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AbstractThe development of dynamic algorithms and data structures is a challenging area ofresearch that has received much attention in the last years. For example, generalizedtechniques have been developed to dynamize large classes of geometric algorithms. Inthe area of graph algorithms such techniques are lacking. The goal of this thesis is todemonstrate generalized techniques to maintain the solutions of dynamic algorithmsfor graph problems, and to present dynamic algorithms based on our techniques.We provide a framework, called tree attribute system, for maintaining the values ofattributes on trees in a fully-dynamic environment. Our technique extends and gener-alizes the dynamic trees of Sleator and Tarjan and the decomposable search problemsof Overmars. We use this technique to show two new dynamic data structures, linearexpression tree and linear attribute grammar, for maintaining the solutions to tree-based expressions. These data structures are used to present fully-dynamic algorithmsfor a large class of problems on tree-width two graphs, a class of graphs which includetrees and series-parallel graphs. Additionally, we present a framework for the dynamicdrawing of planar graphs, and demonstrate a number of fully-dynamic algorithms todraw trees, series-parallel graphs, planar st-graphs, and general planar graphs.
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Chapter 1Introduction1.1 Dynamic Data StructuresThe development of dynamic algorithms and data structures is a challenging area ofresearch that has received much attention in the last years. Dynamic computation in-volves updating the solution to a problem when the input changes incrementally. Thegoal of an e�cient dynamic algorithm is to achieve considerable savings over recalcu-lating the solution from scratch. In the area of graph problems, dynamic algorithmshave attracted recent interest, motivated by many important applications in networkoptimization, VLSI layout, computational geometry, and distributed computing. Weconsider dynamic algorithms where processing is done on-line, which means that a se-quence of update and query operations are performed over time, and we must completeeach operation before beginning the next.Generalized techniques have been developed to dynamize large classes of geometricalgorithms (summarized in [81]). In the area of graph algorithms such techniques arelacking. The goal of this thesis is to demonstrate generalized techniques to maintain thesolutions of dynamic algorithms for graph problems, and to present dynamic algorithmsbased on our techniques.Throughout this thesis, n and m denote the number of vertices and edges of thegraph being considered, respectively.1.2 OverviewThe remaining four chapters of this thesis are organized as follows. Chapter 2 presentsa survey of dynamic graph algorithms. The past decade has seen much interest in thedevelopment of these algorithms. However, for many problems, the search for e�cientdynamic algorithms have been elusive. Research has focused on six areas.� Tree algorithms are concerned with maintaining values associated with nodes ofa tree. For example, suppose T is the tree representing an arithmetic expressionE . Each node has a value associated with a subexpression of E . Dynamic tree1



algorithms were initially introduced as internal structures to solve maximum 
owproblems, but since have been used in a wide range of dynamic algorithms.� Transitive closure queries answer questions of the form \Is there a directed pathfrom a vertex u to a vertex v in given directed graph?" This problem is alsoreferred to as reachability.� Connectivity is a fundamental property of graphs. There are two types of connec-tivity queries. A k-vertex connectivity (or simply k-connectivity) query consistsof determining if there are k vertex-disjoint paths between a pair of vertices.Similarly, a k-edge connectivity query consists of determining if there are k edgedisjoint paths between a pair of vertices.� The shortest path problem on a directed graph consists of answering queries ofthe type \What is the length of a shortest path between a pair of vertices?"Sometimes the path itself is also requested.� A spanning tree of a connected graph G is an edge-induced subgraph T of Gsuch that T is a tree and every vertex of G is in T . Suppose the edges of G areweighted, then a minimum spanning tree is a spanning tree of minimum totalweight. A minimum spanning tree query determines if a given edge is in thecorrect minimum spanning tree. Another query returns the weight of a minimumspanning tree.� Suppose we are given a planar graph G. A planarity testing query determines ifthe graph that results from inserting an edge e in graph G is planar.Chapter 3 introduces a generalized dynamization technique for trees, called treeattribute system. We show how to maintain the values of attributes of nodes, paths,and subtrees of a tree T . For example, suppose T is an expression tree. A node attributefor a leaf � of T is the value of the variable associated with �. A node attribute for aninternal node � is the operator performed at �. A tree attribute for � is the value ofthe subexpression represented by �. A path attribute for a path � from node � to node� gives the dependency of the value of the subexpression represented by � on the valueof the subexpression represented by �. The title of this thesis, Combine and Conquercomes from this data structure. The important property of tree attribute systems isthe ability to determine the values of tree attributes from the combination of node andpath attributes.We provide an extensive collection of query and update operations. Queries includereturning the value of attributes. Additionally, we extend the decomposable searchproblems of [81] to trees in order to �nd a distinguished node of a tree. Updatesinclude changing the values of node attributes. We also describe update operationsthat alter the structure of trees. Linking trees consists of adding and edge from theroot of tree T1 to a node of tree T2. The inverse operation Cutting, separates one treeinto two by removing the edge from a node to its parent. Expanding a node inserts anadditional node � between a node � and a consecutive collection �i; . . . ; �j of children2



of �. Node � becomes a child of � and nodes �i; . . . ; �j become children of node �.The inverse operation Contracting a node � with parent node � deletes � and replaces� with the children of � in the order of children of �. Finally, everting tree T at node� makes � the root of T by reversing the parent-child relationship on the path from �to the root of T . Our algorithm performs queries and updates in O(logn) time usingO(n) space. This is a signi�cant extension of the dynamic trees of Sleator and Tarjan[100].We introduce two new data structures based on tree attribute systems. Suppose Sis a semiring and r is a constant. A linear expression tree is a tree-based expressionwhere each node � contains an attribute taken from Sr. The values of these attributesare calculated by a linear operation of the values of the attributes at the children of�. A linear attribute grammar is also a tree based expression over Sr. Here, the valuesof the attributes at a node � are calculated from the values of the attributes at theparent, siblings and children of �. All dependencies are linear. We implement bothdata structures as tree attribute systems. Therefore, we can maintain the values ofattributes in a linear expression tree or a linear attribute grammar in O(logn) timeper query and update using O(n) space.Chapter 4 uses a tree attribute system to develop fully dynamic data structuresto answer a large class of queries on tree-width two graphs. Many of these queriesare NP-complete in general. The concept of bounded tree-width graph was intro-duced by Robertson and Seymour [94] as a generalization of series-parallel graphs.Graphs of tree-width two have been extensively studied owing to their role in fault-tolerant communication networks [43,44,78,119], concurrent broadcasting in commonmedium networks [23], reliability evaluation in complex systems [3], and evaluation ofqueries in relational data base systems [4]. Note that tree-width two graphs include theimportant subclasses of trees and series-parallel graphs. Bounded tree-width graphsalso have theoretical interest, since a large number of generally NP-complete problemshave polynomial time solutions when restricted to graphs of a bounded tree-width [94].While extensive research has been accomplished to �nd parallel algorithms to recognizebounded tree-width graphs [12,71,76], no equivalent dynamic result has been presented.We demonstrate a fully-dynamic data structure to maintain the decomposition oftree-width two graphs. The data structure requires O(m) space for a graph with medges. Updates require O(log2m) time, while queries can be performed in O(logm)time. Update times can be reduced to O(logm) time if we restrict ourselves to series-parallel graphs. Supported queries include the following decision problems that aregenerally NP-complete: Vertex Cover, Dominating Set, Chromatic Number, PartialFeedback Edge Set, Independent set, Bipartite Subgraph, Maximum Cut, MinimumMaximal Matching, Partition into Triangles, Partition into Hamiltonian Subgraphs,Partition into Cliques, Monochromatic Triangle, Transitive Subgraph, Cubic Subgraph,Kernel, and Chromatic Index. Additionally, we support the solutions to the commonneighbor, minimum spanning tree, and all-connectible pairs shortest path problems.Chapter 5 presents fully-dynamic algorithms for drawing planar graphs. Applica-tions can be found in a variety of areas including circuit layout, network management,software engineering, and graphics. The motivation for investigating dynamic graph3



drawing algorithms arises when very large graphs need to be visualized in a dynamicenvironment, where vertices and edges are inserted and deleted, and subgraphs aredisplayed. Previous work [77] only considers trees and presents a technique that re-structures the drawing of a tree in time proportional to its height, and hence linear inthe worst case.We further the study of dynamic graph drawing by devising a model for dynamicgraph drawing algorithms. Our model is based on performing queries and updates onan implicit representation of the drawing. Our drawings maintain certain aestheticqualities, such as planar (no edge crossings), upward (directed edges oriented in thepositive y-direction), and grid (vertices drawn at integer coordinates). We presentseveral e�cient dynamic drawing algorithms for trees, series-parallel digraphs, planarst-digraphs, and general planar graphs.Given a planar drawing, a point location query determines the face, edge or vertexcontaining a query point p. A window W is a rectangle on the plane with edges parallelto the axes. A window query returns the location of the edges and vertices of G that aredrawn inside W . We support window queries in our drawing of trees and series-paralleldigraphs, and point location queries in our drawing of series-parallel digraphs.Our algorithms produce drawings with O(n2) area. Using a linear attribute gram-mar, we �nd that updates take O(logn) time, while most queries require O(k logn)time to draw k vertices and edges. Window queries on the drawing of series-paralleldigraphs require O(k log2 n) time to draw k vertices and edges.Finally, Chapter 6 presents conclusions and some open problems.
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Chapter 2Dynamic Graph AlgorithmsIn this chapter, we survey past research in dynamic graph algorithms. We considerdynamic algorithms where processing is done on-line, which means that a sequenceof update and query operations are performed over time and we must complete eachoperation before beginning the next one. Performance is measured in storage spaceand time complexity for queries and updates. Time complexity is either worst-caseor amortized. Suppose we are given an initial con�guration of a data structure andq operations that result in some �nal con�guration. Amortized analysis of a dynamicalgorithm consists of determining the worst-case time complexity T (n; q) to performthese operations. The amortized time to perform each operation is then T (n; q)=q. Fora full discussion of amortized analysis, see [115].A dynamic algorithm or data structure is semi-dynamic if the repertory of updateoperations consists of only \insertions" or \deletions", while a fully dynamic algorithmsupports an intermixed sequence of insertions and deletions. For many problems, e�-cient semi-dynamic algorithms are known, even though no e�cient fully-dynamic coun-terpart has been found.A general lower bound technique for incremental algorithms, with applications todynamic graph algorithms, is discussed in [8].2.1 Dynamic Tree AlgorithmsA fundamental data structure for the dynamization of graph algorithms is the dynamictree. Suppose we are given a collection of trees such that each node has associatednumeric values such as a weight. Dynamic trees maintain these values under updateoperations such as:� Linking | add an edge from the root of tree T1 to a node of tree T2.� Cutting | separate one tree into two by removing the edge from a node to itsparent.� Everting | make a node � the root of tree T by reversing the parent-child rela-tionship on the path from � to the root of T .5



and query operations such as:� Least Common Ancestor | return the least common ancestor of two tree nodes.� Find Minimum | Find the minimum weight node on a path.Dynamic trees were introduced as internal data structures in sequential maximum
ow algorithms [24,55,100]. Since then, a large number of dynamic algorithms [27,28,48,49,50,51,69,83,122] have used dynamic trees as part of their data structures. Initialdata structures [24,55] based on balanced binary trees (e.g. AVL-trees [1] or Red-Blacktrees [57]), take O(log2 n) time per operation. Sleator and Tarjan improve this toO(logn) time per operation by basing their data structure on the weight-biased binarytrees [7].2.2 Transitive ClosureGiven a directed graph G and two vertices u and v of G, a transitive closure querydetermines if there is a directed path in G from u to v. This is also referred to as areachability query. A basic data structure is presented in [63]. Each transitive closurequery takes O(1) time, while a sequence of additions takes O(n3) time, which amor-tizes to O(n) time per edge addition in dense digraphs. A sequence of deletions takesO(n2(n+m)) time, which amortizes to O(n2) time per edge deletion in dense digraphs.The data structure uses O(n2) space. Semi-dynamic algorithms were presented whichimprove this result. A data structure for arbitrary digraphs that support edge inser-tions in amortized O(n) time, queries in O(1) time, and use O(n2) space are given in[64]. An extension of this result to �nding regular paths for a regular language is givenin [14]. A semi-dynamic algorithm for acyclic digraphs that support edge deletions inin amortized O(n) time, queries in O(1) time, and use O(n2) space is presented in [65].La Poutr�e and van Leeuwen [85] present two semi-dynamic data structures supportingtransitive closure on general digraphs. The �rst supports edge insertions in amortizedO(n) time. The second supports edge deletions in amortized O(n2) time. Both datastructures use O(n2) space and can be used to answer transitive closure queries in O(1)time.Better results can be achieved for speci�c classes of digraphs. In particular, thereare fully dynamic data structures for dynamic reachability in planar st-graphs [87,108], spherical st-graphs [112], and series-parallel digraphs [66]. Each of these requireO(logm) time per query and update using O(m) space.2.3 ConnectivityConnectivity is a fundamental property of graphs. Dynamic algorithms have beenpresented for both vertex and edge connectivity. Given a graph G with vertices u andv, the k-vertex connectivity (or simply k-connectivity) query consists of determining ifthere are k vertex disjoint paths between u and v. Similarly, the k-edge connectivityquery consists of determining if there are k edge disjoint paths between u and v.6



Vertices u and v are 1-connected, or simply connected if there is a path between uand v. This is the undirected version of the reachability query. If we allow only edgeinsertions, this problem reduces to the set union-�nd problem [116], where a sequenceof q queries and insertions takes O(qn+m�(m;n)) time, where �(m;n) is a very slowlyincreasing function [116]. Therefore, we have amortized O(�(m;n)) time per operation.The fully dynamic data structure of [48] takes O(pm) time per operation. Thisis the best result handling edge deletions. Other semi-dynamic techniques supportingonly edge deletions are shown in [41], where a data structure is presented supportingconstant time queries and O(q + mn) time to perform q edge deletions; and in [89]where q edge deletions are performed in O(mg+m logm) time for a graph of genus g.These results have been extended to the maintenance of 2, 3, and 4-connectivity.Each of the following is implemented with a semi-dynamic data structure, supportingonly insertions. Suppose we perform a sequence of q queries or edge insertions startingfrom an empty graph. For 2-connectivity, Westbrook and Tarjan [120,122] present twoalgorithms. The �rst is a simple algorithm which takes O(q+n logn) time. The secondis an optimal algorithm with amortized O(q�(q; n)) time per edge insertion. In the caseof 3-connectivity, Di Battista and Tamassia [28] give an algorithm which requires a totalof O(q + n logn) time in general. If we start with an initially biconnected graph, thenthe algorithm runs optimally in amortized O(�(q; n)) time per dynamic operation. LaPoutr�e [83,84] extends this to an optimal algorithm with amortized O(q�(q; n)) timeper edge insertion for general graphs. For 4-connectivity, the algorithm of [69] takesO(q+n log n) time.. If we start with an initially triconnected graph, then the algorithmruns optimally in amortized O(�(q; n)) time per dynamic operation.The results of [83,120,122] also apply to 2-edge connectivity. To perform q dynamicoperations takes O(q�(q; n)) time. A fully dynamic data structure for 2-edge connec-tivity is presented in [50,53]. In general, dynamic operations take each O(m2=3) time.For planar graphs this time bound is reduced to O(pn log logn). Recently, Frederick-son [49] presented a fully dynamic data structure such that queries take O(logn) time,and edge insertions and deletions are performed in O(pm) time. If we restrict theclass of graphs to planar graphs, then edge insertions and deletions can be performedin O(log3 n) time.The only dynamic result higher order edge connectivity insertion-only semi-dynamicalgorithm for maintaining 3-edge connectivity by Galil and Italiano [50,54]. The datastructure takes O((n+ q)�(q; n)) time to perform q dynamic operations.2.4 Shortest PathThe shortest path query on a digraph G consists of answering queries of the type\What is the length of a shortest path from v1 to v2?" Sometimes the path itself is alsorequested. The fully dynamic data structures for the shortest path query presentedin [40,95] have O(n2) space, constant query time, O(n2) time for edge insertion, andO(mn + n2 logn) time for edge deletion. Such performance bounds, especially fordeletion, are quite unsatisfactory and indicate the di�culty of the query. The best7



known semidynamic data structures supporting insertions in digraphs with unit edgelengths use O(n2) space and have constant query time; the total time to process alledge insertions is O(n3 logn), which amortizes to O(n logn) time per insertion for densegraphs [6,73].2.5 Minimum Spanning TreeA spanning tree of a connected graph G is an edge-induced subgraph T of G such that Tis a tree and every vertex of G is in T . (If G is not connected then the spanning trees ofeach connected component form a spanning forest.) If the edges of G are weighted, thena minimum spanning tree of G is a spanning tree of minimum total weight. Dynamicupdates include changing edge weights, and inserting and deleting edges and vertices.Queries include determining if a given edge is in the minimum spanning tree andreturning the total weight of a minimum spanning tree. The dynamic maintenance ofminimum spanning trees has the interesting property that, after an update operation,at most one edge needs to be replaced in the minimum spanning tree.Early data structures for this problem [19,102] have O(n) space, O(n) time for edgeinsertions, O(n2) time for edge deletions and the changing of edge weights, and O(1)time queries. The best result for general graphs is [48], which presents a fully-dynamicdata structure with O(pm) time per update and O(m) space. When only consideringplanar graphs, the time bound is reduced to O(log2 n) time per update. For �xedembeddings of planar graphs, this result is improved to O(logn) time per dynamicoperation in [39]. The semi-dynamic data structure of [27] for embedding-independent,biconnected planar graphs uses O(n) space and supports insertions in O(logn) time(amortized for edge-insertions).2.6 Planarity TestingIn a static environment we can test planarity and compute a planar embedding inoptimal O(n) time (see, e.g. [13,42,47,60,72]). The dynamic maintenance of a planarembedding under a sequence of edge insertions can be done in time O(logn) per oper-ation [107]. Di Battista and Tamassia [27] have investigated how to test if a new edgecan be added to a planar graph G so that G remains planar, and how to add verticesand edges so that planarity is preserved. The semidynamic data structure of [27] forbiconnected graphs uses O(n) space and supports queries and insertions in O(logn)time (amortized for edge-insertions). The extension to general graphs is reported in[28]. Westbrook [121] has improved this result to achieve O(�(m;n)) amortized timeper operation. This time bound is deterministic for queries and expected for updates.The randomization is due to the use of on dynamic perfect hashing [31]. Recently,a fully dynamic planarity testing technique with O(n2=3) query and update time hasbeen discovered [52]. 8



Chapter 3Attribute Systems3.1 IntroductionIn the past years considerable progress has been made in the development of dynamicalgorithms for geometric searching problems (see, e.g., the survey paper [16]). How-ever, considerably fewer results exist on the dynamization of graph algorithms. Acrucial development in the area of dynamic geometric searching has been the identi�-cation of general methods that apply to a large class of problems. In particular, thetechniques developed by Overmars et al. (summarized in [81]) for the class of decompos-able search problems constitute a fundamental contribution toward the dynamizationof large classes of geometric problems. The availability of such general techniques ap-pears instead to be lacking in the area of dynamic graph algorithms. This chapterprovides such generalized techniques in the realm of dynamic graph problems.Our approach is motivated by the observation that a number of dynamic graphalgorithms [27,28,48,49,50,51,69,83,122], developed mostly for connectivity problems,appear to be based on the following fundamental idea: Decompose a graph into sub-graphs with limited overlap, and represent such a decomposition by means of a tree sothat dynamic operations on the graph are re
ected into corresponding dynamic treeoperations, which are in turn supported by variations of the link-cut trees of Sleatorand Tarjan [100].We associate values, called attributes, with the nodes, paths, and subtrees of ourtrees. Path attributes form a path attribute system, if they are maintained in constanttime under path concatenation. Additionally, attributes form a tree attribute systemif the tree attributes of the tail of a path � are determined in constant time from thepath attributes of �.We also introduce a new data structure called a linear attribute grammar. Anattribute grammar is a tree-based expression where the values at a node � are calculatedfrom the values at the parent, siblings, and/or the children of �. A linear attributegrammar, is an attribute grammar where all dependencies are linear.The results of this chapter can be summarized as follows:� We provide a framework for maintaining attribute systems on trees in a fully9



dynamic environment. Our technique extends and generalizes the dynamic treesof [100].� We show that given a semiring S, a set of linear expressions with binary and unaryoperators over Sk can be dynamically maintained in a fully dynamic environmentusing linear space and logarithmic time per operation.� We show that a linear attribute grammar can be dynamically maintained in afully dynamic environment using linear space and logarithmic time per opera-tion. Linear attribute grammars can be used as the data structure for dynamicalgorithms for several problems in graph drawing (see Chapter 5).The rest of this chapter is organized as follows. Section 3.2 describes fully dynamicalgorithms to maintain attributes on paths and trees. Separate algorithms are pre-sented for trees of bounded and unbounded degrees. Section 3.3 applies the results ofthe previous section to present a fully dynamic algorithm for maintaining the solutionsof linear expressions. Section 3.4 presents a fully dynamic algorithm for linear at-tribute grammars. Finally, section 3.5 presents other applications including two typesof generalized heaps.3.2 Attribute Systems on Paths and TreesIn this section we present a framework for dynamically maintaining an important classof path and tree attributes. We introduce the concept of path attribute systems andtree attribute systems which signi�cantly extend and generalize the dynamic trees of[100]. We begin by discussing dynamic algorithms on a collection of paths, and thenshow that trees can be maintained as a collection of paths.3.2.1 Path Attribute SystemsPaths are directed. The �rst and last nodes of a path � are called the head and tailof �, respectively, and are denoted with head(�) and tail(�). The reversed path � of� is the path obtained by reversing all edges of �. Formally, we have:De�nition 3.1 A path is a collection of nodes and directed edges such that:� The empty path with no nodes is a path.� A single node � is a path with head(�) = tail(�) = �.� If �0 and �00 are paths then the concatenation of �0 and �00 is a path � formedby adding a directed edge from tail(�0) to head(�00).De�nition 3.2 A node attribute N is a function on nodes. The values N can take arearbitrary, but can be stored in O(1) space. A path attribute P is a function on paths.The value of P (�) for a path � is dependent on the values of N(�) for each node �10



on �, and on the order of the nodes of �. The value of P (�) can be stored in O(1)space.De�nition 3.3 If the values of a node attribute N are taken from a monoid, then Nis said to be globally updatable, otherwise N is locally updatable. We de�ne NG(�) andNL(�) to be the set of globally and locally updatable node attributes of �.De�nition 3.4 A node attribute set N is a �nite collection of node attributesN1; . . . ; Nr. Similarly, a path attribute set P is a �nite collection of path attributesP1; . . . ; Ps. For a node �, the value of N (�) is the vector (N1(�); . . . ; Nr(�)). For apath �, the value of P(�) is the vector (P1(�); . . . ; Ps(�)).For each path �, we consider the node attribute sets N (head(�)) and N (tail(�))to be included in path attribute set P(�).De�nition 3.5 Suppose N is a node attribute set P is a path attribute set, andF : P � P ! P is a function . The triple (N ;P ; F ) is a path attribute system Q if forany path � that is the concatenation of paths �0 and �00, P(�) can be determined inO(1) time as F (P(�0);P(�00)). Function F is called the concatenation function of Q.Example 3.1 Suppose for each node � we keep the following node attribute:� weight(�) | the real-valued weight of node �.Additionally, we have the following path attributes for a path �:� sum(�) | the sum of the weights of the nodes of �.� squaredsum(�) | the square of the sum of the weights of the nodes of �.Suppose path � is the concatenation of paths �0 and �00. If our path attribute setP(�) consists solely of squaredsum(�), then we can not �nd a concatenation functionto maintain P(�), since we cannot determine squaredsum(�) from squaredsum(�0) andsquaredsum(�00). However, if P(�) is the pair (sum(�); squaredsum(�)), then we canuse the concatenation function F where:sum(�) = sum(�0) + sum(�00)squaredsum(�) = (sum(�))2 2Each node attribute N has a secondary value N�(�) in addition to its \normal" pri-mary value N(�). For node attribute set N = (N1; . . . ; Nr), N � denotes (N�1 ; . . . ; N�r ).We also have corresponding secondary values for path attributes, and similarly de�neP�(�) for a path �.A decomposable search problem [81] � on a set D, locates a distinguished elementx = �(D) such that given any partition of D into subsets D0 and D00, we can determinein constant time if x is in D0 or D00. A number of methods are presented to maintainthe solution for a decomposable search problem.11



We extend this notion to paths as follows:De�nition 3.6 Given a path attribute system Q = (N ;P ; F ), a path-selection query Qfor Q maps a path � and a query argument q into a node � = Q(�; q) of �. Supposepath � is the concatenation of �0 and �00. A path-selection function S(�; q) for Q,determines in O(1) time whether � is in �0 or �00 from q and the values P(�0) andP(�00).We consider a rather general dynamic environment for a set of paths equippedwith a path attribute system Q and a collection S of path-selection functions. Updateoperations include: splitting, concatenating, and reversing paths; and updating nodeattributes; and exchanging primary and secondary attribute values for all the nodes ona path. Query operations include: evaluating node and path attributes, and computingpath-selection queries.We allow both \local" and \global" updates of node attributes. A local update con-sists of changing the value N(�) of a single node �. A global update can be performedon a globally updatable node attribute N with values taken from a monoid with oper-ator �, and consists of applying an incremental change � to the attribute N of everynode in a path �. Formally, a global update sets N(�) = N(�)� � for every node �of �, where we assume that x � y can be computed in O(1) time. If a path attributeP depends on a globally updatable node attribute N , we require that the new value ofP (�) can be computed in O(1) time given the variation � of N in �.We support the following repertory of operations on a set of (uniquely identi�ed)paths equipped with a path attribute system Q = (N ;P ; F ) and a collection F ofpath-selection functions for Q:� makepath(node �; value x) | return a new path consisting of a single node � andset node attribute set N (�) to be x.� deletepath(node �) | remove the single-node path consisting of node �.� getpath(node �) | return the unique identi�er of the path containing �.� head(path �) | return the head of path �.� tail(path �) | return the tail of path �.� before(node �; integer k) | return the k nodes preceding � on getpath(�). Ifthere are fewer than k nodes preceding �, then return the nodes found. If � isthe head of its path then return nil .� after(node �; integer k) | return the k nodes succeeding � on getpath(�). Ifthere are fewer than k nodes succeeding �, then return the nodes found. If � isthe tail of its path then return nil.� precedes(node �; �) | return true if nodes � and � are on the same path with �preceding �. Otherwise, returns false.12



