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Abstract

A method schema is a simple programming formalism for object-oriented databases with
features such as classes, methods, inheritance, name overloading, and late binding. An
important problem is to check whether a given method schema can lead to an inconsistency
in some interpretation. This consistency question is shown to be undecidable in general.
Decidability is obtained for monadic and/or recursion-free method schemas. In particular,
consistency of monadic method schemas is shown to be decidable in O(ne?) time, where
n 1s the size of the method definitions and ¢ is the size of the class hierarchy; also, 1t 1s
logspace-complete in PTIME, even for monadic, recursion-free schemas. Method signature
covariance 1s shown to simplify the computational complexity of key decidable cases. For
example: one coded method in the context of base methods with covariant signatures can be
tested for consistency in O(n+c) time for the monadic case (without covariance this problem
is in O(nc?) time) and in PTIME for the fixed arity polyadic case (without covariance
this problem is NP-complete). Incremental consistency checking of method schemas is a
formalization of the database schema evolution problem, for which a sound, but necessarily
incomplete, heuristic is proposed.

Keywords: object-oriented databases, program schemas, method schemas,; classes, inheri-

tance, name overloading, late binding, deciding consistency, database schema evolution.

1 Introduction

Object-oriented database systems are the focus of a great deal of current experimentation
and research — for motivation and terminology see [3, 4, 22, 23, 34]. Although most of the
work to-date has concentrated on system development (e.g., [5, 6, 12, 26, 33]) some of the
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principles of these new systems have also been investigated. For example, [1] and [17] address
the expressibility of languages in this new context, and use many of the tools of typed complex
structure and semantic modeling research. Here, we do not examine such “structural” aspects,
but focus instead on some of the “behavioral” aspects of the object-oriented paradigm — for
some other recent work in this direction see [8, 18].

We propose method schemas as a simple abstraction of the object-oriented programs that
are being used in most of the existing database prototypes.

The critical features of method schemas are classes with methods and inheritance, a syntax
involving method composition, recursion and name overloading, and an operational semantics
involving late binding. A key computational problem is: consistency maintenance of method
schemas. Its solution has many applications. For example, it can be used to facilitate the
support of schema evolution (e.g., [7, 28]). Let us briefly outline our formalization:

Syntax: We have an isa hierarchy of classes, where each class denotes a set of objects. Fach
object has an associated set of methods and all objects in a class have the same methods.
To allow code reuse, the methods of a class can be inherited by its descendants in the class
hierarchy. To allow code redefinition, method names can be reused in different parts of the
hierarchy (i.e., there is name overloading). We consider two kinds of methods: base methods
that can be viewed as being defined extensionally (i.e., as materialized functions, or tables
stored in the database, with particular signatures); and coded methods that consist of pieces of
code (i.e., programs) built using base and coded methods. We consider very simple programs,
whose syntax involves directed acyclic graphs labeled by method names.

Semantics: We propose an operational semantics. For a given finite interpretation of the base
methods, the coded methods are defined using graph rewriting. Because of overloading, a given
method call is rewritten based on its context (i.e., on the classes of its arguments). This models
late binding. Rewriting is important in order to handle recursive calls. Without recursion, the
semantics is just function composition. An inconsistency is reached if a method is called with
arguments for which this method is undefined.

Consistency: We study the consistency problem. More precisely, we want to check whether
a given method schema can possibly produce an inconsistency for some finite interpretation of
the base methods. Our contributions are: (1) a formalization of method schemas, and (2) «a
static analysis of method schema consistency. This static analysis is the first important step if
one is to understand incremental algorithms for problems such as schema evolution. Based on
our analysis we outline (3) a sound heuristic for method schema consistency maintenance in an
object-oriented database system.

The syntax and the semantics we use for method schemas are reasonably language indepen-
dent. We provide an abstract view of flow of control based on method composition and possibly
recursive method calls. We are consistent with any programming paradigm based on inheri-
tance, overloading, and late binding. In this sense, the present work is similar to research on
recursive applicative program schemas [10, 14, 25]. However, there are some important differ-
ences from traditional program schemas: (a) the class hierarchy with its inheritance mechanism
replaces in coded methods the interpreted if-then-else construct of program schemas, (b) the



overloading of base method names is outside the traditional framework, and (c) the signature
information and finite interpretation for base methods is particular to the new setting and
important for database applications.

The operational semantics that we use can be viewed as an abstraction of a Smalltalk
interpreter [13], and is relatively straightforward. On the other hand, it is hard to statically
(at compile-time) analyze methods. This difficulty is substantiated by the undecidability of
consistency checking, even in our simple model. We prove undecidability by reduction from
problems involving program (flowchart) schemas [25]. It turns out that the main feature in
program schemas, conditional binary transfer, can be simulated using method overloading. The
reduction is a modification of McCarthy’s simulation of program (flowchart) schemas by recur-
sive applicative program schemas [27]. Our reduction uses inheritance and name overloading in
an essential fashion. Richard Hull proved undecidability of “reachability” for a different model
of method schemas [16], by reducing from the Post correspondence problem. Almost the same
proof can be used for showing undecidability of consistency in our model. However, we believe
that our simulation of program schemas provides some additional insights into the relationship
between the theory of program schemas and method schemas.

Undecidability comes from the simultaneous presence of recursion and the use of multi-
argument methods to represent contexts (three arguments suffice). Practical programs are
often less complex. Thus, we analyze in detail the consistency problem for monadic and/or
recursion-free method schemas, which happen to be decidable. We also quantify the effect of
covariance, which is a widely used constraint on the signature of methods.

For the various concepts used from complexity theory, see [15, 19, 20, 29] and from database
theory, see [21, 30].

We briefly summarize our other results. Let n be the size of method definitions in the input
method schema and ¢ the size of the class hierarchy.

In the case of monadic schemas, the set of possible computations can be described using a
context-free language. An inconsistency may be reached if this language has a non-empty
intersection with a particular regular language. To handle overloading, our proof uses a
modification of a technique of [2]. The decision procedure runs in O(nc?) time.

In the case of monadic and recursion-free schemas, we show that checking a whole
schema for consistency is logspace-complete in PTIME. We reduce from the circuit value
problem [24]. This indicates that very efficient incremental solutions for even the simplest
syntactic cases may be hard to obtain. We then focus on the key recursion-free case of
a single coded method in the context of base methods. Checking a single coded method
for consistency is logspace-complete in NLOGSPACE and can be done more efficiently
than the recursive case above using finite state automata techniques (in O(nc?) time).
Inheritance and overloading introduce some nondeterminism in the automata theoretic
approach to consistency checking, but covariant signatures remove it. For example, con-
sistency of a single coded method, assuming covariance, is in DLOGSPACE and can be
checked in O(n + ¢) time. We present a first principles algorithm to show this linear time
bound using radix trees. Initially, we showed this bound using two-way deterministic



pushdown automata (2dpda’s) [9]. We present this proof in an appendix.

In the case of recursion-free schemas, the consistency problem is coNP-complete for a
single coded method with two arguments. Some special cases can be shown to be in
PTIME, using tree automata techniques [11, 31]. Covariance does not help in the recur-
sive case. However, in the recursion-free covariant case we show that there is a PTIME
test for a fixed arity coded method. This is interesting in practice, because it motivates
our heuristic for the general case.

In an object-oriented context, it is not reasonable to recompile all methods each time the
schema is updated. The problem is to obtain an incremental consistency checking algorithm
that would avoid redoing the same verifications/computations. A solution that is adopted
practically (e.g., [5]) is to maintain a dependency graph of the methods and recompile only
methods that may have been affected by the update. Of course, understanding what may be
affected is the crucial part. This is where our analysis contributes. We briefly discuss this
aspect and refer to [32] for more details.

The rest of the paper is organized as follows. In Section 2, we present the model. Schemas
with recursion are considered in Section 3, and recursion-free schemas in Section 4. Section 5
deals with covariance. The heuristic for incremental consistency checking is considered in
Section 6. We conclude with some open questions in Section 7.

2 Method Schemas

We assume the existence of the following disjoint countable sets of symbols: of classes (¢, ¢, .. .)
and of methods (my, ma,...). For each method m, the arity of m is an integer greater or equal
to zero (arity(m) > 0). A signature is an expression c¢1,...,¢x—1 — ¢, where each ¢;, for
1 < i < k,isaclass. (For & = 1, the expresion is — ¢;.)

A base definition of m at c¢q,...,cx_1, for & > 1is a pair (m,(c1,...,ck—1 — ¢x)), where
m is a method of arity k¥ — 1 and the remaining part is a signature. (For £ = 1, the method m
is zero-ary.) A coded definition of m at ¢1,..., ¢k, for k > 11is a triple (m, (¢1,...,¢k), 1), where
m is a method of arity k, for 1 < i < k, each ¢; is a class, and ¢ is a k-term (i.e., k-terms are
our programming formalism).

A k-term for some k > 1 is a finite rooted ordered directed acyclic graph (dag) such that:
(1) each vertex is uniquely labeled either a method or by an integer in {1,...,k}; (2) each
vertex labeled by a method of arity j has j children which are ordered from left to right; (3) all
vertices of out-degree zero are called inputs and each vertex labeled with an integer is an input;
(4) the root is called the output; (5) the dag comes with a uniquely defined depth first search
order going from left to right because the children of each vertex are ordered.

For example, the terms ¢ and ' in Figure 1 are 1-terms. They are, by definition, also
2-terms, 3-terms, etc. The idea is that k-terms represent functions of k arguments, where a
copy of argument ¢ is placed at each input labeled ¢. Vertices can also have outdegree zero
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Figure 1: Hierarchy and Terms

and be labeled by zero-ary methods, i.e., they are constant inputs. For example, consider the
following definitions:

(price, (basepart — int))

(cost, (basepart), s)

(cost, (part),t)

Let s be a single arc with tail labeled price and head labeled 1, and ¢ be as in Figure 1. These
definitions can be represented syntactically using an intuitive lambda notation — instead of
the graphical k-term notation — as shown below. Note that we use the symbol colon (:) for
representing base methods and the symbol equal (=) for coded methods.

method price@Qbasepart : int

method costQbasepart = \xy.price(xq)

method cost@part = Axq.
sum(assemblingcost(zy), cost(subparts(xy)))

Definition 2.1 A method schema is a 4-tuple (C, <, ¥, Y1) where:
1. C is a finite set of classes and < is a forest on C'. We say that ¢ < ¢’ if ¢ is a descendant
of ¢’ in this forest. The partial order defined by < is called the isa relation.
2. Yg is a set of base definitions with classes from C'.

3. Y1 a set of coded definitions with classes from C. Let My = {m|(m,...) € Yo} and
My = {m|(m,...) € ¥1}. We require that My N M; = @ and that the methods that
appear in k-terms of Xy are from Mgy U M.

