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PrefaceIn this thesis, we examine ways of ameliorating the input/output (I/O) bottleneckthrough developing special-purpose algorithms tailored to speci�c I/O environments.We give provably optimal deterministic algorithms for sorting on parallel disks and inparallel memory hierarchies. The memory hierarchies considered are the HierarchicalMemory Model (HMM), the Block Transfer model (BT), and the Uniform MemoryHierarchy (UMH). We give an algorithm for sorting that is simultaneously optimal interms of I/Os and internal processing time in a model where we have D disks and Pprocessors, as long as P does not exceed M log minfM=B; logMg= logM . We give the�rst known algorithms for sorting e�ciently in single Uniform Memory Hierarchies.We show how to achieved optimal I/O performance of VLSI implementations oflattice computations by transferring less information, and give matching upper andlower bounds. Finally, we show how to use blocking e�ciently for external graphsearching.
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Chapter 1IntroductionA major aim of computer science has been to develop algorithms that operate as ef-�ciently as possible. In particular, computer scientists have been interested in theperformance of algorithms when the size of the problem N gets large. For su�cientlysmall values of N , there might not be much di�erence between, say, an algorithm thatruns in time kN3 and one that runs in time k0N4, where k and k0 are constants. Infact, if k0 < k, the latter algorithm may be faster for small values of N . However, nomatter what k and k0 are, there is some value N0 such that for any N > N0, the for-mer algorithm will run faster. For this reason, designers of algorithms concentrate onthe asymptotic performance of the algorithm, and have a tendency to ignore the con-stants involved. The former algorithm would be characterized as an O(N3) algorithmand the latter as an O(N4) algorithm, where the big-O swallows up any constants ofproportionality.Researchers have been primarily interested in the part of the running time of analgorithm involved in doing the computation; the fact that the central processor isonly a small part of the overall computer system has been traditionally ignored in thedesign of algorithms. One exception to this trend has been an attempt to model com-munication delays in some of the architectures for parallel and distributed processing.A modern computer system typically has much more involved, for example, graphicsinput/output devices, caches, main memory, secondary storage, archival storage, key-board input devices, clocks, network interfaces, special-purpose processors (e.g., forserial communication or graphics), and printers. The actual performance of the com-puter system for a given task is in general related to the amount of time needed in eachof the subcomponents of the system that are involved in the task, plus the communica-tion time needed. For example, in printing a simple text document, the total speed isusually determined more by the speed of the printer or the speed of the communicationbetween the processor and the printer, than by the amount of computation time neededby the processor.In this thesis, we consider a di�erent component of the computer system fromthe processor, one that is often the bottleneck in large-scale computations, and thatis the input/output (I/O) subsystem. In interactive applications, the bottleneck in1



the computer's performance is usually the user, and while there is a rich and diverseliterature on improving the e�ectiveness of the communication between the user andthe computer, those issues are not the ones that we have chosen to address in thisthesis. We will therefore concentrate on non-interactive applications, and I/O betweendevices.The advances in Very Large-Scale Integrated circuit (VLSI) technology has resultedin an abundance of special-purpose processors. VLSI has obvious uses for things likeserial communications and graphics. People are also implementing chips for such thingsas solving the Poisson equation in two dimensions [Man] and neural network computa-tions [PLK, TML, WHA]. The advantage of using VLSI is that it is possible to createvery computation-e�cient special-purpose processors. However, an area that is notstudied as diligently is the I/O needs of VLSI chips. In particular, it is possible forthe I/O to become the bottleneck in the use of special-purpose processors. Cypher hasexamined some of the theoretical aspects of VLSI pin limitations [Cyp].Even in general-purpose computer systems, any algorithm is going to require I/Owhen the size of the problem gets to be too large for internal memory. These di�cultiesare not merely of theoretical interest, since accessing secondary storage such as disksis slower by orders of magnitude than accessing internal memory. The I/O time typ-ically dominates the total running time. Developing e�cient I/O strategies can havea signi�cant impact on the performance for problems that are too large for internalmemory.The usual way of examining I/O complexity has been to think about the communi-cation time needed to move items from main memory to secondary storage, most oftena disk in modern computer systems, as discussed above. This is an example of thesimplest I/O model, the two-level memory hierarchy, where memory is partitioned intotwo levels: the small, fast internal memory and the much larger, but slower externalmemory (or secondary storage). The internal memory can be thought of as the mainmemory in a computer and the external memory as the disk subsystem, but the modelapplies equally well to a fast cache vs. main memory, a disk vs. tape archives, or inVLSI, on-chip vs. o�-chip memory. Floyd considered an idealized two-level storagewhere the slow memory was separated into pages of size p, and looked at the problemof permuting [Flo].In the two-level memory hierarchy, the data elements reside initially in the externalmemory and the goal of the computation is to write the answer to the problem backinto external memory. In order for the algorithm to use any data element, however,it must move it into internal memory, incurring a cost of one I/O. If the intermediateresults grow too numerous to be stored in internal memory, they can also be writtento the external memory at a cost of one I/O. Writing an element of the answer to theexternal memory also costs one I/O. The sum of all the I/O costs is the measure of theI/O e�ciency of the algorithm. Of course, this quantity is only of interest if the sumof the problem size and the intermediate results is larger than the internal memory;otherwise the I/O complexity is trivially no more than 2N , where N is the size of theproblem: N to read the problem and N more to write it out again.There are several elaborations to the two-level memory model. The �rst elaboration2
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Figure 1.1: An idealized view of a disk, showing the sources of the various delays.arises from the fact that the two-level memory hierarchy has three components tothe delay caused in communicating between external and internal memory when theexternal memory is a disk. These components are caused by the physical construction ofa disk. An ideal disk can be viewed much like a record player, as shown in Figure 1.1.Unlike a record player, the disk is not \played" in order. The usable area on thedisk is broken up into concentric circles called tracks (or cylinders), and each of thetracks is broken into a series of smaller sections called blocks (or sectors). The diskhas a read/write head that can extend or retract as needed to get to the right track,and the whole disk is spinning rapidly so that every sector of the current track willeventually pass under the read/write head. This construction of a disk gives rise tothree components of the delay.1. Seek time. The seek time is the amount of delay needed to retract or extend theread/write head to get to the right track.2. Latency time. The latency is the amount of rotational delay until the read/writehead reaches the proper spot to begin reading the sector.3. Transmission delay. The transmission delay is the rotational delay while the data3



passes under the read/write head.In practice, the seek time dominates the total delay, with the transmission delayfor an element of data being almost negligible. Accordingly, an elaboration of thetwo-disk model is to consider that transferring a block of information, rather than asingle element, takes unit time. So one of the areas of research in two-level memoryhierarchies deals with how to use blocking e�ciently to take maximal advantage of thefact that transmission time is inconsequential.A second elaboration to the two-level memory hierarchy is motivated because in-formation processing is currently facing what several researchers have called an in-put/output (I/O) crisis [CGK, Che, PGK]. CPU speeds have been increasing approx-imately exponentially over the last decade, as have memory capacities [PGK]. Unfor-tunately, disk speeds have seen little improvement in rotational latency and only ahalving of seek times [CGK]. Even if we consider the improvements in disk technologyto be exponential, it is of a lower order than that seen by processors. The recent trendtoward parallel computers aggravates the I/O bottleneck further, since improving theperformance of one part of a subsystem while leaving other parts unchanged does nottake full advantage of those improvements [Amd]. It seems that the only way aroundthe I/O bottleneck is to use multiple disks in parallel. This approach is taken, forexample, in the TWA reservation system [GiS]. So the second elaboration is being ableto handle disk parallelism.There are two traditional ways of tackling the I/O bottleneck: general-purposealgorithms and special-purpose ones. With general-purpose algorithms, the operatingsystem takes care of handling the I/Os e�ciency. For example, in a two-level memory,the operating system would allow the algorithm designer to view all of memory asbeing of unit cost to access, and would take care of paging data in on an as-neededbasis. When a datum is referenced that is not in memory, this reference causes a pagefault, which is serviced by reading in the block containing that datum. The operatingsystem implements a caching algorithm that keeps blocks of data in the fast memoryas long as possible, 
ushing a block out only when it needs to make room for a newblock to be read from the disk. The decision of which block to remove is the source ofa number of di�erent algorithms, and this topic has been widely studied [BKT, CKP,FKL, McS, RaS, SlT]. Other expedients such as prefetching and clustering [PeS] havebeen proposed to improve performance. The di�culty with all of these schemes is thatthe operating system must make some assumptions about the ways that data will beaccessed (such as \locality of reference"), and those assumptions may not always hold.The second approach to tackling the I/O bottleneck is by using special-purposealgorithms designed with the speci�c problem and architecture in mind. Experiencehas shown that even a small amount of cognizance of the I/O environment in designingan algorithm can reap huge rewards in the I/O performance, and hence in the overallperformance of the algorithm. For example, in programming on a computer that storesits arrays in row-major order, simply changing the order of a loop to access the arrayin row-major rather than column-major order can make an enormous di�erence in thenumber of page faults caused in a computation, no matter what reasonable paging4



algorithm is used. This increase comes because the paging algorithm cannot knowthe needs of the speci�c application, and can only hope to be generally applicable toa broad range of applications. This thesis focuses speci�cally on developing special-purpose algorithms that are optimal for the problem and architecture.There is a long history of developing special-purpose algorithms with a view towardsI/O e�ciency. As mentioned above, Floyd considered an algorithm for permuting ontwo-level memory hierarchies [Flo]. Knuth has 132 pages devoted to the I/O e�ciencyof sorting, all but 17 of which deal with the problems of using tapes [Knu]. Evenconsidered the problem of sorting using parallel tapes with parallel processors [Eve],but his algorithms are hampered a bit by the fact that he assumes that each of the Pprocessors has exactly 4 tape drives attached to it. Hong and Kung gave the �rstgeneral techniques for proving lower bounds on I/O complexity, considering a numberof di�erent problems [HoK]. Bitton et al. consider a special case of parallel disk sortingwhere the processors comprise a tree, with a disk attached to each of the leaf nodes[BDH, Fri]. Savage and Vitter examined the e�ects of block size on a number of prob-lems, including FFT and matrix multiplication [SaV]. Aggarwal and Vitter introduceda parallel disk model and gave algorithms for matrix multiplication, permuting, FFT,and sorting in their model [AgV]. Vitter and Shriver gave a more realistic parallel diskmodel and gave optimal algorithms for the same suite of problems as considered byAggarwal and Vitter [ViSa]. Ullman and Yannakakis investigated the input/outputcomplexity of the transitive closure problem [UlY]. Carlson showed how to use localmemory judiciously in order to compute the FFT e�ciently on a CRAY-2 computer[Car]. Cormen gave fast algorithms for permuting in the Vitter-Shriver parallel diskmodel [Cor].It is sometimes unrealistic to deal with a computer's memory as comprising onlytwo layers. Modern computer systems often have many levels of hierarchy such as CPUregisters, fast CPU cache, main memory, hardware cache, local fast disk, slower network�le servers, and �nally archival storage. In progressing down this list, the memorymodules become successively slower and much larger. Accordingly, several researchershave dealt with memory hierarchies as a way of modeling the entire I/O subsystempertaining to memory. These hierarchical memory models can also be elaborated byconsidering several of them operating in parallel.A number of authors have investigated memory hierarchies. Mattson et al. gaveevaluation techniques for paging algorithms in linear memory hierarchies, proposing aclass of paging algorithms called \stack algorithms" from which they derive an optimalpage replacement algorithm [MGS]. Silberman proposed an interesting memory hier-archy in which the CPU is directly connected to the lowest k levels of the hierarchy,so that a page \miss" only occurs if the needed page is on level k + 1 or greater [Sil].Aggarwal et al. advanced the �rst model of memory hierarchies, HMM, on which theyconsidered special-purpose algorithms, including matrix multiplication, FFT, and sort-ing [AAC]. Aggarwal et al. also proposed a follow-up model called BT in which theyadded blocking considerations to the HMM memory model [ACSa]. Alpern et al. gavea somewhat more constrained model of memory hierarchies, the UMH model, with in-teresting blocking issues and parallel transfer between levels [ACF]. Luccio considered5



a model called LPM based on pipelined access to memory that contains many of thesame considerations as are present in memory hierarchies [LuP]. Bailey investigatedthe performance of FFT in external or hierarchical memory, implementing a version ofFFT that requires as few as two passes through the data to compute a 2n-point FFT[Bai].In this thesis, we will occasionally need to consider processor parallelism as wellas memory parallelism. Processor parallelism is generally accomplished in the realworld by connecting the processors, each with its own private memory, using somekind of network topology such as a hypercube, butter
y switch, or cube-connectedcycles. Theoreticians prefer to be more abstract, and so developed a model of paral-lel computation called the Parallel Random Access Machine (PRAM). In the PRAMmodel, each processor is connected directly to a global memory (or alternatively, di-rectly to the local memory of all the other processors as well as its own). This modelis further distinguished according to what kinds of simultaneous accesses are allowedto any particular memory location. If at all times the processors are accessing di�erentmemory locations | note that this is a property of the algorithm | we say that thePRAM needed is of the Exclusive Read/Exclusive Write (EREW) variety. This modelis the weakest PRAM model. The model can be made somewhat stronger by allowingConcurrent Read along with Exclusive Write (CREW), and stronger still by allowingConcurrent Read and Concurrent Write (CRCW). The algorithms in this thesis thatuse the PRAM model all require the CRCW-PRAM.Chapters 2 and 3 both address the issue of �nding an optimal deterministic algo-rithm for large-scale sorting on parallel arrays of disks with blocking. The Greed Sortalgorithm presented in Chapter 2 was the �rst to demonstrate that it is possible toachieve optimal performance for this problem deterministically. Unfortunately, GreedSort has the disadvantages that the algorithm can not be directly programmed on somecurrent disk arrays because it requires being able to write to di�erent tracks of each ofthe parallel disks simultaneously and that we do not know how to extend it to parallelmemory hierarchies. Chapter 3 presents a new optimal deterministic algorithm for thislarge-scale sorting problem, called Balance Sort. Balance Sort has none of the de�cien-cies pointed out for Greed Sort, and it has an especially small constant factor in itsrunning time. There is a simple version of Balance Sort that we discovered during ourquest for it; it appeared that this simple version would be optimal for the problem.However, after much time spent, we were unable to complete the proof of optimalityof the simple algorithm. For the interested researcher, we present in Appendix B whatprogress we made towards the proof of optimality of the simple algorithm. Contin-uing the theme of sorting in di�erent memory models, we present in Chapter 4 the�rst known completely deterministic results for sorting in parallel memory hierarchiescomprising HMM and BT hierarchies. Finally, in Chapter 5 we investigate for the �rsttime sorting in UMH along with it parallelization and other variants.In Chapter 6, we talk about the communication required in implementing a special-purpose processor in VLSI for lattice computations. We show that the extent to whichI/O is a bottleneck in such a special-purpose processor relates to the amount of in-formation we need to get from the processor, although ironically, a certain minimum6