� pathreport(path �) | report the value of path attribute set P for path �.� nodereport(node �) | report the value of node attribute set N for node �.� concatenate(path �0;�00) | concatenate paths �0 and �00 to get path �.� split(node �) | split path � into three subpaths by removing the edges from �to before(�; 1) and � to after (�; 1).� reverse(path �) | reverse the direction of path �, i.e., set � = �.� exchange(path �) | exchange the values N (�) and N �(�) for each node � on �.� localupdate(node �; nodeattribute N; value x) | set the value of node attribute Nof N to be x.� globalupdate(path �; nodeattribute N; value �) | for each node � on path �, setN(�) = N(�)� �, where N is a globally updatable node attribute with monoidoperator �.� �nd(path �; selectionfunction S; value q) | �nd node � of � returned by thepath-query associated with path-selection function S using query argument q. Ifquery argument q is omitted, then we assume that S does not require a queryargument.Our data structure consists of representing each path � as a balanced binary treeB�, called the path-tree of �, and identifying � by the root � of B�. Each leaf � of B�represents a node of �, and the left-to-right order of the leaves of B� corresponds tothe head-to-tail order of the nodes of �. We store at � the values N (�) and N �(�).For a globally updatable node attribute Ni of N , the value stored at � is not the actualvalue of Ni, but a \partial value" that can be used to compute Ni(�), as will becomeapparent later.Each internal node � of B� represents the subpath �(�) of � associated with theleaves in the subtree of �. Note that we identify path �(�) with �. We store at �pointers head(�) and tail(�) to the head and tail of �(�). Additionally, we store atnode � the four values P(�(�)), P(�(�)), P�(�(�)), and P�(�(�)). Notice that we canconsider the pointers head and tail as part of path attribute set P .For the path attributes that depend on globally updatable node attributes, we storepartial values. We also keep in � a vector �(�) (and a secondary vector ��(�)) suchthat for any globally updatable node attribute Ni of N the i-th component �i(�)represents a change to the value of Ni for each node � on �(�). (If Nj is a locallyupdatable node attribute, then we conventionally set �j(�) = 0.) Therefore, for anynode � of �, Ni(�) is the combination (using operation �i, the monoid operator forvalues of Ni) of the \partial value" of Ni stored at � and of the \o�sets" �i(�) of allthe nodes � on the path from � to the root � of B�. Similarly, P(�) can be computedfrom the partial value of P stored at � and the \o�sets" �(�) of all the nodes � on13



the path from � to � in B�. (Analogous arguments apply to the reverse and secondaryvalues of the attributes.)At each node � of a path �, we store pointers left(�) and right(�) to the left andright neighbors of � on �. At each path-tree node � we store pointers to head(�(�))and tail(�(�)). We keep at node � two globally updatable bits reversed(�) andexchanged(�). At each path tree node �, we keep the o�set values reversed(�) andexchanged(�). If reversed(�) = 1, then left(�) points to the right neighbor of � andright(�) points to the left neighbor of �. Similarly, if exchanged(�) = 1, then the mean-ing of N (�) and N �(�) is swapped. The meaning of the partial values reversed(�) andexchanged(�) is similar. If reversed(�) = 1, then head(�) points to tail(�(�)) andtail(�) points to head(�(�)). Also, reversed(�) = 1 swaps the meaning of the left andright child pointers in the subtree of �. The values of these two bits also determine theactual meaning of the four values kept for P at �.Operations makepath and deletepath are trivially implemented in O(1) time. Oper-ation pathreport(�) is performed in O(1) time and consists of returning the value of P ,computed from the \partial value" stored at the root � of B� and the vector �(�) .Operations reverse(�) and exchange(�) are implemented by 
ipping the reversed andexchanged bits at �. Operations head(�) and tail(�) determine the correct node toreturn based on the value of reversed(�) and the head and tail pointers stored at �.Operation globalupdate(�; Ni; �) is performed by setting �i(�) = �i(�)� �, where � isthe root of the path-tree of �. Each of these operations is implemented in O(1) time.Operation getpath(�) is implemented by following pointers from � to the root ofthe path-tree containing �. Operation before(�; k) is implemented by calling operationpush on each node of the path from getpath(�) to �. The immediate predecessor of �is then pointed at by left(�). We use the left and right pointers in the following way toreturn the remaining (at most) k�1 predecessors of �: Suppose we have returned i < knodes with �i�1 and �i the i � 1st and ith nodes returned. Then one of left(�i) andright(�i) will point to �i�1. The other will point to the predecessor of �i. (We cannotsimply follow the left pointers, since each �i only stores a partial value of reversed(�i).)The implementation of operation after(�; k) is symmetric. Each of these operationstakes O(d�+k) time where d� is the depth of � in B�. Note that for a path of length `,d� is O(log `).Operation precedes(�; �) is implemented by �nding the least common ancestor �of � and � in the path tree containing both � and �. We then calculate the reversalstate of � to determine which of � and � is a descendant of the left child of �. If � is adescendant of the left child then return true else return false.The following operation moves the values of � towards the leaves of a path-tree inO(1) time:� push(node �) | For internal path-tree node � with children �0 and �00 combine�(�0) and �(�00) with �(�) and set �(�) = 0.Operation push(�) is implemented by using the monoid operator for each globallyupdatable node attribute to apply the partial value at � to the partial values at �0 and�00. We also swap values depending on reversed(�) and exchanged(�). If reversed(�) =14



1, then we swap pointers head(�) and tail(�), the values P(�) and P(�), and the valuesP�(�) and P�(�). If exchanged(�) = 1, then we swap the values P(�) and P�(�), andthe values P(�) and P�(�). If � is a tree node �, then it is a leaf of its path tree. Ifreversed(�) = 1, we swap pointers left(�) and right(�). If exchanged(�) = 1, then weswap the values N (�) and N �(�). (Equivalently, we can include the pointers left andright in node attribute set N and the pointers head and tail in path attribute set P .In this way, operation push would only swap attribute sets, not individual pointers.)Therefore, operation nodereport(�) is implemented by �nding the path from � tothe root � of the path-tree containing � and then calling push along this path startingat �. In this way, the partial values of the globally updatable node attributes of N (�)will be the actual values. Therefore, we then return N (�).Operations concatenate and split use the following elementary tree operations whichcan be performed in O(1) time:� join(node � 0; �00) | Given the roots �0 and �00 of the path-trees for solid paths �0and �00, combine the trees into a new tree by creating a new root � with left child�0 and right child �00. We set the value of �(�) to be 0. We set the left and rightneighbor pointers at tail(�0) and head(�00) to point at each other. Choose theone of left or right that is initially nil at tail(�0) and set that value to head(� 00).If both left and right are nil at tail(�0) then we can determine in constant timethe value of reversed at tail(� 0), so we set the right pointer to be head(�0). Weperform a similar update at head(�00). We calculate the values of P stored at �in O(1) time using concatenation function F .� separate(node �) | Given the root � of a binary tree, �rst call push(�) thendivide the tree into two trees with roots �0 and �00, where � 0 is the root of the leftsubtree and �00 is the root of the right subtree. The values of P at � 0 and �00 donot change.� rotateleft(node �) (rotateright(node �)) | Perform a left (right) rotation at node�. This operation can be performed with O(1) separate and join operations.We conclude operation split(�) by calling push(�). This step is not needed to main-tain the values of paths, yet is needed in our implementation of trees (see section 3.2.2).Operation localupdate(�; x) is implemented by �rst replacing the value of N (�)with x. Suppose path tree B, with root �, contains node �. Suppose � is a path treenode in B. The value of P(�) may change only if � is on the path from � to � in B.Therefore, we calculate these values starting at � and ending at �. This takes O(d�)time where d� is the depth of � in B.We need the following operation from [101] in our implementation of �nd(�; S; q):� splaystep(node �) | For binary tree B with root � and node � a grandchild of�, restructure B such that the relative order of the leaves of B remain �xed, andevery node in the subtree rooted at � has its depth reduced by one or two. Weaccomplish this as follows. Let �0 be the child of � that is the parent of �. If �015
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Theorem 3.1 Let Q = (P ;N ; F ) be a path attribute system and S a collection ofpath-selection functions for Q. There is a fully dynamic data structure for maintainingQ and S over a set of paths with the following performance:1. a path of length ` uses O(`) space;2. operations makepath, deletepath, head, tail, reverse and exchange each take O(1)time;3. operations before and after each take O(log `+ k) time to return k nodes from apath of length `;4. operations getpath, concatenate, split, precedes, localupdate, globalupdate,pathreport, nodereport and �nd each take O(log `) time for a path of length`.Example 3.2 Suppose we associate an attribute cost(�) with each node � of a path �.We want to answer the following query in a dynamic environment (including operationsreverse, concatenate, and join):� FindMin(path �) | return the minimum cost node of path � closest to head(�).We keep the following value for each path �:� mincost(path �) | the minimum cost of any node of path �.Therefore, we keep path attribute system Q = (N ;P ; F ), where for node � andpath �, N (�) = (cost(�)) and P(�) = (mincost(�)). Suppose path � is the con-catenation of paths �0 and �00. Concatenation function F calculates mincost(�) =min(mincost(�0);mincost(�00)).Operations FindMin is the selection query associated with the following path se-lection function.Selection Function S1 Suppose � is the root of a path tree with children �0 and �00.If mincost(�0) = mincost(�) then return �0, else return �00.Operation FindMin(�) is then implemented as �nd(�; S1). 2Example 3.3 Suppose each node is associated one of a �nite number of possible types.We wish to support the following query.� FindLongest(path �; nodetype X) | return the tail of the longest subpath �0 of� such that head(�0) = head(�) and �0 does not contain a node of type X .We keep the following path attribute system Q = (N ;P ; F ). For each node �, nodeattribute set N (�) consists of the single node attribute type(�), the type of node �. Forpath �, path attribute set P(�) consists of the set of boolean valued path attributescontains(�; X). The value of contains(�; X) is true if path � contains a node of typeX . Suppose path � is the concatenation of paths �0 and �00. Concatenation function17



F sets contains(�; X) to be true if either contains(�0; X) is true or contains(�00; X)is true.We utilize the following path selection function with query argument X .Selection Function S2 Suppose � is the root of a path tree with children �0 and �00.If contains(�0; X) is true, or if head(�00) has type X, then return �0, else return �00.Query FindLongest(�; X) is then implemented as follows. If head(�) has type X ,then return nil. Otherwise, return �nd(�; S2; X). 2Example 3.4We consider a problem that arises in dynamically maintaining trees (seeSection 3.2.2). Consider paths whose nodes have positive real weights. A node � isheavy if the weight of � is greater than the sum of the weights of the predecessors of �on �. Each path � has at least one heavy node since head(�) is heavy. We want toanswer the following queries in a dynamic environment (including operations reverse,concatenate, and join):� totalpathwt(path �) | return the total weight of all the nodes in path �.� heavy(path �) | return the heavy node � of � closest to tail(�).Let the tilt of a node � of path � be the sum of the weights of the nodes preceding �in �, minus the weight of �. Therefore a node � is heavy if tilt(�) < 0. Let mintilt(�)be the minimum value of tilt among all nodes of �. Notice that totalpathwt (�) =totalpathwt(�), but in general negtiltnode(�) is di�erent from negtiltnode(�).To solve this problem we keep the following path attribute system Q = (N ;P ; F ):the node attribute of a node � is the weight of �, i.e., N (�) = (weight(�)); the pathattributes of a path � are P(�) = (totalpathwt(�);mintilt(�)) (see Fig. 3.2). Supposepath � is the concatenation of paths �0 and �00. Concatenation function F calculatesP(�) as follows:totalpathwt(�) = totalpathwt(�0) + totalpathwt(�00)mintilt(�) = min(mintilt(�0); totalpathwt(�0)� weight(head(�00));totalpathwt(�0) +mintilt(�00))Operation totalpathwt (�) is implemented with pathreport(�). Operation heavy(�)is implemented as a selection-query via the following path-selection function withoutquery argument.Selection Function S3 Suppose � is the root of a path tree with children �0 and �00.if totalpathwt(�0)� weight(head(�00)) < 0 or totalpathwt(�0) + mintilt(�00) < 0 thenreturn �00. Otherwise, return �0. 23.2.2 Tree Attribute SystemsWe now discuss a general class of dynamic algorithms on trees. We consider rootedordered trees with edges directed from the child to parent. Hence, a path in a tree isalways directed from a descendant to an ancestor.18
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 12 4 1  11 3 4Figure 3.2: Path-tree for the path attribute system of Example 3.4. Eachleaf is labeled with its weight. Each internal node � is labeled with P(�) =(totalpathwt(�);mintilt(�)).De�nition 3.7 Rooted tree T has bounded degree if there is a constant d such that nonode of T has more than d neighbors, otherwise it is of unbounded degree. Tree T isordered if for each node � the left to right order of the children of � is �xed.If T is a tree and � is a node of T we use the notation T� to indicate the subtreerooted at �.We develop our dynamic algorithm for trees in the same manner as for paths. Weintroduce the concept of tree attribute systems, and show a large collection of dynamicoperations on a tree storing a tree attribute system.De�nition 3.8 A node attribute set N for a tree T consists of a �nite collection ofnode attributes for the nodes of T . Similarly, a path attribute set P for T consists of a�xed collection of path attributes for the paths of T . A tree attribute R is a function ontrees such that, for a tree T , R(T ) depends on the values N (�) for each node � on T ,on the parent-child relationships between nodes of T , and on the order of the childrenof each node of T . We assume that R(T ) can be stored in O(1) space. A tree attributeset R is a �xed collection of tree attributes. For a node � of tree T , R(�) denotes thetree attribute set of the subtree of T rooted at �.We consider both bounded and unbounded degree trees. We �rst present the algo-rithm for bounded degree trees, then extend this result to unbounded degree trees.Bounded Degree TreesIn this section, we present a fully dynamic algorithm for tree attribute systems onbounded degree trees. We begin by formally de�ning a tree attribute system.De�nition 3.9 Suppose N is a node attribute set, P is a path attribute set, R is atree attribute set, and F is a concatenation function. Given a bounded degree tree Tand a path � of T , we denote with ~N the extended node attribute set that, for a node� of �, consists of N (�), R(�0) for each child �0 of � not on �, and the ordering of thechildren of �. We say that the 4-tuple Z = (N ;P ;R; F ) is a tree attribute system if:� The triple ( ~N ;P ; F ) is a path attribute system for the set of paths of T (where19



concatenations are restricted to paths �0 and �00 in T such that head(�00) is theparent of tail(�0) in T ).� The value of R(head(�)) can be determined in constant time from the valuesP(�), ~N (head(�)), and ~N (tail(�)).We extend the concept of selection to trees. That is we de�ne a tree selectionfunction, which, if available, allows us to quickly �nd a distinguished node of tree T .De�nition 3.10 Given a tree attribute system Z = (N ;P ;R; F ), a tree-selection queryQ for Z maps tree T and a query argument q into a node � = Q(T; q) of T . Supposepath � is the concatenation of �0 and �00 in T such that tail(�) is the root of T .Suppose node �0 is the node closest to tail(�) such that � is a descendant of �0. Thentree-selection function S(�; q) for Q is a path-selection function to �nd node �0.De�nition 3.11Consider a tree T containing a node � with children �1; . . . ; �d in left-to-right order.Suppose � is a path of T containing both � and some child �i. The left-tree of �with respect to �, T`(�), is de�ned as follows. The root of T`(�) is a node �` withN (�`) = N (�). Root �r has children �1; . . . ; �i�1. The right-tree of � with respect to�, Tr(�), is de�ned similarly. The root of Tr(�) is a node �r with N (�r) = N (�). Root�r has children �i+1; . . . ; �d.We provide three types of global restructuring of trees: re
ecting, everting, andcycling. Consider a tree T . We allow a node � of T to be �xed indicating that thestructure of the subtree rooted at � may not be restructured.De�nition 3.12Given a tree T and a node � of T that is not �xed, re
ecting T at � consists ofreversing the left-to-right order of the children of � and the children of all descendantsthat can be reached from � without passing through a �xed node.De�nition 3.13Given a tree T with node � not the root, everting T at � consists of reversing theparent-child relationships between all nodes on the path � from � to the root of T . If� contains a �xed node, then everting at � is not allowed.Each node � also keeps an eversion rule which describes changes to the order of thechildren of �. Possibilities include:� Simple | the left and right-trees of � remain unchanged.� Steady | the left and right-trees of � are exchanged.� Mirrored | the left and right-trees of � are re
ected.Consider a node �, its child �0, and its parent �, all on path �. Simple eversion at �substitutes � for �0 in the ordering of the children of �. Steady eversion at � maintainsthe clockwise order of the neighbors of �. Mirrored eversion at � reverses the clockwise20



order of the neighbors of �. Each node of a tree T may use a di�erent eversion rule.Therefore, we consider the eversion rule a node property.De�nition 3.14 Given a tree T and a node � and its parent � of T that is not �xed,cycling � at � consists of cyclicly permuting the children of � such that node � is the�nal node in the order.Our algorithm supports the following operations on a collection of trees with a treeattribute system Z = (N ;P ;R) and a collection F of path-selection and tree-selectionfunctions:� Evaluate(node �) | Return the values of N (�) and R(�).� PathFind(node �0; �00; selectionfunction S) | Let � be the path of a tree fromnode �0 to node �00. Find the node of � returned by the path-selection function S.� TreeFind(node �; selectionfunction S) | Find the node of the subtree rooted at� returned by the tree-selection function S.� LocalUpdate(node �; nodeattribute N; value x) | Set the value of node attributeN of N to be x.� GlobalUpdate(node �0; �00; nodeattribute N; value �) | Let � be the path from �0to �00 in T . For each node � on path �, set N(�) = N(�) � �, where � is theoperator of the monoid for N .� MakeTree(value x) | Create a new tree consisting of a single leaf whose nodeattribute set has value x.� DeleteTree(node �) | Remove the single-node tree consisting of leaf �.� LCA(node �0; �00) | Returns the least common ancestor of nodes �0 and �00.Nodes �0 and �00 are assumed to be nodes of the same tree.� Evert(node �) | Let T be the tree containing node �. Evert T at �.� Link(node �; �; �0; �00) | This operation assumes that nodes � and � are in dif-ferent trees, and � is the root of its tree T . Add an edge from � to � with �0its immediate left sibling and �00 its immediate right sibling. If either �0 or �00 isomitted then � becomes the �rst or last child of �. Tree T becomes a subtree ofthe tree containing �.� Cut(node �) | This operation assumes that � is not the root of a tree. Removethe edge from � to its parent, thus separating the subtree rooted at �.� Parent(node �) | Return the parent of � or nil if � is a tree root.� Sibling(node �; integer k; direction X) | Return the k adjacent siblings of node� in the X direction, where X is either left or right. If there are fewer than ksiblings in the X direction, then return the nodes found. If there are no siblingsin the X direction, then return nil . 21



� Re
ect(node �) | Re
ect the subtree rooted at �.� Cycle(node �; �) | Cycle the children of � such that node � is the �nal node inthe order. Node � is assumed to be a child of node �.Our data structure consists of representing an n-node tree T as a collection ofdisjoint paths. We partition the edges of T into solid or dashed such that at most onesolid edge is incoming into a node. Therefore, every node is in exactly one maximalpath of solid edges (of length 0 or more), called a solid path of T .The partition of edges into solid and and dashed is obtained by means of the follow-ing size invariant: let size(�) denote the number of nodes in the subtree of T rootedat node �. An edge (�; �) of T is solid if size(�) > size(�)=2 . If the partition satis�esthe size invariant, then every path of T has O(logn) dashed edges.In order to achieve the logarithmic time per dynamic operation, we use biasedsearch trees [7] to represent the path-trees. For a node � of a solid path � we de�nethe node-attribute weight(�) as one plus the sum of the sizes of the subtrees connectedto � by dashed edges. For each solid path �, we also de�ne the corresponding pathattribute weight(�) as the sum of the weights of the nodes of �. The path-tree B� isthen implemented as a search tree biased by the node-weights of its leaves.The size invariant may be temporarily violated by the algorithms that operate onthe solid paths of T . Hence, we set-up a mechanism to restore it, using a path attributesystem on the solid paths.Consider a node � of T on solid path �. We keep a globally updatable nodeattribute re
ected(�) which indicates the path re
ection status, which is the left-to-right direction of the children of �, ignoring any re
ection done by ancestors of tail(�).At each path tree node �, we keep the associated o�set value re
ected(�). Rather thanuse the exchange bits for paths, we use the re
ected bits which are handled somewhatdi�erently. We also keep a locally updatable node attribute �xed(�) which indicates ifnode � is �xed.Even though the values for re
ected are boolean, we do not use simple booleanaddition as the monoid operator for calculating the actual value of re
ected(�), for anode �. At a path tree node �, we consider re
ected(�) to be part of a pair of values(a(�), b(�)), where a(�) = re
ected(�) and b(�) = �xed(tail(�)). The monoid operator�r on these pairs is described in table 3.1. The value (1; 1) is not allowed since we donot allow re
ection of a �xed node. Note that operator �r does not modify the valueof �xed(tail(�)).Let � be a node of tree T . Let � be the node closest to the root of T such that � isreached by a dashed edge on the path � from � to the root of T , and � is a descendantof the closest ancestor of � that is �xed. If � has no �xed ancestors, then � will be theparent of the last dashed edge of �. The re
ection status of node � is then calculatedby �nding the exclusive-or of the path re
ection status of � and the nodes reached overdashed edges on the path from � to �.We use the re
ected bits much like the exchanged bits of section 3.2.1. Let Z =(N ;P ;R) be the tree attribute system we are maintaining for tree T . For node �, let22



�0 �00 �0 �r �00(x; 0) (y; z) (x+ y; 0)(0; 1) (y; z) (0; 1)Table 3.1: The rules to calculate the values of operator �r. Variables x, y, and z takeboolean values. Operator + is boolean addition.Initial Value RestructuredRule reversed re
ected T`(�) Tr(�)any 0 0 T`(�) Tr(�)any 0 1 T �r (�) T �̀(�)simple 1 0 T`(�) Tr(�)simple 1 1 T �r (�) T �̀(�)steady 1 0 Tr(�) T`(�)steady 1 1 T �̀(�) T �r (�)mirrored 1 0 T �̀(�) T �r (�)mirrored 1 1 Tr(�) T`(�)Table 3.2: Restructuring done by operation push(�) for tree node � with left-tree T`(�)and right-tree Tr(�). Eversion rules are given in de�nition 3.13. The notation T �̀(�)and T �r (�) indicate the re
ections of T`(�) and Tr(�).R�(�) be the tree attribute set for the re
ection of �. We have de�ned the (primary)extended node attribute set ~N (�) to be the union of N (�) and R(�0) for each child �0of � not on �. The secondary extended node attribute set ~N �(�) is the union of N (�)and R�(�0) for each child �0 of � not on �. Then for each path tree node � we keep thefour values P(�(�)), P(�(�)), P�(�(�)), and P�(�(�)), the meaning of which dependon the values of reversed(�) and re
ected(�).We keep a value in P(�) called contains�xed(�) indicating if path � contains a�xed node. If so, then the values of P(�(�)) and P�(�(�)) are unde�ned.For node � on path � in tree T , we extend the restructuring done by operationpush(�). If the value of reversed(�) = 1 or re
ected(�) = 1 prior to the call to push(�),then we may swap the left and right-trees of �, re
ect the left and right trees of �,or both. The restructuring done is based on the eversion rule for � as described inDe�nition 3.13. Table 3.2 describes this restructuring. For bounded degree tree T , weswap the left and right-trees of � by reordering the children of �. We re
ect the left(right) tree of � by reversing the order of the children of � in the left (right) tree andthen 
ipping the re
ected bit at the roots of the path trees containing the children of� in the left (right) tree. Since T has bounded degree, we can perform all this in O(1)time. 23



Now, we show how to perform operation Evaluate(�). Let � be the solid pathof length ` containing �. If � is the tail of � then, by the de�nition of tree attributesystems, we can use path attribute system ( ~N ;P) to �ndR(�) in O(1) time. Otherwise,we make � the tail of a path by calling split(�). We then restore path � with theconcatenate operation. Hence, this can all be accomplished in O(log `) time.Operation LocalUpdate(�; x) a�ects only the values of the nodes in the path from� to the root �. If such path contains dashed edges, then we temporarily convert itinto a solid path by changing dashed edges to solid and solid edges to dashed such thatany node continues to have at most one incoming solid edge. This is done with thefollowing operations, derived from dynamic trees [100]:� splice(path �) | This operation assumes that � is a solid path ending at � 6= �.Convert the dashed edge leaving � to solid and convert the solid edge (if it exists)entering the parent � of � to dashed. Let �0 be the solid path containing � and�0 be the sibling of � with the solid edge (�0; �). To implement splice(�) weneed to convert edge (�0; �) from solid to dashed. Let �00 be the resulting solidpath starting at �. We obtain �00 by splitting �0. We complete splice(�) byconcatenating � and �00.� expose(�) | Convert to dashed the solid edge entering �, if such edge exists.Create a solid path from � to the root by converting to solid all the dashed edges(�0; � 00) of such path, and converting to dashed the edges (sib(�0); � 00). Operationexpose(�) consists of a sequence of splice operations on the solid paths containingthe nodes on the path from � to �. This operation is always followed by a concealoperation, which undoes its e�ect.� conceal(�) | Restore the original type (solid or dashed) of the edges enteringthe nodes on the path � from node � to the root �. This operation is the inverseof expose, and also consists of a sequence of splice operations. The topmost nodewhere to splice is given by light(�), as described in Example 3.4. Operationlight(�) returns the node � of � closest to tail(�) such that the weight of � islarger than the sum of the weights of the nodes preceding � in �. As shown inExample 3.4, light(�) is found using a path-selection function.Since path-trees are biased by the weights, the sum of the number of elementary treeoperations at each splice operation telescopes, so that operations expose and concealcan be performed with O(logn) elementary tree operations.Operation LocalUpdate(�; x) is realized as follows. First, we issue expose(�). Next,we change the value of the constant node attribute at � to x. Finally, we performconceal(�) to restore the original solid and dashed edges. Hence, operation LocalUpdateis implemented in O(logn) time.Operation GlobalUpdate(�0; �00; N; �) �rst makes two calls to expose to get the path� from �0 to �00. Let �N be the entry for node attribute N in the � vector at theroot of the path-tree for �. We set �N to �N � �. We restore the weight invariant bycalling expose(�0) followed by conceal(�0). All this can be done in O(logn) time.24



To implement LCA(�0; �00) we �rst issue expose(�0) followed by expose(�00). If �0and �00 are on the same resulting solid path, then �0 is an ancestor of �00, so we return �00.Otherwise, when we expose(�00), we split the path containing �0 at the least commonancestor. Therefore, LCA(�0; �00) will be the parent of the tail of the path containing�0. We restore the size invariant by calling conceal(�00), expose(�0), then conceal(�0).All this can be performed in O(logn) time.For a path �, we use the eversion rules described in table 3.2 to calculate the valueof P (��) and P ( ��). We perform operation Evert(�) by �rst issuing expose(�) to get thepath � from � to the root �, 
ipping the reverse bit of �, and �nally calling operationconceal(�) to restore the size invariant. Therefore, operation Evert is performed inO(logn) time.Operation Re
ect(�) is performed as follows. First, we call expose(�). The leftedge-path of � then contains nodes for all the children of �. We then reverse the orderof the children of � by 
ipping the re
ected and reversed bits at the root of the path-tree representing �`(�). Finally, we perform conceal(�) to restore the original solidand dashed edges. Hence, operation Re
ect is implemented in O(logn) time.Operation Cycle(�; �) is performed by �rst calling expose(�). We then reorder thechildren of �. Suppose Tr(�) is the right-tree of � with respect to path � before theCycle operation is performed. We 
ip the Re
ect bit at the roots of the path treescontaining the children of � in Tr(�). Finally, we perform conceal(�) to restore theoriginal solid and dashed edges. All this can be done in O(logn) time.Operation PathFind(�0; �00; S; q) makes two calls to expose to get the path � from �0to �00, then calls �nd(�; S; q). We then restore the weight invariant by calling expose(�0)followed by conceal(�0).Consider tree selection function S. We implement operation TreeFind(�; S; q) asfollows. If � is not the root of its tree, we �rst call expose at Parent(�). Node � thenbecomes the tail of its solid path �. Let � be the node we are searching for. We repeatthe following until node � is found. Let node �0 = �nd(�; Sp; q). Create path �0 withhead �0 and tail �. This is done with single split and concatenate operations.Suppose �1; . . . ; �d are the children of �0 not on � and �1; . . . ;�d are the solidpaths containing each �j . Repeat the following until we �nd a child �i of �0 such thatnode � is a descendant of �i. Consider child node �j . Let path �0 be the result ofjoining paths �j and �0. By the de�nition of tree and path selection functions, we candetermine in O(1) time if node � is in the subtree rooted at �j .If no child of �0 has � as a descendant, then �0 = �. Otherwise, we reset path �to be �0 and continue. After � is found, we undo the restructuring to restore the pathtrees.At each iteration, the time to �nd �0 and create �0 is O(d�0), where d�0 is the depthof �0 in B�, the path tree for path �. Operation join increases the depth of a pathtree node by 1. Therefore, d�0 is at most one more than the depth of �0 in its originalpath-tree. Therefore, the time to �nd � is O(logn) plus the time to perform expose(�).The time to restore the path trees is equivalent. Therefore operation TreeFind isimplemented in O(logn) time. 25



Operations MakeTree and DeleteTree can be trivially implemented in O(1) time.Operation Parent(�) is performed in O(logn) time by calling expose(�), returningafter(�) on the solid path containing �, and calling conceal(�).Operation Sibling(�; k;X) is realized as follows. If node � is the root of T , thenreturn nil . Otherwise, we call expose(�). Let node � be the parent of �. Let � be theroot of the resulting path tree. We call operation push on the path from � to �. Node� then stores the actual value of re
ected(�). We then return the (at most) k siblingsof � in the X direction. Hence, operation Sibling is performed in O(logn+ k) time.Operations Link and Cut are implemented in O(logn) time using variations of thesame named dynamic tree operations. We implement operation Link(�; �; �0; �00) by�rst calling expose(�). We then add � as a child of � between �0 and �00. Finally, wecall conceal(�) to maintain the size invariant.Operation Cut(�) is the inverse of Link . We �rst call expose(Parent(�)). We thenremove node � as a child of its parent by removing � from the order of children storedat � and destroying the dashed edge. We conclude by calling conceal(�) to maintainthe size invariant.Theorem 3.2 Let Z = (N ;P ;R; F ) be a tree attribute system, and S be a collectionof path-selection and tree-selection functions. There is a fully dynamic data structurefor maintaining Z and S over a set of trees with the following performance:1. a tree of size n uses O(n) space;2. operations MakeTree and DeleteTree take each O(1) time;3. operations Evaluate, LocalUpdate, GlobalUpdate, Link, Cut, Evert, Re
ect,Cycle, LCA, PathFind, TreeFind, Sibling, and Parent take each O(logn) time,where n is the total size of the trees involved in the operation.Example 3.5 A concatenable heap consists of a collection of heaps which are sets ofweighted nodes that support the following operations:� FindMin(heap H) | returns the cost of a minimum cost node in heap H .� InsertHeap(node �; heap H) | insert node � in heap H .� DeleteHeap(node �; heap H) | delete node � from heap H .� ConcatenateHeap(heap H1; H2) | combine heaps H1 and H2 into a single heap.We can implement a concatenable heap as either a path or a tree. If we store eachheap as a path, then operation FindMin(H) is implemented as operation FindMin in ex-ample 3.2. Operations InsertHeap(�;H), DeleteHeap(�;H), andConcatenateHeap(H1; H2) are directly implemented using operations concatenate andsplit .The implementation of a concatenable heap as a tree is more complicated. Wepresent this technique since it is used in developing more generalized heaps that cannot be implemented as paths (see sections 3.5.2 and 3.5.3).26