4. FEach method of arity k£ has at most one definition at ¢q,..., ¢ for each ¢1,...,¢;. O



method sum @int, int : o ant

method head Qparr_of _parts :  part

method tail Qparr_of _parts :  part

method price @basepart : o ant

method subparts Qpart 1 parr_of _parts
method assemblingcost @Qpart : o ant

method cost Qpart =t

method cost @basepart = Azy.price(zy)

method cost Q@pair_of _parts = t'

Figure 2: Methods

Example 2.2 Consider the class hierarchy of Figure 1 and the terms ¢ and ¢ in that figure.
Method definitions are presented in Figure 2.0

Method Inheritance: A method schema (C, <, ¥g, ¥1) contains definitions of methods, i.e.,
Yo, X1, which we call explicit. Tt is also used to define methods implicitly, through inheritance.
This is for the convenience of code reuse. Therefore, in addition to the explicit definitions for a
method, definitions are implicitly inherited along the class hierarchy. If a method m is explicitly

defined at classes ¢f,..., ¢}, then its definition implicitly applies at ¢q,. .., cx where ¢; < ¢} for
r=1,...,k.

Name overloading: Method inheritance implies that we can have several definitions for the
same base or coded method at the same classes — although by condition 4 of the method
schema definition there can be only one explicit definition. This creates overloading of names.
To illustrate overloading, consider the method cost in the example. That method is explicitly
defined on part, implicitly inherited by basepart and comp-part, and explicitly redefined on
basepart; it is also explicitly defined for pair-of-parts.

Resolution of name overloading: This consists of assigning to a given method and given
classes, a unique definition. The resolution of a method m at some ¢q,...,c; is the explicit
definition of m for the “component-wise smallest” ¢, ..., ¢} at which m has an explicit definition
and ¢; < ¢, for i =1,...,k (if such a unique component-wise minimum exists). For example,
cost at comp-part is resolved to be the explicit definition from part, whereas cost at basepart is
basepart’s explicit definition. If m has a resolution at ¢q,...,cg, we say that m is well defined
at ¢1,...,cx. Otherwise, we say that m is undefined at ¢q1,...,c;. Non-definition can come
either (i) because there is no definition of m above ¢q,..., ¢, or (ii) because there is ambiguity
of definitions above ¢y, ..., cg.

Example 2.3 Let ¢, ¢y be classes with ¢4 < ¢9 and consider the schema with explicit base
definitions of m at ¢1,c¢p and ¢g,¢;. Then m is undefined at cz,¢y (no definition) and m is
undefined at ¢, ¢; (ambiguity of definitions). For methods of arity 1, ambiguity (ii) cannot
arise because of the forest hierarchy, but we can have non-definition because of (i). O

We assume the existence of a countably infinite set of objects (01,02, . ..) disjoint from classes
and methods. We use object assignments [1] to provide semantics for classes with inheritance.



The semantics of base methods is defined using partial functions satisfying certain signature
constraints.

Definition 2.4 Given a method schema (C, <, Y, Y1), a disjoint object assignment v for C'
is a total function from C' to finite sets of objects such that distinct classes are mapped to
disjoint sets of objects (sets with pairwise empty intersections). For each ¢, we define v(cx) =
Ue,<c v(c1). We will refer to J.cc v(c) as the set of objects in v. O

Definition 2.5 An interpretation of a schema S = (C, <, ¥q, ¥4) is a pair [ = (v, ) where v
is a disjoint object assignment for C' and p a total function from the base methods My in § to
partial functions such that:

1. If m has arity k, p(m) is a partial function from k-tuples of objects in v to objects in v.

2. For each ¢q,..., ¢k, if m is undefined at ¢q,..., ¢k, then p(m) is undefined everywhere in
v(ep) x -+ -xv(e). Otherwise, let the resolution of m at ¢q,...,¢; be (m,(c},....c} — ¢))
where ¢; < ¢; for i = 1,..., k. Then we have that p(m) |,(c,)x...xu(c,) 15 @ total function
into v(cx). O

Ck

Intuitively, every class ¢ is populated by a set of objects v(ck), some of which are in this
class exclusively (those objects that are in v(c)) and the rest belong to its “subclasses” ¢q,
where ¢; < ¢ and ¢; # ¢. When a base method is defined at a class ¢; with signature ¢; — ¢
(or is inherited at ¢; with signature ¢j — ¢ such that ¢; < ¢}), then its meaning at ¢; is a total
function from v(cq1) to v(ex). That is, given an object exclusively in ¢, return an object in c.

The semantics of coded methods is defined using the above semantics of base methods and
a rewriting technique. Without recursion, this rewriting is equivalent to function composition.

Late binding: This is a result of the operational definition of rewriting. Let us first give some
intuition for the rewriting of coded methods. Consider a k-term that is a single arc. Let its one
internal node be labeled cost and its input be replaced by an object o, as a “procedure call”
to cost. Based on the class of its argument, we can replace cost either by some object/code if
it is defined in a base/coded fashion, or by an error message if it is undefined. In general, we
reduce the first method (first in the depth first ordering of the k-term we are processing) that
has instantiated leaves as children. We continue this processing until we either obtain a result
(i.e., an object), or reach an inconsistency. We might also not terminate. A partial sequence
of rewritings for Example 2.2 is shown in Figure 3, where o is in class pair_of_parts and o', 0"
are in class basepart.

More formally, an instantiated term in interpretation [ = (v, ) is a k-term, whose integer
labels have been replaced by objects. Let ¢q,...,cg be classes, m a method of arity &k, and for
each i let 0; € v(¢;). Then the instantiated term consisting of a single vertex labeled m and k
inputs labeled respectively o1, ..., 0 is said to be a redex. We define first-reducible-vertez to be
the uniquely determined first vertex in the depth first ordering of an instantiated term, which
is the root of a redex.
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Figure 3: A (partial) sequence of rewritings

Definition 2.6 Let [ be an interpretation of method schema 5, ¢ be an instantiated term
in I, w the first-reducible-vertex of ¢, and m the label of w. Let oy,...,0; be the labels of the
children of w belonging respectively to classes ¢1,. .., cg. The reduction I(t) of t in I is obtained
as follows:

1. If m is undefined at ¢q,...,c; then I(?) is a special symbol L.

2. If m is a base method well defined at ¢q,...,ck, let its resolution there be
(m,(c},...,¢,, — ¢)). (This implies that ¢; < ¢} for i« = 1,...,k.) Then I(t) is the
instantiated term obtained by removing from w the outgoing edges and changing its label
to p(m)(o1,...,05). p(m)is a total function from v(eq)X - - - Xv(cy) into v(ex). Therefore,
p(m)(o1,...,0k) vields an object o such that o € v(cx).

3. If m is a coded method well defined at ¢y,...,¢x, then I(¢) is the instantiated term
obtained by substituting, with the natural renaming of inputs, the vertex w by the dag
s, where (m, 0, s) is the resolution of m at ¢1,...,¢x. O

When [ is clear from the context, we denote the reduction of ¢ to I(t) as t — I(t) and a
finite sequence of reductions from ¢ to t' as t — ¢'.

Consistency: We are interested in the rewriting sequences of a particular set of instantiated
terms, i.e., these are the initial “procedure calls” that make sense according to a method schema.
More formally we have the following: Let S be a method schema with interpretation I = (v, u),
€1,...,¢E be classes in 5, m a method of arity k& well defined at these classes, and for each ¢
let 0; € v(¢;). Then the instantiated term consisting of a single vertex labeled m and k inputs
labeled respectively o1, ..., 0 is said to be a start-redez. We have an inconsistency in I if for
some start-redex ¢ we have t = L.

Definition 2.7 A method schema 5 is consistentif for each interpretation I of S it is impossible
to rewrite any start-redex into L in a finite number of steps. O

A variety of questions are important in this setting, e.g.: (1) Is a schema consistent? (2) Are
there possible/certain diverging computations? (3) Is method m (at ¢) possibly/certainly
“reachable” from m’ (at ¢’) [18]7 We concentrate here on (1) although most of the techniques



that we develop can be used for studying other problems such as (2) or (3). Two properties
simplify consistency checking: monadic arity and absence of recursion.

A schema is monadic if all its methods have arity one.

A schema is recursion-free if there is no directed cycle in the method dependence graph:
where the vertices of the method dependence graph are the coded methods and there is an
arc from m to n iff m occurs in some coded definition of n. (Note that, our definition of
recursion-free’ness is a reasonable syntactic way of avoiding recursion, but not necessarily the
only one.)

A schema is simple if only base methods occur in its coded definitions. Note that simple
schemas are an important kind of recursion-free schemas.

Variations: To conclude this section, we consider some important variations of the above
definitions.

1. Constraints can be imposed on method signatures, e.g., “covariance”.

2. “Virtual” classes can be considered.

In Section 5, we present definitions for these variations, study covariance, and mention
briefly some unexpected aspects of virtual classes.

3. The isa order on classes may be more complicated. In particular, one may allow a class
to have more than one direct ancestor, i.e., have “multiple inheritance”.

4. In some proposals, it is required that the first argument, called the receiver, of a method
must determine the resolution of name overloading. Fach instance of a method is then
viewed as “attached” to the class of the first argument.

We do not address multiple inheritance and attachment to first argument. We believe that
once the resolution mechanism is determined, our techniques are directly applicable to these
cases also.

3 Schemas with recursion

In this section, we allow recursion in method definitions. We first consider the monadic, then
turn to the general case.

In the monadic case, one can use context-free language techniques to show that the problem
is decidable. Here, method computations can be written down as sequences of base method
applications. Possible prefixes of computations are described using a context-free language. The
computations leading to inconsistencies are described using a regular language. The problem
is therefore reduced to testing emptiness of the intersection of a context-free language and a
regular one, i.e., to testing emptiness of a context-free language.



Definition 3.1 The context-free grammar Gg = (A, V;, V,, R) associated with a monadic
schema S = (C,<,%, Y1) is defined as follows. The start symbol is A. The set of termi-
nals Vy is Mg U{error,nonterm}. V,, = {[¢c,m,l|e,¢’ € C,m € Mo U My} J{A} is the set of
non-terminals. The set of productions R is defined as follows®:

1. for each m € My, and each ¢,¢’ € C such that m is defined at ¢,
R contains A = [¢,m, ¢];

2. for each m € My U My, and ¢, ¢’ € C, such that m is undefined at ¢,
R contains [¢, m, '] = error;

3. for each m € My, and ¢,c',¢q,¢5 € C,
if the resolution of m at ¢ is mQcy : ¢y for ¢ < ¢y and ¢’ < ¢q, then,
R contains [¢, m, '] = m;

4. for each m € My and ¢,¢q € C,
if the resolution of m at ¢ is m@e¢y; = Az.x for ¢ < ¢q, then,
R contains [¢,m,c] = ¢

5. for each m € My, and ¢,¢q € C,
if the resolution of m at ¢ is m@Qcy = Az.my(m,—1(...(ma(my(2)))...)) where ¢ < ¢4,
then, for each Z4,..., 2, € C,
R contains [¢,m, Z,] = [¢,my, Z1][Z1, ma, Zo]| - [ Zn—1, Mp, Zp];

6. for each m € Mo U My, ¢,c' € C,
R contains [¢, m, ¢'| = nonterm.