amount of information needs to be gotten in order to achieve optimal I/O performance;further decreasing the amount of information gleaned from the chip results in a worseI/O bottleneck. The computation of the optimal amount of information to be retainedresulted in an interesting discrete minimization formula, for which we were able to provethat rounding to the nearest integer always produced the discrete minimum. The proofof this surprising fact is presented in Appendix A.Chapter 7 considers the problem of blocking e�ciently to permit large-scale graphsearching. Our fundamental conclusion is that a certain amount of redundancy ofinformation is required in order to permit e�cient searching of graphs.
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Chapter 2Sorting on Parallel Disks: GreedSort2.1 IntroductionSorting consumes roughly 20 percent of computing resources in large-scale installations[Knu, LiV]. Of particular importance is external sorting, in which the records to besorted are too numerous to �t in the processor's main memory and instead are stored insecondary storage, typically made up of one or more magnetic disks. The bottleneck inexternal sorts is the input/output (I/O) operations. Typically data are transferred inunits of blocks , which may consist of several kilobytes. This approach takes advantage ofthe fact that the seek time is usually much longer than the time needed for transferringa record of data once the disk read/write head is positioned. An increasingly popularway to get further speedup is to use many disk drives working in parallel [GHK, GiS,Jil, Mag, PGK, Uni].Initial work in the use of parallel block transfer for sorting was done by Aggarwaland Vitter [AgV]. In their model, they considered the parametersN = # records in the �leM = # records that can �t in internal memoryB = # records per blockD = # blocks transferred per I=Owhere M < N , and 1 � DB � M=2. In each I/O, D blocks of B records can betransferred simultaneously, as illustrated in Figure 2.1. This model generalized theinitial work on I/O of Floyd [Flo] and Hong and Kung [HoK]. Aggarwal and Vitterproved that the average-case and worst-case number of I/Os required for sorting is1�� NDB log(N=B)log(M=B)� : (2:1)1We use the notation log x to denote the quantity maxf1; log2 xg.8
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Figure 2.2: A more realistic D-parallel two-level memory model.Their lower bound is based solely on routing arguments, except for the pathologicalcase in which M and B are extremely small, in which case the comparison model isused. They gave two algorithms, a modi�ed merge sort and a distribution sort, thateach achieved the optimal I/O bounds. Likewise, they showed that the number of I/Osrequired to transpose a p� q matrix is�� NDB �1 + logminfM;minfp; qg; N=Bglog(M=B) �� : (2:2)Vitter and Shriver considered a more realistic D-disk model , in which the sec-ondary storage is partitioned into D physically distinct disk drives [ViSa, ViSb], as inFigure 2.2. (Note that each head of a multi-head drive could count as a distinct diskin this de�nition, as long as each could operate independently of the other heads onthe drive.) In each I/O operation, each of the D disks can simultaneously transfer oneblock of B records. Thus, D blocks can be transferred per I/O, as in the [AgV] model,but only if no two blocks access the same disk. This assumption is very reasonable inlight of the way real systems are constructed.The measure of performance is the number of parallel I/Os required; internal com-putation time is ignored. In practice, though, the algorithms dealt with are also verye�cient in terms of internal processing. This model also applies to the case in which9



each of the D disks is controlled by a separate CPU with internal memory capableof storing M=D records, and the D CPUs are connected by a network that allowssome basic operations (like sorting of the M records in the internal memories) to beperformed quickly in parallel. The bottleneck can be expected to be the I/O.Vitter and Shriver presented a randomized version of distribution sort using twocomplementary partitioning techniques. Their algorithm meets the I/O bound (2.1)for the more lenient model of [AgV], and thus the algorithm is optimal. They posedas an open problem the question of whether there is an optimal algorithm that isdeterministic. They also showed that matrix transposition can be done optimally inthe D-disk model, achieving the bound (2.2).Disk striping is a commonly used technique in which the D disks are synchronized,so that the D blocks accessed during an I/O are located at the same relative positionon each disk. This technique e�ectively transforms the disks into a single disk withlarger block size B0 = DB. Merge sort combined with disk striping is deterministic,but the number of I/Os used can be much larger than optimal, by a multiplicativefactor of log(M=B).In the area of parallel computing, Leighton introduced the columnsort algorithmas an optimal sorting algorithm on linear-sized sorting networks [Lei]. It was pointedout in [AgV] that columnsort can be used for optimal sorting with respect to I/Oif N and B are not too large. Since columnsort is a (non-adaptive) sorting networkalgorithm, its I/O schedule can be pre-speci�ed independently of the data to take fulladvantage of parallel block transfer.In this chapter, we answer the open question posed in [ViSa] and present an opti-mal deterministic sorting algorithm. The algorithm, which we call Greed Sort , is aninteresting variant of merge sort. In each merge pass, a priority scheme guaranteesthat each record ends up su�ciently close to its correct position, so that another passof columnsort can complete the merging.2.2 The Greed Sort AlgorithmWe start by de�ning an order on the locations on the disks. Let Bi;j denote the ithblock stored on disk j, and let Ri;j;k denote the kth record in Bi;j . We order thelocations so that� Record Ri;j;k precedes Ri;j;k+1 for all i; j; k.� Block Bi;j precedes block Bi;j+1 for all i; j.� Block Bi;D precedes block Bi+1;1 for all i.Now we can describe the sorting problem.Problem instance: A series of N records, each containing a key �eld, located in the�rst N locations on the disk. 10
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Figure 2.4: Assume that run 1 has the block with the smallest minimum and run 2 hasthe block with the smallest maximum. Then this �gure depicts the state of the sortafter the blocks have been processed.Goal: To permute the records so that the key �elds are in non-decreasing order in the�rst N locations on the disk.Figure 2.3 gives an example of a sorted list with B = 1.Our Greed Sort algorithm is a variant of merge sort. We create initial input runs(sorted lists) of size N=M by repeatedly reading in a memoryload, sorting it, andwriting it back to the disks. In each subsequent pass, we merge R = pM=B=2 inputruns at a time to form larger runs, which become the input runs for the next pass.The basic idea behind Greed Sort is the following: Let us assume that each of theR runs to be merged is stored consecutively on disk, beginning on disk 1 and cyclingthrough the D disks. In each parallel read operation, the one or two \best" availableblocks from each disk are read into primary memory: the block with the smallest11
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Figure 2.6: The shift operation used in Steps 6 and 8 of columnsort.minimum key value and the block with the smallest maximum key value. Treatingeach of the D disks independently, we sort its 2B records in primary memory and writethe smallest B to the output list that we're forming; we put the largest B records backat the front of the run from which the smallest minimum was taken (note that this runremains sorted after this operation). See Figure 2.4. Ties are broken arbitrarily. If theblocks with the smallest minimum and the smallest maximum are the same block, weread only the one block and write it to the output list.This operation results in an \approximately merged" list. The crucial observationis that the records are within RDB = DpMB=2 positions of their correct sortedlocations. By an appropriate use of clustering throughout the course of the algorithm,this approximately merged list can be completely merged by a single pass consistingof several applications of the columnsort algorithm of Leighton [Lei] to sub�les ofsize DpMB. Then the next merge begins.Columnsort is easiest to visualize as sorting into column-major order a matrix withr rows and c columns, with the requirement that c divides r and r > 2(c� 1)2. It haseight steps, of which the odd-numbered steps are all the same: sort all the records ineach column. Steps 2 and 4 are a transpose operation as shown in Figure 2.5. Steps 6and 8 amount to a cyclical shift by r=2, and are shown in Figure 2.6.The pseudocode for the Greed Sort algorithm is given in Algorithm 1. Since all therecords within a run are sorted, consecutive blocks on the same disk from a run are innon-decreasing order. Thus, the best available block on a given disk must be the nextunread block on that disk from some run. The collection of next unread blocks, onefor each (run, disk) pair, is called the candidate set of blocks and is stored in a priorityqueue. There are D disks and R runs, so the candidate set has cardinality DR.12



We assume for convenience that the runs are separated on each disk by blockscontaining the key value +1 larger than any key. The algorithm uses mark [i; j] tokeep track of the next block of run i to be read from disk j. The set of all blocksmark [i; j] comprises the candidate set. The maximum and minimum key �elds of blockmark [i; j] are stored in biggest [i; j] and smallest[i; j], respectively. We do our I/Ooperations into the bu�ers b1 and b2, which each consist of D smaller bu�ers. Bu�ersb1[j] and b2[j], for 1 � j � D, each hold B records from disk j; we denote theirmaximum and minimum keys by max(b1[j]), min(b1[j]), max(b2[j]), and min(b2[j]).2.2.1 Proof of correctnessThe correctness of Greed Sort depends on showing that each merge pass correctlymerges the R = pM=B=2 runs into a single sorted run.Theorem 1 Each stage of merging in the Greed Sort algorithm correctly merges Rruns.Theorem 2 below shows that each record in the approximately merged output listformed from the R runs is at most L = RDB locations from its correct sorted location.The columnsorts are done on successive overlapping sub�les of size 2L to complete thesorting as shown in Theorem 3. This proves Theorem 1 (conditionally, of course, onproving Theorems 2 and 3).Theorem 2 In the approximately merged output list formed from R runs, each recordis at most RDB locations from its correct sorted location.This theorem is proved using Lemmas 1{3. First we start with a de�nition.De�nition 1 A sequence is called L-regressive if for any two elements x < y, y doesnot precede x by more than L elements in the sequence.Lemma 1 For any two records x < y written to disk j in the approximately mergedoutput list, x will be located at most R� 1 blocks later than y on disk j.Proof : Let record y be written to disk j of the output list at step t. (See Figure 2.4.)(By step t, we mean the tth time DB records are written to the output list beingformed.) We claim that (a) there is no run i such that biggest[i; j] < y, and (b) thereis at least one run i such that smallest [i; j] � y. Claim (a) is true since every recordwritten to the output has a value no bigger than the block that was chosen as havingthe smallest maximum. To show claim (b), we consider the two cases: (1) step t readsin two distinct blocks from disk j, and (2) step t reads in only one block from disk j.In the former case, the run that gets records put back onto it has no record on disk jthat is less than y by construction since only the smallest B records were written tothe output list; in the latter case the run from which the block was read has no recordson disk j that are less than y since it was a sorted run. So in either case, there is arun whose minimum is at least y. From claim (a), no run has more than one blockcontaining records less than y. We can now invoke claim (b) to show that any record13



Algorithm 1 [Greed Sort]f Create the initial runs grepeat N=M timesread the next M records into primary memory, DB at a timesort the M records internallywrite the M records back onto disk, DB at a timerepeat until only 1 run is leftf Merge R = pM=B=2 runs at a time grepeat until all runs have been processedpick the next R = pM=B=2 runs to processfor i := 1 to R doread in parallel the �rst D blocks of run i into bu�er b1for j := 1 to D domark [i; j] := 1biggest[i; j] := max(b1 [j])smallest[i; j] := min(b1 [j])f Do an approximate merge of the R runs grepeat until all records of the R runs have been processedfor j := 1 to D dof Determine the best one or two blocks to read from each disk gbestrun1 [j] := i such that biggest[i; j] is a minimumbestrun2 [j] := i such that smallest[i; j] is a minimumfor j := 1 to D do in parallelf Note: b1 and b2 are bu�ers gread block mark [bestrun1 [j]; j] of run bestrun1 [j] from disk j into b1 [j]if bestrun1 [j] 6= bestrun2 [j] thenread block mark [bestrun2 [j]; j] of run bestrun2 [j] from disk j into b2 [j]merge b1 [j] and b2 [j] in place internallywrite b2 [j] to block mark [bestrun2 [j]; j] of run bestrun2 [j] on disk jwrite b1 [j] to disk j in the output listread block mark [bestrun1 [j]; j] + 1 of run bestrun1 [j] from disk j into b1 [j]for j := 1 to D domark [bestrun1 [j]; j] := mark [bestrun1 [j]; j] + 1biggest[bestrun1 [j]; j] := max(b1 [j])smallest[bestrun1 [j]; j] := min(b1 [j])if bestrun1 [j] 6= bestrun2 [j] thensmallest [bestrun2 [j]; j] := min(b2 [j])f Do a restorative pass to turn the approximate merge into a complete merge gL := DpMB=2T := total # of records in the R runsfor n := 0 to T=L� 2 douse columnsort to sort records nL+ 1; nL+ 2; . . . ; nL+ 2L of the run14
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Figure 2.9: At each step in sorting 2L elements, the part before the beginning of thesort is completely sorted and the part starting halfway through the sort is L-unsorted.The remaining portion has no element more than L after nor 2L before where it shouldbe.that belong in locations tL + 1; . . . ; tL + L to their �nal locations. By invariant (2),every record in this range must fall within the 2L records we are sorting: the recordbelonging at tL+L can be o� by at most L, placing it at tL+2L, which is within thesorting range. Thus, invariant (1) is preserved. Similarly, invariant (2) is preserved,since none of the records moved to the range tL+ L + 1; . . . ; tL+ 2L belonged in theblock tL+1; . . . ; tL+L (by preservation of invariant (1)), so that they must be at most2L before or L after their intended location.Step N=L� 2 by de�nition sorts the last 2L records, so that at its conclusion, thewhole series is sorted. 22.2.2 Analysis of the algorithmWe �rst show by a clustering technique that the amount of storage space requiredfor the data structures is small enough. To provide for the data structures, we needto strengthen the condition imposed by [AgV] so that DB � 12bM � M1=2+�c, for0 < � < 1=2.Theorem 4 For 0 < � < 1=2, the amount of primary memory space needed for thedata structures of Greed Sort is O(M1=2+�).Proof : The number of runs that we must merge in order to obtain optimal performanceis pM=B=2. As we pointed out in Section 2.2, the candidate set requires a total ofDpM=B key �elds to be kept in primary memory to decide what blocks to read next.At �rst glance, it seems if D = 
(M) and B = 1, we will require 
(M3=2) storage spacein primary memory, which is clearly impossible. However, we can use a partial diskstriping method throughout the course of the algorithm. Assume that D grows fasterthan M� , where 0 < � < 1=2. We can cluster our D disks into clusters of D0 = M�clusters of B0 = BD=D0 disks synchronized together. Each of the D0 clusters acts likea logical disk with block size B0. Thus, the number of primary storage locations weneed is at most D0qM=B0 �M�qM=B0 = O(M1=2+�):17



The expression for the number of I/Os remains the same, namely,k ND0B0 log NB0log MB0 = O NDB log NBlog MB ! : 2In order to demonstrate that Greed Sort has an optimal I/O bound, we need toanalyze the I/O e�ciency of the columnsort subroutine.Theorem 5 Columnsort sorts N � DpMB records with O(N=DB) parallel I/Os.Proof : First we show that columnsort produces a correctly sorted sequence when N �DpMB. We de�ne the number of rows in the matrix to be r = M , so that we cansort each column internally. We haveN � DpMB � DBpM � M3=22 < M3=2p2 ;making use of our assumption that 2DB � M . Thus, the number of columns in ourapplication of columnsort is c = N=r � pM=2, meeting the columnsort requirementthat r � 2(c� 1)2. This observation implies that columnsort works correctly.Steps 1, 3, 5, 6, 7, and 8 can be done easily with O(N=DB) I/Os. The transpose-like operation in Steps 2 and 4 can be done with O(N=DB) I/Os by a variant of thep � q matrix transpose algorithm of [ViSb], for p = M and q = N=M � DpB=M ,which we omit for brevity. The resulting number of I/Os isO0@ NDB logminnM;DpB=M;DpMB=Bolog(M=B) 1A = O0@ NDB log �DpM=B �log(M=B) 1A= O� NDB� : 2The greedy merge reads each record at most three times (once for updating biggestand smallest and up to twice for merging) and writes each record at most twice, takingfull advantage of parallel block transfer. The columnsort routine is called 2N=k times,each time using O(k=DB) I/Os, for a value of k that di�ers from pass to pass. Thusthe total number of parallel I/Os is O(N=DB):Corollary 1 Each merging step requires O(N=DB) parallel I/Os.We are now ready for our main theorem.Theorem 6 Greed Sort sorts N � M records with O( NDB log NB = log MB ) parallel I/Osdeterministically, which is optimal, as long as 2DB � bM �M1=2+�c.18



