and strong CRCW PRAMs are simulated on fail-stop CRCW PRAMs ofthe same type.Proof: For the optimality result we use Theorem 3.7 that establishes Sw(P; P= log2 P ) =O(P ). We also eliminate the overhead of copying local memories by allowing constantlocal memory per processor. In this case the cost of copying local memory is absorbedby the cost of optimal simulation of PRAM instructions by using Lemma 3.1 with k = 0(constant local memory). This proves the result for for EREW, CREW, and weak,common and arbitrary CRCW PRAMs.



96 CHAPTER 5. ALGORITHM SIMULATIONS AND TRANSFORMATIONSTo prove the result for priority PRAM, we need to show that (1) when two or morepriority processors write concurrently, then the processor that simulates the highestnumbered processor will succeed, and (2) lower numbered processors do not overwritecells written by higher numbered processors during several phases of the single PRAMstep simulation.To show (1) it is su�cient to demonstrate that the simulation has the processorallocation monotonicity property. This property is de�ned as follows: if PRAM stepsof processors with PIDs p1 and p2 (without loss of generality let p1 < p2) are simulatedrespectively by processors with PIDs p01 and p02, then p01 < p02. This is assured whenusing algorithm W (or algorithm V ) as the Write-All solution, since the algorithm hasthis property as we have shown in Section 3.2.3.Property (2) can be assured using auxiliary storage as in the transformation inEppstein and Galil [40]: before writing, processors �rst write the PID of the simulatedprocessor and then the data, but only if the previously written PID is lower.For the simpler case of strong PRAM, the concurrent writes are properly handledby zeroing the future memory cells to which processors will write, and then performingwrites only if the value in the cell is smaller than the value to be written (without loss ofgenerality use unsigned integers). This assures the correctness of asynchronous writes.Synchronous writes are properly handled by the strong PRAM itself since regardlessof the processor used, the writes of larger values will succeed. 25.4 General Simulations on Restartable Fail-Stop Pro-cessorsWe now extend the results presented in the previous section to the restartable fail-stopmodel. We begin by formally stating the main result for a deterministic simulation ofany N -processor synchronous PRAM on P restartable fail-stop processors (P � N),and then discuss its proof.



5.4. GENERAL SIMULATIONS ON RESTARTABLE FAIL-STOP PROCESSORS97Theorem 5.4 Any N -processor PRAM algorithm can be executed on a restartablefail-stop P -processor CRCW PRAM, with P � N . Each N -processor PRAM step isexecuted in the presence of any pattern F of failures and restarts of size M with:� completed work: S+ = O(minfN + P log2N +M logN; N � P log 32 g),� overhead ratio: � = O(log2N).EREW, CREW, and weak and common CRCW PRAM algorithms are simulatedon fail-stop common CRCW PRAMs; Arbitrary and strong CRCW PRAMs aresimulated on fail-stop CRCW PRAMs of the same type. 2Remark 5.2 Priority CRCW PRAMs cannot be directly simulated using the sameframework, for one of the algorithms used (namely algorithm X in Section 3.3.1) doesnot possess the processor allocation monotonicity property that assures that highernumbered processors simulate the steps of the higher numbered original processors.In the previous section we had shown in Lemma 5.1 that the complexity of solvinga N -size instance of the Write-All problem using P fail-stop processors is equal to thecomplexity of executing a single N -processor PRAM step on a fail-stop P -processorPRAM. That result also holds in the restartable fail-stop model, since the proof ofLemma 5.1 does not utilize the knowledge that there are no restarts.Here we describe how algorithms V and X 0 are combined with the framework wehave established to yield e�cient executions of PRAM programs on PRAMs that aresubject to stop-failures and restarts.Theorem 5.5 There exists aWrite-All solution using P � N processors on instances ofsize N such that for any pattern F of failures and restarts with jF j �M , the completedwork is S+ = O(minfN + P log2N +M logN; N � P log 32 g), and the overhead ratio is� = O(log2N) .Proof: The executions of algorithms V and X 0 can be interleaved to yield an algorithmthat achieves the performance as stated. The completed work complexity is asymptot-ically equal to the minimum of the completed work performed by V and X 0. This isbecause the number of cycles performed by each algorithm in the interleaving di�ers



98 CHAPTER 5. ALGORITHM SIMULATIONS AND TRANSFORMATIONSby at most a multiplicative constant. The overhead ratio is directly inherited fromalgorithm V by the same reasoning because of the De�nition 2.9 of � and S+. 2Application of the simulation techniques from the previous section in conjunctionwith the algorithms V and X 0 yield e�cient and terminating executions of any non-fault-tolerant PRAM programs in the presence of arbitrary failure and restart patterns.Theorem 5.4 follows from Theorem 5.5, Lemma 5.1 and Theorem 5.2. The followingcorollaries are also interesting:Corollary 5.6 Under the hypothesis of Theorem 5.4, and if jF j � P � N , then:S = O(N + P log2N), and � = O(log2N).The fail-stop (without restarts) behavior of the combined algorithm is subsumed bythis corollary. The next result gives additional insight into the e�ciency of our solution:Corollary 5.7 Under the hypothesis of Theorem 5.4:� when jF j is 
(N logN), then � is O(logN),� when jF j is 
(N1:59), then � is O(1).Thus the overhead e�ciency � of our algorithm actually improves for large failurepatterns. These results also suggest that it is harder to deal e�ciently with a few worstcase failures than with a large number of failures.Our next corollary demonstrates a non-trivial range of parameters for which thecompleted work is optimal, i.e., the work performed in executing a parallel algorithmon a faulty PRAM is asymptotically equal to the Parallel-time�Processors product forthat algorithm.Corollary 5.8 Any N -processor, � -time PRAM algorithm can be executed on a P �N= log2N processor fail-stop CRCW PRAM, such that when during the execution ofeach N -processor step of that algorithm the total number of processor failures andrestarts is O(N= logN), then the completed work is S = O(� �N).Of course it is also true that optimality is preserved in the absence of failures orwhen during the execution of each N processor step there are O(logN) failures andrestarts per each simulating processor.



5.5. IMPROVING OBLIVIOUS SIMULATIONS 995.5 Improving Oblivious SimulationsIn addition to serving as the basis for oblivious simulations, any solution for the Write-All problem can also be readily used as a building block for custom transformations ofe�cient parallel algorithms into robust ones [55]. Custom transformations are interest-ing because in some cases it is possible to improve on the work of the na��ve oblivioussimulation. These improvements are most signi�cant for fast algorithms when a fullrange of processors is used, i.e., when N are used to simulate N processors, because inthis case the parallel slack cannot be taken advantage of. For example in the modelswith clear initial memory, a factor of logN= log logN was saved o� the pointer doublingsimulations [55], and using randomization and o�-line adversaries, improvements canbe obtained in expected work of other algorithms [72, 75].Using the general simulation techniques, such as [59, 75, 92], if Sw(N;P ) is thee�ciency of solving a Write-All instance of size N using P processors, then a single N -processor PRAM step can be simulated using P fail-stop processors and work Sw(N;P ).Thus if the Parallel-time�Processors of an original N -processor algorithm is � � N ,then the work S of the fault-tolerant version of the algorithm will be no better thanO(� � Sw(N;P )).One immediate result that improves on the general simulations follows from the factthat algorithms V , W and X , by their de�nition, implement an associative operationon N values.Proposition 5.2 Given any associative operation � on integers, and an integer arrayx[1::N ], it is possible to robustly compute LNi=1 x[i] using P fail-stop processors at acost of of a single application of any of the algorithms V , W or X .This saves a full logN factor for all simulations. The savings are also possible forthe important pre�x sums and pointer doubling algorithms.5.5.1 Parallel pre�xWe now show how to obtain deterministic improvements in work for the pre�x sumsalgorithm that occurs in solutions of several important problems [21]. E�cient parallelalgorithms and circuits for computing pre�x sums were given by Ladner and Fischer in



100 CHAPTER 5. ALGORITHM SIMULATIONS AND TRANSFORMATIONS[64], where the pre�x problem is de�ned as follows: Given an associative operation � ona domain D, and x1; . . . ; xn 2 D, compute, for each k, (1 � k � n) the sum Lki=1 xi.In order to compute the pre�x sums of N values using N processors, at leastlogN= log logN parallel steps are required [20, 67], and the known algorithms requireat least logN steps. Therefore an oblivious simulation of a known pre�x algorithmwill require simulating at least logN steps. When using P = N processors, the workof such simulation will be O(Sw � logN). Here we extend Proposition 5.2 and show arobust pre�x sum algorithm whose work complexity is O(Sw), thus improving obliviousdeterministic simulation by a factor of logN .In the no-restart fail-stop model we have the following result:Theorem 5.9 Parallel pre�x for N values can be computed using N non-restartablefail-stop processors using O(N) clear memory with S = O(N log2N= log logN).Proof: The pre�x summation algorithm that we are going to use as the basis, is aniterative version of the recursive algorithm of [64]. The algorithm consists of two stages:(1) �rst a binary summation tree is computed, (2) then the individual pre�x sums arecomputed from the summation tree obtained in the �rst stage. Each pre�x sum requiresno more than logarithmic number of additions.Each stage can be performed in logarithmic time in parallel by up to N processors.To produce the robust version of the above algorithm, we use algorithm W twice toimplement these two stages. Fir each stage the controls of algorithm W areused withappropriate modi�cations as follows:1. A binary summation tree is computed in bottom up traversals at the same timewhen the progress tree of algorithm W is being updated. This modi�cation to thealgorithm does not a�ect its asymptotic complexity.2. This stage uses the work phase of algorithmW modi�ed to include the logarithmictime summation operations using the tree computed in stage 1.In the code, shown in Figure 5.4, hhiii is a binary string representing the value iin binary, where most signi�cant bit is bit number 0, and hhiiih is the true/falsevalue of the hth most signi�cant bit of the binary string representing i. The loop