The language generated by (/g is denoted by L(Gg). O

A point about Definition 3.1. Rules generated according to part 4 correspond to “identity”
methods. These codes present a problem to the normal way we think about coded meth-
ods. Recall from Definition 2.5 that if the resolution of a monadic base method m at ¢y is
(m, (¢} — ¢)), where ¢; < ¢}, it means that m, when it is called with an argument object
of class ¢q, can return an object in ¢ or any class “below” ¢ in the inheritance hierarchy. A
similar semantics applies to coded methods also. Identity codes are an exception because the
object they return is the input and thus always belongs to the class of the argument they are
given. This is the reason why they are handled separately in the definition above. Part 4 of
the definition forces the class of the input and the output to be the same for identity codes.

Lemma 3.2 Let S = (C, <, Y, ¥1) be a monadic method schema. Then S is inconsistent if
and only if
X = L(Gs) N Mgerror(Mo U {error,nonterm})” # ¢

!To distinguish grammatical productions from reductions in method computations we use =.

10



Proof: (Only if) First suppose that S is inconsistent. We will show that X # ¢. Let I = (v, )
be an interpretation of .5, such that m is well defined at the class ¢ € C'. Let 0 € v(¢). Suppose
that the start-redex, m(o) reduces to L. By analyzing the rewriting sequence m(0) o1, we
construct iteratively the derivation of a word in X.

The sentential form corresponding to m(o) consists of a single symbol [¢, m, ¢4p] for some
arbitrary class cqp5. This word is derivable from the start symbol A since m(0) is a valid
start-redex.

At one step of the method rewriting, let ¢t = m;, (...(m;(mi(0))...) be the current in-
stantiated term for some m;, m;,,...,m;, € Mo U M; and an object o € v(c) for some ¢ € C.
Method computation (i.e., rewriting) proceeds from inside out. From the way we have written
our grammatical rules, leftmost derivations correspond to method computations. Let « be the
word derivable from A corresponding to the current instantiated term ¢. It is an easy induction
on the number of steps of the rewriting that the leftmost non-terminal of w is of the form
[c,m;, Z]. If t — ¢/, then we derive a word «’ from u by changing the leftmost non-terminal in
u, say [e, m;, Z], as follows:

1.if m; is a coded method, and the resolution of m; at ¢ is
m;Qcy = Az.(my,(...(mj,(mj(2)))...)), where ¢ < ¢, then we use a rule,
[c,my, Z] = [¢,m;,, Z1]...[Z1—1,m;,, Z] by Definition 3.1, part 5. The choice of each Z;
is given by:

(a) if  my,(...(mj(0))...) is defined then Z; is the class such that
m;,(...(mj(0))...) €v(Z;,). We can determine this class because we know the
method computation completely.

(b) otherwise, the choice for Z; is arbitrary.

2. if m; is a base method and its resolution at ¢ is m;@Qc; : ¢y, then Z = ¢ for some
¢ < ¢y by the way we make choices for the Z; ’s above. Then [c,m;, ] = my, by
Definition 3.1, part 3.

3. if m; is a coded method and its resolution at ¢ is m;@c¢’ = Az.z, then Z = ¢ by the way
we make choices for the Z; ’s above. Then [¢,m;, c] = ¢, by Definition 3.1, part 4.

4. if m; is undefined at ¢ (that is, t' is L), then [¢,m, Z] = error by Definition 3.1, part 2.

When L is obtained, we have derived a word v. Note that v has a prefix in MJerror. It
now suffices to rewrite all the non-terminals of v to symbols in (Mg U {nonterm,error}) by
Definition 3.1, rules 2, 3, and 6. (Note that the arbitrary choice of ¢, and eventually of some
Z; does not prevent us from doing so.) Clearly, the word thereby obtained is in X.

(If) Conversely, assume X # ¢. We will show that 5 is inconsistent. Consider a string u
such that
u € L(Gg)N Mgerror(My U {error, nonterm})™.

Then, for some n > 0, u has a prefix mq...m,_jerror where the m;’s are in My. Consider a
derivation tree of u. It is easy to see that the respective parents of the leaves corresponding
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to the prefix my,...,m,_1,error are [cy, my, ¢3],. .. ,[¢n, My, ¢ryq] fOr some classes ¢, ..., ¢t
and some method m,,.

We first build a “partial” interpretation I = (v, u) as follows. For ¢ = 1,...,n, let 0; be in
v(c;). Foreach ¢ =1,...,n — 1, let (u(m;))(0;) = 0i41. By the construction of the grammar
G's, Definition 3.1, this partial interpretation is compatible with S. Also, p(m,,) is undefined
at o,. This partial interpretation can be naively completed to an interpretation of 5.

Consider the first step in the derivation of u. This step is A = [¢y, m, Z] for some coded
method m and Z. By a process similar to the one we used in the only if part of the proof, we
can show that m is well defined at ¢; and that m(o;) reduces to L. O

We are finally left with one more hurdle. The grammar we have used in the proof of
Lemma 3.2 has exponential size. The number of rules generated according to Definition 3.1,
part 5 is exponential in the length of the coded method because we are guessing the signatures
of all the methods in its definition at once. The number of rules generated by all the other
parts of Definition 3.1 can be easily seen to be polynomial in the size of the input.

Lemma 3.3 Let § = (C,<,Yg, %) be a monadic method schema. Let n be the size of the
method definitions in S and ¢ be the size of its inheritance hierarchy. Let G'g be as in Defini-
tion 3.1. There exists a context-free grammar, with O(nc?) size, that is equivalent to Gs.

Proof: As we observed before, only Definition 3.1, part 5 — the part that generates rules for
a coded method definition — generates an exponential number of rules. All the other parts in
Definition 3.1 generate O(nc?) rules.

We use a simple rewriting trick to reduce the number of rules needed for a coded method.
It is based on the idea that we do not have to guess the input/output classes of all the methods
in the coded method definition all at once. By guessing them one at a time, we can achieve a
polynomial bound on the number of rules.

First, we modify the set of non-terminals V, of G'g as follows. For each m € My, and
e, ¢ € C, if the resolution of m at ¢ is m@Qc’ = Az.my(my_1(...(me(ma(z)))...)), such that
¢ < ¢ we add the following non-terminals to V,,: [¢, mgmgyq ...my, " for ¢ =1,...,L

Further, instead of writing rules according to part 5 of Definition 3.1, we do the following:

e R contains the rule [¢, m, ¢1] = [¢, mymo...my,¢1],Yey € C

e For each non-terminal [¢, mymy...mq, ¢q] produced according to the previous rule,
R contains [¢, mymsg ...my, ¢1] = [e,my, eo)lea, ma .. .my, ¢1],Veq € C

e For each non-terminal [¢g, moms ... my, ¢1] produced according to the previous rule,
R contains [cg, moms ... my, ¢1] = [c2, M2, c3][c3, mamy ... my, ¢q],Ves € C
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e For each non-terminal [¢;_y, my_ymy, ¢1] produced according to the previous rule,
R contains [¢;_1, mi_ymq, ¢1] = [e1—1, my_1, ¢]ler, my, ¢1],Ye € C

By induction on the length of the coded method, the rules above generate the same strings
as the rules in Definition 3.1, part 5 and vice-versa. Notice that the construction has size
O(nc?®). The lemma follows.O

Theorem 3.4 Consistency of monadic schemas can be tested in O(nc®) time, where n is the
size of the method definitions in the schema and ¢ is the size of its class hierarchy.

Proof: In order to check the consistency of a monadic schema, we generate the context-free
grammar corresponding to it per Lemma 3.3. We intersect this grammar with the linear-sized
regular grammar in Lemma 3.2. The resulting context-free grammar has size O(nc®). Now,
testing the emptiness of a context-free grammar can be reduced to depth first search [15]. The
theorem follows. O

We now consider the most general case. In particular, we show that the consistency problem
for arbitrary schemas is undecidable. This was first shown by Richard Hull for a different
method formalism, [16]. To prove our result, we show that method schemas can simulate
program (flowchart) schemas. The undecidability results then come from the undecidability
results for these program schemas of [25]. See also [14] for linear recursion.

Definition 3.5 For program (flowchart) schemas, we will adopt the formal language of [25],
which contains the following symbols:

(i) FLEY FL, ... F2 FZ FZ ... (operator symbols with superscripts denoting arity),
(ii) L1, Ly, Ls, ... (location symbols),

(iii) Ty,T5,Ts, ... (transfer symbols),

(iv) := (assignment symbol),

(v STOP,

(vi) (,), and comma (auxiliary symbols), and

(vil)  numerals (symbols other than L, F,T, and STOP denote numerals).

The permissible statements (or instructions) of the language are of three types. In each
case, the numeral k is called the prefix or address of the instruction.

(i) Assignment instructions
koLi = F(Liys Liys ooos L)
(ii) Transfer instructions
kT (L;j)ym,n
where m,n are numerals (transfer addresses).
(iii) Stop instruction

kE.STOP
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A Program (Flowchart) Schema P, is a finite sequence of permissible instructions such that
(i) the prefix of each instruction is its position in the sequence, (i7) all transfer addresses are
prefixes of P, and (7i7) the last instruction is either a transfer or STOP.O

A program schema, like a method schema, represents a family of programs. Just as the
meaning of a coded definition is dependent upon the interpretation attached to the base defi-
nitions and the classes that it uses, the meaning of a program schema is dependent upon the
interpretation attached to operator and transfer symbols in it. The computation in a program
schema begins at the first instruction and proceeds sequentially unless a transfer instruction
is encountered. The location symbols have an initial set of data attached to them (which is
part of the “interpretation” given to the program schema). The assignment instruction has the
obvious meaning and the transfer instruction is an if-then-else statement. The computation
terminates when a ST O P instruction is encountered.

Example 3.6 Consider the following program schema (this is also from [25]):

1. Ly:= Fi(Ly),
Ty(L41)5,5,

Ly = FZ(L17L2)7
Ly = F3(Lq),
Ty(141)6,3,

Sy Ot e W N

STOP.

In [25], it is shown that the program above can compute the factorial function under some
interpretations and under others, over list structures, it can compute the reverse function.O

For simplicity of presentation, we omit the detailed definitions of the semantics of program
schemas and refer the reader to [25].

We will now argue that method schemas can “simulate” program schemas. Intuitively, we
carry the context of the program (content of variables) as arguments of the methods in a stan-
dard way. Base functions in the method schemas correspond naturally to operator symbols in
program schemas. We simulate conditional transfer by overloaded methods. The computation
domain of the program schema is represented by a class ¢. The booleans are represented by
two classes ¢; and ¢y with ¢y < ¢;. Let us now give the formal details.