The nodes of a heap are stored as leaves of an arbitrary tree. A heap is identi�ed asits representative tree. We maintain the following tree attribute for the nodes of treeT . � mincost(�) | the minimum cost of a node in the subtree rooted at �.We also maintain the following path attribute for the paths of tree T .� minpathcost(�) | the minimum cost of a leaf that is a descendant of tail(�),but is not head(�) or a descendant of head(�).It is easy to see that these values can be maintained as part of a tree attributesystem. We implement operation FindMin using the following tree selection functionwhich takes a cost q as a query argument:Selection Function S4 Suppose node � the root of the path tree with children �0 and�00. If minpathcost(tail(�)) = minpathcost(tail(�0)) then return �0, else return �00.For tree T associated with heap H , let c be the value of mincost at the root of T .Operation FindMin(H) is implemented as TreeFind(�; S4; c). OperationsInsertHeap(�;H), DeleteHeap(�;H), and ConcatenateHeap(H1; H2) are directly im-plemented using operations Link , Cut , and MakeTree.Therefore, both implementations of concatenable heaps are implemented withO(logn) time per operation, where n is the total size of the heaps involved. 2Unbounded Degree TreesThe algorithm presented in the previous section for bounded degree trees takes advan-tage of the fact that reordering and re
ecting the children of a node can be accomplishedin constant time. In the case of unbounded degree trees, we need to develop additionaltechniques to accomplish the needed restructuring.De�nition 3.15 Suppose T is a (unbounded-degree) tree containing node � with chil-dren �1; . . . ; �d. Expanding � between �i and �j (1 � i � j � d) consists of restructur-ing T such that we replace nodes �i; . . .�j in the ordering of the children of � with anew node �. Node � has children �i; . . .�j . We set NL(�) = NL(�) and NG(�) = 0.The inverse operation is called contracting child � of �. In order to contract �, NL(�)must equal NL(�) and NG(�) must equal 0.For unbounded degree trees, we require that tree attribute set R meet the followingexpansion invariant: For any node � of tree T , the value of R(�) is unchanged asa result of expanding � or contracting a child of �. Therefore, given an unboundeddegree tree T we can create an equivalent tree T 0 of bounded degree 2, called a binaryexpansion of T , by expanding nodes with more than two children (see Fig. 3.3). Notethat if T has n nodes, then T 0 will have O(n) nodes.De�nition 3.16 Suppose T is an unbounded degree tree. Then Z = (N ;P ;R; F ) isa tree attribute system on T if and only if node attribute set R keeps the expansioninvariant and Z is a tree attribute system on any binary expansion T 0 of T .27
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� Expand(node �; �0; �00) | Expand node � between children �0 and �00. Node �0is assumed to precede �00 in the left-to-right order of the children of �.� Contract(node �) | Contract � into its parent node �. The values N (�) andN (�) are assumed to be equal.Edge-paths are stored in the same structure as solid paths. If �X(�) is the left orright edge-path of node �, then reversing �X(�) is equivalent to re
ecting the left orright-tree of �. Therefore, path tree nodes use mirrored eversion (see de�nition 3.13).Recall that operation splice converts a dashed edge to solid and possibly a solidedge to dashed. Suppose � is a node connected to its parent � by a solid edge. Let� be the solid path containing nodes � and �. Let �`(�) and �r(�) be the left andright edge-paths of �. We convert solid edge (�; �) to dashed as follows. We begin bysplitting path � at �. As described in section 3.2.2, operation split calls operation pushalong the path from the root of the path tree for � to node �. Operation push(�) mayrequire the left and right-trees of � to be swapped or exchanged (see table 3.2). Thisis performed by either exchanging the meaning of �`(�) and �r(�), or by 
ipping thereversed and re
ected bits at the root of the path tree representing �`(�) and �r(�).We conclude by creating a path tree node �(�) for the new dashed edge, and settingthe left edge-path of � to be the concatenation �`(�), �(�), and �r(�) and the rightedge-path to be the empty path.Converting a dashed edge to solid is performed similarly, reversing the roles of thesolid and edge-paths. Suppose the edge between node � and its parent � is now dashed,and there is no solid edge entering �. Let �0 and �00 be the paths with � = tail(�0)and � = head(�00). Let �`(�) be the left edge-path of �. Split �`(�) at �(�). Theresulting paths to the left and right of �(�) become the left and right edge-paths of �.We then concatenate �0 and �00 to create the solid edge.For a node � of a solid path � we now de�ne the node-attribute weight(�) as oneplus the sum of the sizes of the left and right edge-paths of �. For a node �(�0) ofan edge-path �X(�) we de�ne the node-attribute weight(�(�0)) as one plus the sumof the sizes of solid path containing �0. We bias by weight the path trees for boththe edge-paths and solid paths. Therefore, the sum of the number of elementary treeoperations at each splice operation telescopes, so that operations expose and concealcan be performed with O(logn) elementary tree operations.The techniques to perform operations TreeFind, Sibling, Re
ect and Cycle areslightly modi�ed for unbounded degree trees. All other operations remain unchanged.We implement operation TreeFind(�; S; q) as in the bounded-degree tree case, withfollowing di�erence. Let � be the node we a searching for. Suppose at an intermediatestep node �0 is the deepest node on path � such that the node � is a descendant of �0.We proceed as in the bounded case, except we next consider the edge-paths connectedto �0, rather than the solid paths containing the children of �0. Hence, we join anedge-path to �. This is well de�ned by the expansion invariant. We perform a similaroperation when �0 is an edge-path node.Operation Sibling(�; k;X) is realized by �rst calling expose(�). We then use oper-ation push to get the value of the reversed and re
ected bits at Parent(�). We �nd the30



siblings by either calling before or after on the left or right path trees of �, dependingon direction X . We conclude by restoring the size invariant by calling conceal(�).Operation Re
ect(�) is performed as follows. First, we call expose(�). We then 
ipthe reverse bit for the left edge-path of �. Finally, we perform conceal(�) to restorethe original solid and dashed edges.Operation Cycle(�; �) is performed by �rst calling expose(�). We then split theleft path tree of � at path tree node �(�). Let �0 and �00 be the resulting subpathsrepresenting the children of � before and after �. We reorder the children of � by
ipping the re
ected and reversed bits at the root of the path tree representing �00,concatenating �00, �0 and �(�), and making this new edge-path the left edge-path of�. Finally, we perform conceal(�) to restore the original solid and dashed edges.Operation Expand(�; �0; �00) begins by calling expose(�) which results in the leftedge-path of �, �`(�) containing all the edges from children to �. Then we performa constant number of split and join operations to form three subpaths �0, �00, and�000 of �`(�), with �0 containing the edge-path nodes associated with the children of� preceding �, �00 containing the edge-path nodes associated with the children of �between �0 and �00, and �000 containing the edge-path nodes associated with the childrenof � following �00. We extend the solid path containing � by concatenating a new node� before node �. We make �00 the left edge-path of �, and paths �0 and �00 the left andright edge-paths of node �. Finally, we call conceal(�) to restore the size invariant.Operation Contract(�) is performed similarly. We begin by calling expose(�) whichresults in the left edge-path of �, �`(�) containing all the edges from children to �. Letnode � be the parent of �. We remove node �. We set �`(�) to the concatenation of�`(�), �`(�), and �r(�). We set �r(�) to the empty path. Finally, we call conceal(�)to restore the size invariant.Theorem 3.3 Let Z = (N ;P ;R; F ) be a tree attribute system, and S be a collectionof path-selection and tree-selection functions. There is a fully dynamic data structurefor maintaining Z and S over a set of unbounded degree trees with the following per-formance:1. a tree of size n uses O(n) space;2. operations MakeTree and DeleteTree take each O(1) time;3. operations Sibling takes O(logn+ k) time to return k nodes.4. operations Evaluate, LocalUpdate, GlobalUpdate, Link, Cut, Evert, Re
ect,Cycle, LCA, PathFind, TreeFind, Parent, Expand, and Contract take eachO(logn) time, where n is the total size of the trees involved in the operation.3.3 Linear Expression TreesIn this section, we consider the dynamic evaluation of linear expressions, which extendsand generalizes the dynamic expression trees of [22]. We show how to solve this problemusing a tree attribute system. 31



ο1

ο1

ο2

ο2(1, 3)

(1, 4) (2, 2)

(2, 3) (2, 1)

(4, 8)

(6, 6)(9, 48)

(15, 576)

Figure 3.5: A linear expression tree with two binary linear operators. For x = (x1; x2)and y = (y1; y2) operators are de�ned to be: o1(x; y) = (x1 + y2; 2y1y2) and o2(x; y) =(2x1 + x1y2; x2y1). The unary operators associated with the edges are the identityoperators.Let S be a semiring with binary operators � and 
, such that 
 is distributivewith respect to �. We assume that elements of S can be stored in O(1) space andbinary operations can be performed in O(1) time. The extension to the general caseis straightforward. We consider operations in Sr, the space of r-tuples of S for some�xed r. Let x = (x1; . . . ; xr) and y = (y1; . . . ; yr) 2 Sr. A binary linear operator� : Sr � Sr ! Sr is de�ned by(x� y)i = xTAiy � bTi x� cTi y � difor i = 1; � � � ; r, where Ai 2 Sr � Sr, bi; ci 2 Sr, and di 2 S. A unary linear operatorr : Sr ! Sr is de�ned by rx = Ax� bwhere A 2 Sr�Sr, and b 2 Sr. (In the above de�nitions we have used standard linearalgebra notation, and convention that xy denotes x 
 y.) Note that, given a binarylinear operator �, for any �xed �y, x� �y is a unary linear operator. Also, given a unarylinear operator r, there exists a binary linear operator � such that rx = x� 0.A linear expression E over Sr is an expression with variables in Sr involving binaryand unary linear operators. A linear expression is represented by a tree T called alinear expression tree, such that the internal nodes are the operators and the leaves arethe variables of E (see an example in Fig. 3.5). We associate a binary linear operatorwith each internal node of T . If � is an internal node associated with a binary linearoperator, but with only one child, then � takes the value of its child.Example 3.6 Fig. 3.5 shows an example of linear expression and its associated binarytree. 2We allow unbounded degree linear expression trees. Suppose � is a binary linearoperator. The unbounded version of � takes a variable and unbounded number of32



operands. We write �(x1; . . . ; xd) to indicate applying � to values x1; . . . ; xd. If d = 1then the value of �(x1) is x1 � 0. Otherwise, the value of �(x1; . . . ; xd) is((x1 � x2) . . .)� xd. An unbounded degree linear expression is an expression containing unbounded versionsof binary linear operators.An unbounded linear expression is represented by an unbounded linear expressiontree. In order to keep the value invariant each binary linear operator must be associa-tive.We consider a dynamic environment where linear expressions are manipulated bychanging the values of the variables and by linking and cutting the corresponding trees.We also allow a somehow unorthodox modi�cation of an expression E by everting itstree T .In order to give a meaning to the eversion of T , we require the following. Suppose �is a node that is not the root of T . Everting at node � results in � having an additionalchild. We do not allow eversion at a leaf of a linear expression tree. In order to givemeaning to eversion at a node with 1 child, each internal node calculates a binary linearoperator. A unary linear operator is simulated by a binary linear operator with onlyone child. Finally, we allow the root � of T to have three children. If � is the binarylinear operator at �, then the value of � is calculated as in the unbounded version of �.As with general unbounded linear operators, we require that if � is a node of T with 2children, then eversion is allowed at � only if the operator � at � is associative.Given a linear expression tree T we will show that we can maintain a tree attributesystem to �nd the values of subexpressions of T .Lemma 3.3 Suppose E is a linear expression. The dependence of the value y of E ona single variable x can be expressed by a unary linear operator y = Ax � b.Proof: The proof is by induction on the level of the subexpression containing x. Ify is x, then the unary linear operator is y = x. Now suppose y = y0 � y00 and x isused in the calculation of y0. By the inductive hypothesis, we have y0 = A0x � b0 forsome matrix A0 and vector b0. When we �x the value of y00, we get by the earlierobservation matrix A00 and vector b00 such that y = A00y0�b00. By composition, we havey = A00A0x� (A00b0 � b00) 2We call transfer pair a (matrix, vector) pair (A; b) that by Lemma 3.3 characterizesthe dependency of a linear expression on a variable. In particular, given a (solid or edge)path � of T , we denote with P (�) the transfer pair associated with the dependency ofthe value of tail(�) from the value of head(�).Lemma 3.4 Let E be a linear expression represented by a tree T , and let x(�) be thevalue of the subexpression given by the subtree of T rooted at �. Then the transfer pairsP (�) of the solid or edge paths � of T form a path attribute system, and there existsa tree attribute system that supports tree attribute x(�) by means of the path attributeP (�). 33



Proof: Suppose path � of T is the concatenation of paths �0 and �00 with transferpairs (A0; b0) and (A00; b00), respectively. The value of head(�00) is obtained from thevalues of the children of head(�00) by means of a linear operator; hence x(head(�00)) =Cx(tail(�0))�d. By Lemma 3.3 we have x(head(�)) = A00(C(A0x(tail(�))�b0)�d)�b00.Thus, x(head(�)) = A00CA0x(tail(�)) � A00(Cb0 � d) � b00, so that the transfer pairP (�) = (A; b) is given by A = A00CA0 and b = A00(Cb0 � d) � b00. This shows thatthe transfer pairs form a path attribute system. Clearly, transfer pair P (�) allows tocompute in O(1) time x(tail(�)) from x(head(�)). Also, the transfer pairs depend onan extended node attribute set that for a node � of a path � consists of the operator of� and the value x(�0) of the child �0 of � not in �. Hence, the triplet (O; P; x), whereO(�) denotes the operator of node �, is a tree attribute system, and the lemma followsfrom Theorem 3.2. 2Theorem 3.4 Let S be a semiring and r an integer. There is a fully dynamic datastructure for maintaining a set of expressions with (unary and binary) linear operatorsover Sr with the following performance:1. an expression of size n uses O(n) space;2. operations MakeTree and DeleteTree take each O(1) time;3. operations Evaluate, LocalUpdate, Link, Cut, Evert, Re
ect, Cycle, PathFind,TreeFind, Parent, and Sibling, take each O(logn) time, where n is the total sizeof the trees involved in the operation.If we restrict ourselves to associative binary linear operators, then the expansioninvariant holds for linear operators. Therefore, by lemma 3.2, lemma 3.4, and Theo-rem 3.2, we get:Theorem 3.5 Let S be a semiring and r an integer. There is a fully dynamic datastructure for maintaining a set of unbounded linear expressions with associative binarylinear operators over Sr with the following performance:1. an expression of size n uses O(n) space;2. operations MakeTree and DeleteTree take each O(1) time;3. operations Sibling takes O(logn+ k) time to return k nodes.4. operations Evaluate, LocalUpdate, Link, Cut, Evert, Re
ect, Cycle, LCA,PathFind, TreeFind, Parent, Expand, and Contract take each O(logn) time,where n is the total size of the trees involved in the operation.34



3.4 Linear Attribute GrammarsIn this section, we consider the dynamic evaluation of linear attribute grammars andshow that this problem can also be solved using a tree attribute system.An attribute grammar T is a rooted, ordered tree such that for some �xed r, eachnode � of T stores an r-tuple of attributes x(�) = (x1(�); . . . ; xr(�)). Synthesizedattributes are calculated from the children of �. Inherited attributes are calculatedfrom the attributes of the parent of �, and the synthesized attributes of � and itssiblings. We assume, without loss of generality, that the synthesized attributes of� precede the inherited attributes of �. A binary attribute grammar is an attributegrammar on a binary tree. We consider attribute grammars where the values of eachattribute are taken from a semiring S.Attribute grammars [70] are much studied and have applications in areas suchas language based editors [11,92], and VLSI design [68]. Incremental algorithms forattribute grammars have been presented [67,91] which give a O(a � t) running time peroperation where a is the number of attributes a�ected by a change and t is the timeto make a single change. In general, a = O(n) for an attribute grammar of size n.Incremental evaluation of general circuits is studied in [2].The precedence graph for an attribute grammar T is a digraph consisting of a vertexfor each attribute xi(�) and a directed edge from xi(�) to xj(�) if the value xi(�) isused in the calculation of xj(�).For a node � of attribute grammar T , let s(�) = (s1(�); . . .sr(�)) and h(�) =(h1(�); . . .hr(�)) be the r-tuples de�ned by:s(�) = ( xj(�) if xj(�) is synthesized0 if xj(�) is inheritedh(�) = ( xj(�) if xj(�) is inherited0 if xj(�) is synthesizedwhere 1 � j � r.Suppose node � has p < r synthesized attributes. Then sR(�) = (x1(�); . . . ; xp(�)),and hR(�) = (xp+1(�); . . . ; xr(�)).De�nition 3.18 Consider a node � of a binary attribute grammar T . Let node � bethe parent of �, node �0 be the sibling of �, and nodes �1 and �2 be the children of�. A bidirectional binary operator � = (�S ;�I ;�`;�r) is a 4-tuple of binary linearoperators such that: s(�) = x(�1)�S x(�2)and, if � is the left child of �:h(�) = s(�)�I (x(�)�r s(�0))otherwise, if � is the right child of �:h(�) = s(�)�I (x(�)�` s(�0))35



De�nition 3.19 A binary linear attribute grammar T is a binary attribute grammarsuch that:� The value of all attributes come from a semiring S.� Each node � of T has an associated bidirectional operator to calculate the valuex(�).� The precedence graph of G is acyclic.� The dependence of the value an attribute xi(�) on the value of any other attributexj(�) is linear. That is, we can express the dependence in the form xi(�) =axj(�) + b where a and b are members of S.A (binary) linear expression tree is a (binary) linear attribute grammar withoutinherited attributes.Suppose G is the precedent graph of a linear attribute grammar T and xi(�1) andxj(�2) are two nodes of G. Suppose �0 and �00 are two paths in G from xi(�1) toxj(�2) that only meet at their endpoints. Let xh(�0) and xk(�00) be the predecessors ofxj(�2) on �0 and �00. Then the attributes xh(�0) and xk(�00) are not multiplied by theoperation performed at �2.Suppose x = (x1; . . . ; xh) is a vector. The power vector of x, power(x), is a vectorwith 2h entries (1; x1; . . . ; xh; x1x2; . . . ; xh�1xh; . . . ; x1 � � �xh).Lemma 3.5 Suppose G is a precedence graph such that all dependencies are linear.Consider attributes y0; . . . ; yf of G. The dependence of the value of y0 on the valuesof y1; . . . ; yf can be expressed as y0 = a � power((y1; . . . ; yf)) for some vector a with 2fcomponents.Proof: Let G be the precedence graph of T . Our proof is by induction on the lengthof a longest directed path from some yi (1 � i � f) to y0 in G. If the length is 0, thenall yi (0 � i � f) are identical, and the lemma follows with a = (0; 1; 0; . . .).Otherwise, let (�1; . . . ; �k) be the attributes of T such that for each �j (1 � j � k)there is an edge from �j to y0 and a path of length greater than or equal to 0 from someyi to �j . Then for each �j there is a vector aj such that �j = aj � power((y1; . . . ; yj)).Additionally, there is a vector b such that y0 = b � power((�1; . . . ; �k)). By substitution,we get a polynomial formula for y0 in terms of y1; . . . ; yj . No term of this formula cancontain ygj , g � 2, for 1 � j � k since this would violate the linear dependency ofattributes in a linear attribute grammar. 2Corollary 3.1 Suppose � is a node of linear attribute grammar T . The dependenceof a synthesized attribute xi(�) on the inherited attributes hR(�) can be expressed asxi(�) = a � power(hR(�)). 36



The vector a depends only on the calculations of attribute values performed atnodes in the subtree rooted at �, excluding the calculation of the inherited attributesof �.Corollary 3.2 Suppose � is a path in linear attribute grammar T with head � and tail� . Let y be the vector consisting of the attributes sR(�) followed by the attributes hR(�).The dependence of an inherited attribute xi(�) on the attributes of y can be expressedas xi(�) = a � power(y) for some vector a. Similarly the dependence of synthesizedattribute xj(�) on the attributes of x can be expressed as xj(�) = b � power(y) for somevector b.The vectors a and b depends on the calculations of attribute values performed atnodes in the subtree rooted at � excluding the subtree rooted at �.Suppose we are given a directed acyclic graph G. Graph G is an evaluation graphif each vertex v of G calculates a value value(v) by an equation value(v) = a �power(y),where y is the vector of values of vertices u with edges in G from u to v. A topologicalsort of G orders the vertices of G such that if there is an edge from vertex u to vertexv in G, then u precedes v in the ordering. A simple evaluation scheme calculates thevalues for each vertex of G in topological order. In this way, the input values areavailable when calculating the value of a vertex.For a node � in linear attribute grammar T , corollary 3.1 shows that we can sum-marize the dependence of the attributes of sR(�) on the attributes of hR(�) as anevaluation graph summarygraph(�). There is a vertex of summarygraph(�) for eachattribute of �. Edges are directed from attributes of sR(�) to attributes of hR(�).Similarly, for a path � in T with head � and tail � , corollary 3.2 shows that we cansummarize the dependence of the attributes of hR(�) and sR(�) on the attributesof sR(�) and hR(�) as an evaluation graph summarygraph(�). There is a vertex ofsummarygraph(�) for each attribute of � and � . Edges are directed from attributes ofsR(�) and hR(�) to attributes of hR(�) and sR(�). Notice that for any node � and anypath �, evaluation graphs summarygraph(�) and summarygraph(�) will be of constantsize.Lemma 3.6 Let T be a linear attribute grammar, R(�) be the graph summarygraph(�),N(�) be the bidirectional binary operator �, and P (�) be the directed graphsummarygraph(�). Then there exists a tree attribute system that supports tree attributeR(�) by means of the path attribute P (�).Proof: Suppose � is a path in T from node � to node � . Evaluation graphsummarygraph(�) gives the dependencies of the attributes of hR(�) and sR(�) onthe attributes of sR(�) and hR(�). Evaluation graph summarygraph(�) gives the de-pendencies of the attributes of sR(�) on the attributes of hR(�). We combine thesetwo graphs and perform the simple evaluation scheme to get the dependencies of theattributes of sR(�) on the attributes of hR(�), which is summarygraph(�). All this canbe done in constant time, since these graphs are of bounded size.37



To show that P (�) can be maintained in a path attribute system, consider path �0from head �0 to � 0 and path �00 from head �00 to � 00 with node �00 the parent of node� 0. Suppose node � is the sibling of node � 0. The evaluation graph summarygraph(�)will be part of the extended node attribute set ~N (�00).Suppose path � is the concatenation of paths �0 and �00. To �nd summarygraph(�),we form an evaluation graph H with vertices for each of the attributes of x(�0),x(� 0), x(�00), x(� 00), and x(�). The edges of H are the edges of summarygraph(�0),summarygraph(�00), summarygraph(�), the dependencies for calculating sR(�00) fromx(� 0) and x(�), and the dependencies for calculating hR(� 0) from sR(� 0), sR(�), andx(�00). We perform the simple evaluation scheme on H to determine the dependenciesof the attributes of hR(�0) and sR(� 00) on the attributes of sR(�0) and hR(� 00), whichis summarygraph(�) (see Fig. 3.6). All this can be done in constant time, since thesegraphs are of bounded size. 2For a node � of linear attribute grammar T , the value of Evaluate(�) is the evalua-tion graph summarygraph(�). In order to return the actual values of x(�), we presentthe following operation for linear attribute grammars.� EvaluateAttributes(node �) | Returns the values of the attributes x(�).We implement operation EvaluateAttributes(�) as follows. First we call Evaluate(�)to get evaluation graph summarygraph(�). We then call expose(�) to get path � from� to root �. By combining evaluation graphs summarygraph(�) and summarygraph(�),and performing the simple evaluation scheme, we get the dependencies of x(�) on hR(�).We then calculate the actual values of x(�) by plugging in the default inherited valuefor the root � of T . We �nish by calling conceal(�) to restore the size invariant.Theorem 3.6 Let S be a semiring and r an integer. There is a fully dynamic datastructure for maintaining a set of linear attribute grammars over Sr with the followingperformance:1. an linear attribute grammar of size n uses O(n) space;2. operations MakeTree and DeleteTree take each O(1) time;3. operations EvaluateAttributes, LocalUpdate, Link, Cut, Evert, Re
ect, Cycle,LCA, PathFind, TreeFind, Parent, and Sibling, take each O(logn) time, wheren is the total size of the linear attribute grammars involved in the operation.A binary linear operator is an unbounded linear operator if it keeps the expansioninvariant. That is, if � is a node of linear attribute grammar T , then summarygraph(�)is unchanged after expanding any children of �. Note that the actual value of attributesmay change as as a result of an Expand operation.Consider the following example. Given a node � in linear attribute grammar T , letdepth(�) be the depth of node � in T . The attribute depth(�) is inherited. The valuedepth(�) is either 0, if � is the root of T , or depth(�)+1, where node � is the parent of38



S

I

S

I

S

I

S

I

S

I

Π′ Π′′

σ′ τ′ σ″ τ″

µ

S

I

S

I

Π

σ′ τ″

(a)

(b)Figure 3.6: An example of the concatenation of summary graphs as described inlemma 3.6. (a) The combined evaluation graph. (b) The resulting summary graph�. If � is an internal node and �0 is the leftmost child of �. Let synthesizeddepth(�) =depth(�0) � 1. Therefore, we get the relation synthesizeddepth(�) = depth(�), whichremains true after any expansion of a node of T . Yet, when expanding children of �,we increment the depth of the descendants of the expanded nodes.An unbounded linear attribute grammar is a linear attribute grammar with un-bounded degree nodes such that each node calculates an unbounded linear operator.By by lemma 3.2, lemma 3.6, and Theorem 3.2, we get:Theorem 3.7 Let S be a semiring and r an integer. There is a fully dynamic datastructure for maintaining a set of unbounded linear attribute grammars over Sr withthe following performance:1. an linear attribute grammar of size n uses O(n) space;39



2. operations MakeTree and DeleteTree take each O(1) time;3. operations Sibling takes O(logn+ k) time to return k nodes.4. operations EvaluateAttributes, LocalUpdate, Link, Cut, Evert, Re
ect, Cycle,LCA, PathFind, TreeFind, Parent, Expand, and Contract take each O(logn)time, where n is the total size of the linear attribute grammars involved in theoperation.3.5 ApplicationsIn this section we introduce applications of tree attribute systems. We show how anumber of existing data structures can be expressed as tree attribute systems, and wepresent new applications using our techniques. Further applications are discussed inchapters 4 and 5.3.5.1 Tree Structures for Graph ProblemsA number of existing data structures can be expressed as tree attribute systems. Thislist includes dynamic trees and edge ordered trees. In this section, we review thesedata structures, and existing applications for tree attribute systems, linear expressiontrees, and linear attribute grammars.Dynamic trees [100] are unordered, unbounded, rooted trees supporting operationsLink , Cut and Evert . Each node � stores a globally updatable cost associated withthe edge from � to its parent. Global updates are only performed on the path froma node to the root. A specialized PathFind operator is included to �nd the minimumcost edge on a path. Dynamic trees were �rst presented as an internal data structurein several (sequential) maximum 
ow algorithms.A number of data structures have been presented which maintain the recursivedecomposition of graphs into subgraphs with constant size overlap. SPQR-trees [28]are used to maintain the tri-connected components of an initially biconnected graph.FWRT-trees [69] used to maintain the 4-connected components of an initially tri-connected graph. These last two data structures have a specialized PathFind oper-ation to �nd the closest ancestor of a given type.Edge-ordered trees [38] are ordered, unbounded, rooted trees supporting operationsLink , Cut , Expand , Contract , Cycle and Evert . Each node � stores a locally updatablecost associated with the edge from � to its parent. A specialized PathFind operator isincluded to �nd the minimum cost edge on a path. Edge-ordered trees were presented asthe data structure for a fully dynamic algorithm to maintain the minimum or maximumspanning tree of planar graphs.3.5.2 Summation HeapsIn this section we present a generalization of heaps called summation heaps. Recallthat in the tree implementation of a heap, the structure of the tree is arbitrary (see40



example 3.5 page 26). Heap elements are stored at the leaves of the tree. Internalnodes are only used to direct us when selecting the minimum value of a heap.In summation heaps, the structure of the heap is important. We extend costs toinclude internal nodes. A summation heap is an expression tree over operators + andmin. The cost of a node � is the value of the subexpression rooted at �.We replace operation FindMin for heaps, with the following operation.� FindMinNode(node �) | return a minimum cost node � in the subtree rootedat �.To implement operation FindMinNode, we calculate two values for each node �:� cost(�) | the cost of node �.� mincost(�) | the minimum cost of a node in the subtree rooted at �.These values are calculated as linear expressions The value of cost(�) is de�nedto be the result of a linear expression. The value of mincost(�) is the minimum ofcost(�) and mincost for the children of �. Operation FindMin(�) is performed bycalling operation TreeFind(�; S4), where S4 is the selection function of example 3.5.Theorem 3.8 There exists a fully dynamic O(n) space data structure for maintaininga collection of summation heaps of total size n, such that a query or update operationtakes time O(logn)3.5.3 Blocking HeapsIn this section we present another generalization of heaps called blocking heaps whichare motivated by the need to search for a minimum valued attribute in linear expressiontrees. We use blocking heaps in the implementation of the dynamic algorithms for tree-width two graphs (see section 4.2.5).Suppose S is a totally-ordered set. We consider operations in Sr, the space of r-tuples of S for some �xed r. Let x = (x1; . . . ; xr) and y = (y1; . . . ; yr) 2 Sr. A binaryminimization operator � : Sr � Sr ! Sr is de�ned such that each component (x� y)icalculates the minimum (or maximum) of some subset of the components of x and somesubset of the components of y. Given a component �i at node �, a source of �i is acomponent �j at leaf � such that reducing the value of �j , reduces the value of �i.Consider the following operation on a tree associated with an expression of binaryminimization operators:� FindSources(node �) | return a source for each of the components of �.De�nition 3.20 A blocking heap is a linear expression tree of binary minimizationoperators which also supports operation FindSources.Suppose T is a blocking heap. For each path � in T from node � to node � , wekeep the following boolean table: 41