5.5. IMPROVING OBLIVIOUS SIMULATIONS 10101 forall processors PID = 0::N parbegin02 shared integer array sum[1::2N � 1]; ��summation tree03 shared integer array prefix[1::N ]; ��pre�x sums04 private integer j; j1; j2; ��current/left/right indices05 h; ��depth in the summation tree06 j := 1; ��begin at the root,07 h := 0; ��and at depth 008 prefix[PID] := 0; ��initialize the sum09 while h 6= 0 do ��traverse from root to leaf10 h := h + 111 j1 := 2 � j ��left index12 j2 := j1 + 1 ��right index13 if hhPIDiih ��Is the sub-sum at this level included?14 then prefix[PID] := prefix[PID] + sum[j1] ��add the left sub-sum15 j := j2 ��go down to the right16 else j := j1 ��go down to the left17 � ;18 od19 parendFigure 5.4: Second stage of robust pre�x computation.in lines 09-18 is the top-down traversal of the summation tree. In lines 13-17 theappropriate subtree sum is added (line 14) at depth h only if the correspondingbit value of the processor PID is true.2 Note that because of the lower bounds of Beame and Hastad [20] and Li and Yesha[67], at least logN= log logN parallel time and at least N logN= log logN work will berequired by P = N processors to compute the pre�x sums in the absence of failures.Therefore the multiplicative overhead in work of our parallel pre�x algorithm is onlylogN when using alogirthm W in the fail-stop model.5.5.2 Pointer doublingAnother important improvement for the fail-stop case is a robust pointer doubling oper-ation that is a basic building block for many parallel algorithms. This is accomplishedusing algorithm W , the most e�cient to date algorithm for the fail-stop model.



102 CHAPTER 5. ALGORITHM SIMULATIONS AND TRANSFORMATIONS01 forall processors PID=1..N parbegin02 for 1..log(N)/loglog(N) do03 ��Perform a single stage to double each pointer at least log(N) times04 Phase W3: Each processor doubles its leaf's pointer log(N) times.05 Phase W4: Bottom up traversal to (under)estimate the no. of leaves visited06 while the underestimate of the visited leaves is not N do07 Phase W1: Perform bottom up traversal to enumerate remaining processors08 Phase W2: Perform top down traversal to reschedule work09 Phase W3: Each processor doubles its leaf's pointers log(N) times.10 Phase W4: Perform bottom up traversal to measure progress made11 od12 od13 parendFigure 5.5: A high level view of the robust pointer doubling algorithmProposition 5.3 There is a robust list ranking algorithm for the fail-stop model withS� = O(logN �Sw(N;P )= log logN), where N is the input list size and Sw(N;P ) is thecomplexity of algorithm W for the initial number of processors P : 1 � P � N .Proof: The robust algorithm is implemented using a variation of algorithm W , gen-eral parallel assignment, and the standard pointer doubling algorithm. A high levelalgorithm description is given in Figure 5.5, where Phases W1 through W4 refer to thephases of algorithm W .We associate each list element with a progress tree leaf. Phase W3 uses the generalparallel assignment approach to double pointers and update distances. As before, weuse two generation of the arrays representing the pointers, and the running ranks of thelist elements | one is used as the \current" values, and the other as the \next" valuesbeing computed. Binary tags are used to determine which generation is \current", andwhich is \next". The generations alternate as the computation progresses.The logN pointer doubling operations in phase W3 makes it su�cient for the out-most for loop to iterate logN= log logN times, and it does not a�ect the complexity ofthe approach in algorithm W , since Phases W1, W2 and W4 take �(logN) time. Thisresults in S = O( logNlog logN Sw(P;N)). 2The technique of Proposition 5.3 for the pointer doubling algorithm achieves alog logN improvement in work over the na��ve simulations, i.e., instead of S = O(logN �



5.6. ON PARALLEL COMPLEXITY CLASSES AND FAULT-TOLERANCE 103Sw) we achieve S = O(logN �Sw= log logN). This improvement can be used with severalimportant robust algorithms that are based on pointer doubling:Proposition 5.4 There is a robust parallel algorithm for computing the tree functionsof Tarjan and Vishkin [96] with S = O(logN � Sw(N;P )= log logN), where N is theinput tree size and Sw(N;P ) is the complexity of algorithm W for the initial numberof processors P : 1 � P � N .The robust algorithms obtained using our technique are optimized for the worstcase behavior in the presence of arbitrary fail-stop error patterns. These algorithmsincur a O(log2N) multiplicative overhead relative to the source algorithm when using Nprocessors, and this overhead is reduced to O(logN) in the absence of failures. Howeverthe robust list ranking algorithm can be tailored to yield S = O(N logN) in the absenceof failures. This is accomplished by preceding the algorithm with logN pointer doublingoperations and a phase 4 bottom-up traversal. This results in O(N logN) additiveoverhead. Therefore, for the algorithms that are dominated by pointer doubling witha cost of �(N logN), e.g., Tarjan and Vishkin [96], there is no asymptotic degradationin the absence of failures. This optimization can be used with, for example, the sortingtechniques such as Batcher [18] to reduce the overall multiplicative cost to O(logN) inthe absence of failures over the O(N log2N) cost associated with sorting networks.Finaly, when a Write-All solution is used within its range of optimality (by tak-ing advantage of parallel slackness) as the basis for fault-tolerant algorithms, then weobtain fault-tolerant solutions to all of the above problems, such that the available pro-cessor steps S is asymptotically equal to the Parallel-time�Processors of the originalalgorithms.5.6 On Parallel Complexity Classes and Fault-ToleranceWe have brie
y mentioned in the discussion of e�ciency measures in Chapter 2 thatit is important for parallel algorithms to have e�cient work both in the failure-freeenvironment and when they are subject to failure. We have also remarked in thischapter that e�cient simulations of parallel algorithms result in e�cient algorithmsonly if the simulated algorithm is e�cient to begin with. Here we address these topicsfurther.



104 CHAPTER 5. ALGORITHM SIMULATIONS AND TRANSFORMATIONSMany e�cient parallel algorithms belong to the class NC, however the inverse is notnecessarily true. This is because the algorithms in NC allow for polynomial ine�ciencyin work. In NC the e�ciency is characterized in terms of (polylogarithmic) time, but thecomputational agent can be large (polynomial) relative to the size of a problem [30, 81].Further critique of the notion that NC class of algorithms is the class of e�cient parallelalgorithms is given by Kruskal et al. in [63].In the context of fault-tolerant computation we suggest that while a de�nition ofrobustness can be made in terms of NC, this de�nition is not very meaningful in termsof the resulting algorithm e�ciency. An NC algorithm can be made fault-tolerant byclustering a polynomial number of processors and assigning them to the work that isnormally performed by a single processor. The resulting algorithm is correct for as longas at least one processor remains active in each cluster. But clearly such algorithmis extremely ine�cient, and such technique is extremely wasteful, even if the resultingalgorithm still meets the NC criteria of e�ciency, i.e., polylogarithmic time and andpolynomial resources.To reiterate: in order to characterize better the e�ciency of parallel algorithms, thee�ciency measures need to take into account both the parallel time and the size of thecomputational resource, i.e., parallel work. Such characterization of parallel algorithme�ciency are de�ned by Vitter and Simons in [100] and expanded on by Kruskal et al. in[63]. The e�ciency classes de�ned in [63] are as follows:Let A be a problem such that the (RAM) time complexity of the best known se-quential algorithm is T (N). A parallel algorithm that solves an N -size instance of Ausing P (N) processors in �(N) parallel time belongs to the class:1. ENC if �(N) = logO(1)(T (N)) and �(N) � P (N) = O(T (N)).2. EP if �(N) � T (N)" (const " < 1) and �(N) � P (N) = O(T (N)).3. ANC if �(N) = logO(1)(T (N)) and �(N) � P (N) = T (N) � logO(1)(T (N)).4. AP if �(N) � T (N)" (const " < 1) and �(N) � P (N) = T (N) � logO(1)(T (N)).5. SNC if �(N) = logO(1)(T (N)) and �(N) � P (N) = T (N)O(1).6. SP if �(N) � T (N)" (const " < 1) and �(N) � P (N) = T (N)O(1).



