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1 IntroductionDrawing graphs is an important problem that combines 
avors of computational geometryand graph theory. Applications can be found in a variety of areas including circuit layout,network management, software engineering, and graphics. For a survey on graph drawing,see [15]. While this area has recently received increasing attention (see, e.g., [3,10,18,19,25,28,36]), the study of drawing graphs in a dynamic setting has been an open problem. Previouswork [29] only considers trees and presents a technique that restructures the drawing of atree in time proportional to its height, and hence linear in the worst case.The motivation for investigating dynamic graph drawing algorithms arises when verylarge graphs need to be visualized in a dynamic environment, where vertices and edges areinserted and deleted, and subgraphs are displayed. Several graph manipulation systems allowthe user to interactively modify a graph; hence, techniques that support fast restructuring ofthe drawing would be very useful. Also, it is important that the dynamic drawing algorithmdoes not alter drastically the stucture of the drawing after a local modi�cation of the graph.In fact, human interaction requires a \smooth" evolution of the drawing.In this paper we present dynamic algorithms for drawing planar graphs under a variety ofdrawing standards. We consider straight-line, polyline, grid, upward, and visibility drawingstogether with aesthetic criteria that are important for readability, such as the display of pla-narity, symmetry, and reachability. Also, we provide techniques that are especially tailoredfor important subclasses of planar graphs such as trees and series-parallel digraphs. Ourdynamic drawing algorithms have the important property of performing \smooth updates"of the drawing. In the following we denote with n and m the number of vertices and edgesof a given graph.1.1 De�nitionsA drawing � of a graph G maps each vertex of G to a distinct point of the plane and eachedge (u; v) of G to a simple Jordan curve with endpoints u and v. We say that � is astraight-line drawing if each edge is a straight-line segment; � is a polyline drawing if eachedge is a polygonal chain; � is an orthogonal drawing if each edge is a chain of alternatinghorizontal and vertical segments. A grid drawing is such that the vertices and bends along theedges have integer coordinates. Planar drawings, where edges do not intersect, are especiallyimportant because they improve the readability of the drawing. A planar embedding speci�esthe circular order of the edges around a vertex in a planar drawing. Hence, di�erent drawingsmay have the same planar embedding. Note that a planar graph may have an exponentialnumber of planar embeddings (see, e.g. [30]). An upward drawing of an acyclic digraph hasall the edges 
owing from bottom to top. Planar upward drawings are attracting increasingtheoretical and practical interest [3,6,7,9,14,25,39,49]. A visibility representation mapsvertices to horizontal segments and edges to vertical segments that intersect only the twocorresponding vertex segments.We assume the existence of a resolution rule that implies a �nite minimum area for thedrawing of a graph. Two typical resolution rules are integer coordinates for the vertices,or a minimum distance � between any two vertices. When a resolution rule is given, itis meaningful to consider the problem of �nding drawings with minimum area. Planar1



drawings require 
(n2) area in the worst-case [11]. Further results on the area of planardrawings appear in [2,10,19,36].1.2 ModelHere we describe a framework for dynamic graph drawing algorithms. At a �rst glance, itappears that updating a drawing may require 
(n + m) time in the worst case, since wemay have to change the coordinates of all vertices and edges. Our approach is to considergraph drawing problems in a \query/update" setting. Namely, we aim at maintaining animplicit representation of the drawing of a graph G such that the following operations canbe e�ciently performed:� Drawing queries that return the drawing of a subgraph S of G consistent with theoverall drawing of G. We aim at an output-sensitive time complexity for this operation,i.e., a polynomial in log n and k, where k is the size of S. Ideally, the time complexityshould be O(k+ log n). A special case of this query (S = fvg) returns the coordinatesof a single vertex v.� Window queries that return the portion of the drawing inside a query rectangle.� Point-location queries in the subdivision of the plane induced by the drawing of G.Such queries are de�ned when the drawing of G is planar.� Update operations, e.g., insertion and deletion of vertices and edges or replacement of anedge by a graph, which modify the (implicit) representation of the drawing accordingly.There are two types of quality measures in dynamic graph drawing: the \aesthetic"properties of the drawing being maintained, and the space-time complexity of queries andupdates. There is an inherent tradeo� between the two. For example, it is very easy tomaintain the drawing of a graph where the vertices are randomly placed on the plane andthe edges are drawn as straight-line segments. However, the aesthetic quality of the drawingsproduced by this simple strategy is typically not satisfactory. On the other hand, if we wantto guarantee optimal drawings with respect to some aesthetic criteria, e.g., planarity, sym-metry, etc., the update/query operations may require high time complexity. In the followingwe present techniques with polylogarithmic query/update time that maintain drawings thatare optimal with respect to a set of aesthetic criteria.More formally, a dynamic graph drawing problem consists of� A class of graphs G to be drawn.� A repertory O of operations to be performed, subdivided into{ A set Q of query operations (such as drawing, window, and point location queries)that ask questions on the drawing of the current graph.{ A set U of update operations that modify the current graph and restructure itsdrawing, such as insertion and deletion of vertices and edges.The drawing is modi�ed only by update operations and is not changed by queries.� A static drawing predicate PS that expresses \aesthetic" properties to be satis�ed bythe drawing of the current graph. An example of a static drawing predicate for planar2



graphs is \The drawing is planar, polyline, grid, with O(n2) area, and at most 2n + 4bends along the edges."� A dynamic drawing predicate PD that expresses \similarity" properties to be satis�edby the drawings before and after an update operation. An example of a dynamicdrawing predicate for trees is \The drawing of a subtree not a�ected by the updatestays the same up to a translation." Such predicates can be used to guarantee a\smooth" evolution of the drawing.A solution to a dynamic graph drawing problem is an algorithm that dynamically main-tains a drawing of a graph of class G satisfying predicates PS and PD, under a sequenceof operations of repertory O. Performance measures for the algorithm are the space re-quirement and the time complexity of the various operations. Typically, there is a tradeo�between the e�ciency of the algorithm and the tightness of the requirements expressed bythe drawing predicates PS and PD.1.3 OverviewThe rest of this paper is organized as follows. In Section 2 we describe a dynamic techniquefor upward drawings of rooted trees. The data structure uses O(n) space and supportsupdates and point-location queries in O(log n) time. Drawing queries take time O(k+log n)for a subtree, and O(k log n) for an arbitrary subgraph. Window queries take timeO(k log n).The drawings follow the usual convention of horizontally aligning vertices of the same level.Symmetries and isomorphisms of subtrees are displayed, and the area is O(n2).In Section 3 we present an algorithm for dynamically drawing series-parallel digraphs. Ituses O(n) space and supports updates in O(log n) time. Drawing queries take time O(k +log n) for a series-parallel subgraph, and O(k log n) for an arbitrary subgraph. Point locationqueries take O(log n) time. Window queries take O(k log2 n) time. The algorithm constructsupward straight-line drawings with O(n2) area, which is optimal in the worst case.In Section 4 we present a family of algorithms that maintain various types of drawingsfor planar st-digraphs, including polyline upward drawings, and visibility representations.The drawings occupy O(n2) area, which is optimal in the worst case. All of the algorithmsuse O(n) space and support updates in O(log n) time. Also, we consider (undirected)biconnected planar graphs. We present semi-dynamic algorithms for maintaining polylinedrawings and visibility representations. The data structure uses O(n) space and supportsinsertions inO(log n) amortized time (worst-case for insertions that preserve the embedding).Drawing queries take O(k log n) time.2 Dynamic Tree DrawingIn this section, we investigate the dynamic drawing of a rooted ordered tree T . Assume thatedges are directed from the child to the parent, and denote with T� the subtree rooted at �.2.1 2-drawingsWe consider the following static drawing predicate PS:3



Upward: The drawing is upward.Planar: The drawing is planar.Grid: Vertices are placed at integer coordinates.Straight-Line: Edges are drawn as straight line segments.Layered: Nodes of the same depth (distance from the root) are drawn on the same horizontalline.Order-Preserving: The left-to-right ordering of the children of a node is preserved in thedrawing.Centered: A node � is \centered" over its children �1; � � � ; �k. Examples of variations of thisrule are:� x(�) = 1k �Pki=1 x(�i);� x(�) = 12 � (x(�1) + x(�k)).Isomorphic: Isomorphic subtrees have drawings that are congruent up to a translation.Symmetric: Symmetric subtrees have drawings that are congruent up to a translation anda re
ection.Quadratic-Area: The drawing has O(n2) area.Reingold and Tilford [33] argue that drawings satisfying PS are aesthetically pleasingand show how to construct them in O(n) time. We give a fully dynamic algorithm forconstructing such drawings. However, in general the drawings produced by the algorithmof [33] are less wide than those produced by our algorithm. Note that �nding drawings ofminimum width that satisfy the above properties is NP-hard [40].The 2-drawing of T and the bounding box 2(�) of a node � of T are recursively de�nedas follows (see Fig. 1):� � is a leaf: 2(�) is a 2 � 1 rectangle.� � has children �1; . . . ; �k: The width of 2(�) is the sum of the widths of 2(�i),1 � i � k. The height of 2(�) is one plus the maximum of the heights of 2(�i),1 � i � k. The bounding boxes of the children of � are placed inside 2(�) such thatthey do not overlap, their top sides are placed one unit below the top side of 2(�),and their left-to-right order preserves the ordering of the tree.� If � is a leaf, it is drawn in the middle of the top side of 2(�). Else, � is drawn alongthe top side of 2(�) according to the centering rule of predicate PS. We call referencepoint of 2(�) the top left corner of 2(�).To fully specify the 2-drawing, we assume that the reference point of the bounding boxof the root of T is placed at (0; 0).Lemma 1 Given an n-node tree T , the 2-drawing of T satis�es the static drawing predicatePS and can be constructed in O(n) time.Proof: It is immediate to verify that 2-drawings satisfy PS. Concerning the area, let g bethe number of leaves of T , and let h be the height of T . The area of the drawing is g � (h+1),which is O(n2). To construct the 2-drawing of T we use two traversals. The �rst traversalcomputes in post-order the sizes of the bounding boxes of the subtrees of T . The second4
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Figure 1: Geometric constructions in the 2-algorithmtraversal computes in pre-order the positions of the vertices of T . Each traversal can beperformed in linear time. 22.2 Dynamic EnvironmentWe consider a fully dynamic environment for the maintenance of 2-drawings on a collectionof trees. Namely, we introduce the following set O = Q[ U of operations:� Query operations (Q):{ Draw(node �) | Return the (x; y) position of node �.{ O�set (node �) | Return the (x; y) position of the reference point of 2(�).{ DrawSubtree(node �) | Return the subdrawing of the subtree rooted at node �.{ Window (node �; point p; q) | Draw the portion of subtree T� contained in thequery window de�ned by lower-left corner p and upper-right corner q.� Update operations (U):{ MakeGraph(node �) | Create a new elementary tree T , consisting of a singlenode.{ DeleteGraph(node �) | Remove the elementary tree consisting of the singlenode �.{ Link (node �; �; �1; �2) | Let � be the root of a tree, and let � be a node of anothertree. Also, let �1 and �2 be consecutive children of �. Add an edge from � to �and insert � between �1 and �2. If �1 and �2 are not given, then � becomes the5