� depends(�; i; j) | true if there is a path in the dependency graph of T from �ito �j .Operation FindSources(�) is performed by calling operation TreeFind(�; S5; i), foreach 1 � i � r, where S5 is the following tree selection function:Selection Function S5 Suppose � is a path, node � the root of the path tree B�, andnodes �0 and �00 the left and right children of �. Let � 0 be tail(�0). Use the transfer pairsat � and �0, the binary minimization operator at head(�00), and the depends table for�00 to determine if there is a component � 0j at � 0 such that the value of � 0j is the sameas �i, and �i depends on �j . If so, return �0, else return �00.Theorem 3.9 There exists a fully dynamic O(n) space data structure for maintaininga collection of blocking heaps of total size n, such that a query or update operation takestime O(logn)3.5.4 Point Location in Unbalanced Binary Space Partition TreesA binary space partition is a binary tree where each node corresponds to a connectedregion of the space (or plane) and to a geometric object that bipartitions such a region(see Fig. 3.7). E.g. a node corresponds to a trapezoid and to a segment that dividesit into two trapezoids (for details see [82]). Each leaf � of binary space partition Trepresents a region referred to as region(�). If the discrimination of a point with respectto the dividing object (i.e., �guring out which of the two children regions contains thepoint) can be done in polylog time (usually O(1) time), then one can do point locationin polylog time. Previous approaches try to keep the binary space partition balanced[86,99]. With a selection function one can use unbalanced partitions. A specializedversion of this technique was introduced in [15].We support operations on a collection of binary space partitions:� Region(node �; point p) | Return the region containing point p in the binaryspace partition rooted at node �.� MakeBSP() | Create a new elementary binary space partition with no partitions.� DeleteBSP(node �) | Remove the elementary binary space partition representedby node �.� Divide(node �; partition P ) | Use partition P to divide the region representedby leaf �.� Compose(node �; �) | Partition the region represented by leaf � using the binaryspace partition with root �.� Decompose(node �) | Replace the sub-partition represented by node � with asingle region. 42
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oorplan is either a rectangle (called basic rectangle), or is the union of two slicing
oorplans that share a horizontal side (called horizontal slice) or a vertical side (calledvertical slice). Each basic rectangle r has a minimum width wr and a minimum heighthr, which describe the dimensions of a circuit module to be placed inside r.An important problem in VLSI layout is determining the location of basic rectangleswhile minimizing the area of the slicing 
oorplan, subject to the above constraintson the height and width of the basic rectangles. (For full details, see [103].) Thisproblem can be solved using a linear attribute grammar T . Leaves of T represent basicrectangles, and internal nodes represent horizontal or vertical slices (see Fig. 3.9). Thereference point of a sub-
oorplan is its bottom-left corner.We keep the following synthesized attributes at each node � of linear attributegrammar T with root �:� height(�) | The height of the sub-
oorplan represented by node �.44
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oorplan; and (b) its associated parse tree.� width(�) | The width of the sub-
oorplan represented by node �.We also keep the following inherited attributes:� xpos(�) | The x-coordinate of the reference point of the sub-
oorplan repre-sented by node �. The value xpos(�) is assumed to be 0.� ypos(�) | The y-coordinate of the reference point of the sub-
oorplan repre-sented by node �. The value ypos(�) is assumed to be 0.The equations to calculate these values is shown in table 3.3. Using linear attributegrammars, we can solve a dynamic version of the compaction problem for slicing 
oor-plans, where query operations ask for the minimum area of a 
oorplan (or sub-
oorplan)or the location of a basic rectangle and update operations change the dimensions of abasic rectangle or join (or separate) two 
oorplans.
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Value Vertical Horizontalheight(�) max(height(�1); height(�2)) height(�1) + height(�2)width(�) width(�1) + width(�2) max(width(�1);width(�2))xpos(�1) xpos(�) xpos(�)ypos(�1) ypos(�) ypos(�)xpos(�2) xpos(�) + width(�1) xpos(�)ypos(�2) ypos(�) ypos(�) + height(�1)Table 3.3: The equations to calculate the compaction of 
oorplans for a node � andits children �1 and �2. The choice of equations depend on if � represents a vertical orhorizontal slice.
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Chapter 4Bounded Tree-Width Graphs4.1 IntroductionIn this chapter, we study the dynamic maintenance of graphs of tree-width two. Graphsof tree-width one are forests. Graphs of tree-width two have been extensively studieddue to their role in fault-tolerant communication networks [43,44,78,119], concurrentbroadcasting in common medium networks [23], reliability evaluation in complex sys-tems [3], and evaluation of queries in relational data base systems [4]. Note that tree-width two graphs include the important subclasses of trees and series-parallel graphs.The notion of the tree width of a graph was introduced by Robertson and Sey-mour [94]. Given a graph G = (V;E), a tree decomposition of G consists of tree T anda subset of vertices X� associated with each node � of T such that:� every vertex v 2 V is in some X�;� for every edge e in E there is a node � in T such that both endpoints of e arecontained in X�; and� if a vertex v is in both X�0 and X�00 for nodes �0 and �00 in T , then v is containedin X� for each node � on the path in T between �0 and �00.The width of a tree decomposition is de�ned to be max�(jX�j � 1). The tree widthof graph G is the minimum width of any tree decomposition of G. Let TW (k) be theclass of graphs of tree width � k. If G 2 TW (k) then clearly any subgraph of G is inTW (k).Rose [74] gives an alternate characterization of TW (k) graphs as subgraphs of k-trees. The class of k-trees is de�ned recursively as follows. The complete graph withk vertices is a k tree. A k-tree with n + 1 vertices n � k can be constructed from ak-tree with n vertices by adding a new vertex adjacent to all the vertices of one of itsk-vertex complete subgraphs. A graph G is a partial k-tree if it is the subgraph of ak-tree.Arnborg and Proskurowski [5] proved that the class of partial k-trees is the same asTW (k). Therefore, we use the terms interchangeably to denote the same class of graphs.47



Also, they proved that it is NP-Complete to determine the tree-width of a graph.Robertson and Seymour [93] showed the existence of a polynomial time algorithm todetermine if a graph has tree width k for some constant k; later Bodlaender [12] andMatou�sk and Thomas [76] gave NC algorithms to construct a tree decomposition ofany partial k-tree (for some constant k), whose width is within a constant factor of k.Recently Lagergren [71] has given a linear processor NC algorithm to construct such atree decomposition. They thus demonstrated that a large number of problems whichare NP-Complete for general graphs can be solved very e�ciently for graphs of constanttree width, both sequentially and in parallel. No equivalent dynamic result has beenshown. (E�cient parallel algorithms for problems on series-parallel graphs are given in[59].)Using tree attribute systems, we �nd the following results:� We show that a tree decomposition for a tree-width two graph with m edges canbe maintained in a fully dynamic environment so that an update operation takesworst-case time O(log2m).� We provide a framework for the design of e�cient dynamic algorithms on boundedtree-width graphs. Namely, we consider the classes of graph problems DECCand DLCC introduced in [21] which can be represented as tree attribute systems.These classes include the important problems of shortest path, minimum cut,minimum spanning tree, and many problems that are NP-complete for generalgraphs, such as vertex cover, dominating set, chromatic number, partial feedbackedge set, independent set, bipartite subgraph, max cut, partition into Hamil-tonian subgraphs, partition into cliques, transitive subgraph, cubic subgraph,kernel, and chromatic index. We show fully dynamic data structures supportingthese queries for tree-width two graphs. Each query requires O(logm) time andeach update requires O(log2m) time. Our dynamic algorithms use O(m) space.� We show that the above queries can be maintained in O(logm) query and updatetime for series-parallel graphs and trees.� We show how to maintain the solutions to additional problems on tree-width twographs including common neighbor, minimum spanning tree, and all-connectiblepairs shortest path and minimum cut.The remainder of the chapter is organized as follows: Section 4.2 describes the fullydynamic algorithm to maintain the tree decomposition of tree-width two graphs. Afully-dynamic algorithm is presented to maintain the solution to problems in DECC andDLCC for tree-width two graphs. While section 4.3 presents fully dynamic algorithmsfor some additional problems on tree-width two graphs.4.2 Tree Width Two GraphsIn this section we show how to maintain tree decompositions of tree-width two graphsusing tree attribute systems. 48



Given a graph G, contracting edge e of G consists of removing e from G and iden-tifying the endpoints of e. Graph H is a minor of G if H can be obtained by a seriesof contractions from a subgraph of G.Robertson and Seymour [93] gave a nonconstructive proof of the fact that for anyk 2 N the class of graphs with tree width at most k, can be characterized by a �niteset of forbidden minors. Wald and Colbourn [119] show that tree-width two graphsare exactly the graphs which exclude the complete graph with four vertices, K4, as aminor.4.2.1 PreliminariesDe�nition 4.1 A two-terminal graph G� = (V;E; �) consists of a graph G = (V;E)and an ordered pair of distinguished vertices � = (t1; t2). Vertices t1 and t2 are calledthe terminals of G with t1 being the �rst terminal and t2 being the second terminal.Given ordered pair � = (t1; t2), let ordered pair �� = (t2; t1). The two-terminal graphG�� is called the swap of G� .De�nition 4.2 The parallel composition of two-terminal graphs G(s1;t1)1 ; . . . ; G(sj;tj)jis a two-terminal graph G(s;t) such that vertex s is the result of identifying verticess1; . . . ; sj , and vertex t is the result of identifying vertices t1; . . . ; tj .De�nition 4.3 The series composition of two-terminal graphs G(s1;t1)1 ; . . . ; G(sj;tj)j isa two-terminal graph G(s;t) such that s is vertex s1, t is vertex t1, and for 1 � i < j,we identify terminals ti and si+1. The identi�ed vertices form the join vertices of theseries composition.De�nition 4.4 A two-terminal series-parallel graph (TTSP) is recursively de�ned asfollows:� The graph consisting of a single edge from t1 to t2 with terminals (t1; t2) is aTTSP.� Given TTSPs G�11 ; . . . ; G�jj , TTSP G� is formed by the parallel composition ofG�11 ; . . . ; G�jj .� Given TTSPs G�11 ; . . . ; G�jj , TTSP G� is formed by the series composition ofG�11 ; . . . ; G�jj .Lemma 4.1 Suppose G� is a TTSP. Then G� is a TTSP.Proof: By induction on the compositions to create G� . If G� is a single edge, then G�also is a single edge and hence a TTSP. If G� is the parallel composition of G� 0 andG� 00 then G� is the parallel composition of G� 0 and G� 00 . If G� is the series compositionof G� 0 and G� 00 then G� is the series composition of G� 00 and G� 0 . 249



t1 t2Figure 4.1: A tree-width two graph. Solid-colored vertices are candidates with respectto the �rst terminal of their train.De�nition 4.5GraphG is a series-parallel graph ifG� is a TTSP for some terminal pair� . The TTSP G� is said to be a two terminal representation or simply representationof G. Graph G is said to be represented by G� . The two terminal representation isnot unique (see lemma 4.4).A TTSP G� is associated with a rooted, ordered, unbounded tree T , called a SPQ-tree. A node � 2 T represents a sub-two-terminal graph of G� , called the pertinentgraph of �, and denoted by G�. Pertinent graph G� can also be written G�1 , where G1is the subgraph of G represented by �, and � is the pair of terminals of G�. If � is aleaf, then G� is a single edge. Otherwise, G� is obtained by the composition (seriesor parallel) of the pertinent graphs of the children of �. The nodes of T are of threetypes: S-nodes, P-nodes, and Q-nodes. Tree T is de�ned recursively as follows:� If G� is a single edge, then T consists a single Q-node �.� If G� is the parallel composition of two or more TTSPsG�1; . . . ; G�d with SPQ-treesT1; . . . ; Td with roots �1; . . . ; �d, then T consists of a P-node root with children�1; . . . ; �d.� If G� is the series composition of two or more TTSPs G�1; . . . ; G�d with SPQ-treesT1; . . . ; Td with roots �1; . . . ; �d, then T consists of an S-node root with children�1; . . . ; �d.The type of a node � is either P, S, or Q. We keep the type invariant that eachnode of a SPQ-tree T not have a child of the same type. The terminals of node �are the terminals of G�. If G� has m edges, then T has O(m) nodes. Tree T can beconstructed in O(m) time using the recognition algorithm of [118].The following corollary to lemma 4.1 shows the connection between swapping aTTSP and re
ecting the associated SPQ-tree.Corollary 4.1 Consider a TTSP G� and associated SPQ-tree T . Let �T be the re
ec-tion of T . Then �T is the SPQ-tree associated with G�� .50



De�nition 4.6 Let � be an S-node with children �1; . . . ; �d. The �rst representativeof � is node �1 and the last representative of � is node �d. The skeleton of �, denotedskeleton(�), is the two terminal graph consisting of d edges ei = (vi�1; vi), 1 � i � d,where v0 and vd are the �rst and second terminals of the pertinent graph of �, and for1 � i < d, vi is the second terminal of the pertinent graph of �i. The proper node ofvertices v1; . . . ; vd�1 is node �.Note that vi is a join-vertex used in the series composition at its proper node.Hence, if G� is a TTSP with associated SPQ-tree T then each vertex of G� , with theexceptions of its terminals, gets assigned to a proper node.We allow a node � to swap its pertinent graph. The swap status of a node � is theexclusive-or of all swaps done by ancestors of �.4.2.2 Biconnected Series-Parallel GraphsBiconnected series-parallel graphs are exactly the class of biconnected graphs thatexclude the complete graph with 4 vertices, K4, as a minor [34]. Hence, biconnectedtree-width two graphs are biconnected series-parallel graphs.Lemma 4.2 [34] Suppose G is a tree-width two graph and B is a biconnected compo-nent of G. Then B is a biconnected series-parallel graph.We call the biconnected components of G blocks. If T is a SPQ-tree representing abiconnected series-parallel graph, then the root of T is a P-node.Lemma 4.3 Let G be a biconnected series-parallel graph and G� be a representationof G with associated SPQ-tree T . Let � = (t1; t2) and let v0 and v00 be two verticesof G. Then the graph Ĝ obtained by inserting an edge from v0 to v00 is a biconnectedseries-parallel graph if and only if one of the following conditions is true:1. v0 = t1 and v00 = t2 or v0 = t2 and v00 = t1, or2. v0 and v00 are vertices of the skeleton of the same S-node of T , or3. v0 is a non-terminal vertex of the skeleton of S-node �1 and v00 is a non-terminalvertex of the skeleton of S-node �2 and nodes �1 and �2 are the only children ofthe root P-node of T .Proof:(If) If vertices v0 and v00 meet conditions 1 or 2 of the lemma, then Ĝ� clearly is aTTSP with an additional parallel composition. If vertices v0 and v00 meet condition 3of the lemma, then we can �nd another representation G� 0 of G, where � 0 = (v0; v00).We �nd G� 0 as follows (see Fig. 4.2).Consider four subgraphs of G: subgraph G1 is the subgraph separated by verticest1 and v0; subgraph G2 is the subgraph separated by vertices v0 and t2; subgraph G3is the subgraph separated by vertices t1 and v00; and subgraph G4 is the subgraph51



separated by vertices v00 and t2. Clearly, each of G1, G2, G3, and G4 are series-parallel graphs. TTSP G� is the parallel compositions of the TTSPs formed by theserial composition of TTSPs G(t1;v0)1 and G(v0;t2)2 , and the serial composition of TTSPsG(t1;v00)3 and G(v00;t2)4 . TTSP G� 0 then is the parallel compositions of the TTSPs formedby the serial composition of TTSPs G(v0;t1)1 and G(t1;v00)3 , and the serial composition ofTTSPs G(v0;t2)2 and G(t2;v00)4 .(Only If)We use the property that a series-parallel graph does not have graph K4as a minor. Suppose that v0 and v00 do not meet any of the conditions of the lemma. Letnodes �0 and �00 be Proper(v0) and Proper(v00) and let � be the least common ancestorof �0 and �00 in T . Suppose � is a P-node. Let vertices t0 and t00 be the terminals ofG� . Since G is biconnected and condition 3 is not met, there is a path in G from t0to t00 that does not contain an edge of G� . Since node � is a P-node, there will benon-intersecting paths in G� between t0 and v0, v0 and t00, t0 and v00, and v00 and t00.Therefore, in Ĝ the vertices v0; v00; t0, and t00 induce a minor of K4.Now suppose � is an S-node. Since vertices v0 and v00 are not vertices of the skeletonof any S-node, at least one of v0 and v00 (say v0) is not a vertex of skeleton(�). Let node �be the child of � such that v0 is contained in G�. By the type invariant, node � must bea P-node. Let vertices s0 and s00 be the terminals of G�. Since G is biconnected, thereare non-intersecting paths in G between v00 and s0, and v00 and s00 that do not containan edge of G�. Also, since � is a P-node, G� represents a biconnected graph. Hence,there are non-intersecting paths in G� between s0 and v0, and v0 and s00. Therefore, inĜ the vertices v0; v00; s0, and s00 induce K4 as a minor. 2De�nition 4.7 Let G be a biconnected series-parallel graph. The vertex pair (v0; v00)of G is 2spg-connectible if the graph resulting from adding an edge between v0 and v00 isa biconnected series-parallel graph. If vertices v0 and v00 meet condition 3 of lemma 4.3,then we call the pair (v0; v00) a cross-pair.Lemma 4.4 Suppose G is a biconnected series-parallel graph and � = (u; v) an orderedpair of vertices. The two-terminal graph G� is a TTSP i� (u; v) is 2spg-connectible.Proof:(If) If G� is a TTSP then the pair (u; v) is 2spg-connectible by lemma 4.3.(Only If) Assume that G� is some representation of G and T is the associatedSPQ-tree. If u and v are the terminals of G� , then we are done. If (u; v) is a cross-pair,then by the proof of lemma 4.3, we can �nd a representation G� of G. The �nal caseis when u and v are both vertices of the skeleton of the same S-node � of T . We showhow we can construct an SPQ-tree T 0 for either G� or G�� .Consider the following operation:� MakeTerminals(node �; vertex u; v) | Suppose � is the root of SPQ-tree T asso-ciated with TTSP G� . Restructure T such that the resulting tree T 0 is associatedwith G� , where � is the vertex pair (u; v). Return the root of tree T 0. Vertices uand v are assumed to either be the terminals of G� or vertices of the skeleton ofthe same S-node � of T with vertex u preceding vertex v in skeleton(�).52
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vertex c0 6= c with any other block B00 then level(B00) = i+ 1. In this way we can viewa tree-width two graph G, as a tree of biconnected series-parallel graphs (see Fig. 4.4).The following de�nitions are natural extensions from trees.De�nition 4.8 The parent of block B at level i is the unique block B0 at level i � 1that shares a vertex with B. Block B is said to a child of block B0 if B0 is the parentof B. Block B is a leaf if it has no children. Block B is the root if it has no parent.An ancestor of block B is either B itself or a parent of an ancestor of B. A path isthe sequence of blocks encountered from a block B to an ancestor block B0. The leastcommon ancestor of blocks B0 and B00 is the lowest level block that is an ancestor ofboth B0 and B00. Block B is a descendant of block B00 if B00 is an ancestor of B. Theroot of G will be the block B0.Suppose G is a tree-width two graph containing vertices u and v. The componentchain between u and v is the unique sequence (B1; c1; B2; . . . ; cp; Bp) of cut verticesand blocks encountered in C between u and v. Notice that vertex u a member of B0and vertex v a member of Bp.De�nition 4.9 The vertex pair (u; v) is tw2-connectible if the graph resulting fromadding an edge between u and v is a tree-width two graph.Lemma 4.5 Let G be a tree-width two graph with vertices c0; cp 2 G, and(B1; c1; B2; . . . ; cp�1; Bp) be a component chain with c0 2 B1 and cp 2 Bp. Then thepair (c0; cp) is tw2-connectible i� for each 0 � i < p, (ci; ci+1) is 2spg-connectible.Proof:(If) Suppose adding an edge e between c0 and cp+1 creates K4 as a minor, whilefor each 0 � i < p, (ci; ci+1) is 2spg-connectible. Therefore, all the vertices of the K4minor cannot be members of the same block. Let u and v be vertices of a K4 minorsuch that there is no block containing both u and v. In graph G there is only onedisjoint path between u and v, since there is a cut vertex between them. Therefore,adding edge e creates at most a second disjoint path from u to v, contradicting u andv as vertices of a K4 minor.(Only If) If the pair (ci; ci+1) is not 2spg-connectible then adding an edge betweenu and v creates a path from ci to ci+1 that does not share any edge with Bi. Hence aK4 minor is created. 2Consider a tree-width two graph G containing a block B at level i. Recall that if Bis not the root block, then there is exactly one cut vertex v in B that is shared with theparent block of B. We require that any representation of B has v as its �rst terminal.We allow any representation of the root block. We call vertex v the linking vertex of B.We decompose G into a collection of series-parallel graphs, called trains such thateach block of G is contained in exactly one train. Suppose B0 is a block at level i withlinking vertex v0 and B00 is a child block of B0 at level i + 1 with linking vertex v00.The connection between B0 and B00 is said to be coupled if B0 and B00 are containedin the same train. The connection is open otherwise. By lemma 4.4, we can couple55
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Figure 4.4: Representation of a tree-width two graph that meets the weight invari-ant starting at block B0. Each block B is labeled with the number of vertices in Band weight(B). Black �lled vertices are candidates and white �lled vertices are non-candidates.the connection between B0 and B00 only if the pair (v0; v00) is 2spg-connectible in theseries-parallel subgraph consisting of block B0.We now show in a manner similar to dynamic trees that for a graph with m edgeswe only have to consider O(logm) trains to perform any dynamic operation.Suppose G� is a TTSP with t1 its �rst terminal and v some other vertex. We saythat v is a candidate with respect to t1 if (t1; v) is tw2-connectible.Let B be a block of a tree-width two graph G. A candidate child of B is a block oflevel i+ 1 that connects to B at a candidate vertex. For each block B, we de�ne theweight of B, weight(B), to be the sum of the number of edges in B and all descendantblocks of B.We de�ne the connection between child block B0 and its parent B to be heavy ifweight(B0) is greater than one-half weight(B), otherwise the connection is light. Wekeep a weight invariant that the connection between a candidate child and its parent iscoupled if and only if it is heavy. Notice that for any block there is at most one heavyconnection to a candidate child. Suppose v is the connecting vertex between B andcandidate child B0. We couple the connection between blocks B and B0 by representingv as the second terminal of B and representing the connection between B and B0 as aseries composition. The �nal result is a decomposition of G into trains. If M is a trainof G, we de�ne level(M) to be level(B) where B is the block of M of minimum level.As with blocks, we use the tree relationships parent, child, ancestor, descendant, root,and leaf for trains.We now de�ne an extension of SPQ-trees, called SPQC-trees that will be used torepresent tree-width two graphs. Suppose G is a tree-width two graph. For each vertexv of G we associate a unique C-node �. Suppose M is the lowest level train containing56
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� Attach(node �; vertex v) | Attach the tree-width two graph represented bynode � to vertex v by identifying v with the �rst terminal of the root trainof G. Node � must be the root P-node of the SPQC-tree representing G.� Detach(node �) | Detach the block represented by node �, and all its descendantblocks, from G by separating the �rst terminal of M�. The biconnected series-parallel graph G� is added to G.� Compose(nodetype X ; node �0; �00) | Perform a composition on the root trainsof the tree-width two graphs G�0 and G�00 . The composition is series or parallelaccording to whether X = S or X = P . The resulting tree-width two graph isadded to G while G�0 and G�00 are removed from G.� Inject(node �; �) | Replace the edge e represented by Q-node � with the tree-width two graph G�. The terminals of M� are identi�ed with the endpoints of e.Node � must be the root of its SPQC-tree. The resulting TTSP is added to Gwhile G is removed from G.� Extract(node �) | Let graph G0 be the tree-width two graph consisting of G�minus the attachments at the terminals ofM�. Remove G0 from G and replace itwith a single edge e. The endpoints of e are the terminals ofM�. The tree-widthtwo graph G0 is added to G.� InsertEdge(vertex v0; v00; edge e) | Insert a new edge e from v0 to v00 . Theoperation is performed only if the resulting graph is a tree-width two graph.� DeleteEdge(edge e) | Delete edge e.� InsertVertex(vertex v; edge e; e0; e00) | Replace edge e with two edges e0 and e00by inserting vertex v.� DeleteVertex(node �; vertex v; edge e; e0; e00) | Replace vertex v and its incidentedges e0 and e00 with a single edge e. The operation is performed only if e0 ande00 are the only incident edges of v.� Swap(node �) | Swaps the pertinent train of node �. Node � is assumed to bethe root of its SPQC-tree.In order to implement these operations we assume the existence of the followingoperations, which are described in section 4.2.5:� GetBlock(node �) | Returns the node � that represents the block containingM� as a subgraph. If � is a C-node representing vertex v, then return the lowestlevel block containing v. Operation GetBlock runs in O(logm) time.� LCABlock(node �0; �00) | Returns the node � that represents the least commonancestor block of the blocks represented by �0 and �00. Operation LCABlock runsin O(logm) time. 59