5.6. ON PARALLEL COMPLEXITY CLASSES AND FAULT-TOLERANCE 105Analogously with our de�nition of robustness, the complexity characterizing theseclasses is de�ned with respect to the time complexity of the best sequential algorithm.There are two complexity criteria for each class: (a) parallel time �(N) and, (b) parallelwork �(N) � P (N).In the next two subsections we de�ne criteria via which we can evaluate whether ouralgorithm transformations preserve the e�ciency of the algorithms in each the classesabove.In order to be able to use the time complexity of the original algorithm as a compari-son metric, we need to introduce some measure of time for the fault-tolerant algorithms.In order to do that, we will use the maximum time that is required by the fault-tolerantalgorithm to complete its computation provided that a linear number of processors arestill active. For the fail-stop model this corresponds to an execution in which at leastcP processors survive for some constant c > 0, while for the restartable model we askthat each update cycle is completed by at least cP processors.If we do not make this assumption then the best we can conclude about the runningtime of the fault-tolerant versions is that it is at least the time of the best sequentialalgorithm, because time can be severely degraded when the remaining number of pro-cessors becomes small. For example, the algorithms become sequential when only oneprocessor is active.5.6.1 Fail-stop model without restartsWe �rst examine whether the classes of [63] are closed with respect to our fault-toleranttransformations in the fail-stop model. We assume that P = P (N) processors are used.Also, if P is polynomial in N , then logP = O(logN).For any algorithm A, let �(A) be the fault-tolerant algorithm that can be constructedusing the techniques in this chapter (as either a simulation or a dedicated algorithm).We formulate the following de�nition:De�nition 5.3 Let C be a class in which the parallel time of algorithms is in thecomplexity class �C and the parallel work is in the complexity class wC . We say thatC is closed with respect to a fail-stop without restart fault-tolerant transformation � iffor any algorithm A in C:



106 CHAPTER 5. ALGORITHM SIMULATIONS AND TRANSFORMATIONSComplexity Time with � cP processors Fail-Stop Work ClosedClass c2�(N) log2N= log logN c2 logO(1)N � �(N) � P (N) under �?ENC = O(logO(1)(T (N))) > O(T (N)) NoEP = O(T (N)") > O(T (N)) NoANC = logO(1)(T (N)) = T (N) � logO(1)(T (N)) YesAP = O(T (N)") = T (N) � logO(1)(T (N)) YesSNC = logO(1)(T (N)) = T (N)O(1) YesSP = O(T (N)") = T (N)O(1) YesTable 5.1: Closure under the fail-stop transformation � (for P = P (N)).1. the worst case work S of �(A) is such that S is in wC , and2. the running time t is such that t is in �C when the minimum number of processorsactive during the computation is cP for some constant c > 0. 2An immediate observation is that NC is trivially closed with respect to our fault-tolerant transformations.In the fail-stop model, using for example algorithm W as the basis for transformingnon-fault-tolerant algorithms, we have the following:� the multiplicative overhead in work is O(logN2= log logN), and so if the work ofthe initial algorithm A is �(N)�P (N) then the worst case work of the fault-tolerantversion �(A) is c1 logO(1)N � �(N) � P (N) for some constant c1 > 0,� algorithm W terminates in O(Sw=cP ) = O(log2N= log logN) time when at leastcP processors are active, therefore if the parallel time of algorithm A is �(N),then the parallel time of execution for �(A) using at least cP active processors isc2�(N) log2N= log logN for some constant c2 > 0,The resulting closure properties of the classes de�ned in [63] under our fail-stoptransformation is summarized in Table 5.1.



5.6. ON PARALLEL COMPLEXITY CLASSES AND FAULT-TOLERANCE 1075.6.2 Restartable fail-stop modelWe next examine whether the classes of [63] are closed with respect to our transforma-tions in the restartable fail-stop model. Again we have log P = O(logN).For any algorithm A, let �(A) be the restartable fault-tolerant algorithm that can beconstructed using the techniques in this chapter We formulate the following de�nition:De�nition 5.4 Let C be a class in which the parallel time of algorithms is in thecomplexity class �C and the parallel work is in the complexity class wC . We say that Cis closed with respect to a restartable fail-stop fault-tolerant transformation � if for anyalgorithm A in C:1. the worst case overhead � of �(A) is such that � � �(N) � P (N) is in wC , and2. the running time t is such that t is in �C when the number of processors completingeach update cycle of the computation is at least cP for constant c > 0. 2In the fail-stop restartable model we are going to take advantage of the existentialresult by Anderson and Woll in [8], who showed that for every " > 0, there existsa deterministic algorithm for P processors that simulates P PRAM instructions withO(P 1+") work. This result was developed for the asynchronous model, but it also appliesfor fail-stop model with restarts.In this model we will provide existential closure properties. Assume we have analgorithm such as the one characterized in the theorem above. This algorithm can beinterleaved with algorithm V , for example, so that the overhead � of the combined algo-rithm is O(log2N). When this combined algorithm is used as the basis for transformingnon-fault-tolerant algorithms, we have the following:� if the work of the initial algorithm A is �(N) � P (N) then � � �(N) � P (N) =log2N � �(N) � P (N),� a single Write-All step terminates in O(P 1+"=cP ) = O(P ") time when at leastcP processors are active, therefore if the parallel time of algorithm A is �(N),then the parallel time of execution for �(A) using at least cP active processors isc2�(N) � P " for some constant c2 > 0,



108 CHAPTER 5. ALGORITHM SIMULATIONS AND TRANSFORMATIONSComplexity Time with � cP processors Work ClosedClass c � �(N) � P " log2N � �(N) � P (N) under �?ENC > O(logO(1)(T (N))) > O(T (N)) NoEP = O(T (N)") > O(T (N)) NoANC > logO(1)(T (N)) = T (N) � logO(1)(T (N)) YesAP = O(T (N)") = T (N) � logO(1)(T (N)) YesSNC > logO(1)(T (N)) = T (N)O(1) NoSP O(T (N)") = T (N)O(1) YesTable 5.2: Closure under the restartable fail-stop transformation � (for P = P (N)).The closure properties of the classes of [63] under the restartable fail-stop transfor-mation is summarized in Table 5.2.



Chapter 6Simplifying MemoryAssumptionsIN ALL our algorithms we assume that the shared memory is in a known state (i.e.,contains zeros) prior to the very �rst execution of a Write-All algorithm, and thatthe writes of a logarithmic number of bits are atomic. In the chapter we formally relaxthese model requirements.6.1 Solving Write-All Using Contaminated MemoryAs we have shown in Chapter 5, the problem of Write-All |using P -processors write1's into all locations of an array of size N , where P � N| can and has been used as thebasic building block for constructing e�cient and fault-tolerant parallel algorithms. Allprevious Write-All solutions use 
(P ) auxiliary shared memory and assume that thismemory is cleared or initialized to some known value. When Write-All building blocksare used in polylogarithmic parallel time algorithms (e.g., to compute pre�x sums orlist ranking) auxiliary memory initialization cannot be amortized over the computation.Thus, assuming clear memory is a very strong precondition, and for Write-All itselfraises a legitimate \chicken-or-egg" objection.In this section, using a deterministic bootstrapping and balancing argument, we showhow to Write-All when auxiliary memory is contaminated with arbitrary values. Forany dynamic pattern of fail-stop, no-restart errors on a CRCW PRAM with at least one109



110 CHAPTER 6. SIMPLIFYING MEMORY ASSUMPTIONSsurviving processor, our new algorithm writes all 1's using O(N+P log3N=(log log2N))work, without any initialization assumption. This technique can be combined withany Write-All algorithm to yield e�cient simulations of any PRAM and even optimalsimulations given processor slack. It can also be used with restartable fail-stop processorsimulations. In addition, we show that for the parallel pre�x computation it is possibleto improve on the best deterministic simulations to date: by a factor of logN when thememory is clear, and by a factor of log logN when the memory is contaminated.6.1.1 Write-All assumptionsWrite-All captures the computational progress that can be naturally accomplished inunit time by a PRAM (when P = N). In the presence of asynchrony or failures, e�cientsolutions to Write-All (increasing the fault-free work by polylogarithmic factors only)are non-obvious. Note that, in all existing solutions it does not matter what is theinitial state of the size N array. For example, up to now, we assumed it is all 0's, butthe algorithms would work even if the N locations were initialized using arbitrary 0'sand 1's. A much more important assumption in all previous Write-All solutions (bothin this thesis, and by other authors, e.g, [29, 59, 61, 75]) was regarding the initial stateof additional auxiliary memory used (typically of 
(P ) size). The basic assumption hasbeen that:The 
(P ) auxiliary shared memory is cleared or initialized to some known value.In theory, this is a natural, even if unstated assumption, for PRAMs [44] and RAMs(cf., Turing Machine auxiliary tapes are initially blank). However, given the de�nition ofWrite-All this dependence on clear space raises a legitimate \chicken-or-egg" objection.In practice, memory locations typically contain unpredictable values, and processes thatneed to use large blocks of memory cannot assume that it is cleared or is initialized toa known value. In fact operating systems usually provide explicit services that allocateclear memory, e.g., calloc() in standard C libraries. Such allocation is predictably muchmore time consuming, even in the absence of failures.It is easy to construct simple Write-All algorithms that do not assume clear sharedmemory, but they appear to use quadratic work. If the overall computation involvesmany steps, one can perhaps a�ord an expensive initialization phase and amortize itscost over subsequent e�cient steps. Unfortnately, when Write-All building blocks are