Proof : Theorem 1 showed the correctness of the algorithm. The fact that the algorithmcan remain within the memory bounds was shown in Theorem 4. Finally, Corollary 1shows that each pass takes O(N=DB). Since we started with N=M runs and at eachpass merged together pM=B=2 of them, the total I/O bound isO� NDB �1 + logpM=B=2 NM �� = O NDB log NBlog MB ! ;which is optimal, by the lower bound of [AgV]. 22.3 ConclusionsGreed sort is an optimal deterministic algorithm for external sorting applications thatis easy to implement in practice. The advantages of greed sort are:� It exhibits optimal I/O performance under realistic high-performance storagesystems with multiple disks.� It is deterministic with a worst-case guarantee on performance. Its performancecan be substantially better than that of the commonly used technique of diskstriping.� It is simple and straightforward to implement.
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Chapter 3Sorting on Parallel Disks:Balance Sort3.1 How to BalanceDistribution Sort is an algorithm that chooses a set of numbers that partition theelements to be sorted into ranges of values called buckets. Having the partition elements,we can then process the elements one at a time, placing each into the appropriatebucket, and sort each bucket. Finally, we concatenate the buckets in the right order toproduce a completely sorted list. For example, if you needed to sort the checks fromyour bank statement, and the checks fall in the range 350{399, you might choose asyour partition elements 360, 370, 380, and 390. You could then sort the checks intostacks (buckets). Once each stack is sorted, you then put the 350s �rst, followed bythe 360s, etc., and the checks are fully sorted.This chapter describes a new algorithm called Balance Sort that is based on Dis-tribution Sort. In Balance Sort, after �nding the partitioning elements, we read Drecords into memory in parallel, partition them, and write them back in parallel, thenread, partition, and write the next D records, and so on, until the whole �le has beenpartitioned into buckets. We want to minimize the number of parallel reads that wewill need during the next level of recursion to re-read each bucket. The heart of BalanceSort is in balancing all of the buckets evenly among the disks. This section describesthe Balance routine, while the next section describes how to use Balance to achievethe optimal number of I/Os. For the time being, we will assume that the block sizeB is 1. Nothing in this section is dependent upon that assumption, and we show inSection 3.2.4 how to accommodate arbitrary block sizes.Let xbd be the number of records written to disk d from bucket b; X = (xbd) iscalled the histogram matrix. The number of parallel reads that are needed to readbucket b during the next level of recursion is then rb = maxdisks dfxbdg. So we wantto minimize Pbuckets b rb. We process the �le a track at a time (all of the disks aresynchronized for reading) and use a greedy strategy that attempts to minimize theincrease of this sum. We do this by computing a matrix Y , called the skew matrix,20



Algorithm 2 [Simple Balance(P )]f P contains the partition elements gf Initialize gfor b := 1 to Sfor d := 1 to Dxbd := 0ybd := 0f Process the �le gfor t := 1 to dN=Deread D records in parallel into array Tf Compute the matching matrix Z gfor i := 1 to D� [i] := bucket(T [i]; P )for d := 1 to Dzi;d := y� [i];d�nd a permutation � of T that is a min-cost matching of matching matrix Zfor d := 1 to Dincrement x� [�(d)];dincrement y� [�(d)];ddecrement any row of Y that has no zeroswrite out T in the permuted orderthat gives a measure of how unbalanced each bucket is. We de�ne ybd = xbd � xminb ,where xminb = mindisks dfxbdg. Intuitively, the skew matrix element ybd indicates howmany records of bucket b will be on disk d after all the records in the bucket have beenread on some other disk. We call ybd the skew of bucket b on disk d. We attempt tominimize the elements of the skew matrix by computing a min-cost bipartite matchingbetween blocks and disks. In particular, a block from bucket b will have cost ybd to beassigned to disk d. Consider Algorithm 2.In this algorithm, we assume that bucket(a; P ) returns the number of the bucket towhich a belongs based on the set of partitioning elements P . Note that this algorithmis an on-line algorithm in that it makes its decisions on where to place things basedonly on the records it has already seen (as codi�ed in the arrays X and Y ). Thecomplexity of �nding a permutation for the min-cost matching is O(D3), but for manyarchitectures, this computation will be able to be done in parallel with I/O operations,and so will not result in any slowdown.There is an obvious fact about the disk sums in the histogram matrix.Lemma 4 The disk sums in the histogram matrix, xd =Pb xbd, are all equal.Proof : By de�nition, Pb xbd is the number of tracks written on disk d. Since we are21



reading and writing whole tracks at a time, the sum must be constant over all disks. 2It is not necessary from an algorithmic standpoint to have a skew matrix Y , sincethe min-cost matching will give exactly the same results if it consists of rows from thehistogram matrixX . However, the skew matrix gives some insight into how unbalancedthe buckets are. Intuitively, the skew matrix tells what will be left over after all thebuckets have been read with all the full parallelism available to them. Assigning abucket b to a disk d for which ybd is zero is a good thing; it will never increase thenumber of reads required to process the entire bucket beyond the minimum needed.Alternatively, assigning a bucket b to a disk d for which ybd is larger than ybd0 for anyother disk d0 will always increase the total number of reads needed to process the bucketbeyond what is strictly needed. In doing a min-cost matching, we are attempting tobalance all of the buckets represented in the track simultaneously. The skew matrixhas some useful properties, as evidenced by the following simple lemmas.Lemma 5 Every bucket b contains at least one zero in the skew matrix.Proof : By de�nition of the skew matrix, those disks d for which xbd = mind fxbdg willhave ybd = 0. 2Lemma 6 ybd � 0 for all b and d.Proof : By de�nition of constructing the skew matrix, we subtracted o� the minimumvalue for each bucket; hence all the other values in the bucket were at least as large asthe one subtracted. 2Lemma 7 The disk sums in the skew matrix, yd =Pb ybd, are all equal.Proof : This fact is a simple consequence of Lemma 4 and the fact that forming theskew matrix from the histogram matrix subtracts the same number from each disk foreach bucket. 2We need a little information about how the skew matrix evolves as a function ofthe number of tracks processed.De�nition 2 Let Y be a skew matrix and let Y 0 be the same skew matrix after a trackhas been processed using the min-cost matching to assign buckets to disks and afterany rows that have no zeroes have been decremented. If y0bd > ybd then we say thatbucket b has been promoted on disk d.Lemma 8 At most one bucket promotes on any given disk on any track. Furthermore,that bucket can increase its skew by at most one on the disk.Proof : Since exactly one bucket has its value in the histogram matrix incremented onthe given disk, it is the only one that could have its value increase in the skew matrixon that disk. Since the value in the histogram matrix was incremented by one, one isalso the maximum possible increase in its skew. 222



The following lemma about changes to the skew matrix is pivotal in proving theoptimal behavior of our algorithm.Lemma 9 Assume that the largest element of skew matrix Y is max and that somemin-cost matching for a matching matrix composed of rows of Y results in a skewmatrix Y 0 for which several buckets have a skew of max+1. Then all the buckets thatreached the larger skew must have had a skew of max in Y on every disk for which theskew increased to max+1.Proof : Assume that bucket b reaches a skew of max+1 on disk d and bucket b0 reachesa skew of max+1 on disk d0. Then in the partial matching, we haved d0b max ib0 j maxwhere underlines indicate that the elements are part of a min-cost matching. Hence, itmust be the case that i+ j � 2max. Since no element of Y is greater than max, thenit must be the case that i = j = max. Since this fact is true for every pair of bucketsthat achieve a new maximum skew, the result follows. 2The upshot of Lemma 9 is that if several buckets are promoted to a new maximumskew value, there must have been a \block of maxes" in the matching matrix. That is,the matching matrix must in part (up to permutations of the rows and columns) havelooked like this: max max . . . maxmax max . . . max... ... . . . ...max max . . . maxThe di�culty with Algorithm 2 is that, although there is much empirical evidenceto suggest that it is always within a factor of 2 of the optimal time for reading allthe buckets back in, it has been di�cult to prove this conjecture in the general cases.Intuitively, the algorithm always tries to place the buckets on the disk that con
ictsleast with what has been previously placed. If it could be shown that the maximumskew grows su�ciently slowly (for example, that it takes at least a quadratic number oftracks to attain any given skew value) or that the maximum skew is bounded linearlyby the number of buckets available, then it would be possible to show that Algorithm 2could obtain optimal results for balancing.Our alternative and provably optimal algorithm makes use of two key ideas:1. We rebalance occasionally if the min-cost operation skews the balance too badly.2. We only need to use some (preferably large) constant fraction of the disks e�-ciently. 23



The point behind rebalancing is that when some bucket b gets too skewed, that is,when xbd � xbd0 > c for some disks d and d0, where c > 0 is some skew threshold, wecan read a block from bucket b on disk d and write it to disk d0. In fact, any numberof buckets (up to bD=2c) can be rebalanced in a single parallel I/O operation, as longas the swaps all take place on distinct disks.Saying that we need to use only some constant fraction � of the disks e�cientlyfor any given bucket means that the number of tracks needed to read that bucketwill expand by a factor of only about 1=� above the optimal. Our algorithm will use� = 12 . Our algorithm is given in Algorithm 3. In addition to keeping a histogrammatrix X , the algorithm keeps an auxiliary matrix A to ensure that after processingeach track, no bucket is too far out of balance. Speci�cally, if mb is the median numberof blocks that bucket b has on all the disks (mb is the median of xb1; . . . ; xbD),1 we de�neabd := maxf0; xbd �mbg. Invariant 1 about A below will guarantee that Xbd � mb + 1for all 1 � d � D.The di�erences between Algorithm 2 and Algorithm 3 are underlined. This algo-rithm requires two subroutines to complete its work: ComputeAux and Rebalance,given in Algorithms 4 and 5, respectively. We de�ne these routines so as to maintaintwo invariants on the matrix A at step (1) in the algorithm:1. A is a binary matrix; that is, all of its elements are either 0 or 1.2. Every row of A has at least dD=2e 0s in it (or equivalently, every row has no morethan bD=2c 1s in it).It is easy to see that Invariant 2 is maintained, since the smallest dD=2e elementsall become zero, by our de�nition of the median.To show Invariant 1, it is necessary to understand a bit more about how the min-cost matching a�ects the auxiliary matrix and how e�ective the Rebalance subroutineis. We use induction to show that the variant is maintained. Auxiliary matrix A isclearly binary initially (it is all 0s).To show that the invariant is maintained, we �rst need a preliminary lemma. Nextwe will show a couple of lemmas that assume the invariant holds at line (1) of Algo-rithm 3 and show what happens to A at later points in the iteration. After this, weshow some lemmas needed to demonstrate that Rebalance is able to remove any 2sintroduced as a result of the min-cost matching. Finally, Theorem 7 establishes theinvariant.Lemma 10 The only entries of A that can be larger at line (3) of Algorithm 3 thanthey were at line (1) of the same iteration are those matched in the min-cost matching.Furthermore, any element of A that increases can increase by only one.Proof : Certainly, any elements of X not involved in the min-cost matching are thesame at line (3) as they were at line (1), so the crux of the proof is to show that the1We use the convention that the median is always the dD=2eth smallest element, rather than theconvention in statistics that it is the average of the two middle elements when D is even.24



Algorithm 3 [Balance(P )]f P contains the partition elements gf Initialize gfor b := 1 to Sfor d := 1 to Dxbd := 0abd := 0f Process the �le gfor t := 1 to dN=Deread D records in parallel into array Tf Compute the matching matrix Z gfor i := 1 to D� [i] := bucket(T [i]; P )for d := 1 to D(1) zi;d := a� [i];d�nd a permutation � of T that is a min-cost matching with matching matrix Zwrite out T in the permuted orderfor d := 1 to Dincrement x� [�(d)];d(2) A := ComputeAux(X)(3) if there is a 2 in A(4) Rebalance(A;X)A := ComputeAux(X)Algorithm 4 [ComputeAux(X) returns A]for b := 1 to Sm := median of xb1; . . . ; xbD (the dD=2eth smallest element)for d := 1 to Dabd := max(0; xbd �m)call to ComputeAux in line (2) maintains this property of A. But since the medianfor any bucket can only go up as a result of the matching, the di�erence between anyelement not matched and the median can only go down. The elements of A involvedin the match increase by only one, and again, since the median can only increase, thedi�erence between them and the median can go up by at most one. 2Now we can show that lemmas similar to Lemmas 8 and 9 for skew matrices will25



Algorithm 5 [Rebalance(A;X)]f Create a bipartite matching problem gU := fd j abd = 2 for some b 2 1; . . . ; SgV := f1; . . . ; Dg � UE := ;for i := 1 to jU jd := Ui(1) b := (unique) bucket such that abd = 2for j := 1 to jV jd0 := Vjif abd0 = 0E := E [ (Ui; Vj)f We will swap a pair of blocks for every edge in the following match g(2) Find a maximum bipartite matching on the graph G = (U [ V;E)f The array R will tell us what buckets to read from each disk gf The array W will tell us on what disk to write the block gfor d := 1 to Drd := 0wd := 0for each match (Ui; Vj)d := Uird := bwd := Vjf Update X to re
ect the swap gxbd := xbd � 1xbd0 := xbd0 + 1Read the last block of bucket rd on disk d if rd 6= 0Write the block read from disk d onto disk wd if rd 6= 0hold for the auxiliary matrix.Lemma 11 Assuming that A is binary at line (1) of Algorithm 3, at most one bucketwill have a 2 on any given disk at line (3) of the algorithm during the same iteration.No buckets will have any elements larger than 2.Proof : By Lemma 10, only those elements involved in a match could have increasedand even then, only by one. Since A was binary prior to the match, the largest elementis no greater than 2 at line (3). Furthermore, by de�nition of the match, exactly oneelement of X is incremented on each disk; that element is the only one that couldbecome a 2 on that disk. 226



Lemma 12 Assume that A is binary at line (1) of Algorithm 3 and let D be the set ofdisks having a 2 in the auxiliary matrix at line (3) during some iteration. Then everybucket that has a 2 in must have had a 1 on every disk in D back in line (1) of thealgorithm during this iteration.Proof : The argument used in the proof of Lemma 9 works here as well, except thatin this case, max = 1 and some of the 2s may have reverted to 1s during the call toComputeAux at line (2) of the algorithm, if the median for that bucket happened toincrease. However, the \block of 1s" is still a necessary (though not su�cient) conditionfor getting 2s on several buckets. 2Every bucket in A at line (3) of Algorithm 3 has at least dD=2e zeroes in it. Thecall to ComputeAux at line (2) guarantees this fact. We need one more fact about Abefore we can understand the Rebalance routine.Lemma 13 Assuming that A is binary at line (1) of Algorithm 3, at most bD=2c diskswill have 2s in A at line (3) on the same iteration.Proof : By Lemma 12, a necessary condition for the introduction of 2s on k di�erentdisks is to have a \block of 1's" in the matching matrix. But each bucket has at leastdD=2e zeroes, which means that the maximum width of the block of 1s is bD=2c. 2Now that we know what the matrix A looks like at the call to Rebalance at line (4)of Algorithm 3, we need to show some facts about the Rebalance subroutine. First,note that Lemma 11 establishes that the bucket at line (1) of Algorithm 5 is unique.Also, note that the following lemmas are assuming that the induction hypothesis holds(i.e., that A was binary back on line (1) of Algorithm 3), even though we do not statethat assumption as part of the lemmas.Lemma 14 The maximum matching at line (2) of Algorithm 5 will include all verticesin U .Proof : By Lemma 13, jU j � bD=2c. Also, each vertex in U has at least dD=2e edgescoming out of it. Each edge that is chosen for the match can invalidate at most onepossible edge for every other vertex of U . Since the minimum number of edges comingout of any vertex in U exceeds jU j, then the simple greedy algorithm of just choosingthe �rst edge for the �rst vertex of U , the �rst remaining edge for the second vertexof U , and so on, will always result in a match that includes all the vertices of U . 2At long last, we are ready to prove that A is always binary at line (1) of Algorithm 3.Theorem 7 Invariant 1 (A is a binary matrix) is maintained at line (1) of Algo-rithm 3.Proof : The proof proceeds by induction on the number of tracks processed. Before anytracks have been processed, it is trivially true, since all the elements of A are zero.Assume that the invariant holds at the beginning of an iteration. We now show thatthe invariant will hold at the end of the iteration to be carried back to the beginning27



of the next iteration. If there is no 2 in A at line (3) of Algorithm 3, then the invariantis clearly maintained. Assume that abd = 2 at line (3) of Algorithm 3. We know fromLemma 14 that the vertex corresponding to disk d in U will be matched to some disk d0for which abd0 = 0. The rebalancing algorithm will read the last block of bucket b ondisk d and write it to disk d0. This operation is guaranteed to make it so that the callto ComputeAux in line (5) of Algorithm 3 will result in abd � 1 and abd0 � 1, sincethe median element could not have existed on disk d, so there is no chance of loweringthe median. By Lemma 14, we can accommodate all of the 2s that appeared in Asimultaneously, and since the matching problem had only one vertex per disk, they canall be balanced in the single parallel read/write operation. Thus, A is binary at theend of the loop and does not change before line (1) at the next iteration (or at the endof the algorithm, if this was the last iteration). 2We now have a theorem that tells how well each bucket is balanced.Theorem 8 Any bucket b will take no more than a factor of 3 above the optimalnumber of tracks to read.Proof : Let mb denote the median element in bucket b. Then, by the Invariant 1, whichis also maintained at termination of the algorithm, the number of tracks needed toread bucket b is no more than mb + 1. But we also know that the bucket has at leastdD=2emb elements in it, so it requires at least�dD=2embD � � �mb2 �tracks to read it. Thus, we are a factor of at mostmb + 1dmb=2e � 3from the optimal. (The expression could be as large as 3 if D is even and mb = 2.) 2It should be noticed that the Algorithm 3 assumes that it reads D blocks on everytrack, whereas the previous phase does not guarantee that every track up to the lastis fully utilized. Adjusting the algorithm for partial tracks is simple: if no block isavailable to be read on some disk d, we pretend that we read from a dummy bucket 0.Bucket 0 will be have the characteristic that x0d = 0 for all 1 � d � D, so in particular,that row of the matching matrix will be all zeroes. The part of the algorithm thatincrements the values of X should ignore bucket 0.Finally, we can bound the total number of parallel I/Os needed for balancing Nrecords into S buckets.Theorem 9 A phase of Balance requires no more than 6N=DB parallel reads and alike number of parallel writes.Proof : We know from Theorem 8 that the N records we are processing occupy no morethan 3N=DB tracks. Each of these tracks can give rise to at most 2 parallel reads andwrites: one for the original assignment to disks according to the min-cost matching,and at most one parallel read and write in rebalancing. 228