� GetTrain(node �) | Returns the node � that represents the train containing M�as a subgraph. If � is a C-node representing vertex v, then return the lowest leveltrain containing v. Operation GetTrain runs in O(logm) time.� Exposegraph(node �) | For the block B represented by node �, open the coupledattachment to a higher level block, if it exists. Let B0 be the closest ancestor blockof B that is not a candidate child of its parent. If no such block exists, then letB0 be the root block. Couple all open connections on the path between B andB0. Operation Exposegraph returns a node which represents the constructed trainand runs in O(log2m) time.� ConcealGraph(node �) | Restores the weight invariant for the train representedby node �. Operation ConcealGraph runs in O(log2m) time.� MakeTerminal(node �; vertex v) | Restructure G� such that vertex v becomesthe second terminal. This operation assumes that � represents a block containingv and that vertex v is 2spg-connectible with the �rst terminal of M�. OperationMakeTerminal runs in O(logm) time.� Proper(vertex v) | Returns the node triple (�; �0; �00), where � is the propernode of v, node �0 is the child of � such that v is the �rst terminal of �0, and �00is the child of � such that v is the second terminal of �00. If v is a terminal of theroot chain, then Proper(v) returns (�;�;�), where � is the root of T . OperationProper runs in O(logm) time.� GetTerminals(node �) | Returns the terminal set (t1; t2) of the pertinent trainof �. Operation GetTerminals runs in O(logm) time.� FindEdge(node �; vertex v) | Returns the Q-node associated with an edge inthe pertinent train of � connected to vertex v. Vertex v must be a terminal ofG�. Operation FindEdge runs in O(logm) time.� Candidate?(vertex v) | Returns true if v is a candidate vertex ofGetTrain(Attachment(v)). Operation Candidate? runs in O(logm) time.Operations Report and Update correspond to Evaluate and LocalUpdate respec-tively, and hence take O(logm) time. Operations MakeGraph and DeleteGraph can betrivially implemented in O(1) time.Recall that we �x C-nodes. By corollary 4.1, operation Swap(�) is implemented inO(logm) time by issuing Re
ect(�).Operation Attach(�; v) is implemented as follows. Let vertex v0 be the �rst terminalof M� and node �0 be Attachment(v0). Additionally, let node � be Attachment(v).Operation Attach(�; v) identi�es vertices v and v0. Therefore, we merge nodes � and �0into a single C-node. We do this by �rst letting node � be Exposegraph(GetBlock(�)).We then restructure to make both node � and the children of node �0 children of node�. This can be implemented using a constant number of Cut , Link , and Contract60



operations. Note that cutting node �0 does not modify the weight invariant for anyconnection in G� since vertex v0 is the �rst terminal. We conclude by restoring theweight invariant by calling operation ConcealGraph(�). All this can be implementedin O(log2m) time.The inverse operation, Detach(�), is implemented similarly. If � is not the �rstblock of GetTrain(�), we �rst call Exposegraph at the left sibling of �. Then, let �be GetTrain(�), and � 0 be Exposegraph of GetBlock for the C-node parent of �. Wecomplete operation Detach by cutting � from its parent then calling ConcealGraph(�0).Therefore, operation Detach can be implemented in O(log2m) time.We perform operation Compose(X; �0; �00), with X = S or X = P , as follows. Letvertices s0, t0, s00, and t00 be the �rst and second terminals of M�0 and M�00 found usingoperation GetTerminals. First, consider the case where X = S. As with operationAttach , we move the children of Attachment(s00) to become children of Attachment(t0).We then create a new S-node � with children �0 and �00. If either or both of nodes �0and �00 are S-nodes, we then use operation Contract to restore the type invariant. Wethen restore the weight invariant by performing ConcealGraph(�).WhenX = P the implementation is similar. We move the children ofAttachment(s00)and Attachment(t00) to become children ofAttachment(s0) andAttachment(t0). We thencreate a new P-node � with children �0 and �00 and restore the type invariant using op-eration Contract and the weight invariant using operation ConcealGraph. Both casescan be implemented in O(log2m) time.Operation Inject(�; �) is implemented as follows. We begin by setting node � tobe Exposegraph(GetBlock(�)). Suppose vertices s0, t0, s00, and t00 are the �rst andsecond terminals of M�0 and M� found using operation GetTerminals (vertices s00 andt00 are the endpoints of the edge represented by �). As described in the implementationof operation Attach , we move the children of Attachment(s00) and Attachment(t00) tobecome children of Attachment(s0) and Attachment(t0). Let node � be the parent of�. We Cut node � from �, and Link node �. If nodes � and � are the same type,we perform Contract(�) to restore the type invariant. We conclude by calling callingConcealGraph(�). Therefore, operation Inject can be implemented in O(log2m) time.The inverse operation Extract(�) is performed similarly. We begin by setting node� to be Exposegraph(GetBlock(�)). We then create a new Q-node �, and use a constantnumber of Cut and Link operations to make children of � the Attachment nodes ofthe terminals of �. We then Cut � from its parent. We restore the weight invariantby calling ConcealGraph(�) and ConcealGraph(�). Therefore, we perform operationExtract in O(log2m) time.Operations InsertVertex(v; e; e0; e00) and DeleteVertex(v; e; e0; e00) are special cases ofoperations Inject and Extract . We implement operation InsertVertex by �rst buildinga SPQC-tree T 0 with root � representing a graph consisting of the series compositionof edges e0 and e00. This can be done with a constant number of MakeGraph andCompose operations. Let � be the Q-node representing e. Operation InsertVertex isthen performed by calling Inject(�; �). All this is performed in O(log2m) time.There are two cases for operation DeleteVertex(v; e; e0; e00). Let �0 and �00 be theQ-nodes representing e0 and e00. If �0 and �00 share the same parent �, we simply61



Extract(�) then use a constant number of Cut and DeleteGraph operations to destroy�, �0, and �00. Otherwise, edges e0 and e00 are in di�erent blocks B0 and B00. AssumeB0 is the parent block of B00 (the other case is symmetric). Since edges e0 and e00 arethe only edges incident to vertex v, blocks B0 and B00 consist only of edges e0 and e00,vertex v is the �rst terminal ofM�0 , and B0 is the root block. We restructure such thatB00 is the root block and edges e0 and e00 are composed serially. We perform this with asingle Detach and Compose operation. We then proceed as in the �rst case. Therefore,operation DeleteVertex is implemented in O(log2m) time.Our implementation of operation InsertEdge(v0; v00; e) consists of two steps. Firstdetermine if the pair (v0; v00) is tw2-connectible. If so, we then restructure the associatedSPQC-tree to represent the edge addition. Let nodes �0 and �00 beGetBlock(Attachment(v0)) and GetBlock(Attachment(v00)) and let B0 and B00 be theassociated blocks. Let nodes �0 and �00 be Proper(v0) and Proper(v00). Let vertices s0,t0, s00, and t00 be the �rst and second terminals of M�0 and M�00 found using operationGetTerminals.Consider the case where vertices v0 and v00 are both contained in the same block(either �0 = �00, v00 = s0, or v0 = s00). Suppose, without loss of generality, that node �0represents the common block. Then, to test if the pair (v0; v00) is tw2-connectible, wecheck the conditions of lemma 4.3. The �rst condition is where vertices v0 and v00 arethe terminals ofM�0 . This condition is true if v0 = s0 and v00 = t0, or v0 = t0 and v00 = s0.The second condition is where v0 and v00 are vertices of the skeleton of the same S-node.This condition is true if either �0 = �00, v00 is a terminal of M�0 , or v0 is a terminal ofM�00 . The �nal condition is where (v0; v00) form a cross-pair. This is true if �0 and �00are the only children of �0. To restructure, we �rst set node � to be Exposegraph(�0).We then perform the restructuring described in the proof of lemma 4.3. This can bedone with a constant number of Link, Cut , Expand , and Contract operations.We now consider the general case where there does not exist a block containing bothvertices v0 and v00. Let node � be LCABlock(�0; � 00) and let B be the block representedby �. Perform the following sequence of assignments. Let �1 = Exposegraph(�0),�2 = Exposegraph(�00), and �3 = Exposegraph(�). If GetTrain(�0) returns �3, thenlet vertex u0 = v0, otherwise let vertex u0 be the �rst terminal of M�0 . Similarly, ifGetTrain(�00) returns �3, then let vertex u00 = v00, otherwise let vertex u00 be the �rstterminal of M�00 . Then, by lemma 4.5, the pair (v0; v00) is tw2-connectible i� each ofthe following are true (see Fig. 4.7):� either u0 = u00 or the pair (u0; u00) is 2spg-connectible in the block B;� if u0 6= v0 then Candidate?(v0) is true;� if u00 6= v00 then Candidate?(v00) is true.If the pair (v0; v00) is not tw2-connectible, then the weight invariant is restored by callingConcealGraph(�3), letting �0 = Exposegraph(�1) and then calling ConcealGraph(�0),and letting �00 = Exposegraph(�2) and then calling ConcealGraph(�00).62



v′

v″

B B′

B″

Mν3

Mν1

Mν3

u′
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Figure 4.8: Inserting an edge from v0 to v00.v of G�, then we simply DeleteGraph(�). Otherwise, let � be the C-node child of �representing vertex v. Cut � from �. Arbitrarily, Cut a child � from �. Node �will now be the root of its tree. We conclude by linking � to the Q-node found byFindEdge(�; v).When � is a C-node, we also have thatG� has no attachments to its second terminal.Let � be Exposegraph(GetBlock(�)). We then cut � from � and DeleteGraph(�). Werestore the weight invariant by calling ConcealGraph(�).Now, suppose node � is a P-node. Let � be Exposegraph(GetBlock(�)). If � haseither Attachment(u) or Attachment(v) as children, then we relocate the attachmentsto Q-nodes found by calling FindEdge(�0; u) and FindEdge(�0; v) for any sibling �0 of�. We then cut � from �. Let �0 be the parent of �. If node � now has only one child�0, we replace � with �0 as a child of �. This can be done with two Link operationsand one Cut operation. If nodes �0 and �0 are of the same type, we restore the typeinvariant by performing Contract(�0). Finally, if � 6= � we restore the weight invariantby performing ConcealGraph(�).Now, consider the case where � is an S-node. Let s and t be the terminals of G�. We�rst Extract(�) without restoring the weight invariant for �. We then DeleteEdge(ê),where ê is the edge created by Extract . The component chain � represented by � is thendivided into three subchains: the subchain �0 preceding e, edge e, and the subchain �00succeeding e. This can be accomplished with a constant number of Expand and Cutoperations. Let �0 and �00 be the nodes representing �0 and �00. Note that one of �0 and�00 may be empty. We restore the weight invariant by calling ConcealGraph(�0) and64
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Figure 4.9: Restructuring the graph.ConcealGraph(�00). We then conclude by calling Attach(�0; s) and Attach(Swap(�00); t).Therefore, operation DeleteEdge can be implemented in O(log2m) time.Theorem 4.1 There is a fully dynamic data structure for maintaining the decompo-sition of a collection G of tree-width two graphs using linear expression trees with thefollowing performance:1. a tree-width two graph with m edge uses O(m) space;2. operations MakeGraph and DeleteGraph take each O(1) time;3. operations Report, Update, and Swap take each O(logm) time;4. operations Attach, Detach, InsertEdge, DeleteEdge, Inject, Extract, InsertVertex,and DeleteVertex take each O(log2m) time, where m is the total number of edgesof the tree-width two graphs involved.A framework for dynamic algorithms in bounded tree-width graphs is presented in[21]. They present two classes of problems on graphs, DECC and DLCC. The solutionto problems in DECC can be represented as a tree attribute system for graphs of abounded tree-width. The solution to problems in DLCC can be represented as a treeattribute system for bounded-degree graphs of a bounded tree-width.The following problems are shown to be in DECC:65
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Lemma 4.7 [20] Suppose the tree decomposition of a collection of graphs G of somebounded tree-width can be maintained such that each update or query operation requiresO(T (n)) dynamic operations of theorem 3.3. Consider a DECC problem �1. Then thesolution to �1 can be maintained in O(T (n) � log n) time over G using a tree attributesystem. Now consider a DLCC problem �2. If the degree of any vertex of any graph in Gis bounded to some constant, then the solution to �2 can be maintained in O(T (n)�logn)time over G.Lemma 4.8 [20] Suppose the SPQC-trees of a collection of tree-width two graphs Gcan be maintained such that each update or query operation requires O(T (n)) dynamicoperations of theorem 3.3. Consider a DECC problem �1. Then the solution to �1can be maintained in O(T (n) � log n) time over G using a tree attribute system. Nowconsider a DLCC problem �2. If the degree of any vertex of any graph in G is boundedto some constant, then the solution to �2 can be maintained in O(T (n) � logn) timeover G.Lemma 4.8 and Theorem 4.1 give the following:Theorem 4.2 Any graph decision problem � in DLCC can be solved dynamically inO(log2m) time per operation if the underlying graph is a bounded-degree tree-widthtwo graph with m edges. If � is in DECC, then � can be solved dynamically for alltree-width two graphs, with the same time bounds.Example 4.1 Given a graph G, an independent set is a subset I of the vertices ofG such that there is no edge in G between any pair of vertices of I . A maximumindependent set is an independent set of maximum cardinality.We maintain the solution to the following query on a SPQC-tree T representingtree-width two graph G:� MaxIndependantSet(node �) | returns the size of a maximum independent setof G�.In order to solve this query, we keep the following attributes at each node �:� mis(�; ab) | the size of a maximum independent set of G� subject to the condi-tion indicated by ab. These conditions are:{ 00 { neither terminal of M� is in the independent set.{ 01 { the second terminal of M� is in the independent set, while the �rstterminal is not.{ 10 { the �rst terminal of M� is in the independent set, while the secondterminal is not.{ 11 { both terminals of M� are in the independent set.The equations to calculate these values are shown in table 4.1. The value ofMaxIndependantSet(�) is then max(mis(�; ab)), where a and b can be either 0 or 1. It iseasy to see that we can keep the equations to calculate the mis values in an unboundedlinear expression tree. 267



Type Condition misS ab max(mis(�0; ac) +mis(�00; cb))P ab mis(�0; ab) +mis(�00; ab)Q ab mis(�0; a0) +mis(�00; b0)C a0 max(mis(�0; ac) +mis(�00; bd))Table 4.1: The equations to calculate the values of mis(�; ab). The values a, b, c,and d can be either 0 or 1. If there is an edge between the terminals of M�, thenmis(�; 11) = 0. If � is a Q-node leaf, thenmis(�; 00) = mis(�; 11) = 0 andmis(�; 01) =mis(�; 10) = 1 If � is a C-node leaf, then mis(�; 00) = 0, mis(�; 10) = 1, and the valuesmis(�; 01) and mis(�; 11) are unde�ned.4.2.5 Auxiliary OperationsThe proof of Theorem 4.1 concludes with the description of the auxiliary functions. Inorder to implement the auxiliary functions, we need to keep additional node, path, andtree attributes. We include in path attribute set P , the transfer (A; b) pairs to representthe following values, which we shall see can be calculated by linear expressions:� weight(�) | The number of edges in the pertinent graph of �.� maxchildwt(�) | The maximum weight among all children blocks connected tothe pertinent train M�.� cnode(�; y) | True if the subtree rooted at � contains the C-node associated withthe terminal of M� indicated by y. The value y = 1 indicates the �rst terminaland the value y = 2 indicates the second terminal.We calculate these values as follows. Consider the attribute weight(�). If node � isa Q-node, then the value of weight(�) is 1. If � is an S, P, or Q-node, then weight(�)is the sum of the weights of the children of �. Therefore, we can calculate weight(�)as a linear expression.Now consider attribute maxchildwt(�). If � is a C-node then maxchildwt(�) isthe maximum value of weight of the children of �. If � is a S, P, or Q-node thenmaxchildwt(�) is the maximum value of maxchildwt of the children of �. Therefore, wecan calculate maxchildwt(�) as a linear expression.Finally, consider cnode(�; y). If � is a C-node then cnode(�; y) is false for y =1 or 2. If � is a Q-node then cnode(�; 1) is true when � has a C-node child associ-ated with its �rst terminal. Similarly, cnode(�; 2) is true when � has a C-node childassociated with its second terminal. If � is an S-node then cnode(�; 1) takes the valueof cnode(�0; 1), where �0 is the leftmost child of �, and cnode(�; 2) takes the value ofcnode(�00; 2), where �00 is the rightmost child of �. If � is a P-node, then the values ofcnode(�; 1) and cnode(�; 2) is the logical-or of the values at the children of �. There-fore, we can calculate cnode(�; y) as a linear expression where our semiring includesthe logical-or operator. 68



We also keep the following entries in path attribute set P at each path tree node �.� head�rst(�) (headsecond(�)) | indicates whether the vertex which is the �rst(second) terminal of the pertinent graph of head(�) is a terminal of the pertinentgraph of tail(�). Possible values are 0, 1, or 2, indicating if at tail(�) the desiredvertex is not a terminal, is the �rst terminal, or the second terminal.� tail�rst(�) (tailsecond(�)) | indicates whether the vertex which is the �rst (sec-ond) terminal of the pertinent graph of tail(�) is a terminal of the pertinent graphof head(�).� contains(�; x) | True if �(�) contains a node of type x.We implement operation Proper using the following operation:� ProperTerm(node �; terminal x) | Let v be the terminal of M� identi�ed byx = 1 or x = 2. Return the node triple (�; �0; �00), where � is the proper nodeof v, node �0 is the child of � such that v is the second terminal of �0, and �00 isthe child of � such that v is the second terminal of �00. If v is a terminal of theroot, then ProperTerm(v) returns (�;�;�), where � is the root of T .We use the following path selection function which takes a terminal identi�er xas an argument (x = 1 indicates the �rst terminal and x = 2 indicates the secondterminal).Selection Function S7 Suppose � is the root of a path tree with children �0 and �00.Let �0 be the concatenation of the subpath represented by �0 with the node head(�00). Ifx = 1 and head�rst(�0) 6= 0, or if x = 2 and headsecond(�0) 6= 0 then return �00. Elsereturn �0.When used with operation PathFind , path selection function S7 returns the tail ofthe longest subpath beginning at head(�) such that the terminal of head(�) indicatedby x is a terminal of the returned node. Therefore, we implement ProperTerm(�; ) asfollows. If node � is the root of its SPQC-tree, then return (�;�;�). Otherwise, let �be expose(Parent(�)). Let node � be PathFind(head(�); tail(�); S7). Let node � bethe child of � on �. If v is the second terminal �, then let node �0 be the right siblingof � and return (�; �; �0). Otherwise, let node �00 be the left sibling of � and return(�; �00; �).Operation Proper(v) is then performed as ProperTerm(Attachment(v); 1).Operation GetTerminals(�) also is implemented using operation ProperTerm. Wewill describe how to �nd the �rst terminal of M�. Finding the second terminal isperformed similarly.Suppose v is the �rst terminal of M�. We �nd v by �nding Attachment(v). This isperformed with the following two steps:1. Find a node � such that v is a terminal ofM� and Attachment(v) is a descendantof �. Additionally, �nd integer x such that if v is the �rst terminal of M� , thenx = 1, or if v is the second terminal of M� , then x = 2.69



2. Find Attachment(v).For step 1, let (�0; �0; �00) be the triple returned by ProperTerm(�; 1). If �0 is theroot, then let � = �0. Otherwise, let � be either �0 or �00, depending if cnode(�0; 2) =true or cnode(�00; 1) = true. Let q = head�rst(�), where � is the path from � to �0.Step 2 uses the following tree selection function: S8 takes an argument q which hasvalues either 1 or 2:Selection Function S8 Suppose � is the root of a path tree with children �0 and �00.Let �0 be the concatenation of tail(�0) with the subpath represented by �00. If q = 1,then let q0 = tailfirst(�0). If q = 2, then let q0 = tailsecond(�0). If q0 = 0 or ifcnode(tail(�0); q0) = false, then return �00. Otherwise, return �0.Step 2 is then implemented as TreeFind(�; S8; x).Operations GetTrain and GetBlock use the following path selection function.Selection Function S9 Suppose � is the root of a path tree with children �0 and �00.If contains(�0; C) is true, or if head(�00) is a C-node, then return �0, else return �00.When used with operation PathFind , path selection function S9 returns the tail ofthe longest subpath beginning at head(�) that does not contain a C-node. OperationGetTrain(�) is then implemented as follows. If � is not a C-node, then let path � beexpose(�). Otherwise let � be expose(Parent(�)). ReturnPathFind(head(�); tail(�); S9).Operation GetBlock(�) is implemented similarly. Let node � be GetTrain(�), andlet node �0 be the child of � on �. If � is a C-node representing vertex v and v is the�rst terminal of M�0 , then v will also be the �rst terminal of M�00 , where �00 is the leftsibling of �0. M 00� is a lower level block than M 0� , Therefore return �00. For any othercase, return �0.Operation LCABlock(�0; �00) is performed simply as GetBlock(LCA(�0; �00)).OperationMakeTerminal(�; v) is implemented as follows. If v is the second terminalof G� do nothing. Otherwise, let � be the parent of �. We �rst cut � from �. Let sbe the �rst terminal of G�. Since the pair (s; v) is 2spg-connectible, vertex s must bethe �rst terminal of Proper(v). We perform the restructuring described in the proof oflemma 4.4. This can be done with a constant number of Link , Cut , Expand , Contract,and Evert operations. We then link the root of the restructured tree to � in place of �.Operation FindEdge(�; v) is similar to operation Proper . We use the followingtree selection function S10 to implement FindEdge. Selection function S10 takes anargument q which has values either 1 or 2, indicating if v is the �rst or second terminalof G�.Selection Function S10 Suppose � is the root of a path tree with children �0 and �00.Let �0 be the concatenation of tail(�0) with the subpath represented by �00. If q = 1,then let q0 = tailfirst(�0). If q = 2, then let q0 = tailsecond(�0). When q0 6= 0 return�0, otherwise return �00.When used with operation TreeFind, tree selection function S10 returns a nodethat does not have a child that has v as a terminal. Operation FindEdge(�; v) is then70



implemented as follows. Call GetTerminals(�) in order to determine if vertex v is the�rst or second terminal of G�. Then return TreeFind(�; S10; q), where q is set to 1 or2 when v is the �rst or second terminal of G�.We implement operation Candidate?(v; �) as follows. If v is the second terminal ofM�, then return true. Otherwise, let node triple (�; �0; �00) = Proper(v) and let s bethe �rst terminal of M�. If s is also the �rst terminal of M� then return true, elsereturn false. The correctness of this process follows from lemma 4.5.Operations Exposegraph and ConcealGraph are implemented with the followingoperations.� open(node �) | If it exists, open the coupled connection to the second terminalof pertinent train M�. Node � is assumed to represent a block.� couple(node �) | Couple the connection between the �rst block B of the trainrepresented by node � and its parent block B0. Block B is assumed to be acandidate child, and block B0 is assumed to have no coupled connection.� �ndbest(node �) | Returns the node that represents the maximum weight childof M�.� splicegraph(node �) | Suppose B is the �rst block of the train represented bynode � and and B is a candidate child of its parent block B0. If it exists, open thecoupled connection to the second terminal of B0. Couple the connection betweenB and B0.� slicegraph(node �) | Suppose B is the block represented by node �. If it ex-ists, open the coupled connection to the second terminal of B. Let node � be�ndbest(�). Couple the connection between B andM� ifM� is a heavy candidatechild.� lightgraph(node �) | Suppose node � represents a train M . Return the child �of � such that the connection between the blocks represented by node � and itsright sibling is light. If no such connection exists, then return nil .Operation open(�) is implemented as follows. Let vertex v be the second terminalof v and node � be the parent of �. If node � is the rightmost child of �, then dono action. Otherwise, expand the children of � succeeding node �. Let �0 be the newS-node. Cut �0 from � and link it to Attachment(v). All this can be done in O(logm)time with a constant number of Link, Cut , and Expand operations.Operation couple(�) is implemented as follows. Let � be the C-node parent of � andv be the vertex represented by �. Let nodes �0 and �0 be GetTrain(�) and GetBlock(�).We perform operation couple by �rst cutting � from �. We then complete the operationby making v the second terminal ofM�0 , linking � to �0, and restoring the type invariantby contracting � into �0. All this can be done in O(logm) time with a constant numberof Link , Cut , MakeTerminal , and Contract operations.71



Operation �ndbest(�) is implemented using a blocking heap (see section 3.5.3,page 41). Operation �ndbest(�) is implemented by calling operation FindSources(�)to �nd a source of maxchildwt(�).Operation splicegraph(�) is implemented as follows. Let node � beGetBlock(Parent(�)). Node � is the node representing the parent block of the �rstblock of M� . Perform open(�) then couple(�).Operation slicegraph(�) is implemented similarly. If � is not the rightmost child ofits parent, we call open for the right sibling of �. Let node � be �ndbest(�). Let � bethe C-node parent of � and let v be the associated vertex. If Candidate?(v) = trueand 2 � weight(�) > weight(�) then we couple(�ndbest(�)).Operation lightgraph(�) is implemented as follows. Let �`(�) be the edge path of� containing all the children of �. Path �`(�) is the left edge path of � after we issueexpose(�). The local weight (localwt(�)) of a child � of � is the candidate weight of �without the candidate weight of any coupled connection to M�. Suppose node �0 isthe right sibling of node �. The graph tilt of �, written graphtilt(�), is the di�erencebetween weight(�0) and localwt(�). Then the coupled connection betweenM� andM�0is light if graphtilt(�) < 0. Therefore, operation lightgraph(�) returns the rightmostchild � of � with graphtilt(�) < 0. Note every path � has a light connection sincegraphtilt(head(�)) < 0.We augment path attribute set P with the following for each edge path �X(�)(X = ` or r), where � is an S-node:� mingraphtilt(�X(�)) | the minimum value of graphtilt over the nodes of �X(�).� totalwt(�X(�)) | the total of localwt over the nodes of �X(�).These values are not de�ned for any other type of path.The value ofmingraphtilt and totalwt can be maintained in a path attribute system.Suppose path �X(�) is the concatenation of paths �0X(�) and �00X(�). We have,totalwt(�X(�)) = totalwt(�0X(�)) + totalwt(�00X(�))mingraphtilt(�X(�)) = min(mingraphtilt(�00X(�)); totalpathwt(�00X(�))� localwt(tail(�0X(�)));totalwt(�00X(�)) +mingraphtilt(�0X(�)))We use the following path selection function to �nd lightgraph(v):Selection Function S11 Suppose � is the root of a path tree with children �0 and �00.If mingraphtilt(�00) < 0 then return �00, else return �0.Operation lightgraph(�) is then implemented as follows. Call expose(�) to get leftedge-path �`(�). Let � be the root of the path tree for �`(�). Let �(�) be the edge-path node returned by PathFind(�; S11). If �(�) = head(�) then return nil , else return�. Operation Exposegraph(�) is then implemented by �rst calling open(�). Let node �be GetTrain(�) and vertex v be the �rst terminal of pertinent trainM� . Perform the fol-lowing while � is not the root and Candidate?(v) = true: Let node � be splicegraph(�)and vertex v be the �rst terminal of M� . When the loop terminates, return node �.72



Operation ConcealGraph(�) is implemented as follows. Let node � = lightgraph(�).Then perform the following while � 6= nil : Call slicegraph(�), then reset� = lightgraph(�).4.2.6 Dynamic Operations for Series-Parallel Graphs and TreesIf we restrict our attention to series-parallel graphs or trees, we can improve our timebounds to O(logm) per dynamic operation.Series-Parallel GraphsThe following lemmas indicate when an edge can be inserted or deleted in a series-parallel graph:Lemma 4.9 Let G be a series-parallel graph represented by TTSP G� with associatedSPQ-tree T with root �. Let (B0; c1; B1; . . . ; cp; Bp) be the component chain that com-prises the blocks and join vertices of G. Suppose v0 and v00 are vertices of G. Then thegraph Ĝ resulting from adding an edge e from v0 to v00 in G is a series-parallel graphi� the pair (v0; v00) is tw2-connectible and one of the following is true:1. Vertices v0 and v00 are the terminals of G�.2. Both v0 and v00 are vertices of the skeleton of the same S-node in T .3. At least one of v0 or v00 is a vertex of block B0 other than c1.4. At least one of v0 or v00 is a vertex of block Bp other than cp.Proof:(If:) If vertices v0 and v00 meet conditions 1 or 2 of the lemma, then Ĝ� clearly is aTTSP with an additional parallel composition. Suppose vertices v0 and v00 meet eithercondition 3 or condition 4. Then either (v0; v00) is a cross-pair of block B0 or Bp, orthere is not a block containing both vertex v0 and vertex v00.Suppose (v0; v00) is a cross-pair of block B0. Then, as in the proof of lemma 4.3, wecan restructure the representation of B0 in G� such that vertices u and c1 are terminals.We get a representation G(u;t2) of G and either condition 1 or 2 hold. We perform thesimilar restructuring if (v0; v00) is a cross-pair of block Bp.Finally, if vertices v0 and v00 meet condition 3 and there is not a block containingboth vertices v0 and v00, we �nd a representation of Ĝ as follows. Assume, withoutloss of generality, v0 is the vertex of block B0, v0 6= c1. Let i be the minimum suchthat v00 2 Bi. We show that Ĝ(ci;t2) is a representation of Ĝ. By lemma 4.5, the pair(v0; c1) and (ci; v00) are 2spg-connectible. Therefore, G(v0;t2) is a representation of G.We separate the join at vertex ci to get TTSPs G(v0;ci)1 and G(ci;t2)2 . Perform a serialcomposition of edge e with G(v0;ci)1 to get G1(v0;ci). Insert an edge ê from ci to v00 to getG2(ci;t2). Finally, we get G(ci;t2) by injecting G1(ci;v0) for ê. The restructuring is similarfor condition 4. 73



(Only If) The pair (v0; v00) must be tw2-connectible, since a series-parallel graphis also a tree-width two graph. Suppose (v0; v00) is tw2-connectible, but none of condi-tions 1� 4 hold. Therefore, either (v0; v00) is a cross-pair of block Bi, i 6= 0; p, or thereis not a block containing both vertex v0 and v00 and neither vertex is contained in B0or Bp.Suppose (v0; v00) is a cross-pair of block Bi, i 6= 0; p. In order for Ĝ to be a series-parallel graph, we must �nd a representation of block Bi with terminals ci and ci+1.However, if we insert an edge in Ĝ between vertices ci and ci+1, then we can �nd K4 asa minor considering vertices v0, v00, ci, and ci+1. This is a contradiction by lemma 4.4.Finally, suppose the vertex pair (v0; v00) is tw2-connectible, there is not a blockcontaining both v0 and v00, and neither of v0 or v00 is contained in block B0 or blockBp. Assume, without loss of generality, that if v0 2 Bi and v00 2 Bj then i < j. Let ibe the maximum such that v0 2 Bi and j be the minimum such that v00 2 Bj . Eithervertex v0 6= ci or v00 6= cj+1, since otherwise v0 and v00 would be vertices of skeleton(�).Assume v0 6= ci. Let B be the block containing edge e in Ĝ. In order for Ĝ to be aseries-parallel graph, we must �nd a representation of block B with terminals ci andcj+1. However, if we insert an edge in Ĝ between vertices ci and cj+1, then we can�nd K4 as a minor considering vertices v0, ci, ci+1 and cj+1. This is a contradiction bylemma 4.4. A similar argument holds if v00 6= cj+1. 2Lemma 4.10 Let G be a series-parallel graph represented by TTSP G� with associ-ated SPQ-tree T with root �. Let (B0; c1; B1; . . . ; cp; Bp) be the component chain thatcomprises the blocks and join vertices of G. Suppose e is an edge of G represented byQ-node � in T . If � 6= � then let node � be the parent of � and let t0 and t00 be theterminals of �. Then the graph Ĝ resulting from deleting edge e G is a series-parallelgraph i� node � 6= � and one of the following is true:1. Node � is a P-node.2. Node � is an S-node and one of the following is true.(a) Graph G is biconnected.(b) Node � = � and node � is the �rst or last representative of �.(c) Edge e is in block B0, node � is the �rst representative of �, and the pair(t2; c1) is tw2-connectible.(d) Edge e is in block B0, node � is the last representative of �, and the pair(t1; c1) is tw2-connectible.(e) Edge e is in block Bp, node � is the �rst representative of �, and the pair(t2; cp) is tw2-connectible.(f) Edge e is in block Bp, node � is the last representative of �, and the pair(t1; cp) is tw2-connectible.Proof:(If:) If condition 1 is true, then Ĝ� is G� with one fewer parallel compositions.74