6.1. SOLVING WRITE-ALL USING CONTAMINATED MEMORY 111used in very fast (i.e., polylogarithmic parallel time) algorithms (e.g., to compute pre�xsums or list ranking) auxiliary memory initialization cannot be amortized over thecomputation. Fortunately, we show that there is a way around this dilemma:We present Write-All algorithms and algorithm simulations that do not requirethat the auxiliary memory is cleared prior to the computation.Algorithms in this setting have some similarities with the notion of a self-stabilizingsystem introduced by Dijkstra in [34]. Paraphrasing [34], a system is self-stabilizing ifand only if, regardless of the initial state the system can always make a state transitioninto another state, and the system is guaranteed to �nd itself in a legitimate state aftera �nite number of transitions. Our computations using initially contaminated memorycan be viewed as self-stabilizing with respect to the state of shared memory.We eliminate the assumption that any amount of clear initial memory is availablefor the fail-stop and fail-stop restartable algorithms. We develop deterministic fault-tolerant algorithms that can be used to simulate PRAMs using contaminated memory,i.e., when the shared memory not containing the input is initially in an arbitrary andpossibly illegal state. We also improve on the state-of-the-art robust pre�x sums com-putations.6.1.2 Model: fail-stop PRAM with contaminated memoryThe basis of our model is the restartable fail-stop CRCW PRAM of Sections 2.5-2.6except that the shared memory that does not contain the input is contaminated:1. There are P processors. Each has a unique processor identi�er PID in the rangef0; . . . ; P � 1g.2. Shared memory is accessible to all processors; each processor has a constant sizeprivate memory. Each memory cell stores one word of size O(logmaxfN;Pg).3. The input is stored in N cells in shared memory.4. The shared memory not containing the input is contaminated.We use the notation \Write-All(N;P; L)" to stand for an instance of fault-tolerantWrite-All that uses P processors and clear auxiliary memory of size L to initialize to 1an array of size N .



112 CHAPTER 6. SIMPLIFYING MEMORY ASSUMPTIONSDe�nition 6.1 An algorithm that uses P processors to solve a Write-All problem ofsize N is contamination-tolerant, if it is a Write-All(N;P; 0) algorithm. 26.1.3 Write-All algorithms using contaminated memoryTheWrite-All algorithms and simulations based onWrite-All paradigm, e.g., [55, 59, 61,92], or the algorithms that can serve as Write-All solution, e.g., the addition algorithmin [29] or the maximum �nding algorithm in [75], invariably assume that a linear portionof shared memory is either cleared or is initialized to known values. Starting with a non-contaminated portion of memory, such algorithms and simulations are able to performtheir computation by \using up" the clear memory, and concurrently or subsequentlyclearing additional segments of memory needed for future iterations. We develop ane�cient Write-All solution that requires no clear shared memory.A Bootstrap procedureWe formulate a bootstrap approach to the design of fault-tolerant Write-All algorithms,such that the auxiliary memory is initially contaminated. The bootstrapping proceedsin stages:In stage 1 of our procedure, all P processors clear an initial segment of N0 locationsin the auxiliary memory.At the stage i of the procedure, we use P processors to clear Ni+1 memory locationswith the help of Ni memory locations that were cleared in the stge i� 1.If Ni+1 > Ni and N0 � 1, then this procedure will clear the required N memorylocation in at most N stages. Say � is the �nal stage number, i.e., N� = N .Let Pi be the number of active processors that initiate phase i, and de�ne N�1 = 0.The cost of such a procedure is: Sboot = P�i=1 Si(Ni; Pi; Ni�1) where Si is the cost ofthe Write-All(Ni; Pi; Ni�1) algorithm used in stage i.The e�ciency of the resulting algorithm depends on the choices of the particularWrite-All solution(s) used in each stage and the parameters Ni.One speci�c approach is to de�ne a series of multipliers G0, G1, . . . , G� such thatNi = Qij=0Gj . The high level view of such algorithm is given in Figure 6.1. The



6.1. SOLVING WRITE-ALL USING CONTAMINATED MEMORY 11301 forall processors PID=0..P � 1 parbegin ��P processors clear N memory02 Clear the initial block of N0 = G0 elements sequentially using P processors03 i := 0 ��Iteration counter04 while Ni < N do05 Use a Write-All solution with data structures of size Ni06 and Gi+1 elements at the leaves07 to clear memory of size Ni+1 = Ni �Gi+108 i := i + 109 od10 parendFigure 6.1: A high level view of the bootstrap algorithm.algorithm consists of an initialization (lines 02-04) and a parallel loop (lines 04-09). Weuse a variation of this scheme below.We next use the bootstrap approach to construct and analyze contamination-tolerantWrite-All algorithms in the fail-stop and restartable fail-stop models.Algorithm Z for the fail-stop modelWe will algorithm W in each phase of the bootstrap procedure, and we call the resultingalgorithm, algorithm Z.We analyze algorithm Z for the following choice of parameters: we use G0 = logN ,and Gi = Gi�1 logN (for i > 0). In the initialization, all P processors traverse a list ofsize G0 sequentially and clear it. Then, iteratively, the processors use algorithm W toclear increasingly larger sections of memory using the auxiliary memory cleared in theprevious iteration (Fig. 6.1, lines 05-07).Recall that algorithm W is a fail-stop (no restart) Write-All solution. It uses twofull binary trees (represented as heaps in memory) and it consists of a loop in whichthe active processors synchronously iterate through four tree traversal phases. To avoida complete restatement, the reader is urged to refer to Section 3.2.1. When we use aparameterized algorithm W , with the result of Martel (Appendix A.6), the work of thealgorithm is (similarly to Lemma 3.6):



114 CHAPTER 6. SIMPLIFYING MEMORY ASSUMPTIONSTheorem 6.1 Algorithm W with P processors, the progress tree with H leaves (P �H) and 2H � 1 total nodes all initialized to zero and G array elements at each leaf, hasthe work of S = O((H + P logH= log logH) � (logP + logH + G)) for any pattern ofstop-failures.Note that the above result and algorithm W can be used when P > H . As we havealready described in Section 3.2.1, when there are P processors and the progress treehas H < P leaves, then it is su�cient for each processor to take its PID modulo H toassure uniform initial assignment of processors and to preserve the result.Algorithm W stores its binary trees as linear arrays interpreted as heaps. Thereforethe structure of the trees is una�ected by the state of the memory, because the heapsare implicit. We next observe that the enumeration of the processors in phase W1 ofalgorithm W can be done in a bottom-up traversal of a contaminated processor tree.The pseudocode for this algorithm is given in Figure 6.2.We call this algorithm Zenum . The surviving processors enumerate themselves usinga standard logarithmic time algorithm based on addition. The contaminated memorycells are distinguished from the cells that contain valid values via the use of a single bitassociated with each cell (a so called \deadman 
ag"). When a processor arrives at anode, it clears the bit associated with its sibling, then it sets its own bit (lines 16-17).Only cells that have valid values written in them by active processors will have the bitset. The enumeration itself is as in phase W1.Theorem 6.2 Algorithm Z is a contamination-tolerant Write-All(N;P; 0) algorithmthat fo any pattern of fail-stop errors has S = O(N + P log3N=(log logN)2) for 1 �P � N .Proof: We �rst evaluate and then total the work of the algorithm during each ofthe �nite numbers stages of its execution. In each use of algorithm W , we will haveG = logN as the number of memory locations associated with each leaf of the progresstree, and we will apply Thm 6.1 with di�erent instantiations of H to evaluate the upperbound of work.Stage 0: Enumerate processors using Zenum , then sequentially clear logN memoryusing all surviving processors. The work using the initial P0 � P processors is: W0 =P0 � logP + P0 � logN .