Simulation of Program Schemas by Method Schemas

Let P be a program schema. We construct a method schema Sp that has three classes ¢, ¢4,
and, ¢y, with ¢y < ¢;. If there are p location symbols used in P, Sp has the following methods,
where ¢? stands for ¢, ..., c repeated p times:

1. a base method f; with signature ¢! — ¢ for each operator FJZ occurring in P (notice that
i has to be less than or equal to p since we have only p location symbols);
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2. a base method ¢; with signature ¢ — ¢; for each transfer T; occurring in P;
3. a coded method tnst;@cP for each instruction k occurring in P;
4. a coded method itep@cP, ¢; for each transfer instruction k occurring in P;

5. a coded method run@cP;

The method run is defined by:
method run@e, ... ,c = Axy,...,zp.anst(21,...,2p).

The instructions of P correspond to the following methods:

o assignment k.L; := FI'(Lg,, ..., Lg,)
method instyQc,...,c = Avqy, .., 2pdnstp 1 (T1, oo Ticty [ (Thys o e os Thp )y Tide 1+ 5 Tp)
o transfer £.1;(L;) m,n
method instyQc,...,c = Axy, ..., xp.0tep(2q, ..., 2, 4(25))

with an implementation of if-then-else by

iter@Qc, ... 0,00 = ATy, ..., Tp, Tpy1.ansty, (21, ..., 2p)
iterpQe, ... ¢, ¢ = A2y, .o, Ty, Tpg1. A0Sty (21, ..., Tp)
e stop k.STOP
method inst,Qc,...,c = Az, ..., 2,.27.

A run of program schema P is simulated by a call run(oq,...,0,) where the 0;’s represent
the initializations of the p locations.

For each finite interpretation Ip of the program schema P, the corresponding interpretation
Is, = (v, ) of the method schema Sp is defined as follows: v(c¢) is the computation domain of
P, v(cs) = {os}, v(ct) = {04} where of,0; are two new symbols. The base method semantics
in Sp are the same as the operator and transfer symbol semantics in P.

For each interpretation Zg, of the method schema Sp, the corresponding interpretation Zp
of the program schema P is obtained as follows: the computation domain is v(c). The operator
and transfer symbol semantics in P are the same as the f and ¢ base method semantics in Sp.
(Note that if ¢f or ¢; has an empty population, then this implies that the transfer functions are
constant.)

By simple structural induction, it is now possible to show two simulation lemmas.
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Lemma 3.7 For each finite interpretation Ip of the program schema P, the corresponding
interpretation Is, of the method schema Sp is such that: each run of P with initializa-
tion o0y,...,0, terminates iff the call run(oq,...,0,) does, and if it terminates, the value of
run(oy,...,0,) is exactly the content of location 1 after the run of P.

Lemma 3.8 For each finite interpretation Zg, of the method schema Sp, the corresponding

interpretation Zp of the program schema P is such that: each call run(oy,...,0,) terminates iff
the run of P with initialization o1, ..., 0, terminates and if it terminates, the value in location 1
after the run of P is exactly the value returned by run(oq,...,0,).

The above lemmas allow us to derive a variety of undecidability results for method schemas.

Lemma 3.9 The following properties of a method schema S with a method m are not recur-
sively enumerable (r.e.), even if ' is a consistent method schema:

1. All calls to m terminate in each interpretation.

2. All calls to m do not terminate in each interpretation.

Proof: We observe that the method schema that we construct in the simulation of program
schemas by method schemas is always consistent. We then use the simulation of program
schemas by method schemas, and Theorem 4.1 (respectively d,b) in [25].0

Lemma 3.10 The following properties of a method schema § with a method m are r.e.:

1. Some call to m terminates in some interpretation.

2. Some call to m does not terminate in some interpretation.

Proof: Suppose that an interpretation exists such that some call to a method m terminates.
Since we consider only finite interpretations and finite computations, we can guess the interpre-
tation as well as the call that will terminate. We only need to verify that this call does indeed
terminate in a finite number of steps.

The second part of the lemma is equally easy to prove. Instead of a call terminating, we
are interested in some call looping in some interpretation. As before, we guess the (finite)
interpretation and the call. We start our computation and keep a directed graph whose nodes
consist of the coded method calls — methods names as well as arguments — that we issue. Note
that this set is finite. If a call to a method mg with arguments (o1,...,0;) results in a call to
mg with arguments (o}, ..., 0} ), we draw a directed arc from (mq, 01,. .., 0x) to (mg, o}, ...,0}).
After each call, we check to see if the graph is acyclic. If the graph has a cycle, we have found
a call that loops. O
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Theorem 3.11 (1) Inconsistency checking of method schemas is r.e.
(2) Consistency checking of method schemas is not r.e.

Proof: To prove (1), we have to enumerate the possible computations and check whether they
vield inconsistencies. This is possible because of the finiteness of interpretations.

To prove (2), we claim that:

Given a consistent method schema 5 and a method m, we can construct a method
schema 5, such that all calls to method m do not terminate in each interpretation
of § iff 5, is consistent.

In order to prove this, we first define a new method m’ on the same domain as m:
method m'@_..._ = Azy,...,xj. f(m(z,...,2;))

where fis a new method. There is no definition for f, i.e., this new method is undefined every-
where. 5, will be the original schema 5 augmented with this single coded method definition.

Since the method schema 5 that we started out with is consistent, the only way to obtain
an inconsistency in 9, is that in a call to m’, m terminates. Thus, the schema that we obtain
is consistent iff all calls to m do not terminate in each interpretation of 5.

Now, (1) follows from the claim and Lemmas 3.7-3.9.0

Remark: We consider in this paper only finite interpretations of method schemas. Undecid-
ability results hold for all (finite and infinite) interpretations by the same reduction and [25].

4 Recursion-Free Schemas

In this section, we study recursion-free schemas. We consider the monadic case first, and then
turn to the general case. As we know from the previous section, consistency of monadic schemas
can be tested in O(nc?) time. For simple, monadic schemas, we can check consistency in O(nc?)
time. We will give an example which will illustrate the technique.

Example 4.1 We want to check the consistency of the following schema. The classes in the

schema are:
class ¢

class ¢ isa ¢

The base methods are:

~

method my Q¢
method my Q¢
method mqy Qc
method ms Q¢

[ T T o S
~



ms e
m
a(c) : A(c)
c m
my
— start ms my, € error
ms
Cl
(/) e 1) e
?

my, M3

Figure 4: The FSA

The coded method definitions are:

method m Qc = Azy.my(ma(my(zy)))
method m' Q¢ = Aaxy.ms(ms(my(z1)))

First, we will make use of a straightforward correspondence between monadic coded method
definitions and strings of class and method names. We will represent the definition for m
from the example above as c¢mimomy. More generally, we will say that m, has a definition
€My My, . .My, to mean that my is defined as m,@Qc = Azq.my, (Mg, (- .. (M, (21)) .. ).
We will make use of this alternate string representation of monadic coded methods frequently
for notational convenience. Also, we will assume that all the coded method definitions are
syntactically valid. That is, they use only valid method names. Obviously, this is very easy to
check. This means that our string notation will only have strings of the form cm,, m,, ... m,,
(i.e., the first letter is a class name and the letters that follow this are all method names).

To check the consistency of the example schema, we transform the method schema into
a nondeterministic F'SA such that the strings not accepted by the FSA correspond to valid
method definitions. (See Figure 4.) In the string representation, the first letter is always a class
name and class names never occur again. This is the reason that the start state of the FSA
has transitions labeled with each class in the hierarchy. That is, start has outgoing transitions
labeled with ¢ and ¢’ leading to a(c) and a(¢’). After scanning for a class name, the FSA looks
for method names. Outgoing transitions labeled with method names point to the class of the
result. Therefore, the states f(c) and G(c¢’) correspond to the classes. my gives a result of
class ¢/ when given an input of class ¢. Hence, there is a transition out of state a(c¢) to 3(¢')
labeled with m;. The nonempty transitions to all but the final (i.e., error) state represent all
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possible method resolutions, that is, all possible cases of well defined base methods at classes.
The nonempty transitions to the final state represent where base methods are undefined.

The reason for the empty transitions (€) is as follows. Consistency checking is essentially
nondeterministic because of the semantics of signatures. A definition (ms,¢’ — ¢) indicates
that given an object in ¢/, ms returns an object in ¢ or in a subclass of ¢ (here, ¢/). Recall
from Definition 2.5 that the semantics of mg at ¢’ is a total mapping from ¢’ into v(ex), i.e.,
the output can be an object in ¢ or ¢/. The empty transitions allow descending the hierarchy
from ¢ to ¢

Of the coded definitions, the first is consistent and the second is not. To verify that, it
suffices to check that the words emymaomq and ¢/mymomy are rejected by the FSA of Figure 4
and that the word e¢mymsms is accepted. O

This example illustrates how we can test the consistency of simple, monadic schemas.
Testing a single method is linear in the size of the method to be checked, but quadratic in
the size of the class hierarchy; this is because we make explicit, in the automaton, a quadratic
number of implicit resolutions. We generalize this technique to show that consistency of simple,
monadic schemas can be tested in NLOGSPACE and O(nc?) time.

We first prove a lemma dealing with monadic method schemas with a single recursion-
free (and thus simple) coded method definition. This is done by exhibiting a bridge between
consistency checking and FSA computations, as follows:

Definition 4.2 Let S = (C, <, X, {#}) be a monadic schema with 6 a single coded method,
and My = {m|(mQc: ') € Xo}. The FSA associated with S is given by:

1. states: C, UCgU {start, error} where start is the initial state, erroris the final state, and
Co=AHale)|ceC}, and Cg={pc)|ceC}
are such that {a(c) | c € C'} and {f(¢) | ¢ € C'} are two disjoint sets of new symbols,
2. alphabet: My U C,

3. transitions?:

o start = a(c),Vee C,

o Ble) = p(d),¥e <ein C,

o a(e) = B(¢), and f(c) = B(c) if the resolution of base method m at ¢ is m@e; : ¢,
o a(c) & error, and f(¢) = error if base method m is undefined at ¢,

X
o error — error,Va € Mg.

The language accepted by Ag is denoted by L(Ag). O

2To distingnish FSA transitions from reductions in method computations and grammatical productions, we
use here —.
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Lemma 4.3 Let 5 = (C, <, Yo, {mQcy = Az.m,(mp—1(...(ma(my(z)))...))}), n > 1, be a
simple, monadic schema, and Ag the F'SA associated with 5. Let ¢ be a class where m is well

defined. Then

1. emy...m, € L(Ag) iff for some interpretation I = (v,p) of S and for some o in v(c),
m(o) is undefined.

2. start " <" B(c') iff in some interpretation I = (v, ) of § and for some o in v(c), m(o)
reduces to some object o' in v(¢').

Proof: To prove (1), suppose that emymgy...m, € L(Ag). Let

start < a(c) = B(eq) - - 2 B(eq) " error - 22 error

be an accepting computation. (Empty transitions are not shown.) FEach step after the first
involves reading a symbol, then possibly following ¢ transitions. Let the error state be first
reached after reading m,yq1. (Notice that an error state cannot be reached using an ¢ transition.)
An interpretation I = (v,p) of S is built as follows. Let o be an object in v(c¢), and for
J = 1,...,q, let o; be an object in v(¢;). Let (u(mq))(0) = 01, and for j = 2,...,¢, let
(p(m;))(0j—1) = o0;. (Remember that for j = 1,...,¢, u(m;) is a function.) This can be
naively completed to be an interpretation of 5.