only child of �. If �1 (�2) is not given then � is inserted as the �rst (last) child of�.{ Cut(node �) | This operation assumes that � is not the root of a tree. Removethe edge from � to its parent, thus separating the subtree rooted at �.{ Evert (node �) | Change the parent/child relationship for all nodes on the pathfrom � to the root of its tree, making � the root. This operation maintains theclockwise order of neighbors of every node of T .{ Re
ect(node �) | Re
ect the subtree T�, i.e., reverse the order of the children ofall the nodes of T�.{ Expand(node �; �0; �00) | Let �1; � � � ; �k be the children of node �, and let �0 = �iand �00 = �j (1 � i < j � k). Replace nodes �i; . . .�j in the ordering of thechildren of � with a new node �. Node � has children �i; � � � ; �j.{ Contract(node �) | This is the inverse operation of Expand . It merges node �with its parent.In the rest of this section we prove the following theorem:Theorem 1 Consider the following dynamic graph drawing problem:� Class of graphs G: forest of rooted ordered trees.� Static drawing predicate PS: upward, planar, grid, straight-line, layered, order-preserving, centered, isomorphic, symmetric, quadratic-area drawing.� Repertory of operations O: Draw, O�set, DrawSubtree, Window, MakeGraph,DeleteGraph, Link, Cut, Evert, Re
ect, Expand, and Contract.� Dynamic drawing predicate PD: the drawing of a subtree not a�ected by an updateoperation changes only by a translation.There exists a fully dynamic algorithm for the above problem with the following perfor-mance:� A tree with n nodes uses O(n) space;� Operations MakeGraph and DeleteGraph take each O(1) time;� Operation DrawSubtree takes O(log n + k) time to return the position of k nodes andedges;� Operation Window takes O(k � log n) time to return the position of k nodes and edges;� Operations Draw, O�set, Link, Cut, Evert, Re
ect, Expand, and Contract take eachO(log n) time.2.3 Data StructureTo simplify formulas, in the rest of this section we assume that the y-axis is directed down-ward. Note that edges are still directed upward from each child to its parent. We use thefollowing centering rule:� x(�) = 12 (x(�`) + x(�r)),where x` and xr are the leftmost and rightmost descendants of �, respectively.In order to maintain the drawing of a tree T we keep the following values for a node �:6



� width(�) | The width of 2(�).� level (�) | The level (distance from the root) of �.� reference(�) | The x-coordinate of the reference point of 2(�). (The y-coordinate ofthe reference point of 2(�) is level (�).)Table 1 shows the equations to calculate these values. Note that if � is the root of T ,then reference(�) = 0. From these values we can easily compute the coordinates of a node�. Namely, the x-coordinate of � is reference(�) + width(�)=2, and the y-coordinate of � islevel (�). width(�) = dXi=1 width(�i)level (�i) = level (�) + 1reference(�i) = reference(�) + i�1Xj=1width(�j)Table 1 The equations to calculate the values of width for a node � and the values ofreference and level for the children �1; . . . ; �d of �.Lemma 2 Consider a node � and an ancestor � of � in tree T . Then the dependence ofvalues width(� ), level(�), and reference(�) on values width(�), level(� ), and reference(� )can be expressed as: width(� ) = width(�) + alevel(�) = level(� ) + breference(�) = reference(� ) + cwhere a; b and c are independent from width(�), level(� ), and reference(� ).Proof: By induction on the length of the path from node � to node � . If � = � then thelemma is trivially true. The inductive step follows from the equations of Table 1. 2Given a path � with head � and tail � , the transfer vector h(�) is the 3-tuple (a; b; c) ofvalues for the calculation of width(� ), level (�), and reference(�) (see Lemma 2).Our data structure consists of representing an n-node tree T as a collection of disjointdirected paths, where edges are directed from child to parent. We partition the edges of Tinto solid or dashed such that at most one solid edge is incoming into a node. Therefore,every node is in exactly one maximal path of solid edges (of length 0 or more), called a solidpath of T .The partition of edges into solid and and dashed is obtained by means of the followingsize invariant: let size(�) denote the number of nodes in the subtree of T rooted at node �.An edge (�; �) of T is solid if size(�) > size(�)=2 . If the partition satis�es the size invariant,then every path of T has O(log n) dashed edges.7



Consider a tree T containing a node � with children �1; . . . ; �d in left-to-right order.Suppose � is a path of T containing both � and a child �i. The left-tree of � with respectto � consists of node � with children �1; . . . ; �i�1. The right-tree of � with respect to �is de�ned similarly. If node � is the head of path �, then the left tree contains children�1; . . . ; �d, and the right tree is empty. The left edge-path of � with respect to �, �`(�),consists of a node �(�j) for each child �j of � in the left-tree of � with respect to �. Path�`(�) is directed according to the left-to-right order of the children. The right edge-path of� with respect to �, �r(�) is de�ned similarly.Our data structure consists of representing as balanced search trees the following paths:� the solid paths of T ; and� for each node � of T , the left and right edge-paths of � with respect to the solid pathsthrough �.For each such path �, the associated balanced binary tree is denoted B� and is calledthe path-tree of �. Also, we identify � with the root � of B�. Each leaf � of B� representsa node of �, and the left-to-right order of the leaves of B� corresponds to the head-to-tailorder of the nodes of �.Suppose � is a solid path. Each leaf � of B� represents a node � of �. Each internal node� of B� represents the subpath �(�) of � associated with the leaves in the subtree of �. Notethat we identify path �(�) with �. We store at node � four versions of the transfer vector:h(�), �h(�), h�(�), h�(�), corresponding to no restructuring of T , reversing the parent-childrelationship for nodes of �, re
ecting the subtrees rooted at nodes of �, and both reversingthe parent-child relationship and re
ecting the subtrees rooted at nodes of �. If � is an edgepath we keep the value width(�) corresponding to the sum of the widths of the boundingboxes of the tree nodes associated with the nodes of �(�). We also keep the value invariantthat the tail � of every solid path stores the actual value of width(� ).In order to achieve the logarithmic time per dynamic operation, we use biased searchtrees [1] to represent the path-trees. Each leaf of a biased search tree T is assigned a weight.Biased search trees are structured such that if w is the weight of leaf �, and W is the sumof the weights of all the leaves of T , the the depth of � in T will be O(log(W=w)).For a node � of a solid path �, we de�ne weight (�) as one plus the sum of the sizes ofthe subtrees connected to � by dashed edges. Similarly, for a node �(�) of edge-path �X(�)(X = ` or X = r), weight (�(�)) is de�ned to be one plus the total weight of the solid pathcontaining node �. For each leaf of a path-tree we de�ne its weight equal to the weight ofthe corresponding path node. Each path tree is then implemented as a search tree biasedby the weights of its leaves.Consider a node � of T on solid path �. We keep a boolean value reversed(�) indicatingwhich of the neighbors of � on � is its parent. We also keep a boolean value re
ected(�)which indicates the path re
ection status, which is the left-to-right direction of the childrenof �, ignoring any re
ection done by ancestors of tail(�). At each path tree node �, wekeep the associated o�set values reversed(�) and re
ected(�). These o�set values are keptsuch that for any node �, the true value of re
ected(�) or reversed(�) is the exclusive-or ofthe values stored at the path tree nodes on the path from � to the root of the path-treecontaining �. 8