6.1. SOLVING WRITE-ALL USING CONTAMINATED MEMORY 11501 forall processors PID = 0::P � 1 parbegin02 shared integer array c[1::2N � 1]; ��processor counts03 shared bit array alive[1::2N � 1]; ��alive/dead markers04 private integer pn ��enumerated processor number05 private integer j1; j2; ��left/right siblings indices06 t; ��predecessor index of j1 and j207 j1 := PID + (N � 1); ��heap-leaf init08 pn := 1; ��assume this processor is no. 109 c[j1] := 1; ��a processor is counted once in this step10 for 1:: log(P ) do ��traverse the tree from leaf to root11 t := j1 div 2; ��parent of j1 and j212 if 2 � t = j113 then j2 := j1 + 1 ��j1 came from left14 else j2 := j1� 1 ��j1 came from right15 � ;16 alive[j2] := 0 ��mark siblings dead17 alive[j1] := 1 ��mark self alive18 if alive[j2] = 1 ��both sub-trees have active processors?19 then c[t] := c[j1] + c[j2] ��both branches are active20 if j1 > j2 ��j1 came from right, update processor n umber21 then pn := pn+ c[j2]22 �23 else c[t] := c[j1] ��all siblings failed24 � ;25 j1 := t ��advance up the heap26 od27 parendFigure 6.2: Contamination robust processor enumeration Zenum .Stage 1: P1 � P0 � P . Using instance of Thm 6.1 where H = logN , the work is:W1 = (logN + P1 log logN= log log logN) � (logP1 + logN + log logN).Stage i: Pi � Pi�1 � N . Using instance where H = logiN :Wi = (logiN + Pi � i log logN=(log i+ log log logN)) � (logPi + logN + i log logN)The Final Stage � is when log� N = N= logN , i.e., � = logNlog logN � 1.Totalling the work in all phases yields:S = �Xi=0Wi = W0 + �Xi=1�logiN + Pi i log logNlog i+ log log logN� (logPi + logN + i log logN)Simplifying the sum results in S = O(N + P log3N=(log logN)2). 2This approach has the following range of optimality:



116 CHAPTER 6. SIMPLIFYING MEMORY ASSUMPTIONSTheorem 6.3 For any pattern of fail-stop errors, algorithm Z is a contamination-tolerant Write-All(N;N(log logN)2= log3N; 0) algorithm with S = O(N).Algorithm Zr for the restartable fail-stop modelAlgorithm Zr is similar to algorithm Z, except that in each stage we will be utilizinga restartable Write-All algorithm. (Algorithm W is not suitable when restarts areallowed.) Other parameters of the bootstrap procedure are the same as for the fail-stopcase.In this analysis, we will be using an algorithm that was described and characterizedwith the following result by Anderson and Woll:Theorem 6.4 [8] There exists a Write-All(H;H;H) solution with H processors thathas work O(H1+") for every " > 0.This is an existential result, and we call this algorithm AW . The best knownconstructed deterministic algorithm has " = log2 3 � 1 < 0:59 is algorithm X (it canalso be used with the bootstrap). Note that algorithm AW was developed for theasynchronous model, but it can be used in the restartable fail-stop model as well. Thework of the algorithm in the asynchronous model is the same as its completed work inthe restartable fail-stop model.Theorem 6.5 Algorithm Zr is a contamination-tolerant Write-All(N;N; 0) algorithmthat for any pattern of fail-stop errors has S = O(N1+") for any " > 0.Proof: We �rst note that there exists a Write-All(H;P;H) solution with P � Hprocessors that has work O(P 1+") for every " > 0. We use algorithm AW , except allprocessors use their PIDs modulo H . The worst case work is achieved when up tod PH e processors that have the same PID module H operate synchronously as a singleprocessor. The work of the algorithm in this case is: S = d PH e � O(H1+") = O(P 1+").Using this algorithm at each stage of the bootstrap procedure, and evaluating the totalwork as in Thm 6.2 yields the desired result:We evaluate and then sum the work of the algorithm during each of the �nitenumbers stages of its execution. In each stage i > 1 of algorithm Zr, we will use



6.1. SOLVING WRITE-ALL USING CONTAMINATED MEMORY 117algorithm AW logN times to clear logi+1N memory locations. In each instance of useof Theorem 6.4, we will use � > 0 as the exponent, such that "=2 = �. This is done tosimplify the �nal sum using the property that logN = O(N �) for any � > 0 We alsouse P = N for clarity.Stage 0: All processors linearly initialize the segment of shared memory of length logNusing The work is: W0 = P � logN .Stage 1: The algorithm is applied logN times to clear a segment of shared memory ofsize log2N . Using instance where H = logN , the work is: W1 = (P log�N) � logN .Stage i: Using instance H = logiN : Wi = (P (logiN)�N) � logN = (P logi�N) � logN .Final Stage � where log� N = N= logN , i.e., � = logN= log logN � 1. Using theinstance where H = log� N = N= logN , the work is: W� = (P (log� N)�) � logN =(P (N= logN)�) � logN = P �N � log1��N .S = �Xi=0Wi = W0 + �Xi=1(P logi�N) � logN = O(N1+� log1��N)= O(N1+� logN) = O(N1+").26.1.4 General simulations and algorithm transformationsUsing the contamination-tolerantWrite-All solutions we have developed for the fail-stopno-restart and fail-stop restartable models, we obtain the general simulation results andsome improvements for algorithm transformations.Oblivious simulationsFor the setting with initially contaminated shared memory, using algorithms Z andZr with the general algorithm simulation techniques from Chapter 5, we obtain thefollowing results:Theorem 6.6 Any N -processor, � parallel time PRAM algorithm can be simulatedusing O(N) contaminated memory and P fail-stop crcw processors withS = O(N + P log3N=(log logN)2 + � � P log2N= log logN) for 1 � P � N .



118 CHAPTER 6. SIMPLIFYING MEMORY ASSUMPTIONSThis simulation has optimal ranges:Corollary 6.7 Any N -processor, � parallel time PRAM algorithm can be simulatedusing O(N) contaminated memory and P fail-stop crcw processors with S = O(� �N)when:1. 1 � P � N(log logN)2= log3N), or2. 1 � P � N log logN= log2N) and � > logN= log logN .In the restartable fail-stop model we get:Theorem 6.8 Any N -processor, � parallel time PRAM algorithm can be simulatedusing O(N) contaminated memory and N restartable fail-stop crcw processors withS = O(� �N1+").Remark 6.1 We can also use the complexity measure of overhead ratio � to evalu-ate the e�ciency of simulations by that amortizing the work of a simulation over thenecessary work and the number of failures that are encountered. The simulation in therestartable fail-stop model has overhead ratio per PRAM step of � = N ". This overheadratio can be made polylogarithmic by interleaving algorithm Zr with algorithm V aspresented in Section 5.4.Improving oblivious simulationsAs we have discussed in Chapter 5, custom transformations of algorithms are interestingbecause in some cases it is possible to improve on the work of the na��ve oblivioussimulation. These improvements are most signi�cant for fast algorithms when a fullrange of processors is used. In the case of parallel pre�x (Section 5.5.1), additionalsavings can be carried over to the fail-stop no-restart model in the setting when theshared memory is contaminated. Using the result of Theorem 5.9 together with acontamination-tolerant Write-All solution we obtain the following:Theorem 6.9 Parallel pre�x forN values can be computed using N fail-stop processorsand O(N) contaminated memory with S = O(N log3N=(log logN)2).



6.2. ATOMIC ACCESS AND WORD SIZE 119Note that using N processors to simulate a parallel pre�x algorithm that uses P = Nprocessors and time logN would require the work S = O(N log3N= log logN) (Theo-rem 6.6), and so the custom algorithm saves a log logN factor relative to the oblivioussimulation.6.2 Atomic Access and Word SizeThus far, we relied on the property of our model to perform logN -bit word parallelwrites atomically. That is, the model allows the following: (1) logN -bit words arewritten in unit time, and (2) the adversary can cause failures either before or after thewrite cycle of the PRAM, but not during the write cycle. The fault-tolerant algorithmswe developed can be modi�ed so that these two restrictions are relaxed.The new de�nition of atomicity becomes:(1) logN -size words are written using logN bit write cycles, and(2) the adversary can cause arbitrary fail-stop errors either before or after the singlebit write cycle of the PRAM, but not during the bit write cycle.Proposition 6.1 Any fault-tolerant algorithm using O(logN) bit atomic writes oninputs I of size N , and using P processors for 1 � P � N can be adapted to use O(1)bit atomic writes so that there is: (1) preservation of O(S(I; F; P )) steps used by thealgorithm (counting logN bit write cycles as one time unit), and (2) preservation of thespace used (counting O(logN) bits as one word).Proof: The algorithms are adapted by simulating one atomic write of an O(logN) bitword atomic writes using O(logN) atomic O(1) bit writes. We implement logN -sizewords using a single bit tag and two logN -size words. The two words are numbered 0and 1, and the bit tag (initially 0) indicates which of the two words has valid contents.Thus each shared memory location is represented as:recordbit integer t; ��current valid version numberintegerX[0::1]; ��logN -size values indexed by tend



120 CHAPTER 6. SIMPLIFYING MEMORY ASSUMPTIONSEach read cycle of the shared memory now becomes:begin ��macro read cycleread tag from t; ��read current tagfor i = 1 to log(N ) do ��read current contentsread bit i of value from bit i of X[tag];odendThe write cycle to the shared memory becomes:begin ��macro write cycleread tag from t; ��read current tagtag := tag + 1 (mod 2);for i = 1 to log(N ) do ��write new contentswrite bit i of value to bit i of X[tag];odwrite tag to t; ��update the tagendSince the single bit tag is the last bit written during the write cycle, a failureanywhere during this high level write cycle will prevent the tag value to be updated,and so any subsequent read will be able to read the previous value stored. This approachis similar to that of Bloom in [24], but it is somewhat simpler due to the fact that weare dealing with the synchronous model.Fault-tolerant algorithms can be automatically transformed using the macro readand write cycles above to versions that only require single bit atomic writes. Clearly,the number of logN -size words read or written by each macro cycle is O(1) as before,and the shared memory requirements are within a factor of two of the original memorysize. Therefore, the asymptotic performance of the algorithm has not changed. 2Remark 6.2 It is su�cient to use non-atomic logN -size word reads/writes instead ofthe logN single bit reads/writes. Thus the simplest atomicity requirement is that thewrite of the single bit tag must be atomic per each write of a single logN -bit word.Remark 6.3 This approach is consistent with the restartable fail-stop PRAM, wheresince synchronous restarts cannot occur in the middle of a read or a write of a word. Inthat setting, the above simulation can be used as is with restartable processors.