The call m(o) is legal because m is well defined at ¢ and o € wv(¢). Clearly,

m(o) = mu(. .. (mya1(0y)) .. .). Since  f(cy) iy error, mgyy is undefined at ¢,
My (...(Mmgt1(04))...) — L. Hence, m(o) yields an inconsistency.

Suppose now that for some interpretation I = (v, p) of S and for some o in v(c), m(o) is
undefined, i.e., m,(...(m1(0))...) reduces to L. Consider the classes ¢q,...,¢; of the interme-
diate results before L is obtained. Induction on j provides the proof. As a basis, consider the
class of the result of my(0). We have two cases. First, my has a base definition m;@c : ¢;. In
this case, we have that start < a(c) <= §(cy). That is, start <= B(cy). The other possibility
is that my has a base definition m;@c : ¢/ and ¢; < ¢’ (the result is in a subclass of ¢/). In
this case, start <= ((c') as before. We now can move from state 3(¢’) to state #(c1) following
¢ transitions. These transitions are guaranteed to be present as per Definition 4.2. Thus the

basis is established. The induction step is equally easy and follows from the construction of the
FSA. Therefore, we have that:

start < a(c) = B(eq) - - & B(¢;) " error- - 22 error.

Thus ¢myq ...m, is accepted.

The proof of (2) is similar. The only difference is that we reach a state 8(cj) instead of
reaching the error state. The basis for the induction is when the coded definition consists of a
single base method; the induction step follows from the way we have constructed the FSA. O
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Theorem 4.4 Consistency of simple, monadic schemas can be tested in O(nc?) time, where n
is the size of the method definitions in the schema and ¢ the size of its class hierarchy, and is
logspace-complete in NLOGSPACE.

Proof: We first show that we can the check consistency of simple, monadic schemas in O(nc?)
time. We consider the coded definitions one at a time. We build the automaton corresponding
to the schema according to Definition 4.2. Building the automaton takes no more than O(nc)
time, as is clear from the definition. We now use Lemma 4.3. For each coded method m such
that the resolution of m at ¢ is m@Qcy = Az.(my(...(m2(m1(z)))...)), for ¢ < ¢q1, we check to
see that the string cmymg ... my is not accepted by the FSA. This consistency checking can be
done by using the following simple algorithm:

1. 5 :=A{a(c) | resolution of m at ¢ is mQ@Qcy = Az.(my(...(ma(ma(z)))...)) }
2. fori:=1toldo

(a) Snew:= ¢
(b) for each z € §

Snew := Snew |J {B(c') | B(¢') is reachable from z using m; (and possibly some
€ transitions) }

(c) §:= Snew

The inner for loop in the algorithm above can take as much as O(c?) time, because the
cardinality of S can be as much as ¢ and ¢ states may be reachable from each of the states in 5.
Therefore, it is easy to see that this naive algorithm tuns in O(/c?) time, where [ is the length
of the coded method. Since we are considering simple schemas, we can check the consistency
of the whole schema in O(nc?) time.

To show that the consistency problem is in NLOGSPACE, we use the algorithm above. We
start by trying to prove that inconsistency is in NLOGSPACE. We will guess a particular path
that the FSA will take to the error state, given e¢mymes ... m; as input. We do not have to write
down the complete FSA all at once. Given the base method definitions, we can compute parts
of the transition function of the FSA as we need it. Thus, inconsistency is in NLOGSPACE.
We now use the fact that NLOGSPACE is closed under complement [19, 29], and conclude that
consistency is in NLOGSPACE.

Finally, we show that consistency of simple, monadic schemas is hard using a reduction of
the reachability problem for graphs of out-degree 2 which is known to be logspace-complete in

NLOGSPACE [20].

Let G = (V, F) be a graph where each vertex has out-degree exactly 2; and for each w in
V,let f(w) and g(w) be the two successors of w. Let v, v’ be in V. The problem is to decide
whether there is a path from v to v’. We exhibit a schema 5 = (C, <, ¥, Xy), such that there
is a path from v to »' in G if and only if S is inconsistent.

The schema S uses two base methods choose, branch and a coded method test, and is
defined as follows:
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! 1"

3 3 1 /
1. for each w € V, C contains three classes ¢, ¢, c,, with ¢, < ¢,

2. for each w except for v/, choose@c,, : ¢}, is in X,

3. for each w, branch@¢!, : Cf(w) and branch@c! : ¢ are in X,

g(w)

4. Let x(choose,branch)” denote:
branch(choose(. .. repeated n times ...(branch(choose(z)))...)).
Let 31 = {testQc, = Az.(z(choose, branch)"*1)} where n is the number of vertices in V.

First suppose that there is a path from v to v’ in G. We may assume without loss of gener-
ality that this path is acyclic. Let k& be its length (so & < n). We next define an interpretation
I = (v,u) of S that exhibits the inconsistency of 5. For each w on the path, let o,, 0!, 0! be
objects, respectively in v(e¢y),v(c,),v(cll). The semantics of branch and choose are defined as

follows. For each edge (w,z) in the path,

1. if & = f(w), (u(choose))(o0y) = 0l,; otherwise, (u(choose))(o0y) = ol

2. (p(branch))(o,,) = 05(y) and (u(branch))(oy,) = 0g()-

This doesn’t define the interpretation I completely, but in any “completion” of the above, the
call test(o,) (note that test is well defined at ¢, ) reduces to L, because (choose; branch)*(o,) €
v(c,), where choose is undefined.

Conversely, if 5" is inconsistent, it is straightforward to show that there is a path from v to
v in G.O

Remark: The FSA technique can also be extended to check the consistency of monadic,
recursion-free schemas in O(nc?) time. We do this by ordering the method definitions in the
schema in a sequence dy,ds,...,d, such that d; does not refer to the method defined in d;
is ¢ < 7. This sequencing is possible because we are considering recursion-free schemas. We
then solve for the consistency of the method schema incrementally, replacing coded methods
with base methods having equivalent “signatures”. One technical difficulty is that we need an
extension of the notion of signature in order to capture the behaviour of methods that may
return objects from different incomparable classes in the hierarchy. Another technical difficulty
involves the special handling of identity methods. The development is fairly intuitive, but
notationally cumbersome.

Next, we show that consistency of recursion-free monadic schemas is complete for PTIME
under logspace reductions. This indicates that efficient parallel and/or dynamic algorithms for
this problem may be hard to obtain.

Theorem 4.5 Consistency of recursion-free, monadic schemas is logspace-complete in PTIME.

Proof: To show that the consistency of monadic schemas is logspace-complete in PTIME
(P-complete), we reduce from the circuit value problem (CVP).
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We define a boolean circuit to be a sequence B = (By, ..., B,) where each B; is either a TRUE
or FALSE or an expression NAND(B;,, B;, ) where 1,13 < ¢ and NAND stands for the usual boolean
operator. Let value(B;) = B; if B; is a truth value TRUE or FALSE, and if B; = NAND(B,,, B, ),
then let value(B;) = NAND(value( B;,),value(B;,)). Let value(B) = value(B,). The circuit
value problem is: Given a boolean circuit B, decide if value(B) = TRUE. This problem is known
to be P-complete [24].

Given an instance of the CVP, we define a monadic, recursion-free method schema M that
is consistent iff the boolean circuit evaluates to TRUE. M has three classes, ¢, ¢y, and ¢,y which
are not related to each other in the inheritance hierarchy. M has the following base method
definitions.

nandQcy : ¢ nandQc; : ¢y
nand Qcy : ¢, ¢ nand' Qc; : c;
trueQc : c; c € {e, 5} true@c,s : ¢y

false@c : ¢ c € {er,cq, 007}

For each B; in the CVP, we have the following coded method definitions depending upon
whether B; is TRUE, FALSE, or a term NAND(B;,, B, ).

e B, = TRUE
b;Qc, = Az .true(x)
biQcy = Az.true(x)
biQc, ¢ = Az.false(x)

e B, = FALSE
b;@c, = Ax. false(x)
biQcy = Az.false(x)
x

x
biQc, ¢ = Az.false(x)

e B, = NAND(B;, B;,)

b;@c, = Az.nand(b;, (nand' (b;,(x))))
b;Qcy = Az.nand(b;, (nand' (b, (x))))
biQc, ¢ = Az. false(z)

We shall now prove the theorem by making a series of claims about the schema that we
have defined. Consider the class of the result that b; returns when called with an object of class
¢t or ¢5. We claim that, for all ¢, b; returns objects of just one class (¢; or cy) regardless of
whether the class of the input is ¢; or ¢;.

This is proved by structural induction on the instance of the CVP. As a basis, observe
that whenever B; is TRUE or FALSE, the corresponding b; returns an object from only one class
— one of ¢; or ¢y. When B; = nand(B;,, B;,), we use induction and do a case analysis of
the different cases possible, as shown below, to substantiate the claim. (In the case analysis,
columns correspond to the classes of the results of method applications.)
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by, by, mnand(by) b (nand (b)) nand(b;(nand'(b)))
cr ¢y Crf cy ct
Cr Ct¢ Ct¢ Cr Ct¢
Ct¢ Cr Cnf Cr Ct¢
Ct Gt Ct Cy cf

The claim, combined with the fact that all b;’s return objects of class ¢y at ¢,y implies,
among other things, that nand and nand’ will never be called with an object of class ¢, 5. Since
all the other methods in the schema are defined at all the classes, the schema that we have
defined so far is consistent.

We now claim that the class of the object returned by b;, when called with an argument of
type ¢¢ or ¢y, corresponds to the logical value for B;. The proof of this is a similar structural
induction. Once again, observe that the claim holds directly when B; is TRUE of FALSE. We
prove the induction hypothesis using the case analysis shown above.

We now introduce M as the coded method that produces the inconsistency if the boolean
circuit evaluates to FALSE. We define:
M@c; = Az.check(b,(z))
where check is defined as a base function at ¢; and does not have a definition at cy. It is easy
to see that M is inconsistent iff the CVP evaluates to FALSE.

Finally, notice that the reduction we use from the CVP to monadic, recursion-free schemas
can be done in logarithmic space. The size of the resultant schema is linear in terms of the size
of the CVP. Since the CVP is P-complete, it follows that consistency of monadic, recursion-free
schemas is also P-complete. O

The situation is more complicated if methods with multiple arguments are considered. We
will first consider simple schemas — schemas in which coded definitions do not reference other
coded definitions — and recursion-free schemas of bounded arity. We will then briefly discuss
recursion-free schemas of unbounded arity.

Theorem 4.6 Consistency of recursion-free schemas with arities bounded by a constant is in
coNP. Deciding whether a simple schema with a single coded method definition is consistent is
coNP-complete, even if all arities are bounded by 2.