At each node � of a path �, we store pointers left (�) and right(�) to the left and rightneighbors of � on �. At each path-tree node � we store pointers to head(�(�)) and tail(�(�)).If reversed(�) = 1, then left (�) points to the right neighbor of � and right(�) points to theleft neighbor of �. If reversed(�) = 1, then head(�) points to tail(�(�)) and tail (�) pointsto head(�(�)). Also, reversed(�) = 1 swaps the meaning of the left and right edge-pathpointers in the subtree of �. The values of the reversed and re
ected bits determine theactual meaning of the four values kept for h at �.The following operation moves the values of re
ected and reversed towards the leaves ofa path-tree in O(1) time:� push(node �) | For internal path-tree node � with children �0 and �00, combine thevalues reversed and re
ected at nodes �0 and �00 with those at �, and set reversed(�) =re
ected(�) = 0.Operation push(�) is implemented as follows. If � is an internal node, we exclusive-or thevalues of re
ected and reversed at node � into the values at �0 and �00. If reversed(�) = 1,we exchange pointers head(�) and tail (�), values h(�) and �h(�), and values h�(�) and h�(�).If re
ected(�) = 1, we exchange values h(�) and h�(�), and values �h(�) and h�(�). We thenset reversed(�) = re
ected(�) = 0.Now, suppose � is a path-tree leaf. If reversed(�) = 1, then we exchange pointers left (�)and right(�). If � is a solid path, we also exchange pointers to the left and right edge paths. Ifre
ected(�) = 1, then we 
ip the re
ected bits at the root of any path tree pointed to by node�. If � is a solid path, we also 
ip the reversed bits at the root of the path-trees representingthe left and right edge-paths of �. We conclude by setting reversed(�) = re
ected(�) = 0.2.4 Query OperationsOperation Draw(�) is realized by obtaining a path � from � to the root � of T . Node �is the head of path �. Therefore, by the value invariant, we store the value of width(�) atnode �. Additionally, since the reference point of 2(�) is at (0; 0), the transfer vector givesus the actual values of level (�), and reference(�).We get path � using the following operations, derived from dynamic trees [37]:� splice(path �) | This operation assumes that � is a solid path ending at � 6= �.Convert the dashed edge leaving � to solid and convert the solid edge (if it exists)entering the parent � of � to dashed.Suppose node �0 is a sibling of � such that there is a solid edge from �0 to �. Let �0be the solid path containing nodes �0 and �. Let �`(�) and �r(�) be the left and rightedge-paths of � with respect to �0. We convert solid edge (�0; �) to dashed as follows.We begin by splitting path �0 at �. We then create a path tree node �(�0) for the newdashed edge, and set the left edge-path of � to be the concatenation �`(�), �(�), and�r(�). The right edge-path becomes the empty path.Converting the dashed edge from � to � to solid is performed similarly, reversing theroles of the solid and edge-paths. Let �00 be the path with � = head(�00). Split �`(�)at �(�). The resulting paths to the left and right of �(�) become the left and rightedge-paths of �. We then concatenate � and �00 to create the solid edge.9



� expose(�) | Convert to dashed the solid edge entering �, if such edge exists. Create asolid path from � to the root by converting to solid all the dashed edges (� 0; � 00) of suchpath, and converting to dashed the edges (sib(� 0); � 00). Operation expose(�) consistsof a sequence of splice operations on the solid paths containing the nodes on the pathfrom � to �. This operation is always followed by a conceal operation, (see below)which undoes its e�ect.� conceal (�) | Restore the original type (solid or dashed) of the edges entering thenodes on the path � from node � to the root �. This operation is the inverse of expose,and also consists of a sequence of splice operations [37].To implement concatenations and splits of the balanced binary trees representing solidpaths, we use the following elementary tree operations, each taking O(1) time:� join(node � 0; � 00) | Given the roots � 0 and � 00 of two binary trees representing solidpaths �0 and �00, combine the trees into a new tree by creating a new root � withleft child � 0 and right child � 00. Let �0 and � 0 be the head and tail of �0 and �00 and� 00 be the head and tail of �00. If paths �0 and �00 are edge-paths, then we haveweight (�) = weight (�0) + weight (�00) .Now, suppose �0 and �00 are solid paths. We show how to calculate transfer vectorh(�) in O(1) time. The calculations for transfer vectors �h(�), h�(�), and h�(�) areperformed similarly.Suppose h(�) = (a; b; c), h(�0) = (a0; b0; c0) and h(�00) = (a00; b00; c00) are the transfervectors for paths �, �0 and �00. Suppose w` and wr are the total width of the left andright edge paths of node �00. We calculate h(�) in the following manner:width(� 00) = width(�00) + a00width(� 00) = (width(� 0) + w` + wr) + a00width(� 00) = ((width(�0) + a0) + w` + wr) + a00level (�0) = level (� 0) + b0level (�0) = (level (�00) + 1) + b0level (�0) = ((level (� 00) + b00) + 1) + b0reference(�0) = reference(� 0) + c0reference(�0) = (reference(�00) + w`) + b0reference(�0) = ((reference(� 00) + c00) + w`) + c0Therefore, we have: a = a0 + a00 + w` + wrb = b0 + b00 + 1c = c0 + c00 + w`10



� separate(node �) | Given the root � of a binary tree, divide the tree into two treeswith roots � 0 and � 00, where � 0 is the root of the left subtree and � 00 is the root of theright subtree. The (a; b) pairs of � 0 and � 00 do not change.� rotateleft(node �) (rotateright(node �)) | Perform a left (right) rotation at node �.This operation can be performed with O(1) separate and join operations.Since path-trees are biased by the weights, the sum of the number of elementary treeoperations at each splice operation telescopes, so that operations expose and conceal can beperformed with O(log n) elementary tree operations.Operation Draw(�) is then performed by �rst issuing expose(�) to get path �. By thevalue invariant, node � will store the value of width(�). The transfer vector for � containsthe value of level (�) and reference(�). Therefore, the y-coordinate returned is level (�) andthe x-coordinate is reference(�)+(width(�)=2). Operation O�set (�) is realized similarly: we�rst call expose(�). The x-coordinate of the reference point of 2(�) is reference(�) and they value is level (�). Operation DrawSubgraph(�) is performed by calling O�set (�) in orderto determine the position of 2(�). We then use the sequential algorithm to draw T�.In order to implement operation Window , we introduce selection functions, which areused to �nd distinguished nodes of a path or tree. We will use this structure in the imple-mentation of operations in this and the next section.A path-selection function S maps a path � and a query argument q into a node � =S(�; q) of �, such that if � is the concatenation of �0 and �00, then one can determine inO(1) time whether � is in �0 or �00 from q and the transfer values stored for �.A tree-selection function S maps a tree T and a query argument q into a node � = S(T; q)of T . Function S is a path-selection function. If node � is a descendant of the tail of path� of tree T , then �nd (�; S; q) returns the deepest node �0 on � such that � is a descendantof �0.We then use the following operations to �nd the distinguished nodes:� PathFind(node �0; �00; selectionfunction S) | Let � be the path of a tree from node�0 to node �00. Find the node of � returned by the path-selection function S.� TreeFind(node �; selectionfunction S) | Find the node of the subtree rooted at �returned by the tree-selection function S.Operations PathFind and TreeFind use the following function which returns the distin-guished node of a path:� �nd (path �; selectionfunction S; value q) | Find node � of � returned by path-selection function S with query argument q.We need the following operation from [38] in our implementation of �nd (�; S; q):� splaystep(node �) | For binary tree B with root � and node � a grandchild of �,restructure B such that the relative order of the leaves of B remain �xed, and everynode in the subtree rooted at � has its depth reduced by one or two. We accomplishthis as follows. Let �0 be the child of � that is the parent of �. If �0 and � are bothleft children then perform rotateright(�) twice. If �0 is a left child and � is a rightchild, then perform rotateleft(�0) followed by rotateright(�). The other two cases aresymmetric. (See �gure 2.) 11
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Figure 2: The rotations performed in operation splaystep(�).Operation splaystep is implemented with a constant number of rotateleft and rotaterightoperations. Hence, splaystep takes O(1) time.Lemma 3 Suppose S is a path-selection function and � is the root of a path-tree �. Thengiven query argument q, we can determine in O(1) time if S(�; q) is a child or grandchildof �, or which grandchild of � is the root of the subtree containing S(�; �).Proof: Suppose �1 and �2 are the children of �. By de�nition, in O(1) time we can determinewhich subtree rooted at �1 or �2 contains S(�; q). If the subtree found is a single node, thenit is S(�; q). Without loss of generality, suppose we know that S(�; q) is in the subtreerooted at �1, and �1 is not a leaf. Then let �11 and �12 be the children of �1. We thenperform O(1) rotations on B� such that �11 becomes the left child of the root. Then, inO(1) time we can determine if S(�; q) is in the subtree rooted at �11. Otherwise, S(�; q) isin the subtree rooted at �12. 2Operation �nd (�) is implemented as follows, starting at node � and repeating until avalue is returned: if � is a child or grandchild of � then return �. Otherwise, determine thesubtree rooted at the grandchild � of � which contains �. Do splaystep at � and recur. After� is found, we undo all the splaysteps to restore the balance of the path-tree. This takesO(d�) time where d� is the depth of the returned node �.Operation PathFind(�0; �00; S; q) makes two calls to expose to get the path � from �0to �00, then calls �nd (�; S; q). We then restore the weight invariant by calling expose(�0)followed by conceal (�0).Consider tree selection function S. We implement operation TreeFind(�; S; q) as follows.If � is not the root of its tree, we �rst call expose at Parent(�). Node � then becomes thetail of its solid path �. Let � be the node we are searching for. We repeat the followinguntil node � is found. Let node �0 = �nd(�; Sp; q). Create path �0 with head �0 and tail �.This is done with single split and concatenate operations.Assume node �0 is a tree node. Let path �00 be the result of joining the left edge path�`(�0) and �0. This is well de�ned by the expansion invariant. By the de�nition of tree andpath selection functions, we can determine in O(1) time if node � is in �`(�0). If not, repeatusing the right edge path �r(�0).If neither edge path has � as a descendant, then �0 = �. Otherwise, we reset path � tobe �00 and continue. If �0 is an edge path node, we proceed similarly, except we join the12