Chapter 7Discussion and Open ProblemsWE presented a study fault tolerance and e�ciency for two models of fault-prone parallel computation: fail-stop no-restart PRAM and restartable fail-stopPRAM. Both models are direct extensions of the standard PRAM model, so that allexisting algorithms can be executed on either model without any changes in the ab-sence of failures. When failures are introduced or when the shared memory is initiallycontaminated, existing parallel algorithms can be mechanically transformed so that thealgorithms become fault-tolerant while the e�ciency is degraded slightly for a largefamily of failure patterns. We furthermore can take advantage of parallel slack. Inthe fail-stop no-restart model, we can simulate algorithms so that the work is preservedasymptotically. In the restartable model the work is preserved for as long as the numberof failures per each processor is logarithmic per each simulated step.The area of e�cient and fault-tolerant parallel computation remains a fertile groundfor further research and improvements of the existing results:Model building: The de�nitions of the two models of computation that we studied,the fail-stop PRAM and the restartable fail-stop PRAM, are obtained by combin-ing: (i) a model of parallel processing (i.e., shared-memory based multiprocessing),and (ii) an associated model of failures (e.g., failure types, strength of adversaries,granularity of failures and frequency). In order to evaluate the e�ciency of var-ious fault-tolerant algorithmic methods for the de�ned models, we have de�nednew and generalized existing measures of complexity (i.e., overhead ratio available121



122 CHAPTER 7. DISCUSSION AND OPEN PROBLEMSprocessor steps and overall work). We have also showed that the fail-stop CREWPRAM does not admit e�cient solutions to the Write-All problem.Productive and promising research areas include identifying further natural modelswith the goal of classifying the models that: (a) either admit e�cient fault-tolerantalgorithms, or (b) that are inherently prohibitive to e�cient computation.For the update cycles that we use in the restartable model, it is interesting todetermine the minimum number of reads and writes necessary to enable the exis-tence of e�cient algorithms. Other questions of merit include: What is the preciserelationship between the complexity of problems (as opposed to algorithms) on thetwo models presented here? Finally, are there e�cient algorithms for importantproblems that can be derived independently and do not come from simulation ortransformation of synchronous PRAM algorithms?Algorithms and upper bounds: We designed and analized several e�cient andfault-tolerant algorithms for the parallel models studied.The design of even more e�cient algorithms subject to the constraints of e�ciency,reliability, scalability and feasibility remains a challenging topic for research. Moree�cient algorithms could be developed for theWrite-All problem that serves as thebasis for general algorithm simulations, and also in order to improve the e�ciencyof na��ve general simulations. There is still a logN= log logN gap that remainsbetween the most e�cient known deterministic Write-All algorithm, i.e., W , andthe corresponding lower bound, i.e., O(N logN) ([61]).Another open problem is to determine the overhead ratio � for algorithm X inthe original setting of failures and restarts.Recently, an existence proof for an algorithm achieving O(N1+�) work was givenin [8]. Is O(N logO(1)N) completed work for solving Write-All with N processorsand input of size N achievable in the restartable fail-stop model?Lower bounds: We have shown an 
(N logN) lower bound (when N = P ) for theWrite-All problem in the restartable fail-stop model under the assumption thatprocessors can read and locally process the entire shared memory at unit cost,i.e., the memory snaphsot assumption. Under this assumption, this is the bestpossible lower bound.



123Under the same assumption we showed an 
(N logN= log logN) lower bound forthe no-restart fail-stop model, and that this is the best possible bound.In order to further improve these bounds, the strong assumption of memory snap-shots must be removed. There was some progress in this direction. Under di�erentassumptions, an 
(N logN) lower bound is shown for failures without restarts in[61].Can these lower bounds be further improved? For the no-restart fail-stop model,the improvements can be modest at best, since only a logN= log logN gap remainsbetween the upper and lower bounds.Experimental analysis: The design of new and the analysis of existing fault-tolerantparallel algorithms can be aided by using experimentation. Algorithm animation[25, 95] has the promise of providing additional insights into algortihms' behaviorthrough visualization. A tool for animating Write-All algorithms was developedby Apgar [9] using Stasko's TANGO system [95]. Using the that animation, anobserver can monitor the progress of a parallel computation and dynamically injectprocessor faults and restarts.Concluding remarksIt is often claimed that distributed computing systems have the potential advantage ofhigher reliability over centralized systems. This advantage of distributed computing canbe applied also to parallel systems, because the fault-tolerance in distributed systems isprecisely due to the replication of resources. The resulting redundancy in computationis a trade-o� of e�ciency (measured as all available resources) for fault-tolerance.The fundamental question we studied in the context of parallel algorithms dependon the exact form of this trade-o�, in summary:How can the reliability advantage of distributed computing be combinedwith the speed-up potential of parallel computing?Many interesting related work areas can be de�ned, and we believe that there areworthy research areas beyond the immediate results of this thesis. Our frameworkmay be generalized in many ways based on assumptions about system architecture andstructure of faults. Some concrete and relevant questions that seem promising follow:



124 CHAPTER 7. DISCUSSION AND OPEN PROBLEMS1. Formulate a common framework for merging our results on fault-tolerant paral-lelism and the existing results on distributed network protocols in the presence oftopological changes.2. What about randomized robust parallel computation? Could a formalization alongthe lines of [70] be used? Another good area here seems to be the average caseanalysis of fail-stop CREW processors [73].3. Evaluate the feasibility of implementing fault-tolerant algorithms based on di�er-ent multiprocessing paradigms.4. In actual multiprocessor practice, threads packages provide a basis for the imple-mentation of a wide variety of parallel paradigms, e.g., [22, 36]. The availablethreads packages typically support shared-memory lightweight processes. How areparallel programs, implemented using threads packages, a�ected by processor fail-ures? How can the fault-tolerance that can be built into the threads packagesthemselves. What fault-tolerant programming methodologies, can be designed forthe commonly used threads packages.5. Fault-tolerant multiprocessor scheduling { develop the models and strategies fore�cient and fault-tolerant processor scheduling (e.g., the three processor allocationparadigms) and concurrency control for the purposes of robust computation andpreservation of invariants of persistent data structures.6. Robust multiprocessing software package { a practical goal could be to developa multiprocessing threads package based on the accumulated research and experi-mental results.
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Appendix APseudocode for algorithm W andTwo LemmasTHE �rst four sections of this chapter contain the detailed pseudocode for algorithmW and brief comments. Fifth section contains a formal proof of Lemma 3.2. The�nal sixth section gives an alternative proof of Lemma 3.4 that was communicated byMartel [71].

135



136 APPENDIX A. PSEUDOCODE FOR ALGORITHM W AND TWO LEMMASA.1 Main Procedure for Algorithm WThe main loop in Figure A.1 consists of the four phases outlined in Section 3.2.1. Pro-cessor counting and enumeration is implemented as a static bottom up traversal inprocedure S BU() in Appendix A.2, work assignment is done in a dynamic top downtraversal in procedure D TD() in Appendix A.4, the work itself is a simple assignment\x[k]:=1", and the progress is measured via a dynamic bottom up traversal in procedureD BU() given in Appendix A.3. Parameter passing is by reference in all cases.forall processors PID=1..Nparbeginshared integer arrayx[1..N], ��input arrayc[1..2N-1], ��processor countscs[1..2N-1], ��count step numbersd[1..2N-1], ��progress/done treea[1..2N-1]; ��accounted treeprivate integerpn, ��dynamic processor no.k, ��array index PID will be assigned tostep; ��time stampstep := 0; ��initial processor counting stepk := PID; ��initially work data item PIDx[k] := 1; ��visit leafD BU(k); ��measure progress��Main loopwhile d[1] 6= N doS BU(PID,step,pn); ��enumerate proc-sD TD(pn,k); ��assign workx[k] := 1; ��do work: visit leafD BU(k); ��measure progressodparend ; Figure A.1: Main procedure of algorithm W .