Suppose condition 2a is true. Then by lemma 4.4, G(t0;t00) is a representation of G.We �nd a representation Ĝ(v0;v00) as follows. We perform Extract(�), which replacesM� by an edge e0. We then delete e0. Let G1 be the resulting series-parallel graph.We then delete edge e from G� to create (in general) two TTSPs, G(t0;v0)2 and G(v00;t00)3 .Finally, Ĝ(v0;v00) is the serial composition of TTSPs G(v0;t0)2 , G(t0;t00)1 , and G(t00;v00)3 .For condition 2b, we �nd a representation Ĝ(s00;t2) as follows. We performExtract(�), which replaces M� by an edge e0. We then delete e0. Let G1 be theresulting series-parallel graph. Since (s00; c1) is tw2-connectible, we then make s00 the�rst terminal. Finally, Ĝ(v00;t2) is the serial composition of the graph represented bySwap(�) with G(s00;t2)1 . We handle conditions 2b, 2c, and 2d similarly.(Only If) Suppose � = �. Then Ĝ is the empty graph, which is not a series-parallelgraph. Now, suppose neither condition 1 or 2 hold. Then graph G is not biconnected,node � must be an S-node, and one of the following must be true.The �rst case is if node � is neither the �rst nor last representative of �. Then, if� = � Ĝ is disconnected and consists of two series-parallel graphs. Otherwise, thereexists a block of Ĝ with three cutvertices, contradicting Ĝ being a series-parallel graph.Similarly, if edge e is not in B0 or Bp, then also there exists a block of Ĝ with threecutvertices.The next case is if node � is the �rst representative of � and edge e is in block B0,but the pair (v00; c1) is not tw2-connectible. Then, under any representation of Ĝ, thereexists a block B with a cutvertex that is not a terminal of B, contradicting Ĝ being aseries-parallel graph. A similar argument holds for the remaining cases. 2We do not maintain the weight invariant for series-parallel graphs. Each series-parallel graph G is represented as a single train and is associated with an SPQ-treeT . We support operations , Report , Change, Swap, MakeGraph , DeleteGraph , Detach ,Compose, InsertEdge, DeleteEdge, Inject, Extract , InsertVertex, and DeleteVertex .These operations are implemented as described in section 4.2.4, without maintainingthe Attachment nodes, or maintaining the weight invariant.Using the techniques we have developed, we can test the conditions and performthe updates described in lemma 4.9 and lemma 4.10 in O(logm) for a graph with medges. For operation DeleteEdge(�) we allow two conditions where the resulting graphis not a series-parallel graph. The �rst is where � is the root of its SPQ-tree. Inthis case, performing DeleteEdge(�) is equivalent to performing DeleteGraph(�). Thesecond case is where the parent � of � is an S-node, � is the root of its tree, and � isnot the �rst or last child of �. Then DeleteEdge(�) results in two series-parallel graphs.We summarize with the following:Theorem 4.3 There is a fully dynamic data structure for maintaining the decompo-sition of series-parallel graphs using linear expression trees with the following perfor-mance:1. a series-parallel graph with m edge uses O(m) space;2. operations MakeGraph and DeleteGraph take each O(1) time;75



3. operations , Report, Update, Swap, Detach, InsertEdge, DeleteEdge, Inject,Extract, InsertVertex, and DeleteVertex take each O(logm) time, where m isthe total number of edges of the series-parallel graphs involved.Then, by lemma 4.8 and Theorem 4.3 we get the following:Theorem 4.4 Any graph decision problem � in DLCC can be solved dynamically inO(logm) time per operation if the underlying graph is a bounded-degree series-parallelgraph with m edges. If � is in DECC, then � can be solved dynamically for anyseries-parallel graph, with the same time bounds.TreesRecall that tree-width one graphs are forests. Therefore, each connected component ofa tree-width one graph is a tree.Given a tree T , we construct a tree decomposition of T by storing the pair (�; �)at a node � with parent �. The root stores only itself. Clearly, we can maintain thisdecomposition implicitly under operations Link , Cut , Expand and Contract . Then, bylemma 4.7 and Theorem 3.3 we get the following:Theorem 4.5 Any graph decision problem � in DLCC can be solved dynamically usinga tree attribute system in O(logn) time per operation if the underlying graph is abounded-degree tree with n nodes. If � is in DECC, then � can be solved dynamicallyfor any tree, with the same time bounds.4.3 Other Dynamic ProblemsIn this section we study other problems which have dynamic algorithms on tree-widthtwo graphs. Namely, given a tree-width two graph G with real-valued edge weights, weconsider the problem of answering the following queries in a fully dynamic environment:4.3.1 All Connectible-Pairs Shortest Path / Minimum CutSuppose we are given a graph G with positive valued weighted edges. Let u and v bedistinct vertices of G. The shortest-(u; v) path problem considers the edge weights tobe lengths. The problem consists of �nding a path between u and v of minimum totallength. The minimum-(u; v) cut problem considers the edge weights to be capacities.A (u; v)-cut in G is a set C of edges of G such that every path between vertices u andv in G contains an edge of C. The problem consists of �nding a (u; v)-cut of minimumtotal capacity. It is well known that the value of the minimum (u; v)-cut is equivalentto the value of the maximum (u; v)-
ow.For a tree-width two graph G, we wish to answer the following queries:� MinimumCut(vertex v0; v00) | Find the size of a minimum edge cut separatingthe tw2-connectible pair of vertices v0 and v00.76



� ShortestPath(vertex v0; v00) | Find the length of a shortest path between thetw2-connectible pair of vertices v0 and v00.� ReportPath(vertex v0; v00) | returns a shortest path between the tw2-connectiblepair of vertices v0 and v00.� ReportCut(vertex v0; v00) | returns a minimum cut between the tw2-connectiblepair of vertices v0 and v00.As with our general technique, we begin by considering series-parallel graphs, thenextend our technique to tree-width two graphs. Suppose we are given a TTSP G�with positive valued weighted edges. Let � be the terminal pair (t1; tt). The shortestterminal path problem and the minimum terminal cut problem consists of �nding theshortest (t1; t2)-path and minimum (t1; t2)-cut in G.The problems of determining the value of a minimum terminal cut and the lengthof a shortest terminal path are closely related for a TTSP G� . Let T be the SPQ-tree of G. We associate with each node � of T the values mincut(�) and shortest(�),where mincut(�) is the minimum terminal cut value of the pertinent graph G� of �,and shortest(�) is the length of a shortest terminal-path in G�. (For a Q-node �,mincut(�) = capacity(e) and shortest(�) = length(e), where e is the edge associatedwith �.) Let children(�) denote the set of children of node � 2 T . We have:mincut(�) = 8>>>><>>>>: X�2children(�)mincut(�) if � is a P-nodemin�2children(�)mincut(�) if � is an S-nodeshortest(�) = 8>>>><>>>>: min�2children(�) shortest(�) if � is a P-nodeX�2children(�) shortest(�) if � is an S-nodeTherefore, the SPQ-tree associated with a TTSP can be viewed as an expressiontree with operators min and + over the reals (note that + distributes over min). For theminimum terminal cut (resp. shortest terminal path) problem, P-nodes store operator +(resp. min) and S-nodes store operator min (resp. +). The Q-nodes store the variablesof the expression, i.e., the edge weights.Now suppose G is a tree-width two graph represented by SPQ-tree T and (v0; v00)is a tw2-connectible pair of vertices. We implement queries MinimumCut(v0; v00) andShortestPath(v0; v00) as follows. We proceed as in the implementation of operationInsertEdge. We �nd the lowest level blocks B0 and B00 which contain vertices v0 andv00. Let block B be the least common ancestor block of B0 and B00. Let train M 0be between blocks B0 and B. Similarly, let train M 00 be from B00 to the child of Bon the path to B00. Note that train M 00 may be empty. We then construct train Mwith terminals v0 and v00 by combining trains M 0 and M 00 and changing terminals. All77



this can be done with a constant number of calls to operations GetBlock , GetTrain,MakeTerminals, Cut and couple .Let � be the node such that M� =M . Clearly, any edge on a shortest (v0; v00)-pathor a minimum (v0; v00)-cut will be contained in train M . Therefore, we simply returnthe value of shortest(�) and mincut(�). We then restore our structure by calling theappropriate Link , open, and ConcealGraph operations.We now show how to implement operation ReportPath . Operation ReportCut isimplemented similarly, replacing the roll of S and P-nodes.Let � be the node created as above such that v0 and v00 are the terminals of M� .We implement ReportPath(v0; v00) by calling the following recursive operation:� ReportTerminalPath(node �) | returns a shortest path between the terminals ofM� .Operation ReportTerminalPath(�) is implemented as follows:1. If � is a Q-node, then return �.2. If � is an S-node with children �1; . . . ; �d, then call ReportTerminalPath(�i),where i ranges from 1 to d.3. If � is an P-node with children �1; . . . ; �d, then call ReportTerminalPath(�j),where �j is a child of � such that shortest(�j) = shortest(�).We implement step 3 by calling expose(�) then keeping a heap on the left edge-pathof � (see example 3.5, page 26). Therefore, steps 2 and 3 take O(logm) time plus O(1)time for each recursive call to ReportTerminalPath. Suppose k edges are returned.Consider the subtree T 0 of visited nodes. There are k Q-nodes and O(k) P-nodes inT 0. Additionally, each S-node has more than 1 child in T 0. Hence, subtree T 0 has O(k)nodes. Therefore, operation ReportPath takes O(log2m + k logm) time to return kedges.Theorem 4.6 Given a tree-width two graph G with m weighted edges, there exists afully dynamic data structure that uses O(m) space and supports update operations andquery operations MaxFlow and ShortestPath in O(log2m) time and query operationsReportPath and ReportCut in O(log2m+ k logm) time to return k edges.If we restrict G to be a series-parallel graph, then we perform update operations andquery operations MaxFlow and ShortestPath in O(logm) time and query operationsReportPath and ReportCut in O(k logm) time to return k edges.4.3.2 Shortest st-Path / Minimum st-Cut in Series-Parallel DigraphsThe queries of the previous section also can be maintained dynamically for the directedversion of TTSPs known as series-parallel digraphs.A source of a digraph G is a vertex without incoming edges. A sink is a vertexwithout outgoing edges. A pole of G is either a source or a sink. A series-paralleldigraph is a digraph G with exactly one source s and one sink t, recursively de�ned asfollows: 78



� A digraph G consisting of a single edge from s to t is a series-parallel digraph.� Given series-parallel digraphs G1; . . . ; Gj, the digraph G obtained by identifyingthe sources of each graph into a single vertex s and identifying the sinks into asingle vertex t is a series-parallel digraph. This is called parallel composition.� Given series-parallel digraphs G1; . . . ; Gk with sources s1; . . . ; sk and sinkst1; . . . ; tk, the digraph G obtained by identifying sink ti with source si+1 for1 � i < k is a series-parallel digraph. The source and sink of G are vertices s1and tj . Vertices vi = ti = si+1, 1 � i < k are called the join-vertices of such acomposition. This is called parallel composition.A series-parallel digraph is an acyclic digraph with one source and one sink recur-sively de�ned as: a single directed edge, or the series composition of series-paralleldigraphs, or the parallel composition of series-parallel digraphs. Clearly, we can alsouse a SPQ-tree T to represent a series-parallel digraph G.The minimum st-cut of series-parallel digraph G is the minimum cut separating thepoles ofG. The shortest st-path of series-parallel digraph G is the shortest path betweenthe poles of G. The equations presented in the previous section for the calculation ofshortest terminal path and minimum terminal cut are identical for the directed versionof these problems.The following lemmas show when edges can be added and deleted from series-parallel digraph G with associated SPQ-tree T :Lemma 4.11 Let G be a series-parallel graph with SPQ-tree T , and v0 and v00 be twovertices of G. Then the digraph �G obtained by inserting an edge from v0 to v00 is aseries-parallel graph if and only if one of the following conditions is true:1. v0 = s and v00 = t, or2. v0 and v00 are vertices of the skeleton of the same S-node of T , with v0 preceding v00.Proof:(If) If v0 and v00 meet either condition in the lemma, then �G is clearly a series-parallel graph with an additional parallel composition.(Only If) We use the property that a series-parallel graph has no subgraph home-omorphic to the digraph W shown in Fig. 4.11 [118]. Suppose that v0 and v00 do notmeet either condition of the lemma. Let � be the least common ancestor in T of theproper nodes of v0 and v00. Let e be the edge from v0 to v00. If � is a P-node then weconsider the subgraph of �G consisting of edge e and two directed paths from the poles ofG� through the pertinent graphs of the children of �. Such a digraph is homeomorphicto W , which implies that �G is not a series-parallel graph. Now, suppose that � is anS-node; G has a directed path either from v0 to v00 or from v00 to v0. If G has a pathfrom v00 to v0, then �G has a cycle and hence is not a series-parallel graph. Thus, G hasa path from v0 to v00. Since Condition 2 is not met, at least one of v0 and v00, say v00,is not a vertex of skeleton(�), so that the pertinent digraph of a child of � contains v0079
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�@@@@IFigure 4.11: Digraph W that is the forbidden homeomorphic subgraph for a series-parallel digraph.and has a directed path p between its poles that avoids v00. Thus, we can identify in �Ga subgraph homeomorphic to W that consists of edge e, path p, and a path from v0 tothe sink of G� through v00, so that �G is not a series-parallel graph. 2The following lemma determines when we can delete an edge.Lemma 4.12 Let G be a series-parallel graph G with SPQ-tree T , and e be an edgeof G represented by Q-node �. The digraph obtained by removing edge e is a series-parallel graph if and only if one of the following conditions is true:1. the parent of � in T is a P-node,2. e is the only outgoing edge of s, or3. e is the only incoming edge of t.Proof: If the parent of � in T is a P-node, then G0 is the series-parallel graph thatresults by omitting the parallel composition step on e in the construction of G. If theparent of � is an S-node, then removing e adds a second source or disconnects G0 unlesse is the only edge originating at s or e is the only edge terminating at t. 2Using the techniques we have developed, we can test the conditions and performthe updates described in lemma 4.9 and lemma 4.10 in O(logm) for a graph with medges.Therefore, using the methods of theorem 4.3, we get:Theorem 4.7 Given a series-parallel digraph G with m weighted directed edges, thereexists a fully dynamic data structure that uses O(m) space and supports update oper-ations and query operations MaxFlow and ShortestPath in O(logm) time and queryoperations ReportPath and ReportCut in O(k logm) time to return k edges.80



4.3.3 Common NeighborThe common neighbor problem consists of answering the following queries on a graph G:� CommonNeighbor(vertex v0; v00) | Return a common neighbor of v0 and v00 in G,or nil if no neighbor exists.Suppose we give each edge unit length. We maintain shortest connectible pairinformation as in section 4.3.1. Notice that if CommonNeighbor(v0; v00) 6= nil , then thelength of the shortest (v0; v00)-path is either 1 or 2.In order to �nd CommonNeighbor(v0; v00), we keep the following values in pathattribute set P for each path �.� numberC (�) | the number of C-nodes on path �.� contains2(�) | true if � contains a node � with a child � not on � such thatshortest(�) = 2.It is clear that these values can be maintained as part of a tree attribute system.We implement CommonNeighbor(v0; v00) as follows. Let �0 be Proper(v0), �00 beProper(v00) and � their least common ancestor. Let �0 and �00 be the paths from �0to � and from �00 to �. Vertices v0 and v00 have a common neighbor only if they are inthe same block or adjacent blocks, since otherwise the shortest path between them isof length greater than 2. Therefore, if there is more than one total C-node encounteredon the paths from �u to � and �v to �, then return nil .Suppose there is exactly one C-node � total on �0 and �00. Node � will be theparent of either GetTrain(�0) or GetTrain(�00). Let v be the vertex represented by �.Then v0 and v00 have a common neighbor if and only if there are edges in G betweenvertices v and v0 and between vertices v and v00. If so, return v, else return nil . Asimilar technique is used if v0 and v00 are in the same train, but not the same block.The �nal case is where v0 and v00 are in the same block. We consider two sub-cases, when the pair (v0; v00) is tw2-connectible, and when the pair (v0; v00) is not tw2-connectible. Let node � represent the common block. First, suppose (v0; v00) is tw2-connectible. We cut node � from its parent. We then let node �0 beMakeTerminals(�; u; v). If ShortestPath(�0) > 2 then return nil. Otherwise, callExposegraph(�0) so that the left edge-path �`(�0) of �0 has all the children of �. Weuse the following path selection function to determine if v0 and v00 share a commonneighbor:Selection Function S12 Suppose � is the root of a path tree with children �0 and �00.If contains2(�0) = true then return �0, else return �00.We then �nd a common neighbor as follows. If contains2(�`(�0)) = false then re-turn nil . Otherwise, let node �00 be the child of �0 associated with PathFind(�`(�0); S12).Return the second terminal of the left child of �00.Finally, suppose the pair (v0; v00) is not tw2-connectible. Let nodes �0 and �00 be theP-node parent of �0 and �00. Let (s0; t0) and (s00; t00) be the terminal pairs of M�0 and81



M�00 . At least one of (s0; t0) and (s00; t00) is a pair of vertices which separate v0 and v00.Therefore, if v0 and v00 have a common neighbor, then it will be one of vertices s0, t0,s00, or t00. We can determine this by checking for the existence of a constant number ofedges.Theorem 4.8 Given a tree-width two graph G with m weighted edges, there exists a dy-namic data structure that uses O(m) space and supports query operationCommonNeighbor in O(logm) time and update operations in O(log2m) time.If we restrict G to be a series-parallel graph, then we perform update operations inO(logm) time.4.3.4 Minimum (Maximum) Spanning TreeGiven a graph G with weighted edges, a spanning tree U of G is a subgraph of G thatis a tree and contains every vertex of G. A minimum spanning tree is a spanning treeof minimum weight. [39] show a fully dynamic algorithm to maintain a minimum (ormaximum) spanning tree for embedded planar graphs. Edge insertions are supportedonly across faces of a given embedding. In this section we extend their technique tosupport edge insertions between any tw2-connectible pair of vertices of tree-width twographs, regardless of choice of embedding.De�nition 4.11 Consider a planar graph G = (V;E) with an embedding E . Let F bethe set of faces of G under embedding E . We de�ne the dual-graph G� = (F;E�). Thereis a dual-vertex f in G� for every face in F . Dual-vertices f1 and f2 are connected bydual-edge e� if edge e is adjacent to both faces f1 and f2.We use the following lemmas from [38]:Lemma 4.13 [38] Suppose U is a spanning tree of planar graph G. Then the set ofdual-edges U� de�ned by fe�je not in Sg form a spanning tree of G�.Lemma 4.14 [38] U is a minimum spanning tree of planar graph G if and only if U�is a maximum spanning tree of dual-graph G�.Consider the graph Ĝ formed by the following process. Let G be a series-parallelgraph represented by TTSP G� with associated SPQ-tree T . Suppose G is embeddedsuch that the terminals of G� are adjacent to the external face. Form series-parallelgraph G0 by adding an edge between the terminals of G� . Graph Ĝ is the dual-graphof graph G0. It is easy to see that graph Ĝ is a series-parallel graph, and a that arepresentation of Ĝ is SPQ-tree T̂ , where T̂ is constructed by making S-nodes intoP-nodes, and P-nodes into S-nodes in tree T .Dual graph Ĝ has two dual-vertices f1 and f2 representing the external face of dualgraph G�. Vertices f1 and f2 will be the terminals of the root of T̂ . In order that aspanning tree of Ĝ contains the same edges as a spanning tree of G�, we maintain anadditional edge ê between dual vertices f1 and f2. Dual-edge ê has zero-weight and isalways assumed to be in a spanning tree of Ĝ.82



Suppose U is a spanning tree of series-parallel graph G, represented by SPQ-tree T .We mark each Q-node associated with edges of U . An internal node � of T is consideredmarked if there is a path of marked edges between the terminals of G�. That is, if �is a P-node, � is marked if and only if at least one of its children is marked. If � is anS-node, then � is marked if and only if all of its children are marked.Lemma 4.15 Suppose G is a series-parallel graph represented by SPQ-tree T . SupposeE 0 is a subset of edges of G. Subset E 0 contains a cycle if and only if marking onlythe Q-nodes associated with edges in E0, results in some P-node � of T having two ormore marked children.Proof:(If:) If � is a P-node with two marked children, then there are two paths connectingthe terminals of � that only meet at the terminals, and hence a cycle.(Only If:) Suppose E 0 are the edges of a simple cycle of G. Let node � be the leastcommon ancestor in T of the Q-nodes associated with edges in E0. If � is an S-node,there can only be one distinct path between the terminals of �, since G� contains acutvertex. Therefore, E 0 does not form a cycle. If � is a P-node, then there must betwo distinct paths between the terminals of �. Since each child of � is either a Q-nodeor an S-node, each child can contribute at most one path between the terminals of �.Hence, there are two marked children of �. 2Now, suppose G is a tree-width two graph represented by SPQC-tree T . Considera trainM of G. Let TM be the sub-tree of T representingM . We associate withM thethe dual SPQ-tree T̂M . It is easy to see that we can maintain the structure of the dualSPQ-trees associated with SPQC-tree T in the same time complexity as maintainingtree T under update operations. The rest of this section is concerned with maintainingthe marked nodes.Changing Edge WeightsConsider the following restricted version of operation LocalUpdate:� ChangeWeight(edge e; value �) | Reset weight(e) to be weight(e) + �In this section we present the algorithm to implement this operation. Suppose Gis a tree-width two graph and M is the train containing edge e. Let TM be the SPQ-tree representing M and T̂M be the SPQ-tree representing M̂ . Let S be the minimumspanning tree of M and S� be the maximum spanning tree of M�. If edge e is in Sand � < 0, or if e� is in S� and � > 0, then the edges of S and S� remain �xed. Nextconsider the case where edge e� is in S� and � < 0. It is well known (e.g. [48]) thatfor edge e to move to minimum spanning tree S, the weight of e must be less thanthe weight of the maximum weight edge e0 on the cycle induced by adding e to S. Ifweight(e) < weight(e0) then edge e0 is called the replacement edge and is moved to S�,83



while edge e is moved to S. The case where e is an edge of S and � > 0 is handledsimilarly, exchanging the roles of S and S�.We use the following fact to �nd replacement edge e0. Suppose � is a P-noderepresenting a marked cycle as in Lemma 4.15. If � is a Q-node representing an edgeof the cycle, then every node on the path from � to � is marked.We keep the following tree attribute for each node �:� maxmarked(�) | the maximum weight of a leaf � in the subtree rooted at � suchthat every node on the path from � to � is marked.We keep the following path attributes on each path of T :� markedP(�) | True if path � contains a P-node that has a marked child not on�.� maxifmarked(�) | The value of maxmarked(tail(�)) if head(�) is marked.� maxifnotmarked(�) | The value of maxmarked(tail(�)) if head(�) is notmarked.� allmarked(�) | true if all the nodes of � are marked if head(�) is marked.It is easy to see that these values can be maintained in a tree attribute system.We use the following subfunctions to �nd a replacement edge.� �ndcycle(node�) | Find the P-node ancestor that represents the cycle formedby adding edge e represented by node � to minimum spanning treeS.� �ndreplacement(node�) | Return the maximum weight edge on the cycle repre-sented by P-node �.Operation �ndcycle is implemented using the following path selection function.Selection Function S13 Suppose � is the root of a path tree with children �0 and �00.If markedP(�0) = true then return �0, else return �00.Operation �ndcycle(�) is then implemented as PathFind(�; S13).Operation �ndreplacement is implemented using the following tree selection func-tion.Selection Function S14 Suppose � is the root of a path tree with children �0 and �00.Let �000 be the path consisting of the concatenation of tail(�0) with the path representedby �00. If allmarked(�000) = true, tail(�0)) is marked, and maxmarked(tail(�0)) =maxmarked(tail(�00)) then return �0, else return �00.Operation �ndreplacement(�) is then implemented as TreeFind(�; S14).We perform operation ChangeWeight(e; �) by �rst updating weight(e) by �, un-marking the Q-node representing e� in T̂M , and marking the Q-node � representing ein TM . We then let node � = �ndcycle(�) and edge e0 = findreplacement(�). Weconclude by unmarking the Q-node representing e0 in TM and making the correspond-ing node in T̂M . Therefore, operation ChangeWeight can be implemented in O(logn)time. 84