Algorithm 6 [Balance Sort(N; T )]if N �M(1) Read the whole bucket into memorySort internally(2) Write the bucket out againelseS := min(2pM=B; 2N=M)(3) P := ComputePartitionElements(S)f The T array says what track to start with on each disk g(4) L := Balance(T)(5) Write Lfor b := 1 to S(6) T := Read bth row of LNb := number of elements in bucket b(7) Balance Sort(Nb; T )(8) Append sorted bucket to output areaThe other modi�cation that we need to make to the balancing algorithm before itcan be used as part of a sorting routine is that it needs some provision for keepingtrack of where each bucket is located so that the next pass will know how to read itin. This is easily accomplished by keeping another D�S matrix L such that lbd is thelast track with a block from bucket b on disk d. With a constant amount of overheadin each block, we can store a pointer to the previous block on the same disk (or zeroif this is the �rst block). Thus, starting from the �nal con�guration of L, we can readthe bucket backwards.3.2 The Sorting AlgorithmThis section describes how to �t the balancing algorithm into an optimal algorithmfor sorting, which we call Balance Sort. It assumes that the Balance routine has beenmodi�ed to return the starting (ending) blocks of each bucket on each disk, as describedin the previous section. Algorithm 6 gives the actual algorithm, assuming for the timebeing that B = 1. Subsection 3.2.4 describes how to handle the case where B > 1.The correctness of the algorithm is easy to establish, since the bottom level ofrecursion by de�nition produces a sorted list and each level thereafter concatenatessorted lists in the right order. In this algorithm, we will let S = min(2pM=B; 2N=M)in order to produce optimal performance, as shown in Subsection 3.2.2.Theorem 10 Algorithm 6 correctly sorts N elements usingO� NDB logN=BlogM=B�29



Algorithm 7 [Select(S0; k)]t := djS0j=Mefor i := 1 to tRead M elements in parallel (dM=DBe tracks; the last may be partial)Sort internallyRi := the median elementif t = 1return(kth element)s := the median of R1; . . . ; Rt using algorithm from [BFP]Partition into two sets S1 and S2 such that S1 < s and S2 � sk1 := jS1jk2 := jS2jif k � k1return(Select(S1; k))elsereturn(Select(S2; k� k1))parallel I/O's, as long as 4DB �M �M1=2+� for some 0 < � < 1=2.The next few subsections establish the proof of this theorem.3.2.1 Finding the partition elementsThe following procedure for �nding the partition elements was presented in [ViSb], andis reproduced here for convenience in Algorithm 8. The algorithm is deterministic andguarantees to �nd S � 1 partition elements such that, for any bucket b, the number ofelements in that bucket Nb obeys the constraintN2S � Nb � 3N2S :The algorithm was analyzed in [ViSb] and shown to take O(N=DB) parallel I/O op-erations which, as we will see in the analysis, is su�cient for achieving optimal perfor-mance.The procedure for �nding the partitioning elements uses as a subroutine Algo-rithm 7, which computes the kth smallest of n elements in O(n=DB) I/Os. It doesthis by recursively subdividing about an element that is guaranteed to be close to themedian.3.2.2 Analysis of sorting algorithmWe have numbered each of the steps of Algorithm 6 that could cause an I/O operation.Let T (N) denote the amount of time needed for sorting N records.30



Algorithm 8 [ComputePartitionElts(S) returns P ]for each memoryload of records Mi(1 � i � N=M)Read Mi into memorySort internallyConstructM0i to consist of every (S � 1)=4th recordWrite M0iM0 :=M01 + � � �+M0N=Mfor j := 1 to S � 1bj := Select(M0; 4Nj=(S� 1)2)return(fbjg)Steps (1) and (2) occur only at the innermost level of recursion. From Theorem 8,the bucket will take no more than 3N=DB reads and writes.Step (3), as mentioned, has been shown by [ViSb] to require only O(N=DB) I/Os,regardless of whether S = 2pM=B or S = 2N=M . Step (4), as shown in Theorem 9,requires no more than 6N=DB I/Os. Step (5) requires writing a set of cardinality DS,which can be done in S=B parallel writes. Step (6) can be done in a single parallelread, since the cardinality of the set is only D, for a total of S reads. Step (7) takesX1�b�S T (Nb);where Nb is the number of elements in bucket b. Let Nb = NS +�b, where j�bj � N2S andP1�b�S �b = 0. Finally, step (8) can read the bucket in no more than 3Nb=DB I/Osand write it in no more than Nb=DB I/Os, for a total (over all buckets) of 4N=DBI/Os. Thus, we obtain the recurrenceT (N) = 8>>><>>>: X1�b�S T �NS + �b�+O� NDB�+ O(S) if N > M3NDB if N �MFurthermore, we can show thatS = 8>>>><>>>>: 2sMB if N � M3=2pB2NM if N � M3=2pBFirst, consider the case N �M3=2=pB. This results in a recurrence ofT (N) = X1�b�S T �M2 + �b�+O� NDB�+ O�NM � ;31



where j�bj �M=4. In particular, each bucket has size no more than 3M=4, and so wecan sort it internally. Thus,T (N) = 1DB X1�b�S �M2 + �b�+ O� NDB�+ O�NM � = O� NDB� ;since M > DB.When N � M3=2=pB, it is straightforward, though tedious, to demonstrate bysubstitution and approximating log(1+�) by the �rst few terms of its in�nite expansionthat a solution to the recurrence isT (N) = O� NDB logN=BlogM=B� :All of this analysis leads to the following theorem.Theorem 11 The algorithm given is optimal for sorting in the parallel disk model.Proof : The preceding analysis shows that the algorithm achieves the same time boundas was shown in [AgV] to be a lower bound for sorting with parallel block transfer. 23.2.3 Memory usage of the sorting algorithmOne aspect of the algorithm that we still need to show is that we do not exceed thememory requirements of the computer. The algorithm maintains three S � D arrays:L, A, and X .Theorem 12 For 0 < � < 1=2, the amount of primary memory space needed for thedata structures of the sorting algorithm is O(M1=2+�).Proof : In either range of S, it is easy to show that the space required is no more than2pM=BD. At �rst glance, it seems if D = 
(M) and B = 1 that we will require
(M3=2) storage space in primary memory, which is clearly impossible. However, wecan use a partial disk striping method throughout the course of the algorithm, asdescribed earlier. Assume that D grows faster than M� , where 0 < � < 1=2. We cancluster ourD disks into clusters ofD0 =M� clusters of B0 = BD=D0 disks synchronizedtogether. Each of the D0 clusters acts like a logical disk with block size B0. Thus, thenumber of primary storage locations we need is at mostD0qM=B0 �M�qM=B0 = O(M1=2+�):The expression for the number of I/Os remains the same, namely,k ND0B0 log NB0log MB0 = O NDB log NBlog MB ! : 232



Algorithm 9 [Balance With Blocks(P )]f Initialize gfor b := 1 to Sfor d := 1 to Dxbd := 0abd := 0f Process the �le gfor t := 1 to dN=DBeread D blocks in parallel into input arrayApportion records into blocks containing all the same bucketif there are at least D full blocks or t = dN=Deif there are at least D full blocksDe�ne array T to comprise D full blockselseDe�ne array T to be any D blocks that need writingf Compute the matching matrix Z gfor i := 1 to D� [i] := bucket(T [i])for d := 1 to Dzi;d := a� [i];d�nd a permutation � of T that is a min-cost matching with matching matrix Zwrite out T in the permuted orderfor d := 1 to Dincrement x� [�(d)];dA := ComputeAux(X)if there is a 2 in ARebalance(A;X)A := ComputeAux(X)3.2.4 Dealing with larger blocksAlthough we gave the analysis for general block sizes, there has until now been nodescription of how the algorithm collects the records into blocks. The modi�cationsto do this take place in the Balance routine (Algorithm 3). Algorithm 9 shows themodi�ed Balance routine. The number of I/O's performed is not a�ected; the changesonly a�ect the amount of memory needed.At the point in the loop where D records are read in parallel into array T , weread whole blocks, and repack into blocks containing only records that belong in thesame bucket. Whenever we have D full blocks, we go into the normal process of min-cost matching and rebalancing if necessary. At the end, we also use the min-cost and33



rebalancing method to output the partially full blocks.There can be no more than S partially �lled blocks, and consequently the amountof space needed before we �nd D completely �lled blocks is never more than (S+D)B.We thus can show the following theorem.Theorem 13 The amount of space needed for bu�ering and collecting into buckets willnever exceed M as long as M � 4DB.Proof : As shown above, the amount of space needed for collecting into blocks is nomore than (S +D)B. In addition, we need space DB for the input bu�er. Thus, thetotal amount of storage needed for bu�ering and collecting into blocks will never exceedSB+2DB. But S � pM=B throughout the algorithm and by hypothesis, M � 4DB,so the amount of space needed is no more thanSB + 2DB � pMB + 2DB� pMDB + 2DB� sMM4 + 2M4= M 23.3 ConclusionsIn this chapter, we have described a new algorithm for sorting on parallel disk subsys-tems called Balance Sort. This algorithm has the following advantages over previouslyknown deterministic algorithms:1. The new algorithm is also applicable to parallel memory hierarchies. The dif-�culty with Greed Sort is that it was based on merge sort, and in many casesof hierarchical memories, there is no known way to make merge sort work opti-mally on even a single memory hierarchy. This problem would have had to havebeen solved before Greed Sort could have had any applicability to these parallelmemory hierarchies.2. The hidden constants in the big-oh notation are small. The problem with theGreed Sort algorithm is that it uses Columnsort [Lei] as a subroutine, whichintroduces at least an additional factor of 4 into the constant of proportionality.3. The algorithm can operate using only striped write operations. Some parallel disksubsystems, such as Thinking Machine's Data Vault, impose this requirementso that they can maintain error checking and redundancy information to giveacceptable levels of reliability when dealing with many disks, each of which hasan independent probability of failure. It is unclear how to adapt Greed Sort touse only striped writes, again because of the embedded call to Columnsort.34



While Balance Sort is applicable to parallel memory hierarchies, there is still asigni�cant hurdle to be overcome when the hierarchies have an e�ectively logarithmiccost function. In the models that we consider, there is a requirement that the internalprocessing be able to be done in log P parallel time in order to achieve optimal perfor-mance, where P CPUs are connected together, each with its own memory hierarchy.It should be noted that the min-cost matching in the Balance routine is operating ona 0-1 matrix, and that therefore the full power of min-cost matching is not required;indeed, maximum matching on the complement of the matching matrix will do the job.Furthermore, the proof that the \block of 1s" is present does not even depend uponmaximum matching, but only that the matching is a local maximum. Likewise, it is nothard to show that any maximal matching in the Rebalance routine is also a maximummatching. Thus, we can use maximal matching in both the Balance and Rebalance rou-tines. Unfortunately, the best known deterministic parallel time for maximal matchingis O(log3 P ) [IsS], which is not good enough to get optimal performance on the par-allel memory hierarchies with e�ective logarithmic cost functions. The adjustmentsnecessary to obtain optimal performance are the subject of the next chapter.An interesting sorting algorithm in the context of �xed interconnection net-works was proposed recently by Cypher and Plaxton [CyP]. The algorithm runsin O(logn(log log n)2) time on an n-processor hypercube, shu�e-exchange, or cube-connected cycles network. We are currently exploring whether their techniques wouldbe applicable to our I/O model, and vice versa whether our balancing techniques wouldyield good sorting algorithms for networks.
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Chapter 4Sorting in Parallel MemoryHierarchiesSection 4.1 describes the memory models considered in this chapter. Section 4.2 listsour main results. In Section 4.3, we give an algorithm that is optimal for all the parallelmulti-level hierarchies. In Section 4.4, we show how to alter the algorithm to deal withparallelism of CPUs in the parallel disk model. Finally, we summarize our results inSection 4.5.4.1 Memory Models4.1.1 Parallel disk modelsThe �rst memory hierarchy we consider is the two-level memory hierarchy, known as thedisk model. In this case, there is a P -processor CRCW (Concurrent Read, ConcurrentWrite) PRAM with some limited amount of global internal memory capable of storingM records, and a large external memory, in the form of D disks. The N records of the�le reside on the disk and are grouped into blocks of size B.N = # records in the �leM = # records that can �t in internal memoryP = # internal processorsD = # disksB = # records per blockWe require that 1 � P �M and 2BD �M .In a single I/O, each of theD disks can simultaneously transfer a block of B records.Our main measure of performance is the number of I/Os, but we will also consider theinternal processing time. The di�culty in designing optimal algorithms is dealing withthe partitioning of secondary storage into separate disks.Our disk model is a generalization of the Vitter-Shriver model in which we allowmore than one processor. Figure 4.1a shows the uniprocessor (P = 1) multiple disk36



CPU

Internal
memory

ּּD

     

CPU

Internal
memory

CPU

Internal
memory

CPU

Internal
memory

D

     

(a) (b)

 