A.2. STATIC BOTTOM UP TRAVERSAL 137A.2 Static Bottom Up TraversalThis procedure is given in Figure A.2. All processors traverse heap c to compute theoverestimate of the number of processors in c[1], and each processor computes its pro-cessor number pn that is used in the work assignment phase. The heap cs is used tosynchronize processor counting across multiple calls to S BU().procedure S BU(integer PID, ��processor idinteger step, ��timestampinteger pn) ��processor no.shared integer arrayc[1..2N-1], ��processor countscs[1..2N-1]; ��count step numbersprivate integerj1, j2, ��siblings indicest; ��parent of j1 and j2step := step + 1; ��new time stampj1 := PID + (N-1); ��heap-leaf initpn := 1; ��assume this processor is no. 1c[j1] := 1;cs[j1] := step; ��count the processor once��Traverse the tree from leaf to rootfor 1..log(N) dot := j1 div 2; ��parent of j1 and j2if 2*t = j1then j2 := j1 + 1 ��j1 came from leftelse j2 := j1 � 1 ��j1 came from right� ;if cs[j1] = cs[j2] ��both sub-trees active?then c[t] := c[j1] + c[j2] ��both activeif j1 > j2 ��j1 came from rightthen pn := pn + c[j2]�else c[t] := c[j1] ��all siblings failed� ;cs[t] := step; ��time stamp, andj1 := t ��advance up the heapodend ; Figure A.2: Phase W1 procedure | Static bottom up traversal



138 APPENDIX A. PSEUDOCODE FOR ALGORITHM W AND TWO LEMMASA.3 Dynamic Bottom Up TraversalThis procedure is given in Figure A.3. Heap d contains the underestimates for thenumber of leaves visited in each subtree, with d[1] containing the underestimate of thetotal number of leaves visited. This number is used in terminating the overall program(when d[1]=N).procedureD BU(integer k ��current leaf)shared integer arrayd[1..2N-1]; ��done/progress treeprivate integeri1, i2, ��siblings indicest; ��parent of i1 and i2i1 := k + (N-1); ��heap-leaf init.d[i1] := 1; ��done for good��Traverse the tree from leaf to rootfor 1..log(N) dot := i1 div 2; ��parent of i1 and i2��compute left/right indicesif 2*t = i1then i2 := i1 + 1 ��j1 came from leftelse i2 := i1 � 1 ��j1 came from right� ;d[t] := d[i1] + d[i2]; ��update progressi1 := t ��advance to the predecessorodend ;Figure A.3: Phase W4 procedure | Dynamic bottom up traversal



A.4. DYNAMIC TOP DOWN TRAVERSAL 139A.4 Dynamic Top Down TraversalThis procedure, given in Figure A.4, implements load rescheduling of the remainingactive processors. Heaps c and d are traversed top down. Heap a is used to traverse pathsto the unaccounted leaves according to the discipline implemented by this algorithm.Heap c is used to partition the remaining processors between the left and right treebranches, and heap d contains the progress information for the subtrees being traversed.Processors are allocated in proportion to the remaining work.procedureD TD(integer pn ��dynamic processor no.integer k) ��data itemshared integer arrayc[1..2N-1], ��processor countsd[1..2N-1], ��progress/done treea[1..2N-1]; ��accounted treeprivate integerj, j1, j2; ��current/left/right indicesj := 1; ��start at the rootsize := N; ��the whole tree is visiblea[1] := d[1]; ��no. of all accounted nodes��traverse from root to leafwhile size 6= 1 doj1 := 2*j; j2 := j1 + 1; ��left/right indices��compute accounted node valuesif d[j1]+d[j2] = 0 ! a[j1] := 0d[j1]+d[j2] 6= 0 ! a[j1] := a[j]*d[j1] div (d[j1]+d[j2])�a[j2] := a[j]�a[j1];��processor alloc. to left/right sub-treesc[j1] := c[j]*(size/2�a[j1]) div (size�a[j]);c[j2] := c[j] � c[j1];��go left/right based on proc. no.if pn � c[j1] ! j := j1pn > c[j1] ! j := j2; pn := pn � c[j1]� ;size := size div 2 ��half of leaves visibleod ;k := j { (N{1) ��assign processor based on jparendFigure A.4: Phase W2 procedure | Dynamic top down traversal



140 APPENDIX A. PSEUDOCODE FOR ALGORITHM W AND TWO LEMMASA.5 Dynamic Dop Down Traversal Lemma 3.2The next lemma shows that the algorithm correctly achieves the desired load balancing.Lemma 3.2 loop-iteration i of algorithm W : (1) processors are only allocated tounaccounted leaves, and (2) no leaf is allocated more than dRi=Uie processors.Proof: The proof outline of the while loop of the algorithm in the style of Dijkstra[35] is given in Figure A.5. We make use of the heap de�nitions, and the property thatresults from the dynamic bottom up traversal that if d[j] � size, where size is thenumber of leaves in the subtree rooted at j, then d[2j]; d[2j+ 1] � size=2 (there are nomore visited leaves than there are leaves).At the beginning of phaseW2, Ri is the value of c[1], and Ui isN�d[1]. We de�ne q asdRi=Uie. The top down traversal is executed synchronously by all surviving processors,with the processors writing identical values when writing concurrently. Therefore asequential programming calculus for each processor can be used. We prove the followingwhile loop invariant:I : (a[j] < size) ^ (a[j] � d[j])^((q � 1)(size� a[j]) < c[j] � q(size� a[j]))^(1 � pn � c[j])This invariant is established by the assignments to j, size, and a[1], performed inthe state where d[1] < N by the main loop termination condition, 1 � pn � c[i] by theprocessor enumeration in phase W1, and (q � 1)(N � d[1]) < c[1] � q(N � d[1]) by theproperties of ceiling.We also make use of the following abbreviation:Q(j; s) : (q � 1)(s� a[j]) < c[j]� q(s� a[j]):It is straightforward to verify that after I is established, it is left invariant by thewhile loop. Some inference detail is ommited in the proof outline (Figure A.5) forreadability. When a processor completes dynamic top-down traversal, the invariant Iholds, and size = 1. The last assertion of the proof outline implies the following result:(a[j] = 0) ^ (q{1 < c[j] � q) ^ (1 � pn � c[j])



A.5. DYNAMIC DOP DOWN TRAVERSAL LEMMA 3.246 141f d[1] < N ��by the main loop termination condition^1 � pn � c[j] ��by the processor enumeration of phase 1^(q � 1)(N � d[1]) < c[1] � q(N � d[1]) ��by the properties of ceiling gj,size,a[1] := 1,N,d[1];f I g ��invariant is initially establishedwhile size 6= 1 doj1 := 2*j; j2 := j1 + 1;if d[j1]+d[j2] = 0 ! a[j1] := 0d[j1]+d[j2] 6= 0 ! a[j1] := a[j]*d[j1] div (d[j1]+d[j2])�f I ^ (a[j1] � d[j1] ^ a[j1] � size=2) ga[j2] := a[j] � a[j1];f I1 : I ^ (a[j1] � d[j1]^ a[j1] � size=2)^(a[j2] � d[j2] ^ a[j2] � size=2) ^ (a[j] = a[j1] + a[j2]) gc[j1] := c[j]*(size/2�a[j1]) div (size�a[j]);f I2 : I1 ^Q(j1; size=2) gc[j2] := c[j] � c[j1];f I3 : I1 ^Q(j1; size=2) ^Q(j2; size=2) ^ c[j] = c[j1] + c[j2] gif pn � c[j1] ! f I3 ^ pn � c[j1] gf I3 ^ a[j1] 6= size=2 g j := j1pn > c[j1] ! f I3 ^ pn > c[j1] gf I3 ^ a[j2] 6= size=2 g j := j2; pn := pn � c[j1]� ;f Isizesize=2 g ��this is I with size/2 replacing sizesize := size div 2;f I g ��invariant is preserved by each iterationod ;f I ^ size = 1 g f a[j] < 1 ^Q(j; 1)^ 1 � pn � c[j] gFigure A.5: Proof outline of the phase W2 top down traversalThe safety property that each processor correctly constructs branches of the ac-counted tree using heap a[1::2N � 1] satisfying the constraints given in Section 3.2.1follows directly from the proof outline by a[1] = d[1] and for an interior node j,a[j] = a[2j] + a[2j + 1] with a[j] � d[j] for all nodes j (the values of the a heapare computed once and not changed by the top down traversal). The �(logN) timetermination for all surviving processors follows from the initialization and assignmentsto size, and the while guard.Thus, if a processor completes phase W2 then it would reach a leaf with a[j] = 0,that is an unaccounted leaf, and at most q = dRi=Uie processors would reach the sameleaf. 2



142 APPENDIX A. PSEUDOCODE FOR ALGORITHM W AND TWO LEMMASA.6 Martel's Improved Lemma 3.4Lemma 3.4bis. For any failure pattern with at least one surviving processor, algorithmW completes all remaining work. Its total number of block-steps V1 is less than or equalto U+P logU= log logU , where P is the initial number of processors and U is the initialnumber of unvisited elements.Proof: Consider the ith iteration of the main loop of algorithm W , as we did in theanalysis of the algorithm in Section 3.2.1.At the beginning of the iteration, Pi is the overestimate of active processors, and Uiis the estimated remaining unvisited leaves. At the end of the ith iteration (i.e., at thebeginning of the i+1st iteration, the corresponding values are Pi+1 and Ui+1. From theanalysis of algorithm W we know that Pi � Pi+1 and Ui > Ui+1. Let also P1 = P andU1 = U .If a processor begins, but does not complete an iteration of the loop, we are goingto (over)charge the processor logU1 steps. Such charges, call them B0, will amount tono more than B0 = O(P ) block-steps (and thus no more than O(P logU) overall worksteps) for a particular execution of the algorithm. Having taken care of this accounting,we are only going to account for the iterations that were completed by the participatingprocessors in the following discussion.We will treat the three logU time tree traversals performed by a single processorduring each phase of the algorithm as a single block-step of cost O(logU). We will chargeeach processor for each such completed block step.Let � be the �nal iteration of the algorithm, i.e., U� � 0 and the number of unvisitedelements after the iteration � is U�+1 = 0. We examine the following two major cases:1. Consider all block steps in which Pi < Ui :By the balanced processor allocation of algorithm W , each leaf will be assignedno more than 1 processor, therefore the number of block steps B1 accounted inthis case will be no more than B1 �P�i=1(Ui � Ui+1) = U1 � Ut+1 = U � 0 = U .2. Now consider all block steps in which Pi � Ui, with the following two subcases :(2.a) Consider all block steps after which Ui+1 < UilogU= log logU :