Modifying the StructureAs already mentioned, we can maintain the structure of the dual trees under update op-erations. In this section we show how to maintain the marked nodes under operationsMakeGraph , DeleteGraph , Attach , Detach , Compose, Inject, Extract , InsertVertex,DeleteVertex , InsertEdge, and DeleteEdge. Note that the new edges added by opera-tions InsertEdge, InsertVertex , and DeleteVertex are all assumed to have zero-weight.OperationMakeGraph creates a graph consisting of a single edge e, which is marked.Since each train maintains its own minimum spanning tree and maximum spanningtree there is no change to marked nodes for operations Attach and Detach . In thesame manner there is no change for serial composition. However, suppose we performoperation Compose(�0; �00; P ). Both nodes �0 and �00 will be marked since they are theroots of their respective trees. Therefore, we need to �nd a replacement edge to move tothe dual spanning tree. Let node � be the root of the resultant tree. The replacementedge is found by calling �ndreplacement(�).Consider operation InsertVertex(v; e; e0; e00). Sine edges e0 and e00 will have zero-weight. We �rst reduce the weight of e to zero. If e is marked then we mark both edgese0 and e00. If e is not marked then we do not mark both edges e0 and e00. We performoperation DeleteVertex(�; v; e; e0; e00) similarly. We �rst reduce the weight of edges e0and e00 to zero. If both edges e0 and e00 are marked, we mark edge e. If at least one ofedges e0 and e00 are not marked, then we do not mark edge e.Operation InsertEdge(v0; v00; e) add zero weight edge e. After restructuring, wemark e then �nd a replacement edge as in the implementation of ChangeWeight .Finally, consider operation DeleteEdge(e). If e is in the maximum spanning treeS�, then we simply delete the edge. Tree S� will remain connected since the two facesadjacent to e will be merged into a single face. If e is in minimum spanning tree S,then we �rst call ChangeWeight(e;1), so e moves into S�.Theorem 4.9 Given a tree-width two graph G with m weighted edges, there exists afully dynamic data structure that maintains a minimum or maximum spanning tree ofG using O(m) space and supporting update operations in O(log2m) time and queryoperations on O(logm) time.
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Chapter 5Dynamic Graph Drawing5.1 IntroductionDrawing graphs is an important problem that combines 
avors of computational ge-ometry and graph theory. Applications can be found in a variety of areas includingcircuit layout, network management, software engineering, and graphics. For a surveyon graph drawing, see [36]. While this area has recently received increasing attention(see, e.g., [10,30,45,46,62,75,98]), the study of drawing graphs in a dynamic setting hasbeen an open problem. Previous work [77] only considers trees and presents a techniquethat restructures the drawing of a tree in time proportional to its height, and hencelinear in the worst case.The motivation for investigating dynamic graph drawing algorithms arises whenvery large graphs need to be visualized in a dynamic environment, where vertices andedges are inserted and deleted, and subgraphs are displayed. Several graph manipu-lation systems allow the user to interactively modify a graph; hence, techniques thatsupport fast restructuring of the drawing would be very useful. Also, it is impor-tant that the dynamic drawing algorithm does not alter drastically the stucture of thedrawing after a local modi�cation of the graph. In fact, human interaction requires a\smooth" evolution of the drawing.In this chapter we present dynamic algorithms for drawing planar graphs under avariety of drawing standards. We consider straight-line, polyline, grid, upward, andvisibility drawings together with aesthetic criteria that are important for readability,such as the display of planarity, symmetry, and reachability. Also, we provide tech-niques that are especially tailored for important subclasses of planar graphs such astrees and series-parallel digraphs. Our dynamic drawing algorithms have the importantproperty of performing \smooth updates" of the drawing.5.1.1 De�nitionsA drawing � of a graph G maps each vertex of G to a distinct point of the planeand each edge (u; v) of G to a simple Jordan curve with endpoints u and v. Wesay that � is a straight-line drawing if each edge is a straight-line segment; � is a86



polyline drawing if each edge is a polygonal chain; � is an orthogonal drawing if eachedge is a chain of alternating horizontal and vertical segments. A grid drawing issuch that the vertices and bends along the edges have integer coordinates. Planardrawings, where edges do not intersect, are especially important because they improvethe readability of the drawing. A planar embedding speci�es the circular order of theedges around a vertex in a planar drawing. Hence, di�erent drawings may have thesame planar embedding. Note that a planar graph may have an exponential numberof planar embeddings (see, e.g. [79]). An upward drawing of an acyclic digraph hasall the edges 
owing from bottom to top. Planar upward drawings are attractingincreasing theoretical and practical interest [10,25,26,29,35,62,104,117]. A visibilityrepresentationmaps vertices to horizontal segments and edges to vertical segments thatintersect only the two corresponding vertex segments.We assume the existence of a resolution rule that implies a �nite minimum area forthe drawing of a graph. Two typical resolution rules are integer coordinates for thevertices, or a minimum distance � between any two vertices. When a resolution ruleis given, it is meaningful to consider the problem of �nding drawings with minimumarea. Planar drawings require 
(n2) area in the worst-case [32]. Further results on thearea of planar drawings appear in [9,30,46,98].5.1.2 ModelHere we describe a framework for dynamic graph drawing algorithms. At a �rst glance,it appears that updating a drawing may require 
(n+m) time in the worst case, sincewe may have to change the coordinates of all vertices and edges. Our approach isto consider graph drawing problems in a \query/update" setting. Namely, we aimat maintaining an implicit representation of the drawing of a graph G such that thefollowing operations can be e�ciently performed:� Drawing queries that return the drawing of a subgraph S of G consistent withthe overall drawing of G. We aim at an output-sensitive time complexity for thisoperation, i.e., a polynomial in logn and k, where k is the size of S. Ideally, thetime complexity should be O(k + logn). A special case of this query (S = fvg)returns the coordinates of a single vertex v.� Window queries that return the portion of the drawing inside a query rectangle.� Point-location queries in the subdivision of the plane induced by the drawingof G. Such queries are de�ned when the drawing of G is planar.� Update operations, e.g., insertion and deletion of vertices and edges or replacementof an edge by a graph, which modify the (implicit) representation of the drawingaccordingly.There are two types of quality measures in dynamic graph drawing: the \aesthetic"properties of the drawing being maintained, and the space-time complexity of queriesand updates. There is an inherent tradeo� between the two. For example, it is very easy87



to maintain the drawing of a graph where the vertices are randomly placed on the planeand the edges are drawn as straight-line segments. However, the aesthetic quality of thedrawings produced by this simple strategy is typically not satisfactory. On the otherhand, if we want to guarantee optimal drawings with respect to some aesthetic criteria,e.g., planarity, symmetry, etc., the update/query operations may require high timecomplexity. In the following we present techniques with polylogarithmic query/updatetime that maintain drawings that are optimal with respect to a set of aesthetic criteria.More formally, a dynamic graph drawing problem consists of� A class of graphs G to be drawn.� A repertory O of operations to be performed, subdivided into{ A set Q of query operations (such as drawing, window, and point locationqueries) that ask questions on the drawing of the current graph.{ A set U of update operations that modify the current graph and restructureits drawing, such as insertion and deletion of vertices and edges.The drawing is modi�ed only by update operations and is not changed by queries.� A static drawing predicate PS that expresses \aesthetic" properties to be satis�edby the drawing of the current graph. An example of a static drawing predicatefor planar graphs is \The drawing is planar, polyline, grid, with O(n2) area, andat most 2n+ 4 bends along the edges."� A dynamic drawing predicate PD that expresses \similarity" properties to besatis�ed by the drawings before and after an update operation. An example of adynamic drawing predicate for trees is \The drawing of a subtree not a�ected bythe update stays the same up to a translation." Such predicates can be used toguarantee a \smooth" evolution of the drawing.A solution to a dynamic graph drawing problem is an algorithm that dynamicallymaintains a drawing of a graph of class G satisfying predicates PS and PD, under asequence of operations of repertory O. Performance measures for the algorithm arethe space requirement and the time complexity of the various operations. Typically,there is a tradeo� between the e�ciency of the algorithm and the tightness of therequirements expressed by the drawing predicates PS and PD.5.1.3 OverviewThe rest of this chapter is organized as follows. In Section 5.2 we describe a dynamictechnique for upward drawings of rooted trees. The data structure uses O(n) space andsupports updates and point-location queries in O(logn) time. Drawing queries taketime O(k + log n) for a subtree, and O(k log n) for an arbitrary subgraph. Window88



queries take time O(k logn). The drawings follow the usual convention of horizon-tally aligning vertices of the same level. Symmetries and isomorphisms of subtrees aredisplayed, and the area is O(n2).In Section 5.3 we present an algorithm for dynamically drawing series-parallel di-graphs. It uses O(n) space and supports updates in O(logn) time. Drawing queriestake time O(k + log n) for a series-parallel subgraph, and O(k log n) for an arbitrarysubgraph. Point location queries take O(logn) time. Window queries take O(k log2 n)time. The algorithm constructs upward straight-line drawings with O(n2) area, whichis optimal in the worst case.In Section 5.4 we present a family of algorithms that maintain various types ofdrawings for planar st-digraphs, including polyline upward drawings, and visibilityrepresentations. The drawings occupy O(n2) area, which is optimal in the worst case.All of the algorithms use O(n) space and support updates in O(logn) time. Also, weconsider (undirected) biconnected planar graphs. We present semi-dynamic algorithmsfor maintaining polyline drawings and visibility representations. The data structureuses O(n) space and supports insertions in O(logn) amortized time (worst-case forinsertions that preserve the embedding). Drawing queries take O(k logn) time.5.2 Dynamic Tree DrawingIn this section, we investigate the dynamic drawing of a rooted ordered tree T . Assumethat edges are directed from the child to the parent, and denote with T� the subtreerooted at �.5.2.1 2-drawingsWe consider the following static drawing predicate PS :Upward: The drawing is upward.Planar: The drawing is planar.Grid: Vertices are placed at integer coordinates.Straight-Line: Edges are drawn as straight line segments.Layered: Nodes of the same depth (distance from the root) are drawn on the samehorizontal line.Order-Preserving: The left-to-right ordering of the children of a node is preserved inthe drawing.Centered: A node � is \centered" over its children �1; � � � ; �k. Examples of variationsof this rule are:� x(�) = 1k �Pki=1 x(�i); 89



� x(�) = 12 � (x(�1) + x(�k)).Isomorphic: Isomorphic subtrees have drawings that are congruent up to a translation.Symmetric: Symmetric subtrees have drawings that are congruent up to a translationand a re
ection.Quadratic-Area: The drawing has O(n2) area.Reingold and Tilford [90] argue that drawings satisfying PS are aesthetically pleas-ing and show how to construct them in O(n) time. We give a fully dynamic algorithmfor constructing such drawings. However, in general the drawings produced by the al-gorithm of [90] are less wide than those produced by our algorithm. Note that �ndingdrawings of minimum width that satisfy the above properties is NP-hard [105].The 2-drawing of T and the bounding box 2(�) of a node � of T are recursivelyde�ned as follows (see Fig. 5.1):� � is a leaf: 2(�) is a 2� 1 rectangle.� � has children �1; . . . ; �k: The width of 2(�) is the sum of the widths of 2(�i),1 � i � k. The height of 2(�) is one plus the maximum of the heights of 2(�i),1 � i � k. The bounding boxes of the children of � are placed inside 2(�) suchthat they do not overlap, their top sides are placed one unit below the top sideof 2(�), and their left-to-right order preserves the ordering of the tree.� If � is a leaf, it is drawn in the middle of the top side of 2(�). Else, � is drawnalong the top side of 2(�) according to the centering rule of predicate PS . Wecall reference point of 2(�) the top left corner of 2(�).To fully specify the 2-drawing, we assume that the reference point of the boundingbox of the root of T is placed at (0; 0).Lemma 5.1 Given an n-node tree T , the 2-drawing of T satis�es the static drawingpredicate PS and can be constructed in O(n) time.Proof: It is immediate to verify that 2-drawings satisfy PS . Concerning the area, letg be the number of leaves of T , and let h be the height of T . The area of the drawing isg � (h+1), which is O(n2). To construct the 2-drawing of T we use two traversals. The�rst traversal computes in post-order the sizes of the bounding boxes of the subtrees ofT . The second traversal computes in pre-order the positions of the vertices of T . Eachtraversal can be performed in linear time. 25.2.2 Dynamic EnvironmentWe consider a fully dynamic environment for the maintenance of 2-drawings on acollection of trees. Namely, we introduce the following set O = Q[ U of operations:90
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Figure 5.1: Geometric constructions in the 2-algorithm� Query operations (Q):{ Draw(node �) | Return the (x; y) position of node �.{ O�set(node �) | Return the (x; y) position of the reference point of 2(�).{ DrawSubtree(node �) | Return the subdrawing of the subtree rooted atnode �.{ Window(node �; point p; q) | Draw the portion of subtree T� contained inthe query window de�ned by lower-left corner p and upper-right corner q.� Update operations (U):{ MakeGraph(node �) | Create a new elementary tree T , consisting of asingle node.{ DeleteGraph(node �) | Remove the elementary tree consisting of the singlenode �.{ Link(node �; �; �1; �2) | Let � be the root of a tree, and let � be a node ofanother tree. Also, let �1 and �2 be consecutive children of �. Add an edgefrom � to � and insert � between �1 and �2. If �1 and �2 are not given,then � becomes the only child of �. If �1 (�2) is not given then � is insertedas the �rst (last) child of �. 91



{ Cut(node �) | This operation assumes that � is not the root of a tree.Remove the edge from � to its parent, thus separating the subtree rooted at�.{ Evert(node �) | Change the parent/child relationship for all nodes on thepath from � to the root of its tree, making � the root. This operationmaintains the clockwise order of neighbors of every node of T .{ Re
ect(node �) | Re
ect the subtree T�, i.e., reverse the order of thechildren of all the nodes of T�.{ Expand(node �; �0; �00) | Let �1; � � � ; �k be the children of node �, and let�0 = �i and �00 = �j (1 � i < j � k). Replace nodes �i; . . .�j in the orderingof the children of � with a new node �. Node � has children �i; � � � ; �j .{ Contract(node �) | This is the inverse operation of Expand . It merges node� with its parent.In the rest of this section we prove the following theorem:Theorem 5.1 Consider the following dynamic graph drawing problem:� Class of graphs G: forest of rooted ordered trees.� Static drawing predicate PS: upward, planar, grid, straight-line, layered, order-preserving, centered, isomorphic, symmetric, quadratic-area drawing.� Repertory of operations O: Draw, O�set, DrawSubtree, Window, MakeGraph,DeleteGraph, Link, Cut, Evert, Re
ect, Expand, and Contract.� Dynamic drawing predicate PD: the drawing of a subtree not a�ected by an updateoperation changes only by a translation.There exists a fully dynamic algorithm for the above problem with the followingperformance:� A tree with n nodes uses O(n) space;� Operations MakeGraph and DeleteGraph take each O(1) time;� Operation DrawSubtree takes O(logn+ k) time to return the position of k nodesand edges;� Operation Window takes O(k � log n) time to return the position of k nodes andedges;� Operations Draw, O�set, Link, Cut, Evert, Re
ect, Expand, and Contract takeeach O(logn) time. 92



5.2.3 Data StructureTo simplify formulas, in the rest of this section we assume that the y-axis is directeddownward. Note that edges are still directed upward from each child to its parent. Weuse the following centering rule:� x(�) = 12 (x(�`) + x(�r)),where x` and xr are the leftmost and rightmost descendants of �, respectively.In order to maintain the drawing of a tree T we keep the following values for a node�: � width(�) | The width of 2(�).� level(�) | The level (distance from the root) of �.� reference(�) | The x-coordinate of the reference point of2(�). (The y-coordinateof the reference point of 2(�) is level(�).)Table 5.1 shows the equations to calculate these values. Note that if � is the rootof T , then reference(�) = 0. From these values we can easily compute the coordinatesof a node �. Namely, the x-coordinate of � is reference(�) + width(�)=2, and they-coordinate of � is level(�).width(�) = dXi=1width(�i)level(�i) = level(�) + 1reference(�i) = reference(�) + i�1Xj=1width(�j)Table 5.1: The equations to calculate the values of width for a node � and the valuesof reference and level for the children �1; . . . ; �d of �.We show that the calculations of these attributes can be maintained by storing Tas a linear attribute grammar (see section 3.4).Lemma 5.2 Using the equations in table 5.1, the attributes width, level, and referencefor the 2-drawing of a tree T can be maintained as a linear attribute grammar.Proof: Consider a node � of T . The only synthesized attribute of � is width(�). Theinherited attributes are level(�) and reference(�). By de�nition 3.19, we need to showthat the precedence graph G of T is acyclic and all dependencies are linear.93



All dependencies are linear since attributes are only added. Suppose there is acycle in G. The cycle is either between attributes of nodes all at the same level of T ,or di�erent levels of T . Suppose C is a cycle between attributes of nodes all at thesame level of T . However, the only relationships between attributes of nodes at thesame level of T are in the calculation of reference, and that relationship is only froma node to its right sibling, which contradicts C being a cycle. Now, suppose C is acycle including attributes of nodes at di�erent levels of T . Therefore, there must be anedge in C from an attribute of a node � to its parent. However, the only synthesizedattribute of any node � is width(�), which only is dependent on width at the childrenof �.Since T is unbounded, we also must show the expansion invariant at nodes of T .Recall that for a linear attribute grammar, the tree property at each node � is a sum-mary graph of the dependencies of the synthesized attributes of � on the inheritedattributes of �. As we already have noticed, there is no dependency of the the synthe-sized attributes (width) of � on the inherited attributes of �. Therefore, the expansioninvariant holds since the calculation of width is associative. 25.2.4 Dynamic OperationsWe keep the following additional values for each solid path � in T :� rightmost(�) | true if each node of � other than tail(�) is the rightmost childof its parent.� leftmost(�) | true if each node of � other than tail(�) is the leftmost child ofits parent.Clearly we can maintain the values of rightmost and leftmost in a path attribute systemon the paths of T .Update operations are implemented as for general linear attribute grammars ( The-orem 3.7). Therefore, we only describe query operations. Operations Draw(�) andO�set(�) are implemented by �rst callingEvaluateAttributes(�). Operation Draw(�) returns the pair (reference(�)+width(�)=2;level(�)). Operation O�set(�) returns the pair (reference(�); level(�)). OperationDrawSubgraph(�) is performed by calling O�set(�) in order to determine the positionof 2(�). We then use the sequential algorithm to draw T� .Suppose p = (xp; yp) and q = (xq; yq) are points with xp < xq and yp < yq, and letW be the window de�ned by p and q. Recall that the y-coordinate of the drawing ofa node � of tree T corresponds to the depth of � in T .We use the following fact in our algorithm. If x` is the x-coordinate of the referencepoint of the bounding box of some node �, then the line x = x`+0:25 does not intersectany edge or vertex in the drawing of T�.We keep the following additional value for each solid path � in T :� rightmost(�) | true if and only if each node of � other that tail(�) has no rightsibling. 94



� leftmost(�) | true if and only if each node of � other that tail(�) has no leftsibling.Clearly we can maintain the value rightmost during join operations.Operation Window is implemented using the following operations.� locatepoint(node �; point p) | Returns the node � of T� such that contains p iscontained in 2(�), but p is not contained in the bounding rectangle of any of thechildren of �. If p is outside 2(�), then locatepoint(�; p) returns nil.� drawproper(node �; point p; q) | Draw node � and the edges from � to its chil-dren, clipping to W .� �ndrightint(node �; point p; q) (�ndleftint(node �; point p; q)) | Let � be thepath following right (left) children from �. Return the closest descendant � of �on � such that drawproper (�; p; q) draws (at least) a portion of an edge.Operation locatepoint(�; p) �rst calls expose(�) in order to �nd the location andwidth of 2(�). If point p is outside 2(�), then return nil . Otherwise, we use thefollowing tree selection function, which takes query point p as an argument.Selection Function S15 Suppose � is the root of a path tree with children �0 and �00.If point p is contained in 2(tail(�0)) then return �0, else return �00.Operation TreeFind(�; S1; p) returns a node � such that p is contained in 2(�), but pis not contained in the bounding box for any of the children of �. We perform operationlocatepoint by setting node � = TreeFind(�; S1; p). If p is on the right boundary of2(�), then let xp = xp + 0:25, and repeat. We then return node �.We perform operation drawproper (�; p; q) by �rst calling expose(�). The followingpath selection function on edge-path �`(�) takes as an argument the pair of points(p; q) that de�ne window W .Selection Function S16 Suppose � is the root of a path tree with children �0 and�00. Let �0 be the child of � associated with tail(�0). If the edge from node �0 to node �intersects W , then return �0, else return �00.We �nd the leftmost edge of the proper region of � intersecting W , by letting node�` = PathFind(�`(�); S2; (p; q)). We �nd the rightmost intersecting edge connected tonode �r similarly. We then draw �, and the edges between �` and �r, clipping to W .Operation �ndrightint is performed using the following tree selection function whichtakes the pair (`; (x; y)), where ` is the x-coordinate of the left side of the query window,and x as an argument, and pair (x; y) is the coordinates of the reference point of thetail of the currently considered path.Selection Function S17 Suppose � is the root of a path tree with children �0 and �00.Construct node �000 representing the path from tail(�0) to tail(�00). If rightmost(�000) =false or if the x-coordinate of tail(�0) is greater than x, then return �00. Else return�0. 95



Operation �ndrightint is performed using the following tree selection function whichtakes an argument x`, the the x-coordinate of the left side of the query window.Selection Function S18 Suppose � is the root of a path tree with children �0 and �00.Construct node �000 representing the path from tail(�0) to tail(�00). If rightmost(�000) =false or if the x-coordinate of tail(�0) is greater than x`, then return �00. Else return�0. When used with operation TreeFind, selection function S18 returns the �rst descen-dant �0 of � reached through only rightmost children such that there is an edge from�0 which intersects the line x = x`. Operation �ndrightint(�; p; q) is then implementedas follows. Let node� = TreeFind(�; S18; xp). If � is a leaf then return nil . Otherwise, let node �0 bethe rightmost child of �. If the edge from node �0 to node � intersects W , return�. Else return nil . Operation �ndleftint(�; p; q) is implemented in a similar manner,substituting the value leftmost for rightmost .Operation Window is implemented using the following function that is mutuallyrecursive with operation Window .� drawtree(node �; point p; q) | Draw the portion of subgraph G� contained in thequery window W de�ned by lower-left corner p and upper-right corner q. Theproper region of � is assumed to intersect W .We implement operation Window(�; p; q) by performing the following steps.1. If W does not intersect 2(�) then stop.2. Clip W to 2(�), update points p and q accordingly.3. Initialize scan point s = (xs; ps) to be point p. Let node � = locatepoint(�; s).We call drawtree(�; s; q).4. Move scan point s by resetting xs to be 0:25 plus the x-coordinate of the rightedge of 2(�). Repeat steps 3 and 4 until s is no longer contained in 2(�) or W .Operation drawtree(�; p; q) is implemented by performing the following steps.1. Perform drawproper(�; p; q).2. If node � is a leaf, or if yq < depth(�) + 1 then stop.3. If step 1 did not draw any edges, then suppose Draw(�) is to the left (right) ofW . Let � = findrightint(�; p; q) (� = findleftint(�; p; q)). If � = nil then stop.Otherwise call drawtree(�; p; q)4. If step 3 did draw edges then let yp = depth(�) + 1 and call Window (�; p; q).96



Each step is implemented in O(logn) time for each edge and vertex drawn. Afterdrawing an edge, we take O(logn) time to determine if we stop. Therefore, to draw knodes and edges takes O(k � logn) time.Operation �ndrightint(�; p; q) is then implemented as follows. Let node � = TreeFind(�; S3; xp).If � is a leaf then return nil . Otherwise, let node �0 be the rightmost child of �. If theedge from node �0 to node � intersects W , return �. Else return nil .Operation �ndleftint(�; p; q) is implemented in a similar manner, substituting thevalue leftmost for rightmost .Operation Window is implemented using the following function that is mutuallyrecursive with itself.� drawtree(node �; point p; q) | Draw the portion of subgraph G� contained in thequery window W de�ned by lower-left corner p and upper-right corner q. Theproper region of � is assumed to intersect W .We implement operation Window(�; p; q) by performing the following steps.1. If W does not intersect 2(�) then stop.2. Clip W to 2(�), update points p and q accordingly.3. Initialize scan point s = (xs; ps) to be point p. Let node � = locatepoint(�; s).We call drawtree(�; s; q).4. Move scan point s by resetting xs to be 0:25 plus the x-coordinate of the rightedge of 2(�). Repeat steps 3 and 4 until s is no longer contained in 2(�) or W .Operation drawtree(�; p; q) is implemented by performing the following steps.1. Perform drawproper(�; p; q).2. If node � is a leaf, or if yq < depth(�) + 1 then stop.3. If step 1 did not draw any edges, then suppose Draw(�) is to the left (right) ofW . Let � = findrightint(�; p; q) (� = findleftint(�; p; q)). If � = nil then stop.Otherwise call drawtree(�; p; q)4. If step 3 did draw edges then let yp = depth(�) + 1 and call Window (�; p; q).Each step is implemented in O(logn) time for each edge and vertex drawn. Afterdrawing an edge, we take O(logn) time to determine if we stop. Therefore, to draw knodes and edges takes O(k � logn) time. 97



5.3 Series Parallel DigraphsIn this section we investigate the maintenance of upward drawings of series-paralleldigraphs. For de�nitions, and description of the algorithm to maintain a tree attributesystem kept on the SPQ-trees associated with a collection of series-parallel digraphs,see sections 4.2.4, 4.2.6, and 4.3.2.Suppose G is a series-parallel digraph, and T is its associated SPQ-tree. Let � be anode of T and �1; � � � ; �k be the children of �. A closed component of G is either G orthe union of the pertinent digraphs of a subsequence �i; � � � ; �j , where 1 < i � j < kand � is an S-node. An open component of G is the union of the pertinent digraphs ofa subsequence �i; � � � ; �j , minus its poles, where 1 � i � j � k. A component is eitheran open or a closed component.5.3.1 �-drawingsWe consider the following static drawing predicate PS :Upward: The drawing is upward.Planar: The drawing is planar.Grid: Vertices are placed at integer coordinates.Straight-Line: Edges are drawn as straight line segments.Quasi-Embedding-Preserving: The drawing preserves the embedding, except, possibly,for the transitive edges.Isomorphic: Isomorphic components have drawings that are congruent up to a trans-lation.Vertically-Symmetric: The drawings of a series-parallel digraph and its reverse havedrawings that are congruent up to a translation and a re
ection.Quadratic-Area: The drawing has O(n2) area.It is important to note that in order to get polynomial area the embedding cannotbe completely preserved. Namely, it is shown in [9] that there exists a class of embeddedseries-parallel digraphs for which any upward straight-line drawing that preserves theembedding requires exponential area under any resolution rule.�-drawings of series-parallel digraphs are introduced in [9] and satisfy the abovestatic drawing predicate. In �-drawings the embedding is modi�ed so that all thetransitive edges are embedded on one side, say, the right side. We call such embeddingright-pushed. The �-drawing � of a series-parallel digraph G is inductively de�nedinside a bounding triangle �(�) that is isosceles and right-angled. The hypotenuse of�(�), from now on called the right side of �(�), is a vertical segment, and the othertwo sides are on its left. The height of �(�) is the length of the right side; the width98
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� If G is the parallel composition of G0 and G00, the drawings �0 and �00 of G0 andG00 are recursively constructed. We consider the the rightmost outgoing edge(s0; u) of the source s0 of G0 and the rightmost incoming edge (v; t0) of the sinkt0 of G0 (see Fig. 5.2.c and d). Let �u be the line through u that is parallel tothe bottom side of �(�0), and �v be the line through v that is parallel to the topside of �(�0). Also, let � be the vertical line extending the right side of �(�0).We call prescribed region of �00 the (in�nite) region to the right of �, �u, and �v.First, we translate �00 anywhere inside its prescribed region. Then we identifythe sources and sinks of G0 and G00 by moving them to the intersections s and tof the right side of �00 with the lines extending the bottom and top sides of �0.If the series or the parallel compositions involve more than two graphs (say `graphs), the above steps are applied `� 1 times.In a �-drawing � the source (resp. sink) of G is placed at the bottom (resp. top)vertex of �(�), and the other vertex of �(�) is not occupied by any vertex of G. Also,the rightmost outgoing edge of the source and the rightmost incoming edge of the sinklie on the right side of �(�).We obtain an O(n2)-area �-drawing by specializing the placement of �00 in a parallelcomposition so that �(�00) touches �(�0). Let p be the point on the right side of �(�0)and half-way between u and v. We translate �00 so that the left vertex of �(�00) coincideswith p. In this way, �00 is in its prescribed region.Notice that in both series and parallel compositions the height of �(�) is equal tothe sum of the heights of �(�0) and �(�00). Hence, the height of �(�) is exactly 2m,and the area of the drawing � is m2.Lemma 5.3 [9] Given an n-node series-parallel digraph G, the �-drawing of G satis-�es the static drawing predicate PS, and can be constructed in O(n) time.5.3.2 Dynamic EnvironmentWe create an addition node type, the PQ-node, to handle right-pushed embeddings. APQ-node represents the following case. If G is the parallel composition of series-paralleldigraphs G1 and G2 with SPQ-trees T1 and T2 with roots �1 and �2, and G2 is a singleedge, then T consists of a PQ-node root with children �1 and �2. We extend the typeinvariant (page 50) such that a P-node cannot have PQ-node as a child.For a node � of SPQ-tree T , we de�ne �(�) the bounding triangle to be the triangleenclosing the drawing of G� without considering the translation of the poles of G�performed at ancestors of � in T . The reference point of �(�) is the intersection of theright and bottom sides.We consider a fully dynamic environment for the maintenance of �-drawings on acollection G of series-parallel digraphs. Namely, we introduce the following set O =Q[ U of operations:� Query operations (Q): 100



{ Draw(vertex v) | Return the (x; y) position of the drawing of vertex vof series-parallel digraph G. The reference point of the drawing of G isconsidered to be at (0; 0).{ O�set(node �) | Return the (x; y) position of the reference point of �(�),where � is a node in the SPQ-tree representing series-parallel digraph G.The reference point of the drawing of G is considered to be at (0; 0).{ DrawSubgraph(node �) | Draw the subgraph G� as it appears in the draw-ing of G.{ Window(node �; point p; q) | Draw the portion of subgraph G� containedin the query window de�ned by lower-left corner p and upper-right corner q.{ Locate(node �; point p) | Returns the vertex, edge, or face of the digraphG� containing point p.� Update operations (U):{ MakeDigraph | Create a new elementary series-parallel digraph G, repre-sented by a single Q-node, and add G to G.{ DeleteDigraph(node �) | Remove from G the elementary series-parallel di-graph represented by the single Q-node �.{ Compose(nodetype X ; node �0; �00) | Perform a composition on the series-parallel digraphs G�0 and G�00 . The composition is series or parallel accordingto whether X = S or X = P . The resulting series-parallel digraph is addedto G while G�0 and G0�0 are removed from G.{ Attach(node �; �) | Replace the edge represented by Q-node � with theseries-parallel digraph G�. The resulting series-parallel digraph is added toG while G� is removed from G.{ Detach(node �) | Remove the pertinent digraph G� of node � from G andreplace it with a single edge. The series-parallel digraph G� is added to G.{ InsertEdge(vertex v0; v00; edge e) | Insert a new edge e from v0 to v00 .The operation is performed only if the resulting digraph is a series-paralleldigraph.{ DeleteEdge(edge e) | Delete edge e. The operation is performed only if theresulting digraph is a series-parallel digraph.{ InsertVertex(vertex v; edge e; e0; e00) | Replace edge e with two edges e0and e00 by inserting vertex v.{ DeleteVertex(node �; vertex v; edge e; e0; e00) | Replace vertex v and itsincident edges e0 (incoming) and e00 (outgoing) with a single edge e. Theoperation is performed only if e0 and e00 are the only incident edges of v.In the rest of this section we prove the following theorem:Theorem 5.2 Consider the following dynamic graph drawing problem:101