PRAMFigure 4.1: (a) The parallel disk model. Each of theD disks can simultaneously transferB records to and from internal memory in a single I/O. The internal memory can storeM � DB records. (b) Multiprocessor generalization of the I/O model in (a), in whicheach of the P = D internal processors controls one disk and has an internal memoryof size M=P . The P processors and their memories function collectively as a CRCWPRAM with global memory size M .model, corresponding to the Vitter-Shriver model. The more general model, in whichthe internal processing is done on a CRCW PRAM with P processors, is shown inFigure 4.1b for the special case P = D, although we allow P to be as large as M .4.1.2 Parallel multilevel hierarchiesThe simplest multilevel hierarchy model is the Hierarchical Memory Model (HMM)proposed by Aggarwal et al. [AAC], depicted in Figure 4.2a. In the HMMf(x) model,access to memory location x takes f(x) time. Figure 4.2a suggests the HMMdlogxemodel, where each layer in the hierarchy has a size that is some constant multiple ofthe size of the previous layer. Accesses to records in the �rst layer take one time unit;in general each record in the nth layer takes n time units. Figure 4.2a can actuallybe taken as representative of every well-behaved cost function f(x). The de�nition ofa well-behaved cost function is that there exists a constant c such that f(2x) � c f(x)for all x. Therefore, access to layer n will take no more than cn time units, so we haveonly a constant-factor slowdown. Our model is pessimistic in that f(x) could growmuch slower or not at all.An elaboration of HMM is the Block Transfer (BT) model of Aggarwal et al. [ACSa],depicted schematically in Figure 4.2b. Like HMM, it has a cost function f(x), butadditionally it simulates the e�ect of block transfer by allowing the ` + 1 locationsx� `; . . . ; x to be accessed for cost f(x) + `. So in the �gure, the main cost is incurred37
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Figure 4.3: Parallel multilevel memory hierarchies. The H hierarchies (of any of thetypes listed in Figure 4.2) are connected at the base level by an H-processor CRCWPRAM with H global memory locations.in injecting the \needle"; pushing additional items in (or pulling them out) once theneedle has been placed takes only one time unit per item.A possibly more realistic memory hierarchy is the Uniform Memory Hierarchy(UMH) of Alpern et al. [ACF], depicted in Figure 4.2c. This model is describedin more detail in Chapter 5.As with two-level hierarchies, multilevel hierarchies can be parallelized. The paral-lelization is done in the same way as for the two-level memory hierarchies, as shown inFigure 4.3. The base memory level of the H hierarchies forms an H-processor CRCWPRAM with H memory locations. We assume that the hierarchies are all of the samekind and all have the same parameters. The parallel hierarchical models for HMM,BT, etc., are denoted as P-HMM, P-BT, and so on.38



4.2 Main ResultsIn this section, we present our main results. The modi�ed Balance Sort algorithm wedescribe in the next section gives us optimal deterministic algorithms for all the modelswe consider. In particular we get deterministic (as well as more practical) versions of theoptimal randomized algorithms based on [ViSa]and [ViN]. We also improve upon thedeterministic Greed Sort algorithm in [NoVa], which was optimal only for the paralleldisk models and could not be used optimally for hierarchical memories.Theorem 14 In the P-HMM model, the time for sorting is��NH logN log� logNlogH�� if f(x) = log x;� �NH��+1 + NH logN! if f(x) = x�, � > 0.The upper bounds are given by a deterministic algorithm based on Balance Sort. Inthe lower bound for the f(x) = x� case, the (N=H) logN term requires the comparisonmodel of computation.Theorem 15 In the P-BT model, the time for sorting is��NH logN� if f(x) = log x;��NH logN� if f(x) = x�, 0 < � < 1;��NH logN log NH� if f(x) = x�, � = 1;���NH�� + NH log NH logH� if f(x) = x�, � > 1.The upper bounds are given by a deterministic algorithm based on Balance Sort. The(N=H) logN terms in the lower bounds require the comparison model of computation.Theorem 16 The number of I/Os required for sorting N records in the parallel diskmodel is �� NDB log(N=B)log(M=B)� :The upper bound is given by a deterministic algorithm based on Balance Sort, whichalso achieves simultaneously optimal �((N=P ) logN) internal processing time, unlessP > M logminfM=B; logMg= logM and logM=B = o(logM). The lower boundsapply to both the average case and the worst case. The I/O lower bound does not requirethe use of the comparison model of computation, except for the case when M and Bare extremely small with respect to N , namely, when B log(M=B) = o(log(N=B)). Theinternal processing lower bound uses the comparison model.39



Algorithm 10 [Sort(N; T )]if N � 12Hn := dN=Heform := 1 to n(1) Read H locations to the base level (last read may be partial)Sort internally(2) Write back out again(3) Do binary merge sort of the up to 12 sorted listselse(4) E := ComputePartitionElements(S)f The T array says what location to start with on each hierarchy g(5) Initialize X;L(6) Balance(T )for b := 1 to S(7) T := Read bth row of LNb := number of elements in bucket b(8) Sort(Nb; T )(9) Append sorted bucket to output area4.3 Parallel Memory HierarchiesThis section describes the deterministic algorithm that serves as the basis for the upperbounds in Theorems 14 and 15. Subsection 4.3.1 gives the overall sorting algorithm.In Subsection 4.3.3, we analyze the algorithm for the P-HMM model. Subsection 4.3.4analyzes the algorithm for the P-BT model.4.3.1 The sorting algorithmAlgorithm 10 gives the algorithm used for sorting in parallel memory hierarchies.We assume that the records have been augmented with a pointer so that each recordcan point to the next record in the same bucket on the same hierarchy; this expansionof the records results in no more than a constant increase in the space needed (hencerunning time).The di�cult part of the algorithm is in making sure that the buckets are (ap-proximately) evenly distributed among the hierarchies; the Balance routine and itsdescendants handles this complexity. In order for the balancing to occur in optimaldeterministic time, it turns out that it is necessary to do partial striping of the hi-erarchies, so that we will have only H 0 virtual hierarchies with logical blocks of sizeB = H=H 0. We will use H 0 = pH= logH .There are a number of parameters in the algorithm that merit explanation, some ofwhich are \global" and accessed by the subroutine Balance. We use \global" in quotes,because there is actually a distinct copy of each variable for each level of recursion.40



Algorithm 11 [ComputePartitionElements(S)]partition into G groups of at most dN=Ge elements, G1; . . . ;GGfor g := 1 to G(1) sort Gg recursively(2) set aside every blogNcth element into C(3) sort C using binary merge sort with hierarchy striping(4) ej := the bjN=((S � 1) logN)cth smallest element of CThey can be thought of as allocated by the Sort routine in local storage and thenhaving a pointer passed to the routines that need to access them.N = # of elements to sortT = array of H 0 elements pointing to the starting block on each virtual hierarchyS = # of partition elementsX = (global) S �H 0 histogram matrix (described later)E = (global) array of S � 1 partition elementsL = (global) S �H 0 location matrix (described later)We should make a remark about storage of these \global" arrays. We will assumethroughout that each array will be stored at the lowest level in which it �ts and thataccesses to all elements of the array have the same cost. We are justi�ed in doing thisbecause we restrict ourselves to well-behaved cost functions, as described in Section 4.1,so that the levels give within a constant factor an upper bound of the actual cost. Thealert reader will notice that we often will be storing more than one matrix at the samelevel. Since the level is chosen so that each individual matrix (barely) �ts in the level,that level would not have enough space for all of the matrices combined. As long as welimit ourselves to a constant number of matrices inhabiting the same level (which wedo), we will only be overlooking a constant factor in the cost. Taking these libertiessimpli�es the analysis considerably without doing damage to the integrity of our results.The correctness of the algorithm is easy to establish, since the bottom level ofrecursion by de�nition produces a sorted list and each level thereafter concatenatessorted lists in the right order. We will determine the value of S di�erently dependingupon which hierarchical model we are using in order to produce optimal performance,as shown in the subsections that analyze the performance for the various hierarchicalmemory models.Algorithm 11 gives the routine for computing the partition elements. The speci�cvalue of G used in the algorithm is dependent upon which hierarchical memory modelis being considered. Although the array E = fejg is listed as being returned from theroutine, it is too large to �t into the base memory level, and is therefore implementedas a \global" variable. This algorithm is essentially identical to that given in [ViSa].We show the following lemma, which will lead to an analysis of the e�ectiveness of41



Algorithm 12 [Balance(T)]for each track(1) read track(2) assign records to buckets (in parallel)collect buckets into blocks of size H=H 0 (all elements of block from same bucket)(3) update the placement matrix X(4) A := ComputeAux(X)if there is a 2 in A(5) Rebalance(A;X)(6) update the internal pointers of the blocks and the location matrix L(7) write trackthe approximate partitioning elements in dividing the records into nearly equal-sizedbuckets.Lemma 15 Assuming that all keys are distinct, if we choose every pth element fromthe subsets in line (2) of Algorithm 11, the amount of slop in the size of the bucketsproduced is less than pG, that is, each bucket b will have Nb elements in it satisfyingNS � pG < Nb < NS + pG:Proof : We collect a set C of N=p elements by choosing every pth element from each ofthe G subsets, where p = logN . We then sort C and choose the ith partition elementto be the iqth element of C, where q = N=((S � 1) logN). Let ck denote the kthsmallest element of C. The minimum rank in the original set of the ciq is iqp, sinceeach of the iq elements in C less than or equal to ciq represents p elements in theoriginal set. The maximum rank in the original set of ciq occurs if each of the otherG� 1 subsets has p � 1 elements greater than ciq. Thus, the amount of slop does notexceed (G� 1)(p� 1). 2Corollary 2 If we choose every logN th element and we choose G such that G logN �N=S then we get 0 < Nb < 2N=S for any bucket b.Notice that following the call to ComputePartitionElements, the original set of Nrecords is left as G sorted subsets of approximately N=G records each. This fact iscrucially important in allowing for partial hierarchy striping, as described in the nextsubsections.Algorithm 12 gives the routine for balancing the buckets. A track is a set of Hrecords, one from each hierarchy. We do not assume that the records are at the samelocation on each hierarchy; however we assume that the records all come from thesame level. The locations of the �rst track on each hierarchy are gotten from the arrayT . Since T has only H 0 elements and we have H hierarchies, the �rst value in Trefers to the �rst H=H 0 consecutive hierarchies, the second value in T to the second42



H=H 0 hierarchies, and so on. The subsequent tracks are read by following pointerspresent within each hierarchy; these pointers were placed there by the previous level ofrecursion. The �rst level of recursion simply reads the tracks in order.Collecting the buckets into virtual blocks is surprisingly easy. The value of G ischosen in such a way that the initial sorts of size N=G will put together an averageof at least H=H 0 records from each bucket in each of the S buckets. Thus, we lose nomore than a factor of two due to internal fragmentation of the blocks, as shown in thenext lemma.Lemma 16 If a set containing k distinct values has N � kB elements, then it canbe broken into no more than 2dN=Be blocks such that each block contains all the samevalue.Proof : Write out as many complete blocks all containing the same value as possible.Then write out partially �lled blocks containing all the same value. The number ofpartially �lled blocks is at most k. By supposition, k � bN=Bc. There are no morethan dN=Be completely �lled blocks. So the total number of blocks will not exceed�NB �+ �NB � � 2 �NB � : 2We will apply this lemma using k = S and B = H=H 0. Processing an input trackresults in processing up to two output tracks; lines (3) to (7) will be executed once foreach of the output tracks. We will not consider this issue further as it results in atmost a factor of two in the running time.The histogram matrix X = fxbhg speci�es how the buckets are distributed amongthe hierarchies; xbh = # of records of bucket b on hierarchy h. Updating the his-togram matrix on line (3) simply means that if hierarchy h has read a record frombucket b, that it increments the value of xbh. Auxiliary matrix A = fabhg is designed tolet us know if the placement becomes too badly skewed. The location matrix L = flbhgtells what location was written last on each hierarchy for each bucket. We update theinternal pointer in the record to hold the old value of L for the hierarchy and bucketand store the location to which the bucket is written (which is the same location fromwhich the original record on that hierarchy was read) into L. Thus, by starting at lbhand following the pointers, we can read all the records from bucket b on hierarchy h inthe inverse of the order in which they were processed at the previous level of recursion.Algorithm 13 gives the ComputeAux routine. It is listed as returning a matrix A,but since this matrix is larger than will �t into the base memory level, it is another\global" variable. ComputeAux is guaranteed to set at least d2H 0=3e elements of everyrow of A to 0. We wish to maintain the buckets so that no element of A is largerthan 1. If any element of A becomes larger than 1, then we call the routine Rebalanceto restore the balance. In fact, Rebalance will take care of as many buckets as havebecome unbalanced during the last track.Algorithm 14 gives the rebalancing routine. At most H 0 2s could be introduced bythe track being processed into the auxiliary matrix A. The reason is that only H 0 values43



Algorithm 13 [ComputeAux(X)]for b := 1 to Sm := d2H 0=3eth smallest element of xb1; . . . ; xbH 0for h := 1 to H 0 in parallelabh := max(0; xbh �m)Algorithm 14 [Rebalance]H := fvirtual hierarchies with the �rst bH 0=3c 2sg(1) Shu�e(H)H := fvirtual hierarchies with the second bH 0=3c 2sg(2) Shu�e(H)H := fvirtual hierarchies with the third bH 0=3c 2sg(3) Shu�e(H)H := fany remaining virtual hierarchies with 2sg(4) Shu�e(H)in the histogram matrix X are incremented by the track, one for each virtual hierarchy,and only values of the histogram matrix that are incremented can become 2. We callthe routine Shu�e to remove any 2s that are introduced bH 0=3c at a time; it followsthat at most 4 calls to Shu�e will remove all the 2s that may have been introduced.Algorithm 15 shows the routine Shu�e, which is able to remove up to bH 0=3c 2sin a single parallel memory reference. Lines (4) and (5) of Algorithm 15 are done inparallel. The routine is based on the simple observation that if we read a block froma virtual hierarchy h corresponding to a bucket b that has abh = 2 and we write it toanother virtual hierarchy h0 for which abh0 = 0, then we will have removed the 2. Weset up the matching so that we can accommodate up to bH 0=3c 2s simultaneously in asingle parallel memory reference. We prove these two facts in the next two lemmas.Lemma 17 Reading a block from a virtual hierarchy h corresponding to a bucket b thathas abh = 2 and writing it to a virtual hierarchy h0 for which abh0 = 0 and updating Xto re
ect the change will result in abh � 1 and abh0 = 0 if ComputeAux is called torecompute A after the operation.Proof : There are two cases to consider: (1) incrementing xbh0 does not changethe d2H 0=3eth smallest element of row b and (2) incrementing xbh0 does change thed2H 0=3eth smallest element. In either case, xbh decreases by at least 1 with respectto the d2H 0=3eth smallest element and so abh will no longer be 2. Also in either case,xbh0 � the d2H 0=3eth smallest element, so abh0 will be 0. 244



Algorithm 15 [Shu�e(H)]f Create a bipartite matching problem gU := HV := f1; . . . ; H 0gE := ;for i := 1 to jU jh := Uib := (unique) bucket such that abh = 2for j := 1 to jV j in parallelh0 := Vj(1) if abh0 = 0E := E [ (Ui; Vj)f We will swap a pair of blocks for every edge in the following match g(2) Find a maximum bipartite matching on the graph G = (U [ V;E)f The array R will tell us what buckets to read from each hierarchy gf The array W will tell us on what hierarchy to write the block gfor h := 1 to H 0rh := 0wh := 0for each match (Ui; Vj) in parallelh := Uirh := bwh := Vj(3) Update X to re
ect the swap(4) Read the last block of bucket rh on virtual hierarchy h if rh 6= 0(5) Write the block read from virtual hierarchy h onto virtual hierarchy wh if rh 6= 0Lemma 18 The maximum matching at line (2) of routine Shu�e will always matchall bH 0=3c elements of U .Proof : We can give an elementary sequential algorithm to accomplish this task. First,notice that G is a rather special bipartite graph: it has no more than bH 0=3c verticeson the left, H 0 vertices on the right, and every vertex on the left has edges to at leastd2H 0=3e vertices on the right. So if we simply take the �rst vertex on the left and matchit to any vertex on the right, it can remove at most one possible matching vertex onthe right for each of the remaining vertices on the left. We can now match the secondvertex on the left, and so on. We see that even when we get around to matching thebH 0=3cth vertex on the left, there are at least d2H 0=3e� bH 0=3c � bH 0=3c possibilitiesleft for the match. Hence, the match will always complete. 2As can be seen by the proof to Lemma 18, it is not necessary for us to use a maximummatching routine in Algorithm 15; any maximal matching will be a maximummatching.45