solid-path associated with �0 to �0. After � is found, we undo the restructuring to restorethe path trees.At each iteration, the time to �nd �0 and create �0 is O(d�0), where d�0 is the depth of �0in B�, the path tree for path �. Operation join increases the depth of a path tree node by 1.Therefore, d�0 is at most one more than the depth of �0 in its original path-tree. Therefore,the time to �nd � is O(log n) plus the time to perform expose(�). The time to restore thepath trees is equivalent. Therefore operation TreeFind is implemented in O(log n) time.Suppose p = (xp; yp) and q = (xq; yq) are points with xp < xq and yp < yq, and let W bethe window de�ned by p and q. Recall that the y-coordinate of the drawing of a node � oftree T corresponds to the depth of � in T .We use the following fact in our algorithm. If x` is the x-coordinate of the reference pointof the bounding box of some node �, then the line x = x`+0:25 does not intersect any edgeor vertex in the drawing of T�.We keep the following additional value for each solid path � in T :� rightmost(�) | true if and only if each node of � other that tail (�) has no rightsibling.� leftmost (�) | true if and only if each node of � other that tail (�) has no left sibling.Clearly we can maintain the value rightmost during join operations.Operation Window is implemented using the following operations.� locatepoint(node �; point p) | Returns the node � of T� such that contains p is con-tained in 2(�), but p is not contained in the bounding rectangle of any of the childrenof �. If p is outside 2(�), then locatepoint(�; p) returns nil .� drawproper(node �; point p; q) | Draw node � and the edges from � to its children,clipping to W .� �ndrightint (node �; point p; q) (�ndleftint (node �; point p; q)) | Let � be the pathfollowing right (left) children from �. Return the closest descendant � of � on � suchthat drawproper(�; p; q) draws (at least) a portion of an edge.Operation locatepoint(�; p) �rst calls expose(�) in order to �nd the location and widthof 2(�). If point p is outside 2(�), then return nil . Otherwise, we use the following treeselection function, which takes query point p as an argument.Selection Function S1 Suppose � is the root of a path tree with children �0 and �00. Ifpoint p is contained in 2(tail(�0)) then return �0, else return �00.Operation TreeFind(�; S1; p) returns a node � such that p is contained in 2(�), but pis not contained in the bounding box for any of the children of �. We perform operationlocatepoint by setting node � = TreeFind(�; S1; p). If p is on the right boundary of 2(�),then let xp = xp + 0:25, and repeat. We then return node �.We perform operation drawproper(�; p; q) by �rst calling expose(�). The following pathselection function on edge-path �`(�) takes as an argument the pair of points (p; q) thatde�ne window W .Selection Function S2 Suppose � is the root of a path tree with children �0 and �00. Let�0 be the child of � associated with tail(�0). If the edge from node �0 to node � intersects W ,then return �0, else return �00. 13



We �nd the leftmost edge of the proper region of � intersecting W , by letting node�` = PathFind (�`(�); S2; (p; q)). We �nd the rightmost intersecting edge connected to node�r similarly. We then draw �, and the edges between �` and �r, clipping to W .Operation �ndrightint is performed using the following tree selection function which takesthe pair (`; (x; y)), where ` is the x-coordinate of the left side of the query window, and xas an argument, and pair (x; y) is the coordinates of the reference point of the tail of thecurrently considered path.Selection Function S3 Suppose � is the root of a path tree with children �0 and �00.Construct node �000 representing the path from tail(�0) to tail(�00). If rightmost(�000) = falseor if the x-coordinate of tail(�0) is greater than x, then return �00. Else return �0.Operation �ndrightint is performed using the following tree selection function which takesan argument x`, the the x-coordinate of the left side of the query window.Selection Function S4 Suppose � is the root of a path tree with children �0 and �00.Construct node �000 representing the path from tail(�0) to tail(�00). If rightmost(�000) = falseor if the x-coordinate of tail(�0) is greater than x`, then return �00. Else return �0.When used with operation TreeFind , selection function S4 returns the �rst descendant�0 of � reached through only rightmost children such that there is an edge from �0 whichintersects the line x = x`. Operation �ndrightint (�; p; q) is then implemented as follows. Letnode � = TreeFind(�; S4; xp). If � is a leaf then return nil . Otherwise, let node �0 be therightmost child of �. If the edge from node �0 to node � intersects W , return �. Else returnnil . Operation �ndleftint (�; p; q) is implemented in a similar manner, substituting the valueleftmost for rightmost .OperationWindow is implemented using the following function that is mutually recursivewith operation Window .� drawtree(node �; point p; q) | Draw the portion of subgraph G� contained in the querywindow W de�ned by lower-left corner p and upper-right corner q. The proper regionof � is assumed to intersect W .We implement operation Window (�; p; q) by performing the following steps.1. If W does not intersect 2(�) then stop.2. Clip W to 2(�), update points p and q accordingly.3. Initialize scan point s = (xs; ps) to be point p. Let node � = locatepoint(�; s). We calldrawtree(�; s; q).4. Move scan point s by resetting xs to be 0:25 plus the x-coordinate of the right edge of2(�). Repeat steps 3 and 4 until s is no longer contained in 2(�) or W .Operation drawtree(�; p; q) is implemented by performing the following steps.1. Perform drawproper(�; p; q).2. If node � is a leaf, or if yq < depth(�) + 1 then stop.3. If step 1 did not draw any edges, then suppose Draw(�) is to the left (right) of W . Let� = findrightint(�; p; q) (� = findleftint(�; p; q)). If � = nil then stop. Otherwisecall drawtree(�; p; q)4. If step 3 did draw edges then let yp = depth(�) + 1 and call Window (�; p; q).14



Each step is implemented in O(log n) time for each edge and vertex drawn. After drawingan edge, we take O(log n) time to determine if we stop. Therefore, to draw k nodes andedges takes O(k � log n) time.Operation �ndrightint (�; p; q) is then implemented as follows. Let node � =TreeFind(�; S3; xp). If � is a leaf then return nil . Otherwise, let node �0 be the right-most child of �. If the edge from node �0 to node � intersects W , return �. Else returnnil .Operation �ndleftint (�; p; q) is implemented in a similar manner, substituting the valueleftmost for rightmost .OperationWindow is implemented using the following function that is mutually recursivewith itself.� drawtree(node �; point p; q) | Draw the portion of subgraph G� contained in the querywindow W de�ned by lower-left corner p and upper-right corner q. The proper regionof � is assumed to intersect W .We implement operation Window (�; p; q) by performing the following steps.1. If W does not intersect 2(�) then stop.2. Clip W to 2(�), update points p and q accordingly.3. Initialize scan point s = (xs; ps) to be point p. Let node � = locatepoint(�; s). We calldrawtree(�; s; q).4. Move scan point s by resetting xs to be 0:25 plus the x-coordinate of the right edge of2(�). Repeat steps 3 and 4 until s is no longer contained in 2(�) or W .Operation drawtree(�; p; q) is implemented by performing the following steps.1. Perform drawproper(�; p; q).2. If node � is a leaf, or if yq < depth(�) + 1 then stop.3. If step 1 did not draw any edges, then suppose Draw(�) is to the left (right) of W . Let� = findrightint(�; p; q) (� = findleftint(�; p; q)). If � = nil then stop. Otherwisecall drawtree(�; p; q)4. If step 3 did draw edges then let yp = depth(�) + 1 and call Window (�; p; q).Each step is implemented in O(log n) time for each edge and vertex drawn. After drawingan edge, we take O(log n) time to determine if we stop. Therefore, to draw k nodes andedges takes O(k � log n) time.2.5 Update OperationsOperations MakeGraph and DeleteGraph can be trivially implemented in O(1) time. Oper-ations Link , and Cut can each be implemented as variations of the dynamic tree operationsLink and Cut .Operation Evert(�) consists of issuing expose(�), 
ipping the reverse bit of the resultingsolid path, then restoring the size-invariant by calling conceal (�). This is implemented onO(log n) time.Operation Re
ect(�) is performed as follows. First, we call expose(�). The left edge-path of � then contains nodes for all the children of �. We reverse the order of the children15



of � by 
ipping the re
ected and reversed bits at the root of the path-tree representing�`(�). Finally, we perform conceal (�) to restore the original solid and dashed edges. Hence,operation Re
ect is implemented in O(log n) time.Operation Expand (�; �0; �00) begins by calling expose(�) which results in the left edge-path of �, �`(�) containing all the edges from children to �. Then we perform a constantnumber of split and join operations to form three subpaths �0, �00, and �000 of �`(�), with �0containing the edges preceding edge (�0; �), �00 containing the edges between edges (�0; �)and (�00; �), and �000 containing the edges following edge (�00; �). Paths �0 and �000 becomethe left and right edge-paths of �. We create a new node � with left edge-path �00 and rightedge-path the empty path. We extend the solid path containing � by concatenating a newnode �. Finally, we call conceal (�) to restore the size invariant.Operation Contract(�) begins by calling expose(�) which results in the left edge-path of�, �`(�), containing all the edges from children to �. Let node � be the parent of �. Next,we remove node �. We set �`(�) to the concatenation of �`(�), �`(�), and �r(�). We set�r(�) to the empty path. Finally, we call conceal (�) to restore the size invariant.3 Series Parallel DigraphsA source of a digraph is a vertex without incoming edges. A sink is a vertex without outgoingedges. A pole is either a source or a sink. A series-parallel digraph is a digraph with exactlyone source s and one sink t, recursively de�ned as follows:� A digraph consisting of a single edge from s to t is a series-parallel digraph.� Given series-parallel digraphs G1; . . . ; Gk, with sources s1; . . . ; sk and sinks t1; . . . ; tk,the digraph obtained by identifying s1; . . . ; sk into a single vertex s and identifyingt1; . . . ; tk into a single vertex t is a series-parallel digraph. This is called parallel com-position.� Given series-parallel digraphs G1; . . . ; Gk with sources s1; . . . ; sk and sinks t1; . . . ; tk,the digraph obtained by identifying sink ti with source si+1 for 1 � i < k is a series-parallel digraph, with source s1 and sink tk. Vertices vi = ti = si+1, 1 � i < k arecalled the join-vertices of such a composition. This is called series composition.A series-parallel digraph G is associated with a rooted tree T , called SPQ-tree. A node� 2 T represents a subgraph of G, called the pertinent digraph of �, and denoted by G�. If� is a leaf, then G� is a single edge. Otherwise, G� is obtained by the composition (seriesor parallel) of the pertinent digraphs of the children of �. The nodes of T are of four types:S-nodes, P-nodes, PQ-nodes, and Q-nodes. Tree T is de�ned recursively as follows:� If G is a single edge, then T consists of a single Q-node.� If G is the parallel composition of series-parallel digraphs G1; . . . ; Gk with SPQ-treesT1; . . . ; Tk with roots �1; . . . ; �k, and none of the Gi, 1 � i � k is a single edge, then Tconsists of a P-node root with children �1; . . . ; �k.� If G is the parallel composition of series-parallel digraphs G1 and G2 with SPQ-treesT1 and T2 with roots �1 and �2, and G2 is a single edge, then T consists of a PQ-noderoot with children �1 and �2. 16