A.6. MARTEL'S IMPROVED LEMMA 3.447 143This could occur no more than O( logUlog logU ) times since Ui+1 < U1 = U . No morethan P processors complete such block steps, therefore the total number of blocksB2:a accounted by this sub-case is bounded by: B2:a = O(P logUlog logU ).(2.b) Finally consider all block steps such that Pi � Ui and Ui+1 � UilogU= log logU :Consider a particular iteration i. By Lemma 3.2, at most dPiUi e but no less thanbPiUi c processors were assigned to each of the Ui unvisited leaves. Therefore, thenumber of failed processors is at leastUi+1bPiUi c � UilogU= log logU � Pi2Ui � Pi2 logU= log logU .This can happen no more than � times. The number of processors completing stepi is no more than Pi(1� 12 log Ulog log U ). In general the number of processors completingjth occurrence of case (2.b) will have no more than P (1 � 12 log Ulog logU )j where P isthe initial number of processors.Therefore the number of blocks B2:b accounted by this sub-case is bounded by:B2:b � �Xj=1P (1� 12 logUlog logU )j � P 1Xj=1(1� 12 logUlog logU )j = P 11� (1� 12 log Ulog log U )= P � 2 logUlog logU = O(P logUlog logU ).The total number of block steps B of all cases considered is:B = B0 + B1 +B2:a + B2:b = O(U + P logUlog logU ) . 2Theorem 3.9 Algorithm W is a robust parallel algorithm for the Write-All problemwith S� = O(N log2N= log logN), where N is the input array size, and the initialnumber of processors P is between 1 and N .Proof: When 1 � P � U = N , each block-step is performed in O(logN) time with onearray element at each leaf. ThereforeS = B �O(logN) = O(N logN +N log2Nlog logN ) = O(N log2Nlog logN ) . 2



144 APPENDIX A. PSEUDOCODE FOR ALGORITHM W AND TWO LEMMAS



Appendix BAlgorithm X pseudocodeHERE we give detailed pseudocode for algorithm X on the restartable fail-stopmodel. In the pseudocode, the action, recovery end construct of [90] is usedto denote the actions and the recovery procedures for the processors. In the algorithmthis signi�es that an action is also its own recovery action, should a processor fail atany point within the action block.The notation \hhPIDiiblog(k)c" is used to denote the binary true/false value of theblog(k)c-th bit of the log(N)-bit representation of PID, where the most signi�cant bitis the bit number 0, and the least signi�cant bit is bit number logN .The action/recovery construct can be implemented by appropriately checkpointingthe instruction counter in stable storage as the last instruction of an action, and readingthe instruction counter upon a restart. This is amenable to automatic implementationby a compiler.It is possible to perform local optimization of the algorithm by: (i) evenly spacingthe P processors N=P leaves apart by when P < N , and by (ii) using the integer valuesat the progress tree nodes to represent the known number of descendent leaves visitedby the algorithm. Our worst case analysis does not bene�t from these modi�cations.The algorithm can be used to solve Write-All \in place" using the array x[] as a treeof height log(N=2) with the leaves x[N=2::N�1], and doubling up the processors at theleaves, and using x[N ] as the �nal element to be initialized and used as the algorithmtermination sentinel. With this modi�cation, array d[] is not needed. The asymptotice�ciency of the algorithm is not a�ected.145



146 APPENDIX B. ALGORITHM X PSEUDOCODE
forall processors PID = 0::P � 1 parbeginshared x[1::N ]; ��shared memoryshared d[1::2N � 1]; ��\done" heap (progress tree)shared w[0::P � 1]; ��\where" arrayprivate done, where; ��current node done/whereprivate left, right; ��left/right child valuesaction,recoveryw[PID] := 1 + PID; ��the initial positionsend ;action,recoverywhile w[PID] 6= 0 do ��while haven't exited the treewhere := w[PID]; ��current heap locationdone := d[where]; ��doneness of this subtreeif done then w[PID] := where div 2; ��move up one levelelseif not done ^ where � N � 1 then ��at a leafif x[where� N ] = 0 then x[where�N ] := 1; ��initialize leafelseif x[where�N ] = 1 then d[where] := 1; ��indicate \done"�elseif not done ^ where < N � 1 then ��interior tree nodeleft := d[2 �where]; right := d[2 �where+ 1]; ��left/right child valuesif left ^ right then d[where] := 1; ��both children doneelseif not left ^ right then w[PID] := 2 �where; ��go leftelseif left ^ not right then w[PID] := 2 �where + 1; ��go rightelseif not left ^ not right then ��both subtrees are not done��move down according to the PID bitif not hhPIDiiblog(where)c then w[PID] := 2 �where; ��move leftelseif hhPIDhhblog(where)c then w[PID] := 2 �where+ 1; ��move right���odendparend . Figure B.1: Algorithm X detailed pseudo-code.



Appendix CMathematical lemmas used forlower boundsLemma C.1 Given a sorted list of m (m > 1) nonnegative integers a1; a2; . . . ; am thenwe have for all j (1 � j < m) that (1� jm) mXi=1 ai � mXi=j+1 ai .Proof: We proceed by induction on m. Base case is trivial for j = 1 < 2 = m. Usinginductive hypothesis (1 � jk )Pki=1 ai � Pki=j+1 ai we show that (1 � jk+1 )Pk+1i=1 ai �Pk+1i=j+1 ai by extending the sorted list of k elements by the new element ak+1 in thefollowing straightforward transformations:ai � ak+1 (for any i, 1 � i � k), and so Pk+1i=1 ai � (k + 1)ak+1jk+1Pk+1i=1 ai � jak+1 (for each j, 1 � j � k)�jak+1 + jk+1Pk+1i=1 ai � 0kak+1 � jak+1 + jk+1Pk+1i=1 ai � kak+1 (by adding kak+1 to both sides)(k� j)ak+1 + jk+1Pk+1i=1 ai � kak+1(1� jk )Pki=1 ai + (1 � jk )ak+1 + jk(k+1)Pk+1i=1 ai � ak+1 +Pki=j+1 ai (by dividingboth sides by positive k and using the inductive hypothesis.)(1� jk )Pk+1i=1 ai + j( 1k � 1k+1 )Pk+1i=1 ai �Pk+1i=j+1 ai (after grouping terms), �nally(1� jk+1)Pk+1i=1 ai �Pk+1i=j+1 ai (after simplifying the inequality). 2147



148 APPENDIX C. MATHEMATICAL LEMMAS USED FOR LOWER BOUNDSLemma C.2 Given G > 1; N > G, and integer � such that � < logNlogG � 1 then thefollowing inequality holds:b. . . bbN =Gc=Gc . . .=Gc| {z }� times > 0 (�)(where � is the number of times that the expression in the left hand side of the inequalitycontains division by G).Proof: To show (�), it su�ces to show that, after dropping one 
oor and strengtheningthe inequality: (b. . .bbN =Gc=Gc . . .=Gc| {z }��1 times =G)�1 > 0, or that b. . .bbN =Gc=Gc . . .=Gc| {z }��1 times >G. Applying such transformations for �� 1 more steps, we get that it su�ces to show:N > G�+G��1+. . .+G, or N > G�+1�GG�1 using summation for geometric progressions.We observe that G�+1 > G�+1�GG�1 thus it is enough to show that N > G�+1. Aftertaking logarithms of both sides we get logN > (� + 1) logG, and so is su�ces to have� < logNlogG � 1. 2To achieve the results in Section 4, this lemma is used with G = logN , i.e., � <logNlog logN � 1.Lemma C.3 For N !1 : (1� 1logN ) logNlog logN = 1� 1log logN + O( 1(log logN)2) .Proof: The proof is done using standard techniques for manipulating asymptotics (e.g.Graham et al. [46]).Let A = (1� 1logN ) logNlog logN , and B = ln(1� 1logN ), where ln is the natural logarithm.Using ln(1�z) = �z� z22 � z33 � . . . expansion around 0, we get B = � 1logN � 12 log2 N �13 log3N � . . . for N !1.From this we get:lnA = � 1log logN � 12 logN log logN � 13 log2N log logN � lots (lower order terms), or thatA = exp(� 1log logN � 12 logN log logN � 13 log2N log logN � lots)Using exp(z) = 1+ z + z22! + z33! + . . . expansion around 0 and after multiplying theresulting series and gathering the terms, we get:A = 1� 1log logN + 12(loglogN)2 � lots. 2