Proof: We first show that consistency of simple schemas is coNP-complete and then argue that
the problem remains in coNP when we consider recursion-free schemas with arities bounded by
a constant.

Inconsistency of simple schemas is clearly in NP. We guess an execution of a method call
— this involves guessing the method, the classes of its arguments and the classs of intermediate
results — and check that it corresponds to a possible execution and leads to an inconsistency.
Thus consistency is in coNP.

To show the lower bound, we use a reduction of 3SAT [20] to the schema inconsistency
problem. Consider a 3SAT formula ® over variables {X1q,..., Xz}. The corresponding schema
(C, <, Y0, %) is defined as follows:

24



1. C = {eg, ¢4, ¢4} (for true, false and unknown);
2. ¢r S ey, <oy

3. o has the following definitions:

notQc; : cy notQcy : ¢ not@Qe, : ¢,
andQ@c,, ¢, : ¢, or@c,, ¢, : ¢y

and@cy, ¢; : ¢y orQcy,cy:cy

andQcy,c:cy or@cys, c: ey c € {cs, e, 00}
andQc,cy : cy or@c,c; 1 ¢y c € {cs, e, 00}
preQc; : ¢y preQcy : ¢y pre@ce, : ¢

check@Qe; : ¢4
chooseX;Qc¢, ¢, 1<i1<k

Note that check is the only method that is not total on its domain.

4. Let ® be a formula equivalent to ® using only binary A and V. Then ¥; consists of a
single method definition:

method M@c, = Ax. check (pre(te(x)))

where t¢ is the 1-term obtained from ® by replacing:

(a) each A, V, =, by and, or and not respectively.

(b) each X; by the result of base method choose X; applied to the single input argument.
Note that chooseX; occurs only once in tg. Multiple occurrences of X; in ® are all
replaced by the result of the single occurrence of choose X;. (This is possible because
of the dag structure of the 1-terms.)

We will first explain the intuition behind this reduction. A brute-force approach to solving
the 3SAT problem would involve going through all possible assignments to the variables and
checking to see if any of them satisfy the boolean formula in hand. The schema we have
constructed provides a shorthand for doing this. Notice that we have adopted a straightforward
translation of the boolean formula except for the presence of the chooseX;’s. Using the isa
hierarchy, the chooseX;’s provide choice for each variable. In particular, chooseX; can return
a result of class ¢, ¢, or ¢ (because ¢; < ¢, and ¢ < ¢,), depending on the interpretation
attached to it. Since consistency is quantified over all possible interpretations to the schema,
we will go through all possible assignments to the variables.

We now claim that ® is satisfiable iff the above schema is inconsistent.

Suppose that ¢ is satisfiable. Let v be a satisfying truth assignment for @, i.e., a valuation
of the variables such that v® holds. We construct an interpretation I = (v, ) that will produce
an inconsistency. First, v(cy) = o5, v(e;) = o¢, and v(c,) = ¢ where oy, 0; are two distinct
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objects. The semantics of and, or, not, check and pre are given by:

not(o) = oy not(os) = o

and(o¢,01) = 0y  or(og,0f) = o5

and(og,00) = 0y or(o,05) = 04

) =05 or(os,0¢) = oy

and(og,07) = 05 or(os,01) = 0y

pre(o) = o pre(of) = oy

check(o;) = o4
Further, for ¢ = 1,...,k, we define chooseX;(0;) to be o; if v.X; is true. Otherwise it is oy.
Consider the call M(o¢) (M is well-defined at ¢;). Since v® holds, it is easy to check that
I(tg(os)) is os. Since I(check(pre(oy))) = I(check(oy)), I(M (o)) is L.

Conversely, suppose that the schema is inconsistent. One can show that inconsistencies can
be obtained by having intermediate results in {¢;, ¢s} and the class ¢; for the term ¢g. This
yields a satisfying truth assignment for ®.

Note that the schema that we constructed is simple, it has a single coded method definition
and all arities are bounded by 2. Since the construction of the schema can clearly be done in
PTIME, the hardness is proven.

We will now sketch the proof for the first part of the theorem. We are considering recursion-
free schemas with arities bounded by a constant. Let us describe two calls to a method m as
being c-different if the classes of the arguments are different. The key observation in this case
is that the number of c-different calls to a method is polynomial in the size of the input. It is
exponential in the maximum arity in the schema, but we are considering arities bounded by a
constant.

First, let us order the coded method definitions into a sequence dy,ds,...,d, such that
d; will not reference the method defined in d; if ;7 < 7. This sequencing is possible because
we are considering recursion-free schemas. We guess the first definition in the sequence that
will lead to an inconsistency. We guess an execution of this definition that will lead to the
inconsistency. The definition we are considering might make calls to other coded methods that
are defined before it. We have to guess executions for these coded methods verifying the classes
of inputs/outputs that we have guessed for them. And so on. We can make all these guesses
because we are guaranteed that the size of our guess is polynomial. (This follows from our
prior observation that we cannot make too many c-different calls to any method.) It follows
that inconsistency is in NP in this case. Therefore, consistency of recursion-free schemas with
arities bounded by a constant is in coNP. O

Remark: Consistency of recursion-free schemas seems to be a much harder problem. There
can be an exponential number of input/output possibilities for each coded method. A brute
force approach can solve this problem in EXPSPACE, but finding a tight lower bound is an
open problem.

Remark: If the k-terms of the methods to be checked are trees (not dag’s), where each input 7,
for 1 < ¢ < k appears at most once, consistency checking is in PTIME. This bound is obtained
by generalizing the automaton technique to tree automata [11, 31].
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5 Covariance

In this section, we consider covariance and show that it simplifies the consistency problem. We
first consider simple schemas.

For simple schemas, covariance is the following constraint on the signatures of base methods.
A simple schema is covariant if for each m and for each pair

(m,(c1,...,c, — ¢)),

(m,(c,....c), — )

of definitions of a base method m, we have that (Vi ¢, <¢;) = ¢ <ec.

First consider the schema of Example 4.1 which is covariant. Suppose that we tested the

prefix of a coded method and reached m We can either read a new method name or follow

the € edge to move to |5(¢') | Suppose that a word w moves the automaton from |3(¢’)| to

error]. Because of the covariance, one can show that the same word moves from |5(c)| to

[error]. Thus there is no need to follow the ¢ transition to detect the error. Therefore, in the
covariant case, it is possible to remove the ¢ transitions of the automaton and still have the

property that a definition is consistent iff the associated word is rejected by the automaton.

We can see from the example that the covariance condition on the base methods simplifies
consistency checking. Indeed, the following result should be contrasted with Theorem 4.4 which
says that consistency of simple monadic schemas without covariance is in NLOGSPACE.

Theorem 5.1 Consistency of covariant, simple monadic schemas is in DLOGSPACE.

Proof: (sketch) We claim that we can use the following naive algorithm to check consistency
of covariant, simple, monadic schemas.

For each coded definition m@cq = Az.(my(...(mz(mi(z)))...)), we use the following algo-
rithm to check consistency:

1. c:= ¢
2. fori:=1tol do

if the resolution of m; at ¢ is m;@c’ : ¢”, then ¢ := ¢”

else output inconsistent

Compare the algorithm above with the algorithm in the proof for Theorem 4.4. We use
induction on the length of the coded method to prove that we don’t have to descend into any sub-
class of ¢ while checking the consistency of covariant schemas. The basis with a coded definition
of length 1 is immediate. Asgsume that the class of the result of
my(mp—1(...(ma(mq(c)))...)) is cx. Suppose, in order to prove inconsistency, that we must de-
scend into some class ¢}, such that ¢j < ¢j. If myqq has definitions at ¢}, and ¢, say m@cj, : ¢},
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and mQey, @ cp4q respectively, it follows from the covariance condition that C;H-l < ¢p41 (and
we could descend from cgyq1 to 024—1 instead of from ¢j, to ¢},). This proves that we don’t have
to descend into any subclass when considering covariant schemas.

Since the algorithm outlined above can be executed in DLOGSPACE, the theorem fol-
lows. O

It turns out that under covariance, consistency of simple monadic schemas can be checked
in linear time. This can be proved by showing that it can be checked using a deterministic
two-way pushdown automaton (see Appendix A). We present a first principles argument here.
Note that, naive use of the isa can be quadratic.

Algorithm 5.2:

Input: Let the input be a covariant, simple, monadic schema where n is the size of the method
definitions and ¢ the size of the class hierarchy (represented as a forest). Let the schema have
p class names and ¢ method names. We can assume without loss of generality that each of the
p class names takes lgp bits to represent and each of the ¢ method names takes lg g bits to
represent.

Data Structure and Description: We use a data structure that is two-tiered. Building this
structure takes several steps. We will describe the easy steps verbally and use pseudo-code to
describe the more difficult steps. In the first tier of the data structure, we have an array of
the p class names that occur in the input. We will refer to this first level array as the class
array. Fach element in the array has three slots. The first slot points to the class’ parent in
the inheritance hierarchy. The second slot points to the next class in the breadth-first ordering
of the inheritance hierarchy (for this assume that the class hierarchy has been preprocessed in
breadth-first order from parent to children). The third slot contains a pointer to a radiz tree of
base method names, which we shall refer to as the method tree for that class.

Each leaf in this method tree contains a pointer to the class of the result of that method
name at that class. For example, given a base method definition of the form mQ@ec : ¢/, we insert
m into ¢’s method tree. We then create a pointer to ¢’ from the leaf corresponding to m.

At the end of this insertion procedure, each class in the input hierarchy has a method tree
associated with it. This method tree contains those base method names that have an explicit
definition at that class (i.e., it does not include definitions that are inherited). Further, it is
easy to see that this preprocessing step takes only linear time because insertion into a radix
tree takes only linear time. It follows that the size of the data structure that we create is linear
in the size of the input. The processing that we do following this creation step will not affect
the size of the data structure since we only change some pointers.

We can assume, without loss of generality, that we do not have any redundant information,
i.e., our hierarchy is a forest. For example, if we have that ¢; < ¢9 and ¢ < c¢3, it follows
that ¢; < ¢3is redundant. We process these relationships and fill the parent and breadth-first-
neighbour slots in the class array.

We now process the inheritance definitions. This part is the key component of the algorithm.
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We process the classes in the breadth-first order (bfs order) and for each class ¢ that has a parent
¢ we issue a call propagate(root_of-c’' _method_tree, root_of-c_method_tree). (See Figure 6.) Each
one of these propagate calls to the roots can call itself recursively on the nodes of the method
trees of classes ¢ and ¢’. This processing is explained in the example and the lemmas which
follow. O

Example 5.3 Let us consider a schema with three classes ¢q,c9, and c3. Let ¢; < ¢9, and
cg < c3. Let the schema have the following base methods definitions:

m1@cy @ ey
mo@cy 1 3
msQ@cs : ¢y

We will represent ¢y, ¢3, and ¢35 by array positions 0, 1, and 2. and mq, ms, and m3 by codes
00,01, and 10. The top half of Figure 5 shows how the data structure would look after the first
preprocessing steps (before issuing the calls to propagate). The bottom half shows the data
structure after the calls to propagate are completed. O

Lemma 5.4 Let 5 be asimple, monadic, covariant schema. Let the data structure correspond-
ing to it be created as outlined in the algorithm above. Each class in the inheritance hierarchy
inherits correctly — in its method tree — method definitions from all its ancestors.