� If G is the series composition of series-parallel digraphs G1; . . . ; Gk with SPQ-treesT1; . . . ; Tk with roots �1; . . . ; �k, then T consists of an S-node root with children�1; . . . ; �k.We keep two types of nodes representing parallel composition since transitive edges arehandled di�erently from general parallel composition. Clearly, we can represent the right-pushed embedding of any series-parallel digraph using an SPQ-tree.The type of a node � is either Q, P, PQ, or S. We keep the type invariant that each nodeof an SPQ-tree T does not have a child of the same type, and that a P-node cannot havePQ-node as a child. If G has m edges, then T has O(m) nodes. Tree T can be constructedin O(m) time using the recognition algorithm of [50].Let � be an S-node with children �1; . . . ; �k. The skeleton of �, denoted skeleton (�), isthe series-parallel digraph consisting of k edges ei = (vi�1; vi), 1 � i � k, where v0 and vkare the source and sink of the pertinent digraph of �, and for 1 � i < k, vi is the sink of thepertinent digraph of �i. The proper node of vertices v1; . . . ; vk�1 is node �. Note that vi is ajoin-vertex used in the series composition at its proper node. Hence, if G is a series-paralleldigraph with associated SPQ-tree T then each vertex of G, with the exception of its poles,has a proper node.Given a digraph G, the reverse digraph �G of G is formed by reversing the orientationof all edges of G. It is easy to see that if G is a series-parallel digraph, then �G is also aseries-parallel digraph. If s and t are the source and sink of G, respectively, then t and sare the source and sink of �G, respectively. If G is the parallel composition of series-paralleldigraphs G1; . . . ; Gk, then �G is the parallel composition of series-parallel digraphs G1; . . . ; Gk.Similarly, if G is the series composition of series-parallel digraphs G1; . . . ; Gk, then �G is theseries composition of series-parallel digraphs Gk; . . . ; G1.Suppose G is a series-parallel digraph, and T is its associated SPQ-tree. Let � be a nodeof T and �1; � � � ; �k be the children of �. A closed component of G is either G or the union ofthe pertinent digraphs of a subsequence �i; � � � ; �j , where 1 < i � j < k and � is an S-node.An open component of G is the union of the pertinent digraphs of a subsequence �i; � � � ; �j,minus its poles, where 1 � i � j � k. A component is either an open or a closed component.3.1 �-drawingsWe consider the following static drawing predicate PS:Upward: The drawing is upward.Planar: The drawing is planar.Grid: Vertices are placed at integer coordinates.Straight-Line: Edges are drawn as straight line segments.Quasi-Embedding-Preserving: The drawing preserves the embedding, except, possibly, forthe transitive edges.Isomorphic: Isomorphic components have drawings that are congruent up to a translation.Vertically-Symmetric: The drawings of a series-parallel digraph and its reverse have drawingsthat are congruent up to a translation and a re
ection.Quadratic-Area: The drawing has O(n2) area.17
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yFigure 3: Geometric construction of a �-drawing: (a) base case; (b) series composition;(c) parallel composition (general case); (d) parallel composition with the \right-pushed"transitive edge.It is important to note that in order to get polynomial area the embedding cannot becompletely preserved. Namely, it is shown in [2] that there exists a class of embedded series-parallel digraphs for which any upward straight-line drawing that preserves the embeddingrequires exponential area under any resolution rule.�-drawings of series-parallel digraphs are introduced in [2] and satisfy the above staticdrawing predicate. In �-drawings the embedding is modi�ed so that all the transitive edgesare embedded on one side, say, the right side. We call such embedding right-pushed. The�-drawing � of a series-parallel digraph G is inductively de�ned inside a bounding triangle�(�) that is isosceles and right-angled. The hypotenuse of �(�), from now on called theright side of �(�), is a vertical segment, and the other two sides are on its left. The heightof �(�) is the length of the right side; the width of �(�) one half of the height. In a seriescomposition, the subdrawings are placed one above the other. In a parallel composition, thesubdrawings are placed one to the right of the other and are deformed in order to identifythe poles, guaranteeing that their edges do not cross. The algorithm is outlined below. Moredetails can be found in [2].� Modify the embedding of G into a right-pushed embedding.18



� If G consists of a single edge, it is drawn as a vertical segment of height 2, withbounding triangle having width 1 (see Fig. 3.a).� If G is the series composition of G0 and G00, the drawings �0 and �00 of G0 and G00 arerecursively constructed and combined by translating �00 so that its source is identi�edwith the sink of G0 (see Fig. 3.b). The bounding triangle �(�) is obtained by extendingthe bottom side of �(�0) and the top side of �(�00).� If G is the parallel composition of G0 and G00, the drawings �0 and �00 of G0 and G00are recursively constructed. We consider the the rightmost outgoing edge (s0; u) ofthe source s0 of G0 and the rightmost incoming edge (v; t0) of the sink t0 of G0 (seeFig. 3.c and d). Let �u be the line through u that is parallel to the bottom side of�(�0), and �v be the line through v that is parallel to the top side of �(�0). Also, let� be the vertical line extending the right side of �(�0). We call prescribed region of�00 the (in�nite) region to the right of �, �u, and �v. First, we translate �00 anywhereinside its prescribed region. Then we identify the sources and sinks of G0 and G00 bymoving them to the intersections s and t of the right side of �00 with the lines extendingthe bottom and top sides of �0.If the series or the parallel compositions involve more than two graphs (say ` graphs),the above steps are applied `� 1 times.In a �-drawing � the source (resp. sink) of G is placed at the bottom (resp. top) vertex of�(�), and the other vertex of �(�) is not occupied by any vertex of G. Also, the rightmostoutgoing edge of the source and the rightmost incoming edge of the sink lie on the right sideof �(�).We obtain an O(n2)-area �-drawing by specializing the placement of �00 in a parallelcomposition so that �(�00) touches �(�0). Let p be the point on the right side of �(�0) andhalf-way between u and v. We translate �00 so that the left vertex of �(�00) coincides withp. In this way, �00 is in its prescribed region.Notice that in both series and parallel compositions the height of �(�) is equal to thesum of the heights of �(�0) and �(�00). Hence, the height of �(�) is exactly 2m, and thearea of the drawing � is m2.Lemma 4 [2] Given an n-node series-parallel digraph G, the �-drawing of G satis�es thestatic drawing predicate PS, and can be constructed in O(n) time.3.2 Dynamic EnvironmentFor a node � of SPQ-tree T , we de�ne �(�) the bounding triangle to be the triangle enclosingthe drawing of G� without considering the translation of the poles of G� performed atancestors of � in T . The reference point of �(�) is the intersection of the right and bottomsides.We consider a fully dynamic environment for the maintenance of the �-algorithm on acollection G of series-parallel digraphs. Namely, we introduce the following operations:We consider a fully dynamic environment for the maintenance of �-drawings on a col-lection G of series-parallel digraphs. Namely, we introduce the following set O = Q[ U ofoperations: 19



� Query operations (Q):{ Draw(vertex v) | Return the (x; y) position of the drawing of vertex v of series-parallel digraph G. The reference point of the drawing of G is considered to beat (0; 0).{ O�set (node �) | Return the (x; y) position of the reference point of �(�), where� is a node in the SPQ-tree representing series-parallel digraph G. The referencepoint of the drawing of G is considered to be at (0; 0).{ DrawSubgraph(node �) | Draw the subgraph G� as it appears in the drawing ofG.{ Window (node �; point p; q) | Draw the portion of subgraph G� contained in thequery window de�ned by lower-left corner p and upper-right corner q.{ Locate(node �; point p) | Returns the vertex, edge, or face of the digraph G�containing point p.� Update operations (U):{ MakeDigraph | Create a new elementary series-parallel digraph G, representedby a single Q-node, and add G to G.{ DeleteDigraph(node �) | Remove from G the elementary series-parallel digraphrepresented by the single Q-node �.{ Compose(nodetype X; node �0; �00) | Perform a composition on the series-paralleldigraphs G�0 and G�00 . The composition is series or parallel according to whetherX = S or X = P . The resulting series-parallel digraph is added to G while G�0and G0�0 are removed from G.{ Attach(node �; �) | Replace the edge represented by Q-node � with the series-parallel digraph G�. The resulting series-parallel digraph is added to G while G�is removed from G.{ Detach(node �) | Remove the pertinent digraph G� of node � fromG and replaceit with a single edge. The series-parallel digraph G� is added to G.{ InsertEdge(vertex v0; v00; edge e) | Insert a new edge e from v0 to v00 . Theoperation is performed only if the resulting digraph is a series-parallel digraph.{ DeleteEdge (edge e) | Delete edge e. The operation is performed only if theresulting digraph is a series-parallel digraph.{ InsertVertex (vertex v; edge e; e0; e00) | Replace edge e with two edges e0 and e00by inserting vertex v.{ DeleteVertex (node �; vertex v; edge e; e0; e00) | Replace vertex v and its incidentedges e0 (incoming) and e00 (outgoing) with a single edge e. The operation isperformed only if e0 and e00 are the only incident edges of v.In the rest of this section we prove the following theorem:Theorem 2 Consider the following dynamic graph drawing problem:� Class of graphs G: embedded series-parallel digraphs.� Static drawing predicate PS: upward, planar, grid, Straight-line, quasi-embedding-preserving, isomorphic, vertically-symmetric, quadratic-area drawing.20