� Class of graphs G: embedded series-parallel digraphs.� Static drawing predicate PS: upward, planar, grid, Straight-line, quasi-embedding-preserving, isomorphic, vertically-symmetric, quadratic-area drawing.� Repertory of operations O: Draw, O�set, DrawSubgraph,Window, Locate,MakeDigraph,DeleteDigraph, Compose, Attach, Detach, InsertEdge, DeleteEdge, InsertVertex,and DeleteVertex.� Dynamic drawing predicate PD: the drawing of a component not a�ected by anupdate operation changes only by a translation.There exists a fully dynamic algorithm for the above problem with the followingperformance:� a series-parallel digraph uses O(n) space;� Operations MakeDigraph and DeleteDigraph take each O(1) time;� Operation DrawSubgraph takes O(logn+k) time to return the position of k nodesand edges;� Operation Window takes O(k � log2 n) time to return the position of k nodes andedges;� Operations Draw, O�set, Compose, Attach, Detach, InsertEdge, DeleteEdge,InsertVertex, DeleteVertex, and Locate take each O(logn) time.5.3.3 Data StructureTo simplify formulas, in the rest of this section we assume that the x-axis is directedfrom right to left. If Z is a (x; y)-pair, then x(Z) returns the x-value and y(Z) returnsthe y-value. In order to maintain the drawing of a series-parallel digraph G representedby SPQ-tree T , we keep the following values for a node �:� width(�) | The width of �(�). Note that the height of �(�) will be 2 �width(�).� position(�) | The o�set of the position of the reference point of �(�) from theposition of the reference point of �(�).The following values are relative positions in �(�) considering the reference pointof �(�) to be at (0; 0):� sourceright(�) | The location of the drawing of the vertex connected to therightmost outgoing edge from the source of G�.� sourceleft(�) | The location of the drawing of the vertex connected to the left-most outgoing edge from the source of G�.102



width(�) = kXi=1 width(�i)x(position(�j)) = x(position(�)) + kXi=j+1 width(�i)y(position(�j)) = y(position(�)) + kXi=j+1width(�i) + j�1Xi=1 y(sourceright(�i))x(sourceright(�)) = 0y(sourceright(�)) = kXi=1 y(sourceright(�i))x(sourceleft(�)) = kXi=2 width(�i) + x(sourceleft(�1))y(sourceleft(�)) = kXi=2 width(�i) + y(sourceleft(�1))x(sinkright(�)) = 0y(sinkright(�)) = k�1Xi=1 y(sourceright(�i)) + y(sinkright(�k))x(sinkleft(�)) = kXi=2 width(�i) + x(sinkleft(�1))y(sinkleft(�)) = kXi=2 width(�i) + y(sinkleft(�1))Table 5.2: The equations to calculate the values of width , sourceright , sourceleft,sinkright , and sinkleft for a P-node � and the value of position for the children�j ; 1 � j � k of �.� sinkright(�) | The location of the drawing of the vertex connected to the right-most incoming edge to the sink of G�.� sinkleft(�) | The location of the drawing of the vertex connected to the leftmostincoming edge to the sink of G�.The equations to calculate these values are linear expressions, and are shown inTables 5.2, 5.3, 5.4, and 5.5. As an example, Fig. 5.3 shows pictorally how to calcu-late the value of position for the bounding triangle of a graph involved in a parallelcomposition. Note that if � is the root of T , then position(�) = (0; 0).We show that the calculations of these attributes can be maintained on SPQ-treeT as a linear attribute grammar (see section 3.4).103



sourceright(�) = (0; 2 � width(�))sinkright(�) = (0; 0)Table 5.3: The equations to calculate the values of sourceright and sinkright for aPQ-node �. All other values are calculated as for a P-node (see Table 5.2).width(�) = kXi=1 width(�i)x(position(�j)) = x(position(�))y(position(�j)) = y(position(�)) + 2 � j�1Xi=1 width(�i)sourceright(�) = sourceright(�1)sourceleft(�) = sourceleft(�1)x(sinkright(�)) = 0y(sinkright(�)) = 2 � k�1Xi=1 width(�i) + y(sinkright(�k))x(sinkleft(�)) = x(sinkleft(�k))y(sinkleft(�)) = 2 � k�1Xi=1 width(�i) + y(sinkleft(�k))Table 5.4: The equations to calculate the values of width , sourceright , sourceleft,sinkright , and sinkleft for an S-node � and the value of position for the children�j ; 1 � j � k of �.Lemma 5.4 Using the equations in tables 5.2, 5.4, and 5.5, the attributes width,position, sourceright, sourceleft, sinkright, and sinkleft for the �-drawing of a series-parallel digraph G with associated SPQ-tree T can be maintained as a linear attributegrammar.Proof: Consider a � of T . The synthesized attributes of � are width(�), sourceright(�),sourceleft(�), sinkright(�), and sinkleft(�). The only inherited attribute is position(�).As in the proof of lemma 5.2, we need to show that the precedence graph Gp of T isacyclic and all dependencies are linear.All dependencies are linear since attributes are either added or multiplied by aconstant. Suppose there is a cycle in Gp. The cycle is either between attributes ofnodes all at the same level of T , or di�erent levels of T . Suppose C is a cycle betweenattributes of nodes all at the same level of T . However, the only relationships betweenattributes of nodes at the same level of T are in the calculation of position among the104



width(�) = 1sourceright(�) = (0; 2)sourceleft(�) = (0; 2)sinkright(�) = (0; 0)sinkleft(�) = (0; 0)Table 5.5: The values of width , sourceright , sourceleft , sinkright , and sinkleft for aQ-node �.children of an S or P-node �. These relationships are only from a node to its rightsibling (if � an S-node), or from a node to its left sibling (if � an P-node), whichcontradicts C being a cycle. Now, suppose C is a cycle including attributes of nodesat di�erent levels of T . Therefore, there must be an edge in C from an attribute ofa node � to its parent �. However, the synthesized attributes of any node � are onlydependent on the synthesized attributes at the children of �.Since T is unbounded, we also must show the expansion invariant at nodes of T . Re-call that for a linear attribute grammar, the tree property at each node � is a summarygraph of the dependencies of the synthesized attributes of � on the inherited attributesof �. As we already have noticed, there is no dependency of the the synthesized at-tributes of � on the inherited attributes of �. Therefore, the expansion invariant holdssince the calculations of the synthesized attributes are associative. 25.3.4 Dynamic OperationsWe keep the following additional values for each solid path � from node � to node � .� samesource(�) | true if and only the source of G� is the same vertex as thesource of G� .� samesink(�) | true if and only the sink of G� is the same vertex as the sink ofG� .� noleftp(�) | true if and only if path � does not contain both a P-node and itsleftmost child.Recall for a vertex v in series-parallel digraph G, recall that operation Proper(v)Returns the node triple (�; �0; �00), where � is the proper node of v, node �0 is the childof � such that v is the �rst terminal of �0, and �00 is the child of � such that v is thesecond terminal of �00. If v is a terminal of the root chain, then Proper(v) returns(�;�;�), where � is the root of T . Operation Proper runs in O(logm) time.Operation O�set(�) is implemented as for trees. We call EvaluateAttributes(�) andreturn the value of position(�). 105
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yFigure 5.3: A pictoral representation of the calculations of position(�j), where �j isa child of a P-node �. Graph Gj is the pertinent graph of �j . Notice that lengthsa =Pj�1i=1 y(sourceright(�i)) and b =Pki=j+1 width(�i).Operation Draw(v) is performed as follows. Find Proper(v). If v is the source ofG, then return (0; 0). If v is the sink of G then return (0; 2 � width(�)), where � is theroot of T . Otherwise, suppose Proper(v) = (�; �0; �00). Return O�set(�00). This can allbe done in O(logm) time.Operation DrawSubgraph(�) is performed by calling Draw on the poles of G� andthen calling O�set(�) in order to determine the position of �(�). We then visit G� andcompute the positions in O(1) amortized time per vertex and edge using the sequential�-algorithm (see Lemma 5.3).Each face in the drawing � of series-parallel digraph G is formed by the parallelcomposition of two subgraphs. Therefore, we identify each face f of � by the nodetriplet (�; �`; �r), where � is a P-node or a PQ-node, and �` and �r are the consecu-tive children of � such that f is de�ned by the parallel composition of G�` and G�r .Operation Locate(�; p) consists of the following steps for a digraph G represented bySPQ-tree T :1. If point p is not contained in �(�), then return the external face.106



2. Find the deepest descendant � of � such that p is contained in �(�), but not thebounding triangle of any of the children of �.3. Let s and t be the source and sink of G�. If p is at Draw (s) or Draw(t) thenreturn the found vertex. If p is on the rightmost edge from s or the right mostedge entering t, then return the edge.4. If node � is an S or Q-node, then p is to the left of the drawing of any of theedges of G�. Let node �0 be the closest ancestor of � such that node � is not adescendant of the leftmost child of �0, let node �00 be the child of �0 on the pathfrom � to �0, and let node �0 be the left sibling of �00. Therefore, face containingp will be (�0; �0; �00).5. The �nal case is if node � is a P-node or a PQ-node. Let Rs(�) be the re-gion bounded by the triangle formed by the drawing of vertices s, sourceleft(�),and sourceright(�). Similarly, let Rt(�) be the region formed by the drawing ofvertices t, sinkleft(�), and sinkright(�).(a) If p is not contained in Rs(�) or Rt(�), then, as above, p is to the left of thedrawing of any of the edges of G�, and we continue as in step 2.(b) Otherwise, suppose p is in Rs(�) (the case where p is in Rt(�) is handledsimilarly). Let node �0, be the deepest descendant of � such that point pis contained in Rs(�0). Node �0 will be a P-node, since for S-node � withleft-child �0, Rs(�) = Rs(�0). If p is on an edge of Rs(�), then return theedge. Otherwise, the face containing p is (�0; �0; �00), where �0 is the child of�0 such that point p is to the right of Rs(�0) but to the left of Rs(�00) wherenode �00 is the immediate left sibling of �0 (see Fig. 5.4).Steps 2, 3, and 5b are implemented using selection functions. Consider the followingtree selection function, which takes query point p as an argument.Selection Function S19 Suppose � is the root of a path tree with children �0 and �00.If point p is contained in �(tail(�0)) then return �0, else return �00.We then perform step 2 by letting node � = TreeFind(�; S19; p). If � is a node onan edge path of node �0, then return �0. Otherwise, return node �.Consider the following path selection function.Selection Function S20 Suppose � is the root of a path tree with children �0 and �00.If noleftp(�0) is true, or if head(�00) is a P-node and tail(�0) is not its leftmost child,then return �0, else return �00.Step 4 is implemented by �rst calling operation expose to get path � from � to �.Let node �00 = PathFind(�; S20). If �00 = � then return the external face. Otherwise,return the node-triple (�; �0; �00), where nodes � and �0 are the parent and left-siblingof node �00.The following tree selection function takes query point p as an argument.107



sFigure 5.4: Finding the face containing a query point p. If p is in a shaded region thenits face is found at a descendant P-node.Selection Function S21 Suppose � is the root of a path tree with children �0 and �00.If point p is contained in Rs(tail(�0)) then return �0, else return �00.We then perform step 5b by letting node � = TreeFind(�; S21; p). If � is node�0(�00) on an edge path of node �0, then point p is on the face (�0; �0; �00), where node�0 is the left-sibling of �00. Otherwise, node � is on a solid path �. Let node �0 bethe child of � on �. If p is on an edge of Rs(�), then return the edge. If p is to theright of the edge from the source of G� to sourceright(�0). Then p is contained in face(�; �0; �00), where �00 is the right-sibling of �0. Otherwise, point p is to the left of theedge from the source of G� to sourceleft(�0). Then p is contained in face (�; �000; �0),where �000 is the left-sibling of �0.Each of these steps can be implemented in O(logn) time. Therefore, operationLocate is performed in O(logn) time.To implement operation Window we keep the data structure of [107] to to maintainthe planar embedding of G. In particular given a face f of G in an upward embeddingof series-parallel digraph G, we can �nd two lists of edges and vertices that comprisethe left and right boundary of f .Suppose p = (xp; yp) and q = (xq; yq) are points with xp < xq and yp < yq, and letW be the window de�ned by p and q. Operation Window (�; p; q) is realized as follows:108



If W does not intersect �(�) then return an empty drawing. Otherwise, let s = (xs; ys)be a scan point. Initialize s to p, and do the following, clipping to W :� Perform Locate(�; s). Let f be the returned face. Find the edge e that is to theright of s on the boundary of f . Draw and mark all unmarked edges and verticesthat are in W and are reachable by forward and reverse edges from edge e.� Repeat step 1, continuing around the boundary of W , �nding unmarked edges ofG that intersect the boundary of W .We implement the search of the list for face f in step 1 by performing binary searchon the location of the vertices on the boundary. Each Draw call takes O(logm) time, so�nding an edge that intersects the boundary of W takes O(log2m) time. We traversethe edges reachable from e by using a modi�ed breadth-�rst search that cuts at amarked node, or at the boundary of W . Hence, the internal j edges and vertices foundby step 1 can be drawn in O(j � logm) time.Therefore, operation Window can be implemented in O(k � log2m) time to draw kvertices and edges.Operations MakeDigraph and DeleteDigraph can be trivially implemented in O(1)time. Operations Compose, Attach , and Detach can each be implemented with aconstant number of calls to MakeDigraph , DeleteDigraph and variations of the treeoperations Link and Cut .Consider now operation InsertVertex(v; e; e0; e00), and let � be the Q-node of e, and� be the parent of �, if it exists. We replace � with an S-node � having Q-nodechildren for e0 and e00. This can be done with twoMakeDigraph operations, followed bya Compose operation and one each Cut and Link operation. Then, if � is an S-node,we contract � into �. All this takes O(logm) time.The inverse operation DeleteVertex(e; v; e0; e00) is implemented similarly with a con-stant number of MakeDigraph , DeleteDigraph , Link , Cut , and Expand operations.The restructuring of the SPQ-tree caused by InsertEdge and DeleteEdge is morecomplex. It is known [22] that if G is a series-parallel digraph with SPQ-tree T , andv0 and v00 be two vertices of G. Then the digraph obtained by inserting an edge fromv0 to v00 is a series-parallel digraph if and only if either v0 = s and v00 = t, or v0 and v00are vertices of the skeleton of the same S-node of T , with v0 preceding v00. If is e anedge of G represented by Q-node �, then the digraph obtained by removing edge e is aseries-parallel digraph if and only if one of the following conditions is true: the parentof � in T is a PQ-node, e is the only outgoing edge of s, or e is the only incoming edgeof t. These conditions can each be tested in O(logm) time, where G has m edges. Therestructuring to T required for InsertEdge and DeleteEdge also can be performed inO(logm) time.The transformations to T that result from InsertEdge and DeleteEdge are demon-strated in �gures 5.5 and 5.6. Notice that transitive edges are always added as theright child of a PQ-node.Each face of as series-parallel digraph G, with the exception of the external face, iscreated by a parallel composition. Therefore, we name each internal face f of G by a109
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Figure 5.5: Modi�cation of T in operation InsertEdge and DeleteEdge: split-ting/merging an S-chain. (a) Insertion/deletion of an edge between nonconsecutivevertices of the skeleton of an S-chain. (b) Transformation of the SPQ-tree.node-triple (�; �0; �00), where node � is a P-node and nodes �0 and �00 are such that fis formed by the parallel composition of G�0 and G�00 .5.4 Planar GraphsIn this section we present dynamic techniques for drawing planar graphs. First, we dis-cuss upward drawings of planar st-digraphs, and next we extend the results to (undi-rected) biconnected planar graphs. Planar st-digraphs, which include series-paralleldigraphs as a special case, were �rst introduced by Lempel, Even, and Cederbaum [72]in connection with a planarity testing algorithm, and they have subsequently been usedin several applications, including planar graph embedding [18,27,107], graph drawing[26,29], and planar point location [37,56,88,114].A planar st-digraph is a planar acyclic directed graph with exactly one sourcevertex s and exactly one sink vertex t, which is embedded in the plane such that sand t are on the boundary of the external face.The following generalizes our de�nition of components of series-parallel digraphs.A digraph is weakly connected if its underlying undirected graph is connected. LetG be a planar st-digraph. An open component of G is a maximal weakly-connectedsubgraph G0 of the digraph obtained from G by removing a separation pair fp; qg, such110
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QPFigure 5.6: Modi�cation of T in operation InsertEdge and DeleteEdge: extend-ing/shortening a P-chain. (a) Insertion/deletion of an edge between consecutive ver-tices of the skeleton of an S-chain (the vertices are the source and sink of a parallelcomposition). (b) Transformation of the SPQ-tree.that G0 does not contain s or t. A closed component of G is an induced subgraph G0 ofG such that:� G0 is a planar pq-digraph;� G0 contains every vertex of G that is on some path from p to q;� G0 contains every outgoing edge of p, every incoming edge of q, and every incidentedge of the remaining vertices of G0.A component of G is either a closed or an open component.5.4.1 Upward DrawingsWe consider the following static drawing predicate PS :Upward: The drawing is upward.Planar: The drawing is planar.Embedding-Preserving: The drawing preserves the embedding.Grid: Vertices are placed at integer coordinates.Polyline: Edges are drawn as polygonal lines.111



Transitive-Bends: Transitive edges have at most one bend. The other edges are straight-lines. Hence the total number of bends is at most 2n� 5.Isomorphic: Isomorphic components have drawings that are congruent up to a trans-lation.Symmetric: Symmetric components have drawings that are congruent up to a transla-tion and a re
ection.Quadratic-Area: The drawing has O(n2) area.We dynamize the polyline drawing method of [29], which has the important propertyof displaying symmetries and isomorphisms of subgraphs. Note that we do not considerstraight-line drawings because they may require exponential area [29].Dynamic EnvironmentWe consider a fully dynamic environment for the maintenance of upward drawings ona collection of embedded planar st-digraphs. Namely, we introduce the following setO = Q[ U of operations:� Query operations (Q):{ Draw(vertex v) | Return the (x; y) position of vertex v. The source isconsidered to be at (0; 0).{ Draw(edge e) | Return the (x; y) position of the endpoints of edge e. If eis a transitive edge, then also return the position of the bend of e.� Update operations (U):{ MakeDigraph | Create a new elementary planar st-digraph G, consistingof a single edge.{ DeleteDigraph(edge e) | Remove the elementary planar st-digraph consist-ing of single edge e.{ InsertEdge(vertex v0; v00; edge e; face f; f 0; f 00) | Add edge e = (v0; v00) insideface f , which is decomposed into faces f 0 and f 00, with f 0 to the left of e andf 00 to the right.{ DeleteEdge(edge e; face f) | Delete edge e and merge the two faces formerlyon the two sides of e into a new face f .{ Expand(vertex v; v0; v00; edge e; face f 0; f 00) | Expand vertex v into verticesv0 and v00, which are connected by a new edge e with face f 0 to its left andface f 00 to its right.{ Contract(vertex v; edge e) | Contract edge e, and merge its endpoints intoa new vertex v. Parallel edges resulting from the contraction are mergedinto a single edge. 112



Each update operation is allowed if the resulting digraph is itself a planar st-digraph.Consider a vertex v of planar st-digraph G. Let R+(v) be the set of vertices of Greachable from v and let R�(v) be the set of vertices u of G such that u is reachablefrom v. For a pair of vertices (v0; v00) the subgraph of stable reachablilty of (v0; v00) is thesubgraph induced by R�(v0) [R+(v00).In the rest of this section we prove the following theorem:Theorem 5.3 Consider the following dynamic graph drawing problem:� Class of graphs G: embedded planar st-digraphs.� Static drawing predicate PS: upward, planar, embedding-preserving, grid, poly-line, transitive-bends, isomorphic, symmetric, quadratic-area drawing.� Repertory of operations O: Draw, MakeDigraph, DeleteDigraph, InsertEdge,DeleteEdge, Expand, and Contract.� Dynamic drawing predicate PD:{ the drawing of a component not a�ected by an update operation changes onlyby a translation;{ After inserting or deleting an edge between v0 and v00, the drawing of thesubgraph of stable reachability of (v0; v00) changes only by a translation.There exists a fully dynamic algorithm for the above problem with the followingperformance:� A planar st-digraph uses O(n) space;� Operations MakeDigraph and DeleteDigraph take each O(1) time;� Operations Draw, InsertEdge, DeleteEdge, Expand, and Contract take eachO(logn) time.Data StructureLet V be the set of vertices, E, be the set of edges, and F be the set of faces of planarst-digraph G. As shown in [29,108], there are two orderings on the set V [ E [ F ,denoted L and R, such that if G has no transitive edges, a planar upward grid drawingof G is obtained by assigning to each vertex v x- and y-coordinates equal to the ranksof v in the restriction to V of L and R, respectively. This drawing method is extended togeneral planar st-digraphs by inserting a dummy vertex (a bend) along each transitiveedge.We represent sequences L and R by means of a path attribute system (see Sec-tion 3.2.1). Each node represents a vertex, edge, or face. Node attributes assumebinary values: 1 if the node is associated with a vertex or a transitive edge, and 0113



otherwise. The path attribute is the sum of the attributes of the nodes on the path.Sequences L and R are hence represented by two paths, denoted �L and �R, respec-tively. In a drawing query, we compute x(v) (resp., y(v)) by splitting path �L (resp.,�R) at the node associated with v, and evaluating the attribute of the left subpath soobtained.After an update operation O(1) edges of G become or cease to be transitive, andeach such edge can be identi�ed in O(logn) time. The corresponding modi�cations ofnode attributes can be done in O(logn) time. Also, sequences <L and <R are updatedby means of O(1) split/concatenate operations [108], so that the corresponding updateson �L and �R take O(logn) time. We conclude that our dynamic data structure usesO(n) space and supports each operation in O(logn) time.5.4.2 Visibility DrawingsThe concept of visibility plays a fundamental role in a variety of geometric problemsand applications, such as art gallery problems [80], VLSI layout [61,97,123], motionplanning [58], and graph drawing [26,110]. A visibility representation � for a directedgraph G maps each vertex v of G to a horizontal segment �(v) and each edge (u; v)to a vertical segment �(u; v) that has its lower endpoint on �(u), its upper endpointon �(v), and does not intersect any other horizontal segment. Besides having manyapplications, visibility representations are also of intrinsic theoretical interest, and theircombinatorial properties have been extensively investigated [33,109,111,113,124,125].We consider the following static drawing predicate PS :Visibility: The drawing is a visibility representation.Grid: The endpoints of vertex- and edge-segments are placed at integer coordinates.Isomorphic: Isomorphic components have drawings that are congruent up to a trans-lation.Quadratic-Area: The drawing has O(n2) area.In the rest of this section we prove the following theorem:Theorem 5.4 Consider the following dynamic graph drawing problem:� Class of graphs G: embedded planar st-digraphs.� Static drawing predicate PS: visibility, grid, isomorphic, quadratic-area drawing.� Repertory of operations O: Draw, MakeDigraph, DeleteDigraph, InsertEdge,DeleteEdge, Expand, and Contract.� Dynamic drawing predicate PD: the drawing of an open component not a�ectedby an update operation changes only by a translation.114



There exists a fully dynamic algorithm for the above problem with the followingperformance:� a planar st-digraph uses O(n) space;� Operations MakeDigraph and DeleteDigraph take each O(1) time;� Operations Draw, InsertEdge, DeleteEdge, Expand, and Contract take eachO(logn) time.Data StructureWe recall that in a planar st-digraph the incoming edges of each vertex appear con-secutively around the vertex, and so do the outgoing edges [109]. The faces separatingthe incoming and outgoing edges of vertex v to the left and right of v are called left(v)and right(v), respectively. Also, the boundary of each face f consists of two directedpaths enclosing f , each starting from the unique lowest vertex low(f) and ending atthe unique highest vertex high(f). A visibility representation for G can be constructedby the following variation of previous sequential algorithms [26,96,109].1. Construct the directed dual of planar st-digraph G as follows: (a) Construct thedual graph G� of G. (b) Orient the dual of each edge e of G from the face tothe left of e to the face to the right of e. (c) Expand the vertex of G� associatedwith the external face of G into two vertices, denoted s� and t�, between facess and t of G�. (d) Remove edge (t�; s�) of G� and let D be the resulting planars�t�-digraph.2. Compute a topological ordering Y (v) of the vertices of G.3. Compute a topological ordering X(f) of the vertices of D.4. Draw each vertex-segment �(v) at y-coordinate Y (v) and between x-coordinatesX(left(v)) and X(right(v))� 1.5. Draw each edge-segment �(e) at x-coordinateX(left(e)) and between y-coordinatesY (low(e)) and Y (high(e)).Consider the orderings L and R de�ned in Section 5.4.2. The restriction of se-quence L (or R) to V is a topological ordering [108]. Hence, we can use a path attributesystem (see Section 3.2.1) to dynamically maintain topological orderings X and Y , suchthat the position of a vertex- or edge-segment can be computed in O(logn) time.5.4.3 Biconnected Planar GraphsFinally, we extend our results to (undirected) biconnected planar graphs. We considerthe following static drawing predicate PS :Planar: The drawing is planar. 115



Embedding-Preserving: The drawing preserves the embedding.Grid: Vertices are placed at integer coordinates.Polyline: Edges are drawn as polygonal lines.One-Bend: Each edge has at most one bend and the total number of bends is at most2n� 5.Quadratic-Area: The drawing has O(n2) area.We consider a semi dynamic environment for the maintenance of polyline drawingson a collection of biconnected planar graphs. Namely, we introduce the following setO = Q[ U of operations:� Query operations (Q):{ Draw(vertex v) | Return the (x; y) position of vertex v.{ Draw(edge e) | Return the (x; y) position of the endpoints of edge e. If ehas a bend, then also return the position of the bend.� Update operations (U):{ MakeGraph | Create a new elementary biconnected planar graph G, con-sisting of a cycle with three vertices.{ InsertEdge(vertex v0; v00; edge e; face f; f 0; f 00) | Add edge e = (v0; v00) insideface f , which is decomposed into faces f 0 and f 00.{ InsertVertex(vertex v; edge e; e0; e00) | Insert vertex v on edge e, which isdecomposed into edges e0 and e00.As shown in [27], this repertory of operation is complete; i.e., any n-vertex bicon-nected planar graph can be assembled by means of O(n) operations of the repertory.In the rest of this section we prove the following theorem:Theorem 5.5 Consider the following dynamic graph drawing problem:� Class of graphs G: biconnected planar graphs.� Static drawing predicate PS: planar, embedding-preserving, grid, poly-line, one-bend, quadratic-area drawing.� Repertory of operations O: Draw, MakeGraph, InsertEdge, and InsertVertex.There exists a semi dynamic algorithm for the above problem with the followingperformance:� A biconnected planar graph uses O(n) space;116



� Operation MakeDigraph takes O(1) time;� Operations Draw, InsertEdge, and InsertVertex take eachO(logn) time.Note that we do not maintain a dynamic drawing predicate.Data StructureWe maintain on-line an orientation of G into a planar st-digraph. This can be doneusing the techniques of [107].We can extend Theorem 5.5 to support the insertion of an edge between two verticesthat are not on the same face of the current embedding, using the techniques of [27].In this case the embedding has to be modi�ed in order to preserve planarity, and thetime complexity of operation InsertEdge is amortized.With a similar approach, we can derive from the data structure of Theorem 5.4 asemi-dynamic data structure for maintaining on-line visibility representations of bicon-nected planar graphs. The space and time complexity is the same as in Theorem 5.5.
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Chapter 6Conclusions and Open ProblemsAs stated in the introduction, the goal of this thesis was to demonstrate generalizedtechniques to maintain the solutions of dynamic algorithms for graph and graph draw-ing problems, and to present dynamic algorithms based on our techniques. We havepresented a fully-dynamic data structure, called a tree attribute system, for the main-tenance of tree based algorithms. Using tree attribute systems, we introduce two newdata structures, linear expression trees and linear attribute grammars, for the mainte-nance of tree based expressions.Using these techniques, we give the �rst polylogarithmic time algorithm for themaintenance of a decomposition of tree-width two graphs. We present fully dynamictechniques to maintain the solution to a large number problems on tree-width twographs, as well as series-parallel graphs and trees.We introduce a model for dynamic graph drawing. Using linear attribute grammars,we present fully dynamic techniques to maintain a number of types of drawings of planargraphs and classes of planar graphs. We include window and point location queries.Open problems include:� Lower the complexity of maintaining the decomposition of tree-width two graphsto O(logm) time per update.� Extend our techniques to the dynamic maintenance of graphs in TW (k) for k > 2.Recently, an on-line algorithm has been presented for the maintenance of tree-width three graphs [21].� Lower the complexity of returning a connectible-pair shortest path / minimum-cut to O(k + logn) (or O(k + log2 n)).� Lower the complexity of window queries in trees and series-parallel digraphs toO(k+ logn).� Extend the techniques for planar st-digraphs and general planar graphs to supportpoint-location and window queries. 118



� Develop dynamic algorithms for planar straight-line drawings of general planargraphs. The techniques of [46,98] appear di�cult to dynamize.� Dynamically maintain orthogonal drawings with the minimum number of bends.The static algorithm of [106] is based on network 
ow techniques for which nodynamic methods are known.� Devise dynamic algorithms to test whether a digraph admits an upward planardrawing. Static algorithms that perform this test are known only for triconnecteddigraphs [10]and for single-source digraphs [62]. Semidynamic planarity testingcan be done with O(logn) query and insertion time [27]. Recently, a fully dy-namic planarity testing technique with O(n2=3) query and update time has beendiscovered [52].
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