Proof: We call procedure propagate for every parent-child pair in the inheritance hierarchy.
We not only call the procedure propagate for every parent-child pair in the input inheritance
hierarchy, but also make these calls in the breadth-first search order so that propagate is called
with parent-child pairs sorted according to their depth in the inheritance hierarchy.

Now, the claim that a class inherits method definitions from all its ancestors can be shown
by induction on the depth of the inheritance hierarchy. The basis consists of showing that a class
at unit depth in the hierarchy inherits method definitions correctly from its parent, a root. If a
child is to inherit any method definition, either the conditional in line (7) or the conditional in
line (16) will have will have to evaluate to true. Lines (10) and (19) will perform (respectively)
the addition of definitions into the child tree. Note that these statements add, in constant time,
pointers to entire subtrees of defintions. Observe that propagate terminates when the parent
subtree or the child subtree is not present. Therefore, we will visit every node in the child tree,
whenever the corresponding parent node is not NIL. (If the parent node is NIL, there is nothing
to inherit from that subtree of the method tree.) The induction hypothesis follows easily by
a similar argument. A child at depth d inherits definitions from all its ancestors correctly. Its
child at depth d+ 1 inherits from all its ancestors including its parent by exactly the argument
above. O

Lemma 5.5 The procedure outlined in Algorithm 5.2 runs in linear time.

Proof: Inserting explicit base method definitions into the data structure takes linear time, as
we observed before. Also, preprocessing the hierarchy to create the parent and bfs neighbour
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Figure 5: Example for the linear time algorithm (NIL pointer is e).
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procedure propagate (parent, child)
if (child—leftChild # NIL) and (parent—leftChild # NIL)
then
/* Have definitions here. Check with child */
propagate ( parent—leftChild, child—leftChild );
else
if (child—leftChild = NIL) and (parent—leftChild # NIL)
then
/* Inherit definitions from parent */
child—leftChild := parent—leftChild;
if (child—rightChild # NIL) and (parent—rightChild # NIL)
then
/* Have definitions here. Check with child */
propagate ( parent—rightChild, child—rightChild );
else
if (child—rightChild = NIL) and (parent—rightChild # NIL)
then
/* Inherit definitions from parent */

child—rightChild := parent —rightChild;

O N M O e e e e e e e

N

NN N N NS N NP

— = e e e e e s 2 O 00 =1 O O WD

e, e, o, e o e,

O 0~ O Ot

Figure 6: Preprocessing to inherit definitions.
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pointers for each class name takes linear time. The only nontrivial part is proving that the code
in Figure 6 takes only linear time.

As we observed before, we call the procedure propagate for every parent-child pair. If we
can bound the amount of work done in each of these calls, we are done.

We claim that each of the above calls to propagate takes no more time than there are nodes
in the method tree corresponding to the child. This can be seen by looking at the if statements
in the code fragment, and observing that the procedure terminates as soon as we reach a leaf
in the child tree or the parent tree. Since the number of nodes in the child tree is bounded by
the number of methods that are defined explicitly in the class corresponding to the tree, we can
charge each call that we make to propagate to the child tree. Therefore, the total time taken
by these calls is bound by the size of the input (times some constant factor). O

Theorem 5.6 Let S be a simple, monadic, covariant method schemas where n is the size
of method definitions and ¢ the size of the class hierarchy. Let us build the data structure
corresponding to S according to Algorithm 5.2. With this data structure, we can check the
consistency of 5 in O(n + ¢) time.

Proof: We have shown that every method tree in the data structure has its definitions as well
as the definitions that it inherits. If we are given a coded method of the form
m@c = Az.mp(me_1(...(ma(me(2)))...)

we start by checking that mq is defined at ¢. We do this checking by searching for m; in
¢’s method tree. We follow the pointer from my and this takes us to the result. Because of
covariance, we need not descend into any sub-class now (cf. the argument in Theorem 5.1). We
then check mg, go to the class of the result and so on. Since searching in a radix tree takes
only linear time, this whole consistency checking can be done in linear time. If at any point,
we discover that a method we are searching for doesn’t exist in the corresponding method tree,
we terminate because of the inconsistency. O

Remark: It is still open whether the previous result holds for recursion-free schemas. The
previous algorithm cannot be extended naively. When we determine the class of a result of a
method application, we have to keep track of all the subclasses of the result. This multiplies
the cost of each step by a linear factor. There seems to be no simple way to avoid this problem.

Let us now consider simple polyadic schemas. We assume that arities are polyadic, but
bounded by a constant (unbounded arities are unreasonable from a practical standpoint). In
that case, a problem may arise if: (1) a method is called with arguments for which it is
undefined, and (2) an ambiguity is encountered. These two kinds of problems can be easily
detected. Indeed, we have a result that should be contrasted with Theorem 4.6.

Theorem 5.7 Under the covariance restriction and with arities bounded by a constant, con-
sistency of simple schemas can be tested in PTIME.

Proof: We have to check that: (i) no ambiguity can arise, and (ii) no illegal call can arise.

(i) Checking for ambiguity. This has to be done for the base and coded methods. To
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isa(c, ) — (for each ¢, ¢, ¢ < ')

def(m,c1,...,ck) — (there is a definition of m at ¢1,...,¢cx)
isa(c,c) —

isa(c,c”) — isa(e, ), isa(c, )

less(@, %) — asa(x1, 1), ..., 18a(T, Yk)

neq(T, y) — m#un

neq(T, y) — Tk E Y

lessstrict(Z, ) — less(&,y), neq(Z,7)

possresolution(m, Z,y) — less(Z,q),def(m,?)

overwritten(m, Z, 37) — possresolution(m,Z, Z), lessstrict(Z, §)
resolution(m, Z, §) — possresolution(m, T, §), moverwritten(m, T, §)
ambiguous(m, 7) — resolution(m, @, §), resolution(m, ¥, Z), neq(y, 7).

Figure 7: Datalog™ program for covariant, fixed-arity schemas

simplify the presentation, we assume (without loss of generality) that all methods have arity k.
Consider the stratified Datalog™ program in Figure 7 (where @ = z1,...,zp and ¥ = y1,..., ¥k)-

One can show that ambiguous(m,aq,...,ay) is derived for some m,aq,...,a; iff a call to
m with arguments in aq,...,ax is ambiguous. The check for ambiguity can thus clearly be
performed in PTIME.

(ii) Checking for illegal calls. Since the schema is simple and we are interested in PTIME
computations, we can assume without loss of generality that there is a single coded method
definition, say (m,(b1,...,b),a), where a is a k-term. Consistency is checked as follows. We
first mark the leaves of o by the classes of the arguments. In a bottom-up traversal of the tree,
we then mark all the internal leaves as follows:

Let v be a vertex labeled m’ with children respectively marked by cq,...,cg.
The marking of v is given by:

1. If resolution(m’ ¢y, ..., cx,dy, ..., d;) has been derived by the program of Fig-

ure 7 for some dy,...,dg, then the vector dy,...,dy is unique, and
(m/,(dy,...d; — d)) is in the schema for some unique d. Mark the vertex
by d.

2. otherwise output error.

If the algorithm outputs error, it is easy to construct an interpretation that would lead to an
inconsistency. Suppose now that the algorithm terminates without outputting error. Consider
an arbitrary interpretation (v, ) of the schema and a call m(oq,...,0x). Then o; is in v(b;*)
for each ¢. Using covariance, one can show by induction than whenever a vertex of k-term « is
reduced, it is reduced to an object in v(d+) where d is the marking of this vertex in (ii). Thus
the call terminates successfully. O
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Remark: A virtual class ¢ is a class that is required to always have an empty interpretation,
i.e., v(c) = 0. Virtual classes are useful for expressing the exact union of two classes. If virtual
classes are considered, consistency of simple, monadic schemas is still in PTIME. However, with
virtual classes, consistency of covariant, simple schemas can be shown to be coNP-hard. This
indicates a subtlety of virtual classes.

Remark: To conclude this section, we consider schemas that are not simple. Here, the defini-
tion of covariance is obvious only for the base methods. Covariance does not help in the general
(recursive) case, because the method schemas constructed to simulate program schemas in Sec-
tion 3 are covariant with respect to the base methods. Another difficulty in this context is
that, although covariance of the base methods can be tested easily, testing the “covariance”
of the “inferred signatures” of coded methods is in general undecidable. This is because, the
“inferred signatures” of the coded methods must be computed first. To see this, we point out
that the method schema obtained in the simulation of program schemas is covariant. Thus the
undecidability results also hold for covariant method schemas.

6 A Heuristic for Method Schema Consistency

In this section, we briefly consider practical issues. First, we consider a heuristic solution
to the consistency problem in the general case. Then we consider the problem of checking
incrementally for consistency.

In practice, it is common to provide both signature and code information for each method
definition. In fact, while doing the consistency checking, we implicitly (if not explicitly) produce
“inferred signatures” for the coded methods. By “inferred signatures” of coded methods, we
mean a description of their input and output classes (similar to the ones that are provided
for base methods). Let us assume now that extra signature information on coded methods is
provided. This can be viewed as transforming the type inference problem that we considered
so far into a type checking problem; and leads to the notion of a constrained schema.

Constrained method schemas: are pairs (9, 7), where § = (C, <, ¥, %) is a method
schema and 7 a mapping from ¥, to classes. Intuitively, for each coded method definition, 7
indicates the class of the return value. Consistency of constrained method schemas also requires
the satisfaction of the constraints 7.

We next provide a sound but incomplete consistency heuristic for constrained method
schemas. Let (5,7) be a constrained method schema. We construct a simple constrained
method schema S, from S.

The schema 5 is on the same classes as 5 with the same hierarchy. Furthermore, each base
method in 5 is also a base method in 5, with the same base definitions. For each coded method
m in S that occurs in the code of another method, let m, be a new base method in 5, and we
construct its signatures as follows: for each & = (m, (¢1, ..., k), 1) in X1, (mr, (¢1, ..., cx — T()))
is a base definition of 9. Finally, for each coded definition (m,o,?) in S, S; contains a coded
definition (m,o,t") where t’ is obtained from ¢ by replacing each coded method name m of 5
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by m.. Clearly, 5; is a simple schema. Now we have:

Proposition 6.1 For each constrained method schema (5,7), if (S;, 7) is consistent, then
(S, 7) is consistent. O

This leads to a heuristic for testing consistency of S assuming certain constraints 7. First
construct the associated simple constrained schema and test it for consistency. To check whether
(S;,7)is consistent, one would have also to consider the “inferred signatures” of coded methods
and verify that they do not violate 7. This can be done with the techniques outlined in the
previous sections. Accept (5, 7) if (S5, 7) is accepted.