� Repertory of operations O: Draw, O�set, DrawSubgraph, Window, Locate,MakeDigraph, DeleteDigraph, Compose, Attach, Detach, InsertEdge, DeleteEdge,InsertVertex, and DeleteVertex.� Dynamic drawing predicate PD: the drawing of a component not a�ected by an updateoperation changes only by a translation.There exists a fully dynamic algorithm for the above problem with the following perfor-mance:� a series-parallel digraph uses O(n) space;� Operations MakeDigraph and DeleteDigraph take each O(1) time;� Operation DrawSubgraph takes O(log n+k) time to return the position of k nodes andedges;� Operation Window takes O(k � log2 n) time to return the position of k nodes and edges;� Operations Draw, O�set, Compose, Attach, Detach, InsertEdge, DeleteEdge,InsertVertex, DeleteVertex, and Locate take each O(log n) time.3.3 Data StructureTo simplify formulas, in the rest of this section we assume that the x-axis is directed fromright to left. If Z is a (x; y)-pair, then x(Z) returns the x-value and y(Z) returns the y-value.In order to maintain the drawing of a series-parallel digraph G represented by SPQ-tree T ,we keep the following values for a node �:� width(�) | The width of �(�). Note that the height of �(�) will be 2 � width(�).� position(�) | The o�set of the position of the reference point of �(�) from the positionof the reference point of �(�).The following values are relative positions in �(�) considering the reference point of �(�)to be at (0; 0):� sourceright(�) | The location of the drawing of the vertex connected to the rightmostoutgoing edge from the source of G�.� sourceleft(�) | The location of the drawing of the vertex connected to the leftmostoutgoing edge from the source of G�.� sinkright(�) | The location of the drawing of the vertex connected to the rightmostincoming edge to the sink of G�.� sinkleft (�) | The location of the drawing of the vertex connected to the leftmostincoming edge to the sink of G�.The equations to calculate these values are linear expressions, and are shown in Tables 2,3, 4, and 5. As an example, Fig. 4 shows pictorally how to calculate the value of positionfor the bounding triangle of a graph involved in a parallel composition. Note that if � is theroot of T , then position(�) = (0; 0).Lemma 5 Consider a node � and an ancestor � in SPQ-tree T . Then width(�) can beexpressed as width(�)+d for some constant d. The value y(sourceright(�)) can be expressed21



width(�) = kXi=1 width(�i)x(position(�j)) = x(position(�)) + kXi=j+1width(�i)y(position(�j)) = y(position (�)) + kXi=j+1width(�i) + j�1Xi=1 y(sourceright(�i))x(sourceright(�)) = 0y(sourceright(�)) = kXi=1 y(sourceright(�i))x(sourceleft(�)) = kXi=2 width(�i) + x(sourceleft(�1))y(sourceleft(�)) = kXi=2 width(�i) + y(sourceleft(�1))x(sinkright(�)) = 0y(sinkright (�)) = k�1Xi=1 y(sourceright(�i)) + y(sinkright (�k))x(sinkleft(�)) = kXi=2 width(�i) + x(sinkleft(�1))y(sinkleft (�)) = kXi=2 width(�i) + y(sinkleft(�1))Table 2 The equations to calculate the values of width , sourceright, sourceleft , sinkright ,and sinkleft for a P-node � and the value of position for the children �j; 1 � j � k of �.sourceright(�) = (0; 2 � width(�))sinkright(�) = (0; 0)Table 3 The equations to calculate the values of sourceright and sinkright for a PQ-node �.All other values are calculated as for a P-node (see Table 2).as: a � width(�) + b � y(sourceright(�)) + cfor some a; b; c. The other values y(sourceleft(�)), y(sinkright(�)), and y(sinkleft(�)) can beexpressed similarly. Additionally, the value of y(position(�)) can be expressed as:y(position(�)) + d0for some constant d0. Similar equations hold for x-values.22



width(�) = kXi=1 width(�i)x(position(�j)) = x(position(�))y(position(�j)) = y(position(�)) + 2 � j�1Xi=1 width(�i)sourceright(�) = sourceright(�1)sourceleft(�) = sourceleft(�1)x(sinkright(�)) = 0y(sinkright(�)) = 2 � k�1Xi=1 width(�i) + y(sinkright(�k))x(sinkleft(�)) = x(sinkleft(�k))y(sinkleft(�)) = 2 � k�1Xi=1 width(�i) + y(sinkleft(�k))Table 4 The equations to calculate the values of width , sourceright, sourceleft , sinkright ,and sinkleft for an S-node � and the value of position for the children �j; 1 � j � k of �.width(�) = 1sourceright(�) = (0; 2)sourceleft(�) = (0; 2)sinkright(�) = (0; 0)sinkleft(�) = (0; 0)Table 5 The values of width, sourceright, sourceleft , sinkright , and sinkleft for a Q-node �.Proof: By induction on the length of the path from node � to node �. If � = � then thelemma is trivially true. The inductive step follows from the equations of tables 2, 3, 4, and5. 2For a solid or edge-path � with head � and tail � , the transfer vector for SPQ-trees g(�)a vector of length 20 containing the constants in the equations of lemma 5 associated withthe calculations of the values width, position, sourceright, sourceleft , sinkright , and sinkleft .We structure SPQ-tree in the same manner as in section 2, decomposing T into solid andedge paths. Suppose � is a path-tree node. If � is in the representation of a solid-path, westore at � the transfer vector h(�). We do not evert or re
ect SPQ-trees, so we do not keepmultiple versions of the transfer vector. If � is part of the representation of an edge-path,we store at � the value width(�) corresponding to the sum of the widths of the boundingtriangles of the tree nodes associated with the nodes of �(�). We can maintain the transfervectors under operation join in O(1) time. This is immediate from the equations in tables 2,3, 4, and 5.We keep the following additional values for each solid path � from node � to node � .23
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aFigure 4: A pictoral representation of the calculations of position(�j), where �j isa child of a P-node �. Graph Gj is the pertinent graph of �j. Notice that lengthsa = Pj�1i=1 y(sourceright(�i)) and b = Pki=j+1 width(�i).� samesource(�) | true if and only the source of G� is the same vertex as the sourceof G� .� samesink (�) | true if and only the sink of G� is the same vertex as the sink of G� .� noleftp(�) | true if and only if path � does not contain both a P-node and its leftmostchild.We use the following operation to �nd proper nodes:� Proper(vertex v) | Returns the node triple (�; �0; �00), where � is the proper node ofv, node �0 is the child of � such that v is the sink of G0�, and �00 is the child of � suchthat v is the source of G00�. If v is a pole of G, then Proper(v) returns (�;�;�), where� is the root of T .We use the following path selection function to �nd Proper(v). Selection function S5takes as an argument integer x which has value either 1 or 2 indicating if v is the source orsink of the pertinent digraph of the head of �(�).Selection Function S5 Suppose � is the root of a path tree with children �0 and �00. Let �0be the concatenation of the subpath represented by �0 with the node head(�00). If x = 1 andsamesource(�0) = true or if x = 2 and samesink(�0) = true then return �00. Else return �0.When used with operation PathFind , path selection function S5 returns the tail of thelongest subpath beginning at head(�) such that pole of head(�) indicated by x is also a pole24



of the returned node. Therefore, the parent of the returned node will be the proper node ofv. If v is the source or sink of G, then return (�;�;�), where � is the root of T . Otherwise,let e be any edge such that v is the source of e and let node � be the associated Q-node. We�nd node �00 by calling PathFind (�; S5). Nodes � and �0 are the parent and left sibling of�00. This takes O(logm) time.3.4 Query OperationsOperation O�set(�) is implemented as for trees. We call expose(�), return the value ofposition(�), then restore the size invariant by calling conceal(�).Operation Draw(v) is performed as follows. Find Proper(v). If v is the source of G,then return (0; 0). If v is the sink of G then return (0; 2 � width(�)), where � is the root ofT . Otherwise, suppose Proper(v) = (�; �0; �00). Return O�set(�00). This can all be done inO(logm) time.Operation DrawSubgraph(�) is performed by calling Draw on the poles of G� and thencalling O�set(�) in order to determine the position of �(�). We then visit G� and computethe positions in O(1) amortized time per vertex and edge using the sequential �-algorithm(see Lemma 4).Each face in the drawing � of series-parallel digraph G is formed by the parallel composi-tion of two subgraphs. Therefore, we identify each face f of � by the node triplet (�; �`; �r),where � is a P-node or a PQ-node, and �` and �r are the consecutive children of � such thatf is de�ned by the parallel composition of G�` and G�r . Operation Locate(�; p) consists ofthe following steps for a digraph G represented by SPQ-tree T :1. If point p is not contained in �(�), then return the external face.2. Find the deepest descendant � of � such that p is contained in �(�), but not thebounding triangle of any of the children of �.3. Let s and t be the source and sink of G�. If p is at Draw(s) or Draw(t) then returnthe found vertex. If p is on the rightmost edge from s or the right most edge enteringt, then return the edge.4. If node � is an S or Q-node, then p is to the left of the drawing of any of the edges ofG�. Let node �0 be the closest ancestor of � such that node � is not a descendant ofthe leftmost child of � 0, let node �00 be the child of � 0 on the path from � to � 0, and letnode �0 be the left sibling of �00. Therefore, face containing p will be (�0; �0; �00).5. The �nal case is if node � is a P-node or a PQ-node. Let Rs(�) be the region boundedby the triangle formed by the drawing of vertices s, sourceleft(�), and sourceright(�).Similarly, let Rt(�) be the region formed by the drawing of vertices t, sinkleft (�), andsinkright(�).(a) If p is not contained in Rs(�) or Rt(�), then, as above, p is to the left of thedrawing of any of the edges of G�, and we continue as in step 2.(b) Otherwise, suppose p is in Rs(�) (the case where p is inRt(�) is handled similarly).Let node �0, be the deepest descendant of � such that point p is contained inRs(�0). Node � 0 will be a P-node, since for S-node � with left-child �0, Rs(�) =25