In order to achieve optimal time for memory hierarchies with a logarithmic access cost,we need to be able to do the matching in time O(logH). Unfortunately, even thefastest known deterministic parallel algorithm for maximal matching with n items isO(log2 n) with a quartic number of processors for dense graphs (which we have) [Luba],or O(log3 n) with a quadratic number of processors [IsS] or n2= logn processors [GoS].Since we have n = H 0, this means that the fastest known algorithm is �(log2H), andstill doesn't work since we have only H = �((H 0)2 log2H 0) processors. Subsection 4.3.2addresses the subject of how to do the matching e�ciently.For the current purposes it is enough to recognize that the Shu�e routine doessuccessfully remove bH 0=3c 2s from the auxiliary matrix A. By \removing a 2" fromthe auxiliary matrix, we mean that if the auxiliary matrix is immediately recomputedafter the operation, an element that was a 2 will now be no more than 1, and no 2s willhave been introduced by the operation. Hence it follows that if the auxiliary matrixwere computed immediately after the call to Rebalance, there will be no elements in itlarger than 1.We now have a theorem that tells how well each bucket is balanced.Theorem 17 Any bucket b will take no more than a factor of around 3 above theoptimal number of tracks to read.Proof : Let mb denote the d2H 0=3eth element in bucket b. When the Balance routineterminates, we have maxh abh � 1 for any bucket b. Thus, the number of tracks neededto read bucket b is no more than mb+1. But we also know that the bucket has at leastdH 0=3emb blocks in it, since the dH 0=3e virtual hierarchies with the most blocks frombucket b each have at least mb such blocks, so it requires at least�dH 0=3embH 0 � � �mb3 �tracks to read it. Thus, we are a factor of at mostmb + 1dmb=3e � 3from the optimal. (The expression could be as large as 4 if H 0 is divisible by 3 andmb = 3.) 2Algorithm 12 assumes that it reads H 0 blocks on every track, whereas the previousphase does not guarantee that every track up to the last is fully used. Adjustingthe algorithm for partial tracks is simple: if no block is available to be read on somehierarchy h, we pretend that we read from a dummy bucket 0. Bucket 0 will be havethe characteristic that x0h = 0 for all 1 � h � H 0, so in particular, that row of thematching matrix will be all zeroes. The part of the algorithm that increments thevalues of X should ignore bucket 0. 46



Algorithm 16 [Fast Match](1) while there are unmatched vertices on the left � = f�ig(2) while �i has not picked adjacent previously unmatched right vert.�i picks a random vertex on right f1; . . . ; H 0g(3) if vertex on right is picked by more than one on left, smallest winsadd left-right pair to matching4.3.2 How to do deterministic log-time matchingIn this subsection, we discuss how to do deterministic log-time matching. This is notthe ground-breaking result it would seem to be, because we are able to take advantageof very special properties of our particular matching problem. Recall that we havek � bH 0=3c vertices on the left, each of which has edges to at least d2H 0=3e of the H 0vertices on the right. We start by giving a randomized algorithm called Fast Match,shown in Algorithm 16, for doing our maximal bipartite matching in logarithmic timewith a linear (in H 0) number of processors. Step (3) of this routine is the only placein the entire algorithm where we require the power of the CRCW-PRAM. To provethat this matching can be done in logarithmic time with H 0 processors, we will showin the following lemmas that Loop (1) of Algorithm 16 will be executed only expectedO(logH 0) times, and Loop (2) only expected O(1) times. Notice that we can implementthe algorithm assigning one processor to each vertex on the right and left, using onlyO(H 0) processors.Lemma 19 The expected number of iterations of Loop (2) of Algorithm 16 is O(1).Proof : Since k � bH 0=3c, at most bH 0=3c � 1 vertices on the right could already havebeen matched when we get to Loop (2), or Loop (1) would already have terminated.Since each vertex has at least d2H 0=3e edges, it follows that at least�2H 03 �� �H 03 �+ 1 � �H 03 �+ 1of its edges are unmatched. Generating a number from 1 to H 0 will result in one ofthese edges being chosen in expected timeH 0bH 0=3c+ 1 � 3: 2Loop (2) has each unmatched vertex on the left pick a previously unmatched vertexon the right to which it has an edge; this operation is equivalent to having everyunmatched vertex on the left pick an edge at random in a graph where edges to anymatched vertices on the right have been deleted. There is not enough time to do anyactual deletions, but we have enough of a surfeit of edges that we can get the samee�ect in constant time by just ignoring picks to already-matched vertices on the right.47



Lemma 20 The expected number of iterations of Loop (1) of Algorithm 16 isO(logH 0).Proof : The question to settle is what fraction of the unmatched vertices on the leftwill be matched after each has randomly picked an edge to a previously unmatchedvertex on the right. If we have k unmatched vertices on the left, then each vertex hasat least d2H 0=3e� k edges to unmatched vertices on the right. If we view the selectionprocess sequentially, the probability that vertex 1 hits a previously selected vertex is 0,the probability that vertex 2 will choose the same one that vertex 1 chose is no morethan 1=(d2H 0=3e � k), and in general,Prfvertex i hits a previously selected vertexg � i� 1d2H 0=3e � k :If we let Xi be a 0-1 random variable specifying whether vertex i hits a new vertex(with respect to vertices 1 to i� 1), thenE(Xi) � d2H 0=3e � k � i+ 1d2H 0=3e � k = 1� i� 1d2H 0=3e � k :If we let n be the expected number of vertices that do not collide, we getn = X1�i�kE(Xi) � X1�i�k�1� i� 1d2H 0=3e � k�= k�1� k � 12 (d2H 0=3e � k)� :So a \constant" fraction of the vertices on the left is matched, where the \constant" is1� k � 12 (d2H 0=3e � k) :This \constant" is minimized as k gets large. But we know that k � bH 0=3c, so thatthe constant is at least 1=2. Hence, in expected O(logH 0) time, we can match all thevertices on the left. 2This algorithm can be derandomized in an e�cient way using the techniques of Luby[Luba, Lubb]. First, notice that we have H processors available instead of only H 0.WhenH 0 = pH= logH , that means thatH = �((H 0)2 log2H 0). The above randomizedmatching algorithm uses only pairwise independence in the analysis of the runningtime, so we construct a special probability space to take advantage of the pairwiseindependence. We let q be a prime number in the range H 0 logH 0 � q � 2H 0 logH 0and generate a probability space with H 0 logH 0 random variables and q possibilitiesfor each random variable. Those q possibilities will consist of the numbers 1; . . . ; H 0repeated �(logH 0) times. Since q is not divisible by H 0, we add enough 0s at the endto pad out to exactly q possibilities for each random variable. Selecting a 0 for therandom variable will mean that the pick was missed; this modi�cation has no e�ect48



on the expected running time and leaves the probability distribution unchanged. Wewill use q2 processors (which we have available to us) to search the probability spaceexhaustively in parallel. Since the algorithm terminates in expected O(logH 0) stepsusing expected O(H 0) random variables on the average, there must be some point inthe probability space that achieves at least the average, and hence that can completethe matching with the given number of random variables in O(logH 0) steps. We hadto choose q at least as large as the number of random variables due to a technicalityin the way that Luby's method achieves pairwise independence.Notice that the matrix of random variables from which we are sampling occupiesonly O((H 0)2 log2(H 0)) = O(H) space, so that it can all be �t at the base memory levelof the hierarchies, and we therefore need not consider the cost of accessing the randomvariables.To summarize, we have shown the following theorem.Theorem 18 The maximal matching problem can be solved deterministically inO(logH) time using H processors.4.3.3 Analysis of P-HMMWe will do the analysis of the sorting algorithm using general f(x) and then computethe speci�c bound for speci�c functions f(x). In the P-HMM model, we chooseG = 8>>><>>>: pN if N > H2s N2pH logH if N � H2S = 8>>>><>>>>: min( pNpH logH ; pNlogN) if N > H2s N2pH logH if N � H2We show that the virtual blocking can be done and that the buckets are approximatelythe same size in the following lemmas.Lemma 21 With the above values of G and S, the average number of elementsper bucket per sorted run created by ComputePartitionElements is at least H=H 0 =pH logH.Proof : The average number of elements per bucket per run is N=SG. When N > H2,we notice that S � pN=(pH logH), so N=SG � pH logH as promised. WhenN � H2, N=SG = 2pH logH > pH logH . 2Lemma 22 The buckets created using the above values of G and S are approximatelythe same size. 49



Proof : The condition we derived in Corollary 2 is that G logN � N=S. When N > H2,S � pN= logN , so that N=S � pN logN . The condition follows directly. WhenN � H2, we rewrite the condition to be logN � N=SG. But when N � H2, thenlogN � 2 logH < 2pH logH = NSG;so the condition is satis�ed. 2The recurrence for P-HMM is derived in Table 4.1. We assume throughout thataccess to a data structure of size s has a cost of f(s=H). The extra logH factor online (2) of Algorithm 15 is due to the matching time. In Algorithm 12, it is possible toassume that the number of iterations of the loop is O(N=H) because of Theorem 17.There is a trick used to obtain the running time of assigning records to buckets atline (2) of Algorithm 12. Notice that the records have already been sorted into G setsof size N=G by ComputePartitionElements. It follows that in assigning the records tobuckets, we will be using the partition elements G times in order using full parallelism;hence the overall time needed for reading the partition elements is what is given inthe table. The evaluation of ComputeAux at line (4) of Algorithm 12 can be doneincrementally in the given time.A major simpli�cation of the recurrence occurs by noticing that H 0=H =O((H 0)2=H) = O(1), since H 0 = pH= logH . It is also true that S = O(N=H).To show the base of the recursion, consider what happens when N � H2. The �rstrecursive call will have arguments of N=G in the �rst term and T (Nb) in the sum. Butwe have arranged it so that Nb � 2N=S = 2N=G, so the largest argument to a recursivecall will be 2NG = q8NpH logH � p8 logHH5=4;since N � H2. Now consider N � p8 logHH5=4, and look at the second level ofrecursion. Here, again, the maximum argument to any recursive call is 2N=G, orq8NpH logH � q8p8 logHH7=4 logH= 29=4H7=8 log3=4H< 12Hfor all H . Thus, when N � H2, two further levels of recursion always su�ce to bringthe maximum size sub�le to be sorted to no more than 12H .The following lemma helps establish the bound for the base case.Lemma 23 Two sorted lists whose length totals N can be merged in P-HMM in timeO((N=H)(f(N=H)+ logH)).Proof : We will always keep r1 = bH=2c records from list 1 and r2 = dH=2e recordsfrom list 2 in the base memory level, until one of the lists runs out of records. We startby reading the �rst r1 records of list 1 and r2 records of list 2. This operation will50



Alg. Line Repeats Time/repeat Total time15 1 (H 0)2H f �SH 0H � (H 0)2H f �SH 0H �2 1 (logH)f � (H 0)2H � (logH)f � (H 0)2H �3 1 f �SH 0H � f �SH 0H �4,5 2 f �NH � 2f �NH �Total C15 = O �� (H 0)2H + 1� f �SH 0H �+ logH f �(H 0)2H �+ f �NH��14 1{4 4 C15 4C15Total C14 = O(C15)12 1,7 O �NH� f �NH � NH f �NH �2 1 see text GSH f � SH �3,6 O �NH� f �SH 0H � NH f �SH 0H �4 O �NH� (H 0)2H f �SH 0H � N(H 0)2H2 f �SH 0H �5 O �NH� C14 NHC14Total C12 = O �NH �f �NH�+ f �SH 0H �+ C14�+ GSH f � SH�+ N(H 0)2H2 f �SH 0H ��11 1 G T �NG � GT �NG�2 G NGH logN f � logNH � NH logN f � logNH �3 1 logN log logNH f � logNH � logN log logNH f � logNH �4 1 SH �f � SH �+ f � logNH �� SH �f � SH �+ f � logNH ��Total C11 = GT �NG �+ � NH logN + logN log logNH + SH� f � logNH �+ SH f � SH�10 4 1 C11 C115 2 SH 0H f �SH 0H � 2SH 0H f �SH 0H �6 1 C12 C127 S f �SH 0H � Sf �SH 0H �8 S T (Nb) Pb T (Nb)9 S NbH f �NH � NH f �NH �Total T (N) =Pb T (Nb) + C11 +O �C12 + �SH 0H + S� f �SH 0H �+ NH f �NH��Table 4.1: Derivation of the recurrence for P-HMMf(x).51



require two parallel reads, since the elements will reside on hierarchies 1; . . . ; r1 and1; . . . ; r2, respectively. Between the two reads, it is necessary to shift the items fromlist 1 by r2 processors to make room in the base memory level for the items from list 2;this shift operation takes O(logH), since one could implement it by sorting.We need to add a �eld to each record keeping track of which list it originatedfrom. We also keep track of which is the next hierarchy to read for each of the listsand which hierarchy is the �rst to write with our output elements. At each step, wesort the H records in the base memory locations, shift so that the record with thesmallest key is on the next hierarchy to write, and write out the bH=2c records withthe smallest keys. We update which hierarchy will be the next to write and count howmany records from each list were written, say t1 records from list 1 and t2 recordsfrom list 2. We then read in t1 records from list 1 and t2 records from list 2, withappropriate shifts before each read, and update the pointers to the next hierarchy toread for each list. Since at each step, we have at least the next bH=2c records fromeach list, we can always output the next bH=2c records for the merged list. We require3N=bH=2c I/Os to process the N records, each of which takes time f(N=H). We alsoneed O(logH) time for sorting and shifting between I/Os, yielding a total time that isO((N=H)(f(N=H)+ logH)). 2Corollary 3 When N � 12H, the amount of time needed to merge two lists isO(logH).Thus, the overall recurrence reduces toT (N) = 8><>: GT �NG�+Xb T (Nb) +O�NH �f �NH�+ logH�� if N > 12HO(logH) if N � 12H(4:1)Lemma 24 When f(x) = log x, the algorithm given sorts in deterministic timeNH logN log� logNlogH� :Proof : Simply plug the correct f(x) into Recurrence (4.1). When N > H2, the givenvalue of S satis�es the recurrence. When N � H2, there are only two further levels ofrecursion giving time O((N=H)(f(N=H)+ logH) = O((N=H) logN). 2Lemma 25 When f(x) = x�, the algorithm given sorts in deterministic time�NH��+1 + NH logN:Proof : Plug the correct f(x) into Recurrence (4.1). When N > H2, the given value ofS satis�es the recurrence. When N � H2, there are only two further levels of recursiongiving time O((N=H)(f(N=H)+ logN)), which is exactly the result. 252