The algorithm is sound; and obviously not complete. Furthermore, even in simple cases,
it depends heavily on the “tightness” of the constraints specified by 7 as illustrated by the
following example.

Example 6.2 Let ¢ be a class, and ¢’ be a subclass of ¢. Consider the schema 5 and 5 defined
on ¢ < ¢ as follows:

(5)
method ' Q¢

m :oc
method m' Q¢ : ¢
method mg Q¢ : ¢
method m Qc = m' :oc
method m Q¢ = Axy.m(m/(x1)) ¢
method my Q@c = Azy.mo(m(zy)) : .
(57)
method m Q¢ : ¢
method m' @ : ¢
method mg Q¢ : ¢
method m, @c : ¢
method m, Qc¢ ¢
method m Qc = m :oc
method m Q¢ = Axym.(m'(xy)) ¢
method my Q¢ = Azy.mo(m.(21)) c.

The above algorithm will detect an inconsistency in the definition of m4 in S;. (An object in
v(c) may be mapped by m, to an object in v(c) and mg is undefined on v(c).) However, a
more careful analysis of 5 shows that the output of m has to be an object in v(c¢’), otherwise m
loops forever. Therefore, no inconsistency can be reached with models of 5. Indeed, the above
algorithm would succeed if the second definition of m is replaced by:

method m@c = Axy.m(m/(xq)): ¢. O

Unconstrained method schemas: Suppose now that the schema is not constrained, or that
only partial constraint information is available. Some pre-analysis of 5 can suggest the choice
of candidate constraints for the various methods. Furthermore, if the algorithm fails, one may
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attempt to refine the constraints based on the information gathered by this first phase. In this
context, covariance may be useful to reduce the search space of candidate constraints.

Therefore, the proposed heuristic for consistency consists of two phases: (1) a signature
pre-analysis phase for the unconstrained method schema and (2) a constrained method schema
consistency test.

Method Updates: It is unreasonable, when the schema is updated, to recompile all the
methods of the schema. Therefore there is a need for incremental algorithms. We first consider
the insertion of a method. We present an example of an update that may yield problems,
discuss it and mention some other related problems.

Example 6.3 Let ¢, ¢’ be two classes with ¢’ < ¢. Let the definitions be: m/@c : ¢/, m"@c : ¢/,
m@c = Axy.m”(m'(x1)). The schema is consistent. Let us now insert a new base definition
m/’@c’ : ¢. The schema is no longer consistent because of m, although we have apparently not
modified m, not even have we touched the execution of m on objects strictly in ¢. However, by
inheritance, m should also apply to ¢’-objects and this may now lead to an inconsistency. O

The problem is caused here by the compacted form of the information in a method schema
(inheritance). It is clearly possible to make explicit such information, which would facilitate
the detection of update effects. Such a technique obviously defeats space efficiency and code
reusability.

One may think that the above problem would disappear if covariance is assumed. Indeed,
under covariance, if a coded method definition is inserted, it is not necessary to recompile the
schema. The code of the new method only has to be checked. However we can identify the
following problems:

The “inferred signatures” of the previously inserted methods may be refined by this insertion.
As a consequence, covariance may have been lost. So covariance would only be good for one
insertion, and the consistency checking algorithm may have to recompile at least part of the
schema if completeness is to be achieved in future insertions. (For detailed examples and some
techniques for special cases see [32].)

Covariance does not help with deletions. To see this consider the last example.

Example 6.4 Let c¢,c’,c”,int be four classes with both ¢’,¢” < ¢. Let the definitions be:
mQc : ¢, m@Qc : ', m"Qc” :int, m'Qc = Azy.m”(m(zy)). The schema is consistent and
covariance holds. Let us now delete the base definition m@¢’ : ¢”’. The schema is no longer

consistent even if m is still well defined in ¢ and its subclasses.O

Finally, we would like to point out that some of the techniques of method schemas have
been extended and applied to the Oy object-oriented database system [35].
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7 Conclusions and Open Problems

We have provided a basic programming model for object-oriented database systems, which
captures classes, methods, inheritance, name overloading and late binding. We have investigated
the consistency problem of method schemas as a form of “type inference” and have highlighted
a number of efficiently decidable cases.

There are a variety of algorithmic questions that remain open. We do not know whether
our radix-tree data structure can be extended to solve the consistency of monadic, covariant,
recursion-free schemas. We also do not know whether there are efficient incremental algorithms
for any of the consistency problems. Since we know that the problem of consistency checking
for monadic, recursion-free schemas is P-complete, it would be interesting to know if there are
good incremental algorithms for the simple, monadic or the covariant, monadic cases.

In the simulation of program schemas by method schemas, we use methods of arity at
most p + 1 where p is the number of locations used by the programs. It turns out that the
results of [25] that we used also hold for program schemas with two locations only. Thus our
undecidability results hold for schemas with methods of arity less than or equal to three. The
complexity of method schema consistency with methods of arity two is not known.

Finally, in our formalization of method schemas, all base methods are uninterpreted. Let us
suppose that we have equality, with its normal interpretation, as a base method. This method
will simply tell if the two arguments that it is supplied with are the same. Consistency checking
becomes undecidable with monadic coded methods and polyadic base methods when augmented
with equality. With equality, we can simulate the Lisp car and cdr functions so that we can
“glue” and “unglue” arguments. However, the problem of checking consistency with monadic
coded methods and polyadic base methods without equality is open.

Acknowledgements: We thank Richard Hull for discussions on the topic.
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Appendix A Monadic, Simple, Covariant Schemas

We now give an alternate proof of Theorem 5.6. Let S be a simple, monadic, covariant schema.
We construct a two-way deterministic pushdown automaton that will accept 5. We will sketch
the construction of the automaton 2A4g.

The input is a description of the schema. We assume that the classes are numbered
(c1,...,¢p) and, so are the methods (mq,...,my). The input is

us = $8u 5%u, %%, $9

where u., up, u,, represent respectively the class hierarchy, the base definitions and the code
definitions as follows:

te=o1$... a0, uy=/%...5%... Uy = 615...6% ...

where

1. oy is of the form ¢ : ¢’ (for ¢; < ¢y );
2. By is of the form j@3 : ¢ (for m;Qc; : ¢;r); and

3. & is of the form j@u : ji;j9;. .. (for m;Qc; = Azomy, (mj,_ (...(mj,(my,(2)))...))).

The coding of the schema is thus realized with the alphabet {$,:,;,@,0,1}.

The automaton works as follows. The w,, part is first copied on the stack omitting the
names of the coded methods. The stack then looks as follows:

it 115 01,25 - 502 1 Jous Jages .. 8- - 88

with ¢; on top. The automaton then tries to validate each code in turn until the stack is empty.
A failure in the validation of one code yields a detection of inconsistency and the stopping of
the automaton in a reject state. The completion of the validation brings the automaton to stop
in an accepting state with an empty stack.

To validate the code “41 : j11571,2;...7, the automaton proceeds as follows. It first scans
the tape to find a definition for my, , at class ¢, .

It does this by moving the input pointer to the beginning of the base method definitions.
Let the input corresponding to the first definition be j@i : ', Tt then moves the input pointer
to the beginning of ¢ and tries to match the #; on top of the stack with the 7. It does this
by matching and popping symbol by symbol. If there is a mismatch, it backtracks and copies
11 back onto the stack. If the classes match, it tries to match the method names by a similar
procedure. Note that if the classes match and the method names don’t, the automaton has
to copy part of the method name as well as the class name back onto the stack. Proceeding
in this way, the automaton can look through all the base method definitions in the search
for my, , @c;;. Note that the automaton will use this kind of “match and on failure, re-copy”
technique in other searches also.
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Two cases can occur:

1. A base definition is found. Then ¢; : j; 1 is replaced by the code of the class of the result
followed by “:”. The automaton doesn’t have to consider any of the subclasses of the
result because of covariance.

2. No definition is found. The automaton looks for the direct superclass of i1. Two cases
occur:

(a) A class is found. Then ¢ is replaced by the code of the superclass.

(b) None is found. The automaton stops in error.
When this is done, if no error is found, three cases may arise:

completion: the stacks looks like 7 : $$, i.e., the checking is finished and successful. The
automaton empties the stack and stops in an accepting state.

partial completion: the stacks looks like i : $i5 : ..., i.e., the current code has been checked
successfully but there are more codes to check. Then 7 : § is poped off the stack and the
checking is resumed.

otherwise: the stacks looks like 7 : j... and the checking continues.

The language accepted by the above automaton is denoted L(2A4g).

Now we have:

Theorem A.1 Let S = (C, <,%q,%1) be a covariant, simple, monadic schema, and ug its
associated word according to the previous definition. Then S is consistent if and only if
us € L(2Ag). Thus, consistency of covariant, simple, monadic schemas can be tested in
linear time.

Proof: (sketch) The proof relies on the same mechanism as the simple, monadic schemas
technique with the FF'SA. The notable difference is that, because of covariance, one need not
follow e-transitions.

First we prove that if ug ¢ L(2Ag), then S is inconsistent. Consider the coded definition
m@c = Az.(me(...(ma(my(z)))...)) that causes the automaton to reject. Using the compu-
tation of the automaton with this definition as input, we can construct an interpretation in
which a legal call to m on some object in ¢ reduces to L. Let ¢1,¢q,..., ¢k be the classes of the
intermediate results before the automaton rejects the input.

An interpretation I = (v,u) of S is built as follows. Let o be an object in v(c), and
for j = 1,...,k, let o; be an object in v(c;). Let (u(mq))(0) = o1, and for j = 2,...,k, let
(p(m;))(0j-1) = 0;. (Remember that for j = 1,...,k, pu(m;) is a function.) This can be naively
completed to be an interpretation of 5.

41



The call m(o) is legal because m is well defined at ¢ and o € wv(¢). Clearly,
m(o) = me(...(mgy1(og))...). Since the automaton rejects the input at this point, myiq
is undefined at ¢, and me(...(mgy1(0x))...) — L. Hence, m(o) yields an inconsistency.

Conversely, suppose that ug € L(2Ag). Let I = (v,p) be an intepretation for S where
m, a coded method name, is well-defined at c¢. Let o € v(c¢). Let the resolution of m at ¢ be
ma@c = Az.mg(ms—1(...(ma(my(2)))...)), where ¢ < ¢. Consider the computation for m(o).
For each i, let o; = m;(...(mq(0))...).

Now consider the validation of the string corresponding to the definition for m at ¢ by the
automaton. Let the automaton use classes ¢, ¢q, . .., ¢; and definitions my@c',. . .ms@Qc._, where
c < e < ¢, ete. in that validation. It easy to see that mi(o) € v(c1*). Using induction and
the covariance condition, it is easy to show that for i = 1,...,s, 0; € v(¢;*). Therefore m(o) is
defined and 5 is consistent. O
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