sFigure 5: Finding the face containing a query point p. If p is in a shaded region then itsface is found at a descendant P-node.Rs(�0). If p is on an edge of Rs(�), then return the edge. Otherwise, the facecontaining p is (�0; �0; �00), where �0 is the child of � 0 such that point p is to theright of Rs(�0) but to the left of Rs(�00) where node �00 is the immediate left siblingof �0 (see Fig. 5).Steps 2, 3, and 5b are implemented using selection functions. Consider the following treeselection function, which takes query point p as an argument.Selection Function S6 Suppose � is the root of a path tree with children �0 and �00. Ifpoint p is contained in �(tail(�0)) then return �0, else return �00.We then perform step 2 by letting node � = TreeFind(�; S6; p). If � is a node on an edgepath of node �0, then return �0. Otherwise, return node �.Consider the following path selection function.Selection Function S7 Suppose � is the root of a path tree with children �0 and �00. Ifnoleftp(�0) is true, or if head(�00) is a P-node and tail(�0) is not its leftmost child, thenreturn �0, else return �00.Step 4 is implemented by �rst calling operation expose to get path � from � to �. Letnode �00 = PathFind(�; S7). If �00 = � then return the external face. Otherwise, return thenode-triple (�; �0; �00), where nodes � and �0 are the parent and left-sibling of node �00.The following tree selection function takes query point p as an argument.Selection Function S8 Suppose � is the root of a path tree with children �0 and �00. Ifpoint p is contained in Rs(tail(�0)) then return �0, else return �00.26



We then perform step 5b by letting node � = TreeFind(�; S8; p). If � is node � 0(�00) on anedge path of node �0, then point p is on the face (�0; �0; �00), where node �0 is the left-siblingof �00. Otherwise, node � is on a solid path �. Let node �0 be the child of � on �. If p is onan edge of Rs(�), then return the edge. If p is to the right of the edge from the source of G�to sourceright(�0). Then p is contained in face (�; �0; �00), where �00 is the right-sibling of �0.Otherwise, point p is to the left of the edge from the source of G� to sourceleft(�0). Then pis contained in face (�; �000; �0), where �000 is the left-sibling of �0.Each of these steps can be implemented in O(log n) time. Therefore, operation Locate isperformed in O(log n) time.To implement operation Window we keep the data structure of [42] to to maintain theplanar embedding of G. In particular given a face f of G in an upward embedding of series-parallel digraph G, we can �nd two lists of edges and vertices that comprise the left andright boundary of f .Suppose p = (xp; yp) and q = (xq; yq) are points with xp < xq and yp < yq, and let Wbe the window de�ned by p and q. Operation Window(�; p; q) is realized as follows: If Wdoes not intersect �(�) then return an empty drawing. Otherwise, let s = (xs; ys) be a scanpoint. Initialize s to p, and do the following, clipping to W :� Perform Locate(�; s). Let f be the returned face. Find the edge e that is to the rightof s on the boundary of f . Draw and mark all unmarked edges and vertices that arein W and are reachable by forward and reverse edges from edge e.� Repeat step 1, continuing around the boundary of W , �nding unmarked edges of Gthat intersect the boundary of W .We implement the search of the list for face f in step 1 by performing binary search onthe location of the vertices on the boundary. Each Draw call takes O(logm) time, so �ndingan edge that intersects the boundary of W takes O(log2m) time. We traverse the edgesreachable from e by using a modi�ed breadth-�rst search that cuts at a marked node, or atthe boundary of W . Hence, the internal j edges and vertices found by step 1 can be drawnin O(j � logm) time.Therefore, operationWindow can be implemented in O(k �log2m) time to draw k verticesand edges.3.5 Update OperationsOperations MakeDigraph and DeleteDigraph can be trivially implemented in O(1) time.Operations Compose, Attach, and Detach can each be implemented with a constant numberof calls to MakeDigraph, DeleteDigraph and variations of the tree operations Link and Cut.Consider now operation InsertVertex (v; e; e0; e00), and let � be the Q-node of e, and � bethe parent of �, if it exists. We replace � with an S-node � having Q-node children for e0 ande00. This can be done with two MakeDigraph operations, followed by a Compose operationand one each Cut and Link operation. Then, if � is an S-node, we contract � into �. Allthis takes O(logm) time.The inverse operation DeleteVertex (e; v; e0; e00) is implemented similarly with a constantnumber of MakeDigraph, DeleteDigraph, Link , Cut, and Expand operations.27
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Figure 6: Modi�cation of T in operation InsertEdge and DeleteEdge : splitting/merging anS-chain. (a) Insertion/deletion of an edge between nonconsecutive vertices of the skeleton ofan S-chain. (b) Transformation of the SPQ-tree.The restructuring of the SPQ-tree caused by InsertEdge and DeleteEdge is more complex.It is known [5] that if G is a series-parallel digraph with SPQ-tree T , and v0 and v00 be twovertices of G. Then the digraph obtained by inserting an edge from v0 to v00 is a series-paralleldigraph if and only if either v0 = s and v00 = t, or v0 and v00 are vertices of the skeleton of thesame S-node of T , with v0 preceding v00. If is e an edge of G represented by Q-node �, thenthe digraph obtained by removing edge e is a series-parallel digraph if and only if one of thefollowing conditions is true: the parent of � in T is a PQ-node, e is the only outgoing edgeof s, or e is the only incoming edge of t. These conditions can each be tested in O(logm)time, where G has m edges. The restructuring to T required for InsertEdge and DeleteEdgealso can be performed in O(logm) time.The transformations to T that result from InsertEdge and DeleteEdge are demonstratedin �gures 6 and 7. Notice that transitive edges are always added as the right child of aPQ-node.Each face of as series-parallel digraph G, with the exception of the external face, is createdby a parallel composition. Therefore, we name each internal face f of G by a node-triple(�; �0; �00), where node � is a P-node and nodes �0 and �00 are such that f is formed by theparallel composition of G�0 and G�00 . 28
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QPFigure 7: Modi�cation of T in operation InsertEdge and DeleteEdge : extending/shorteninga P-chain. (a) Insertion/deletion of an edge between consecutive vertices of the skeleton of anS-chain (the vertices are the source and sink of a parallel composition). (b) Transformationof the SPQ-tree.4 Planar GraphsIn this section we present dynamic techniques for drawing planar graphs. First, we discussupward drawings of planar st-digraphs, and next we extend the results to (undirected)biconnected planar graphs. Planar st-digraphs, which include series-parallel digraphs as aspecial case, were �rst introduced by Lempel, Even, and Cederbaum [27] in connection witha planarity testing algorithm, and they have subsequently been used in several applications,including planar graph embedding [4,8,42], graph drawing [7,9], and planar point location [16,21,32,48].A planar st-digraph is a planar acyclic directed graph with exactly one source vertex sand exactly one sink vertex t, which is embedded in the plane such that s and t are on theboundary of the external face.The following generalizes our de�nition of components of series-parallel digraphs. Adigraph is weakly connected if its underlying undirected graph is connected. Let G be aplanar st-digraph. An open component of G is a maximal weakly-connected subgraph G0 ofthe digraph obtained from G by removing a separation pair fp; qg, such that G0 does notcontain s or t. A closed component of G is an induced subgraph G0 of G such that:� G0 is a planar pq-digraph;� G0 contains every vertex of G that is on some path from p to q;� G0 contains every outgoing edge of p, every incoming edge of q, and every incident edgeof the remaining vertices of G0.A component of G is either a closed or an open component.29



4.1 Upward DrawingsWe consider the following static drawing predicate PS:Upward: The drawing is upward.Planar: The drawing is planar.Embedding-Preserving: The drawing preserves the embedding.Grid: Vertices are placed at integer coordinates.Polyline: Edges are drawn as polygonal lines.Transitive-Bends: Transitive edges have at most one bend. The other edges are straight-lines. Hence the total number of bends is at most 2n� 5.Isomorphic: Isomorphic components have drawings that are congruent up to a translation.Symmetric: Symmetric components have drawings that are congruent up to a translationand a re
ection.Quadratic-Area: The drawing has O(n2) area.We dynamize the polyline drawing method of [9], which has the important propertyof displaying symmetries and isomorphisms of subgraphs. Note that we do not considerstraight-line drawings because they may require exponential area [9].4.1.1 Dynamic EnvironmentWe consider a fully dynamic environment for the maintenance of upward drawings on acollection of embedded planar st-digraphs. Namely, we introduce the following setO = Q[Uof operations:� Query operations (Q):{ Draw(vertex v) | Return the (x; y) position of vertex v. The source is consideredto be at (0; 0).{ Draw(edge e) | Return the (x; y) position of the endpoints of edge e. If e is atransitive edge, then also return the position of the bend of e.� Update operations (U):{ MakeDigraph | Create a new elementary planar st-digraph G, consisting of asingle edge.{ DeleteDigraph(edge e) | Remove the elementary planar st-digraph consisting ofsingle edge e.{ InsertEdge(vertex v0; v00; edge e; face f; f 0; f 00) | Add edge e = (v0; v00) inside facef , which is decomposed into faces f 0 and f 00, with f 0 to the left of e and f 00 to theright.{ DeleteEdge (edge e; face f) | Delete edge e and merge the two faces formerly onthe two sides of e into a new face f .{ Expand(vertex v; v0; v00; edge e; face f 0; f 00) | Expand vertex v into vertices v0 andv00, which are connected by a new edge e with face f 0 to its left and face f 00 to itsright. 30