Lemmas 24 and 25 complete the proof of Theorem 14. In fact, we can go evenfarther for the P-HMM model and show that the algorithm is uniformly optimal forany well-behaved cost functions f(x) as de�ned in Section 4.1.Theorem 19 The algorithm given above is optimal for all well-behaved cost func-tions f(x).Proof : This proof is essentially that of the corresponding theorem in [ViSa] for theirrandomized algorithm. Let TM;H(N) denote the average number of I/O steps the sort-ing algorithm does with an internal memory of size M , where we allow each hierarchyto move simultaneously, in a single I/O step, a record between internal memory andexternal memory. Note that we are only viewing the algorithm from the standpointof I/O, and therefore we can ignore any internal computation time whenever M > H .In particular, the matching time does not get counted. When N > M2, the algorithmgives the recurrenceTM;H(N) = pNTM;H(pN) + X1�b�S TM;H(Nb) + NH ;where P1�b�S Nb = N and Nb < 2N=S for all 1 � b � S. We have used the costfunction f(x) = ( 1 if x > M=H0 otherwise :When N < M2, we get TM;H = O(N=H). It can be shown that this recurrence issolved by TM;H = O�NH logNlogM � (4:2)Aggarwal and Vitter showed a lower bound for the problem of sorting with internalmemory size M and no blocking or parallelism ofTM = 
�N logNlogM �M� ;where the \�M" term allows up to M items to be present initially in the internalmemory. At best we could achieve a speed-up of a factor of H by using H disksin parallel, so dividing TM by H gives a lower bound on the I/O complexity withH disks. But Equation (4.2) is within an additive term of O(M=H) of this optimalI/O bound. At the base memory level, we consider M = H , and �nd that we loadin O(N logN=(H logH)) memory loads, each of which takes O(logH) communicationtime for matching or sorting. Thus, the amount of time used in the base memorylevel by the algorithm is O((N=H) logN), all of which is above the optimal algorithm.De�ne �f �MH � = f �M + 1H �� f �MH � :Then the total time above the optimal can be found by adding the amount of timeused in the base memory level of the algorithm to the amount used incrementally for53



every memory size between H and N . Thus, we get that the amount of time spentabove the optimal isO0@NH logN + XH�M<N MH �f �MH �1A= O0@NH logN + NH f �NH�� f(1)� 1H XH�M<N f �M + 1H �1A= O�NH logN + NH f �NH�� (4.3)where the sum at the end of the �rst line has been expanded and rearranged to producethe second line and the sum at the end of the second line contains fewer than N itemseach of which has value no greater than f(N=H). The �rst term in (4.3) is the lowerbound resulting from using a comparison-based sorting algorithm. The second termin (4.3) is the minimum amount of time needed to read all of the elements into thebase memory level at least once, assuming that the cost function f(x) is well-behavedand that we are therefore justi�ed in counting all the records in the set to be sorted astaking the same amount of time to access as the last record. It follows that the sortingalgorithm is optimal. 24.3.4 Analysis of P-BTEssentially the same algorithm will work for the P-BT model as we used in the P-HMM model. The only di�erence is that in Algorithm 10, we need to add anotherline right after step (6) to reposition all the buckets into consecutive locations on eachvirtual memory hierarchy. This repositioning is done on a virtual-hierarchy-by-virtual-hierarchy basis, using the generalized matrix transposition algorithm given in [ACSa].We concentrate in this section on the cost function f(x) = x�, where 0 < � < 1.Deterministic algorithms for f(x) = x� with � � 1 have been reported previously[ViSa]. The upper bound for f(x) = log x can be no larger than that for f(x) = pxsince log x < px for all x > 0; since the lower bounds are identical it follows thatthe algorithm for f(x) = px applied to hierarchies with cost function f(x) = log x isoptimal.In the algorithm given, we will chooseG = 8>>>><>>>>: 14 logHN1�� if N > H2s N2pH logH if N � H2S = 8>>>><>>>>: N�pH logN if N > H2s N2pH logH if N � H254



We show that the virtual blocking can be done and that the buckets are approximatelythe same size in the following lemmas.Lemma 26 With the above values of G and S, the average number of elementsper bucket per sorted run created by ComputePartitionElements is at least H=H 0 =pH logH.Proof : The average number of elements per bucket per run is N=SG. When N > H2,N=SG = pH logN � pH logH . When N < H2, the values of S and G are the sameas in the P-HMM case, so the same proof holds as before. 2Lemma 27 The buckets created using the above values of G and S are approximatelythe same size.Proof : The condition we derived in Corollary 2 is that G logN � N=S. When N > H2,we require N1�� logN � pHN1�� logN . When N < H2, the values of S and G arethe same as in the P-HMM case, so the same proof holds as before. 2As with the P-HMM algorithm, there are at most two additional levels of recursionafter N � H2. [ViSc] showed that two lists can be merged in P-BT using the sameamount of time as that needed to touch all the elements.We need to make one more change to the algorithm for BT hierarchies, but onethat is hard to write explicitly. Aggarwal et al. gave an algorithm called the \touch"algorithm [ACSa]. This algorithm takes an array of n consecutive records stored atthe lowest possible level and passes them through the base memory level in order,using time O(n log logn) for 0 < � < 1. As it turns out, all the data structuresare processed in order throughout the algorithm due to the sorted runs of size N=Gcreated by �nding the partitioning elements. The e�ect of this change is that weget the same recurrence as for the P-HMM model, using an e�ective cost functionf(x) = log log x. It turns out that the limiting step in the algorithm for P-BT is theneed for repositioning the buckets, which can be done using the cited algorithm in timeO �(N=H)(log log(N=H))4�. So the overall recurrence isT (N) = GT �NG�+Xb T (Nb) + O NH  �log log NH�4 + GSH log log SH + logH!! :(4:4)for the case N > 12H . The case N < 12H is the same as in (4.1).Lemma 28 The given algorithm sorts in the P-BT model using timeT (N) = NH logN:Proof : Substituting the solution above into Equation (4.4) demonstrates that it is asolution. 2We have now completed the proof for Theorem 15.55



Algorithm 17 [Balance Disks]for each memoryload(1) read memoryload(2) assign all M records to buckets(3) group buckets together (sort using bucket number as key)(4) for each consecutive D blocks of values in parallelupdate XA := ComputeAux(X)Rebalance(A;X)(5) write memoryload4.4 Parallel Disks with Parallel ProcessorsIn this section, we present a version of Balance Sort for the parallel disk model.The algorithm is optimal in terms of parallel disk I/Os and will also be optimalin the internal processing time when more than one processor is present, up toP =M log(M=B)= logM .The algorithm for the parallel disk model is the same as that used for the P-HMMmodel, except for a few small changes. In Algorithm 10, we use N � M rather thanN � H as the termination condition for the recursion. We use the Balance Disksalgorithm given in Algorithm 17 instead of the Balance routine given in Algorithm 12.Note that the parameter we call D (the number of disks) is equivalent to the parameterwe called H for parallel memory hierarchies. We will likewise use partial striping togroup D=D0 disks together to make D0 virtual disks, with D0 = pD= logD. We alsouse a di�erent method for computing the partitioning elements, described in [ViSa].Finally, we will select S = �MB �
 :The procedure for �nding the partitioning elements uses as a subroutine Algo-rithm 18, which computes the kth smallest of n elements in O(n=DB) I/Os. It doesthis by recursively subdividing about an element that is guaranteed to be close to themedian. Algorithm 19 gives the algorithm for �nding the partitioning elements.We start by showing the correctness of the overall sorting algorithm. The generalproof of correctness for distribution sort applies, except that we must show that we cangroup into virtual blocks on our virtual hierarchies. If this grouping is not possible, thematching will not correctly distribute records into buckets, and the sorting algorithmwill fail. We need to achieve a virtual blocking with D=D0 = pD logD blocks pervirtual block so that all the records in the virtual block fall in the same bucket. Whenwe read in a memoryload, we have M records in memory, and an average of M=Srecords in each bucket. Thus, each bucket �lls an average of M=(SB) blocks. We need56



Algorithm 18 [Select(S0; k)]t := djS0j=Mefor i := 1 to tRead M elements in parallel (dM=DBe tracks; the last may be partial)Sort internallyRi := the median elementif t = 1return(kth element)s := the median of R1; . . . ; Rt using algorithm from [BFP]Partition into two sets S1 and S2 such that S1 < s and S2 � sk1 := jS1jk2 := jS2jif k � k1Select(S1; k)elseSelect(S2; k � k1)Algorithm 19 [ComputePartitionElements(S)]for each memoryload of records Mi(1 � i � N=M)Read Mi into memorySort internallyConstructM0i to consist of every (S � 1)=2th recordWrite M0iM0 :=M01 [ � � � [M0N=Mfor j := 1 to S � 1ej := Select(M0; 2Nj=(S� 1)2)to ensure that M=(SB) � pD logD. ButMSB = �MB �1�
 � D1�
 > pD logD:Here we have used the fact thatM � DB. If we choose 
 = 1=4, then we �nd that forany value of D, D1�
 � kpD logD, where k = (e log 2)=4, so we have an additionalfactor of no more than 4=(e log 2) � 2:123 due to internal fragmentation from havingblocks that are not quite full on average.From the standpoint of showing I/O and internal processing bounds, we need toshow that the routine for computing the partition elements produces buckets that have57



nearly the same size. We re-apply Lemma 15, except this time we have p = (S � 1)=2.Substituting in G and S, it results in a slop that is less than (M=B)
N=2M . The ratiobetween the slop and the average number of elements per bucket is12M �MB �2
 < 12for any 
 > 0. Thus, we have for any bucket b,N2S < Nb < 3N2S :The I/O bound is easy to show for the new algorithm. A, X , L, and E all residein the internal memory, so there is no cost to access them. We have shown that thesedata structures will �t in the internal memory in a previous chapter.A \memoryload" is the collection of O(M) records that �t into memory. The onlyplace that I/Os are done in the disk version of the algorithm is in lines (1) and (5)of Algorithm 17 and in computing the partition elements. We can read and writea memoryload using full parallelism using O(M=DB) I/Os. Since there are overalldN=Me memoryloads, we �nd that the number of I/Os done per call to Balance Disks isO(N=DB). Vitter and Shriver showed that the partition elements can also be computedusing O(N=DB) I/Os [ViSa]. Thus, we get the recurrenceT (N) = ( ST �NS �+ O(N=DB) if N > M0 if N �M ;which has solutionT (N) = O� NDB logS NM � = O� NDB log(N=B)log(M=B)� :This is the same bound as was shown to be optimal for the parallel disk model [AgV].We devote the remainder of this section to showing that the algorithm oper-ates with optimal internal processing time as long as the number of processorsP �M logminfM=B; logMg= logM . The optimal internal processing time (assumingcomparison-based sorting) is 
((N=P ) logN). The crux of the matter is in showingthat we can use the given number of processors e�ciently in all aspects of the sortingalgorithm.The algorithm for �nding the partition elements does a total of O(N=DB)I/Os. Since the data are always processed in terms of memoryloads, this corre-sponds to O(N=M) memoryloads. Each of the memoryloads can be processed intime O((M=P ) logM) for any number of processors P � M , giving a total timeO((N=P ) logM) = O((N=P ) logN).The remainder of the internal computation time occurs in the routine Bal-ance Disks. We assume that the CPUs are inactive during I/O, so there is no CPUtime charged during steps (1) and (5) of Algorithm 17.Steps (2) and (3) of Algorithm 17 are easy to analyze in terms of processing timeneeded per memoryload. The next two lemmas state these bounds.58



Lemma 29 Step (2) of Algorithm 17 can be done in time O((M=P ) log(M=B)) foreach memoryload for any P �M .Proof : Assign M=P records to each processor. Each processor can then do a binarysearch on the (M=B)
 partition elements for each of its records, giving a total time ofO((M=P ) log(M=B)). 2Lemma 30 Step (3) of Algorithm 17 can be done in time O((M=P ) log(M=B)) foreach memoryload if P �M logminfM=B; logMg= logM or logM = O(logM=B).Proof : To group the records within each bucket together, we sort the records in internalmemory. If logM = O(logM=B) then we can sort the M records using Cole's parallelmerge sort algorithm [Col] in time (M=P ) logM = O((M=P ) log(M=B)) for any P �M . Otherwise, instead of sorting using the keys contained in the records, we sort usingthe bucket number as the key. We will start by considering only P � M= logM . Wewill make use of a deterministic algorithm by Rajasekaran and Reif that appears asLemma 3.1 in [RaR]. Their algorithm sorts n elements in the range 1; . . . ; logn intime O(logn) using n= logn processors. We need to consider two cases:Case 1: M=B � logM . In this case, we let n = M . The key values gofrom 1 to (M=B)
 < M=B � logM so we can apply the Rajasekaran-Reifalgorithm directly to sort in time logM with M= logM processors, which wehave. But logM � (M=P ) log(M=B) as long as P � M log(M=B)= logM �M log logM= logM .Case 2: M=B > logM . We will still let n = M , but this time pM=B maybe larger than logM . What we do is a radix sort using the Rajasekaran-Reif algorithm as a subroutine, sorting logM bits at a time. Thus, we needO(log(M=B)= log logM) applications of the algorithm, for timeO�logM log(M=B)log logM � = O�MP logMB �whenever P < M log logMlogM < M log(M=B)logMsince logM < M=B.If P < M= logM , then we can attain the same bound by multitasking P 0 =M= logMvirtual processors onto the P real processors. 2In order to show that loop (4) of Algorithm 17 can be parallelized e�ciently, weneed to understand more precisely what we mean by \in parallel" on line (4). Weare dividing the memoryload into tracks, where each track consists of D consecutiveblocks of values. We make the observation that if any track consists entirely of elementsfrom the same bucket, it is not necessary for that track to update X or recompute the59



portion of A that will need to be updated by changing X for that bucket. We assumethat A is updated incrementally, only modifying those rows that were actually a�ectedby the given track. We thus arrive at the following crucial lemma.Lemma 31 At most two tracks need to access values of any speci�c row of A or Xduring a memoryload.Proof : We use here the fact that the records have been sorted according to their bucketnumbers. So any pair of consecutive tracks can have only one bucket in common. Thus,if we ignore any track that consists entirely of elements from the same bucket, the lemmais established. 2So we can parallelize this operation by casting out any tracks that consist of all thesame bucket, renumbering the tracks, and then doing all the odd-numbered tracksfollowed by all the even-numbered tracks. The odd/even tracks are guaranteed not tointerfere with one another since they access disjoint rows of A and X . This crucial factleads to the following lemma.Lemma 32 Loop (4) of Algorithm 17 can be done in time O((M=P ) log(M=B)) forany P �M .Proof : As shown in Lemma 31, at most two tracks need to access any row of X or A.We will have two repetitions of at mostM=2DB tracks. We need to update an elementof X for each of the M=BD0 virtual blocks, which can be done completely in parallelfor any number of processors up to M=BD0. The total amount of time updating X isTX = 8<: M logDPBpD if P �M logDBpD1 if P > M logDBpDIn both cases, the time is less than (M=P ) log(M=B) for any P �M .We can do the ComputeAux routine by these two steps.1. Sort S sets of D0 numbers in parallel to pick the d2D0=3eth smallest element.2. Update all the SD0 elements of A.The sorts take timeTA1 = 8>>><>>>: 1P �MB �
 pDlogD log pDlogD! if P � �MB �
 pDlogDlog(pD= logD) if P > �MB �
 pDlogDIn both cases, the time is no more than (M=P ) log(M=B) for any P �M . The updatetime is TA2 = 8>>><>>>: 1P �MB �
 pDlogD if P � �MB �
 pDlogD1 if P > �MB �
 pDlogD60



Again, the time is no more than (M=P ) log(M=B) for any P � M if M �D2=3=(B1=3 log4=3D), which is true since D2=3= log4=3D < D for all D � 2.Finally, we can accomplish the rebalancing by the following steps:1. Set up M=BD matching problems, each of which is D0 �D0.2. Solve the M=BD matching problems.3. Do M=BD sets of swaps.The set-up time can be done in parallel timeTR1 = 8>><>>: MPB log2D if P � MB log2D1 if P > MB log2DEach matching problem can use up toD processors to achieve time logD. The matchingtakes time TR2 = 8><>: M logDPBD if P � MBlogD if P > MBBoth of these steps take time no more than (M=P ) log(M=B) for any P �M . Finally,the swaps involve moving up to M items, but no internal processing time other thantouching them, for a total time of O(M=P ) � (M=P ) log(M=B) for any P �M .We have shown that each individual step meets the time bound proposed by thelemma, establishing its validity. 2Finally, we are ready to prove our main result for disk sorting, Theorem 16.Proof : We established the I/O bound above. To show that the CPU time is optimal,we need to show that it takes a total of O((N=P ) logN) time. We have shown that eachmemoryload can be processed using time O((M=P ) log(M=B)) whenever either P �M logminfM=B; logMg= logM or logM = O(logM=B). The number of memoryloadswe need to process the �le is O((N=M) log(N=B)= log(M=B)). Therefore, the total timeis O��NM log(N=B)log(M=B)��MP log(M=B)�� = O�NP log(N=B)�as desired. 24.5 ConclusionsIn this chapter, we have described the �rst known deterministic algorithm for sortingoptimally using parallel hierarchical memories. This algorithm improves upon therandomized algorithms of Vitter and Shriver [ViSa]. The algorithm applies to P-HMM,P-BT, the parallel UMH hierarchies in Chapter 5, as well as the parallel disk model.The parallel disk version of the algorithm also improves upon the algorithms of theprevious chapters in the following ways: 61