{ Contract(vertex v; edge e) | Contract edge e, and merge its endpoints into a newvertex v. Parallel edges resulting from the contraction are merged into a singleedge.Each update operation is allowed if the resulting digraph is itself a planar st-digraph.Consider a vertex v of planar st-digraph G. LetR+(v) be the set of vertices of G reachablefrom v and let R�(v) be the set of vertices u of G such that u is reachable from v. For apair of vertices (v0; v00) the subgraph of stable reachablilty of (v0; v00) is the subgraph inducedby R�(v0) [R+(v00).In the rest of this section we prove the following theorem:Theorem 3 Consider the following dynamic graph drawing problem:� Class of graphs G: embedded planar st-digraphs.� Static drawing predicate PS: upward, planar, embedding-preserving, grid, polyline,transitive-bends, isomorphic, symmetric, quadratic-area drawing.� Repertory of operations O: Draw, MakeDigraph, DeleteDigraph, InsertEdge,DeleteEdge, Expand, and Contract.� Dynamic drawing predicate PD:{ the drawing of a component not a�ected by an update operation changes only bya translation;{ After inserting or deleting an edge between v0 and v00, the drawing of the subgraphof stable reachability of (v0; v00) changes only by a translation.There exists a fully dynamic algorithm for the above problem with the following perfor-mance:� A planar st-digraph uses O(n) space;� Operations MakeDigraph and DeleteDigraph take each O(1) time;� Operations Draw, InsertEdge, DeleteEdge, Expand, and Contract take eachO(log n) time.Data StructureLet V be the set of vertices, E, be the set of edges, and F be the set of faces of planar st-digraph G. As shown in [9,43], there are two orderings on the set V [E [F , denoted L andR, such that if G has no transitive edges, a planar upward grid drawing of G is obtained byassigning to each vertex v x- and y-coordinates equal to the ranks of v in the restriction to Vof L and R, respectively. This drawing method is extended to general planar st-digraphs byinserting a dummy vertex (a bend) along each transitive edge.We represent sequences L and R by means of balanced binary trees TL and TR (e.g.,using red-black trees [22]). Each leaf represents a vertex, edge, or face. At each leaf, we keepthe following binary value: 1 if the node is associated with a vertex or a transitive edge, and0 otherwise. At each internal node �, we store the sum of the values at the leaves in thesubtree of �. In a drawing query, we compute x(v) (resp., y(v)) by splitting tree TL (resp.,TR) at the node associated with v, and �nding the value stored at the root of the resultingleft tree. 31



After an update operation at most two edges of G become or cease to be transitive,and each such edge can be identi�ed in O(log n) time. The corresponding modi�cations ofnode values can be done in O(log n) time. Also, sequences L and R are updated by means ofO(1) split/concatenate operations [43], so that the corresponding updates on TL and TR takeO(log n) time. We conclude that our dynamic data structure uses O(n) space and supportseach operation in O(log n) time.4.2 Visibility DrawingsThe concept of visibility plays a fundamental role in a variety of geometric problems andapplications, such as art gallery problems [31], VLSI layout [24,35,51], motion planning [23],and graph drawing [7,45]. A visibility representation � for a directed graph G maps eachvertex v of G to a horizontal segment �(v) and each edge (u; v) to a vertical segment �(u; v)that has its lower endpoint on �(u), its upper endpoint on �(v), and does not intersect anyother horizontal segment. Besides having many applications, visibility representations arealso of intrinsic theoretical interest, and their combinatorial properties have been extensivelyinvestigated [12,44,46,47,52,53].We consider the following static drawing predicate PS:Visibility: The drawing is a visibility representation.Grid: The endpoints of vertex- and edge-segments are placed at integer coordinates.Isomorphic: Isomorphic components have drawings that are congruent up to a translation.Quadratic-Area: The drawing has O(n2) area.In the rest of this section we prove the following theorem:Theorem 4 Consider the following dynamic graph drawing problem:� Class of graphs G: embedded planar st-digraphs.� Static drawing predicate PS : visibility, grid, isomorphic, quadratic-area drawing.� Repertory of operations O: Draw, MakeDigraph, DeleteDigraph, InsertEdge,DeleteEdge, Expand, and Contract.� Dynamic drawing predicate PD: the drawing of an open component not a�ected by anupdate operation changes only by a translation.There exists a fully dynamic algorithm for the above problem with the following perfor-mance:� a planar st-digraph uses O(n) space;� Operations MakeDigraph and DeleteDigraph take each O(1) time;� Operations Draw, InsertEdge, DeleteEdge, Expand, and Contract take eachO(log n) time.Data StructureWe recall that in a planar st-digraph the incoming edges of each vertex appear consecutivelyaround the vertex, and so do the outgoing edges [44]. The faces separating the incoming and32



outgoing edges of vertex v to the left and right of v are called left (v) and right(v), respectively.Also, the boundary of each face f consists of two directed paths enclosing f , each startingfrom the unique lowest vertex low (f) and ending at the unique highest vertex high(f). Avisibility representation for G can be constructed by the following variation of previoussequential algorithms [7,34,44].1. Construct the directed dual of planar st-digraph G as follows: (a) Construct the dualgraph G� of G. (b) Orient the dual of each edge e of G from the face to the left of eto the face to the right of e. (c) Expand the vertex of G� associated with the externalface of G into two vertices, denoted s� and t�, between faces s and t of G�. (d) Removeedge (t�; s�) of G� and let D be the resulting planar s�t�-digraph.2. Compute a topological ordering Y (v) of the vertices of G.3. Compute a topological ordering X(f) of the vertices of D.4. Draw each vertex-segment �(v) at y-coordinate Y (v) and between x-coordinatesX(left (v)) and X(right (v))� 1.5. Draw each edge-segment �(e) at x-coordinate X(left (e)) and between y-coordinatesY (low (e)) and Y (high(e)).Consider the orderings L and R de�ned in Section 4.2. The restriction of sequence L(or R) to V is a topological ordering [43]. Hence, we can use balanced binary trees todynamically maintain topological orderings X and Y , such that the position of a vertex- oredge-segment can be computed in O(log n) time.4.3 Biconnected Planar GraphsFinally, we extend our results to (undirected) biconnected planar graphs. We consider thefollowing static drawing predicate PS:Planar: The drawing is planar.Embedding-Preserving: The drawing preserves the embedding.Grid: Vertices are placed at integer coordinates.Polyline: Edges are drawn as polygonal lines.One-Bend: Each edge has at most one bend and the total number of bends is at most 2n�5.Quadratic-Area: The drawing has O(n2) area.We consider a semi dynamic environment for the maintenance of polyline drawings on acollection of biconnected planar graphs. Namely, we introduce the following set O = Q[ Uof operations:� Query operations (Q):{ Draw(vertex v) | Return the (x; y) position of vertex v.{ Draw(edge e) | Return the (x; y) position of the endpoints of edge e. If e has abend, then also return the position of the bend.� Update operations (U):{ MakeGraph | Create a new elementary biconnected planar graph G, consistingof a cycle with three vertices. 33



{ InsertEdge(vertex v0; v00; edge e; face f; f 0; f 00) | Add edge e = (v0; v00) inside facef , which is decomposed into faces f 0 and f 00.{ InsertVertex (vertex v; edge e; e0; e00) | Insert vertex v on edge e, which is decom-posed into edges e0 and e00.As shown in [8], this repertory of operation is complete; i.e., any n-vertex biconnectedplanar graph can be assembled by means of O(n) operations of the repertory. In the rest ofthis section we prove the following theorem:Theorem 5 Consider the following dynamic graph drawing problem:� Class of graphs G: biconnected planar graphs.� Static drawing predicate PS: planar, embedding-preserving, grid, poly-line, one-bend,quadratic-area drawing.� Repertory of operations O: Draw, MakeGraph, InsertEdge, and InsertVertex.There exists a semi dynamic algorithm for the above problem with the following perfor-mance:� A biconnected planar graph uses O(n) space;� Operation MakeDigraph takes O(1) time;� Operations Draw, InsertEdge, and InsertVertex take eachO(log n) time.Note that we do not maintain a dynamic drawing predicate.Data StructureWe maintain on-line an orientation of G into a planar st-digraph. This can be done usingthe techniques of [42].We can extend Theorem 5 to support the insertion of an edge between two vertices thatare not on the same face of the current embedding, using the techniques of [8]. In this casethe embedding has to be modi�ed in order to preserve planarity, and the time complexity ofoperation InsertEdge is amortized.With a similar approach, we can derive from the data structure of Theorem 4 a semi-dynamic data structure for maintaining on-line visibility representations of biconnected pla-nar graphs. The space and time complexity is the same as in Theorem 5.5 Open ProblemsOpen problems include:� Decrease the complexity of window queries in trees and series-parallel digraphs toO(k + log n).� Extend the techniques for planar st-digraphs and general planar graphs to supportpoint-location and window queries.� Develop dynamic algorithms for planar straight-line drawings of general planar graphs.The techniques of [19,36] appear di�cult to dynamize.34



� Dynamicallymaintain planar orthogonal drawings with the minimumnumber of bends.The static algorithm of [41] is based on network 
ow techniques for which no dynamicmethods are known.� Devise dynamic algorithms to test whether a digraph admits an upward planar drawing.Static algorithms that perform this test are known only for triconnected digraphs [3]and for single-source digraphs [25]. Semidynamic planarity testing can be done withO(log n) query and insertion time [8]. Recently, a fully dynamic planarity testingtechnique with O(n2=3) query and update time has been discovered [20].� Dynamize drawing methods for general graphs that are based on physical models ofthe layout process, such as the \spring" algorithm [13,26].AcknowledgementWe are grateful to Paola Bertolazzi for helpful discussions and insights.
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