1. The hidden constants in the big-O notation are small. The problem with theGreed Sort algorithm is that it uses Columnsort [Lei] as a subroutine, whichintroduces at least an additional factor of 4 into the constant of proportionality.2. The algorithm can operate using only striped write operations. Some parallel disksubsystems, such as Thinking Machine's Data Vault, impose this requirementso that error checking and redundancy information can be maintained to giveacceptable levels of reliability when dealing with many disks, each of which hasan independent probability of failure. It is unclear how to adapt Greed Sort touse only striped writes, again because of the embedded call to Columnsort.3. The new algorithm can be made to work optimally in terms of internal processingtime even in the presence of large degrees of processor parallelism.The primary disadvantage of the algorithm presented in this chapter is that itrequires that the CPUs be connected to the memories by a CRCW-PRAM. The CRCW-PRAM is required only in the log-time matching algorithm, so any improvement therewill automatically improve the overall algorithm. Ideally, one would like to be able todo the matching in O(logH) time on a hypercube or other actual parallel processortopology.Although we have presented a deterministic algorithm, in practice the randomizedalgorithm resulting from doing randomized matching and not requiring any partialhierarchy striping would be simpler to implement.
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Chapter 5Sorting in Uniform MemoryHierarchies5.1 IntroductionIn most large-scale computer systems, memory progresses from very small but very fastregisters to successively larger but slower components, such as several layers of cache,primary memory, disks, and archival storage. In order to achieve optimal performanceon such a computer system, it is often necessary for the algorithm designer to take intoaccount the physical characteristics of the entire memory hierarchy. Unfortunately,there are too many possible variables to consider (e.g., the block size of each level,the number of blocks at each level, the bandwidth between one level and the next) toallow the design of general algorithms; hence some degree of abstraction of the memoryhierarchy is required.Several interesting and elegant hierarchical memory models have been proposedrecently to model the many levels of memory typically found in large-scale computersystems. The HMM model of Aggarwal, Alpern, Chandra, and Snir [AAC] viewsthe entire memory hierarchy as a linear address space and allows access to individuallocation x in time f(x). We normally think of f(x) as a non-decreasing function,such as log x or x�, for some � > 0,1 depending on the characteristics of the memoryhierarchy.One important e�ect that is missing from the HMM model but that is generallypresent in memory hierarchies is that it is often almost as fast to transfer a wholeblock of data as it is to retrieve a single data element. This e�ect happens in disks,for example, because the amount of time needed to seek to a given sector is typicallymuch larger than the amount of time needed to transfer the sector once the read/writehead is in place. Accordingly, data are usually transferred in large units of blocks.The BT model of Aggarwal, Chandra, and Snir [ACSa] represents a notion of blocktransfer applied to HMM; in the BT model, access to the t + 1 records at locationsx � t, x � t + 1, . . . , x takes time f(x) + t. A model similar to the BT model that1We use the notation log x, where x � 1, to denote the quantity maxf1; log2 xg.63



allows pipelined access to memory in O(logn) time was developed independently byLuccio and Pagli [LuP]. Optimal sorting algorithms for each of these models have beendeveloped [AAC, ACSa, LuP], and optimal algorithms for the parallelizations of theHMM and BT models was given in Chapter 4.In this chapter, we concentrate on a newer hierarchical memory model introduced byAlpern, Carter, and Feig [ACF, ACSb], called the Uniform Memory Hierarchy (UMH),which o�ers an alternative model of blocked multilevel memories. Let us considera hierarchy comprising several levels of memory models, where the `th level has thefollowing parameters associated with it:s` = # of elements that �t in a blockn` = # of blocksb` = # of elements that can move from level ` to level `+ 1 per unit timeThis model has enough parameters that it could be adjusted to suit any memoryhierarchy. Unfortunately, the very 
exibility in the parameters makes the model toodetailed to be of theoretical or practical interest. A programmer would like to be able todesign an algorithm that could work without modi�cation in a wide range of memoryhierarchies. In the UMHb(`) model (for integer constants �; � � 2), the `th memorylevel (as illustrated in Figure 5.1) consists of n(`) = ��` blocks, each of size s(`) = �`;it is connected by buses to levels `� 1 and `+ 1. Each individual block on level ` canbe randomly accessed as a unit and transferred to or from level ` + 1 at a bandwidthof b(`); that is, each block transfer takes �`=b(`) time units. We have switched fromsubscripts on s, n, and b to emphasize that there is a functional relationship. Thus, inthe UMH model, the number of blocks and the size of each block on a given level is amultiplicative factor of � larger than those on the previous level, and the bandwidth isa well-behaved function of the level. A block on one level corresponds to a sub-blockin the next level.We can assign a linear ordering to the addresses in a UMH. The CPU residesat level 0. Level 0 will contain locations 1; . . . ; �, level 1 will contain locations�+ 1; . . . ; �+ ��2, and so on.Table 5.1 gives a comparison between a real system, the IBM RISC System/6000memory hierarchy, and a UMH model whose parameters are chosen to approximatethe architecture. The UMH model captures the 
avor of the real memory hierarchy,although there are some di�erences. In this chapter, we will consider three bandwidthfunctions: b(`) = 1, b(`) = 1=(`+ 1), and b(`) = ��c`. The constant bandwidth case isthe fastest one that makes any sense theoretically, although it is unrealistic in practice.The exponentially decaying function approximates the real bandwidth better than thelinearly decaying one. Level 2 (and its connection to level 3) seems to be somewhatout of kilter from the rest of the hierarchy; discounting that level results in a linearlydecaying bandwidth that �ts as well as the exponential one.A model for parallel hierarchies was introduced by Vitter and Shriver, in which Hhierarchies are connected at their base level via an interconnection network as shown inFigure 5.2. Communication between the H hierarchies takes place at the base memory64
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Figure 5.1: The uniform memory hierarchy (UMH), pictured here for the case � = 3,� = 2. The `th memory level contains ��` blocks, each of size �`. It is connectedby buses to levels ` � 1 and ` + 1. Each level ` block can be randomly accessed andtransferred to level ` + 1 at a bandwidth of b(`) (that is, in �`=b(`) time). This �gureshows only the blocks (and sub-blocks for level ` + 1); the individual records are notshown.level (call it level 0), which consists of location 1 from each of the H hierarchies. Inthis chapter we will assume that the \network" connecting the processors is a CRCW-PRAM, as in Chapter 4. Vitter and Shriver introduced optimal randomized sortingalgorithms for P-HMM and P-BT [ViSa]. The algorithms were based on their random-ized two-level partitioning technique applied to the optimal single-hierarchy algorithmsfor HMM and BT developed in [AAC, ACSa]. In Chapter 4, we gave optimal deter-ministic sorting algorithms for P-HMM and P-BT.We can consider parallel UMH hierarchies (analogous to P-HMM and P-BT), and wecall the resulting model P-UMH. (This is fundamentally di�erent from the parallel typeof UMH called UPHM mentioned in [ACF].) Each level ` in each of the H hierarchiesof the P-UMH holds ��2` records, for a total of �H�2` records on level `. Accordingly,we assume that the initial input of N elements resides at level s = d12 log� N�H e, whichis the smallest level that holds all the elements.65



RISC/6000 UMHlevel n` s` b` n` s` 1=(`+ 1) ��`=24 64K 4K | 64K 4K3 12K 512 0:001� 8K 512 0.25 0.0442 128 512 17� 1024 64 0.33 0.1251 512 16 1.1 128 8 0.5 0.350 32 1 1 16 1 1 1Table 5.1: Comparison of the IBM RISC System/6000 memory hierarchy with a UMHwhose parameters are chosen to approximate it. The RISC quantities labeled with anasterix (*) are approximate. The parameters used in the UMH model are � = 16 and� = 8.
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Figure 5.2: A parallel hierarchical memory. The H individual memory hierarchies areall of the same type, such as HMM, BT, or UMH. The H CPUs can communicateamong one another via the interconnection network (which can be a hypercube orcube-connected cycles, for example).A UMH or P-UMH \program" consists of a schedule of choreographed block trans-fers and computations. If a RAM program that runs in T (N) steps can be scheduled inUMH in � T (N) time, the program is said to be parsimonious ; note that the constant66



factor must be 1. If the UMH program runs in time O(T (N)), it is said to be e�cient .A UMH program whose running time is within a constant factor of the best possible forthat problem in the UMH model is said to be optimal. We can de�ne \parsimonious",\e�cient", and \optimal" analogously for P-UMH by comparing to a PRAM program.When we consider sorting in UMH, we assume that each memory location canhold one of the records to be sorted. In Section 5.2 we give optimal and near-optimalsorting algorithms for UMH and P-UMH for a wide range of bandwidth rates b(`), andwe present a parsimonious schedule for merge sort for the case b(`) = 1. In Section 5.3we also introduce a natural and easy-to-program restriction of UMH, called random-access UMH (or RUMH), for which we have optimal upper and lower bounds for allbandwidths and amounts of parallelism, and a sequential model of UMH called SUMH,for which we do the same.5.2 Sorting in UMH and its ParallelizationOptimal sorting in O(N logN) time in UMH is possible only when the bandwidth b(`)at level ` is 
(1=`), or else the time required just to access the N records will be greaterthan O(N logN). Many buses may be active simultaneously in the UMH model, soconceivably it is possible to sort in O(N logN) time even with small bandwidth b(`) =1=(`+1). The FFT computation, which is similar to sorting, can be done in O(N logN)time with bandwidth b(`) = 1=(`+1). Whether or not an O(N logN)-time UMH1=(`+1)algorithm exists is a big open problem.In this section we give a near-optimal sorting algorithm for the small bandwidthcase b(`) = 1=(`+1), and optimal sorting algorithms for several other bandwidths. Forthe special case of constant bandwidth, we present a parsimonious algorithm. Sinceoptimal sorting seems to require nonoblivious UMH programs, the oblivious UMHmodel of [ACF] must be modi�ed in a reasonable way. In Theorem 20, we assume thatthe `th level of the hierarchy can initiate a transfer from the (` + 1)st level withoutinvolving the CPU when one of its blocks becomes empty. In the remaining theorems,we assume that the CPU can originate the transfer of a block at level ` given theaddress of the block, with suitable delay.The fastest oblivious algorithm we have found for sorting in UMH1=(`+1) is based ona simple schedule of Batcher's bitonic sort [Akl] where each of the log2N parallel timesteps is implemented in O(N logN) time for an overall running time of O(N log3N).It is also possible to schedule a recursive version of Columnsort [Lei] on UMH1=(`+1)in a manner that is e�cient with respective to the RAM algorithm, but this observa-tion is not very useful since both algorithms have running time that is O(N logcN),where c � 3:4.5.2.1 Parsimonious sorting in UMH1Theorem 20 A variant of merge sort can be scheduled in UMH1 parsimoniously, as-suming � � 2 and �� � 6. 67



Proof : The basic idea is to schedule a systolic binary merge sort in such a way thatthe CPU is always kept busy (except for a small initial delay and with a small �naldelay for propagating the results back). The amount of time needed to move the �rstelement from each of the two lists down to the CPU is 2P0�k<s �k = O(pN), wheres = 12 log�(N=�) is the starting level. After the initial delay, the CPU (level 0) reads oneelement from each of the two lists. At every time step thereafter, the CPU comparesthe two elements, writes the smaller element to the output list and then reads the nextelement from the list that had the smaller element at the previous step. We use adouble-bu�ering scheme so that level `, for ` � 1, contains room for two blocks fromeach of the two lists being merged. It also has two blocks for the output list. Whenlevel `� 1 requests a sub-block from one of the lists, and this request causes level `'sbu�er to be emptied, then level ` requests the next block from level `+ 1. In thisway, level ` always has at least one sub-block for level `� 1 available on demand. Theoutput blocks �ll up at a known rate, so they can be scheduled in advance (again usingdouble-bu�ering to keep an empty sub-block available for writing from level `� 1). Atthe end of each list, we immediately begin to send a new list down for the next merge.The CPU can keep track of how many elements have been read from each list, so thatwhen one list is �nished it knows to copy the rest of the other list to the output. Therewill be a �nal delay of O(pN) as the last results propagate back to the starting level.The number of wasted CPU cycles is only O(pN) = o(N logN), so the schedule isparsimonious. 25.2.2 Sorting in P-UMHIn the previous subsection, we were rather explicit in describing the choreographyof data movement within the UMH. The remainder of the chapter uses simulationsof P-HMM and P-BT algorithms. Accordingly, we have to state how to derive achoreography from simulating one of these algorithms. The di�culty in choreographingthe data movement is in making e�ective use of the blocking on the UMH. We thereforerestrict ourselves to simulating algorithms that access blocks of data (even though theP-HMMmodel does not take advantage of those access patterns). When a block of datais moved from one level ` of a UMH to a lower level `0, we choreograph this movementby sending the �rst block from level ` to level `� 1. We start sending the second blockfrom level ` to level ` � 1 while simultaneously sending the �rst block to level ` � 2sub-block by sub-block. Since we consider only non-increasing bandwidth functions,the space occupied by the �rst block on level ` � 1 will always have been completelyfreed by the time we are ready to send the third block from level ` to level `�1. The nete�ect is that we can keep the bus between levels ` and `�1 always busy. In transferringto a level `0 > `, we adopt the same tactics in reverse: we time the transfers from thelower levels so as always to keep the bus between levels `0 � 1 and `0 busy.Theorem 21 Distribution sort algorithms can be scheduled on P-UMH with the fol-lowing running times. The algorithms for nonconstant H for the �rst two bandwidth68



cases are based on Balance Sort.��NH logN� if b(`) = 1;O�NH logN log� logNlogH�� if b(`) = 1`+ 1;� �NH�1+c=2 + NH logN! if b(`) = ��c`, c > 0.Proof : The lower bound for the �rst case b(`) = 1 follows from the conventional
(N logN) serial bound for sorting on a RAM. With H processors, the P-UMH sortingtime can be at most H times faster, giving an 
((N=H) logN) lower bound. The bestknown lower bound for the case b(`) = 1=(` + 1) is the same as when b(`) = 1. Toprove the lower bound when b(`) = ��c`, we assume that the N records reside initiallyin level s = d12 log� N�H e. To move the N items from level s to level s � 1, we need tomove N=�s blocks, each of which takes time �s=b(s) = �(c+1)s, with at most H blockstransferred simultaneously. It follows that it takes timeN�s �(c+1)sH = N�csH = NH�(c=2) log�(N=�H) = NH � N�H�c=2 = 
 �NH�1+c=2!to get the N records from level s to level s � 1, thus completing the lower bound forthe third case.The algorithm that achieves the upper bound for the �rst case b(`) = 1 is basedon a simulation of the P-BT algorithm for access cost function f(x) = px given inChapter 4. This observation is based on the fact that any algorithm for P-BT withcost function f(x) = px can be simulated on a P-UMH with bandwidth functionb(`) = 1 with a slowdown of at most the constant 2=p�. Consider a transfer of theb+1 elements from locations x�b; . . . ; x to locations y�b; . . . ; y in the BT model withaccess cost function f(x) = px. This transfer will take time TBT = px+py+ b whenthe access cost function f(x) = px. We now compute the amount of time taken by aUMH to do the same transfer with multiple levels of the hierarchy active concurrently.We de�ne the level function lev(x) = �12 log� x�� ;which is the level on which location x appears in a single UMH. Let us assume for thetime being that all of the elements in the block x�b; . . . ; x occur on the same level andthat x > y. At most two partly-�lled blocks will be transferred from any level in therange lev(y) + 1; . . . ; lev(x). Level lev(x) � 1 will receive its �rst elements after time�lev(x)�1 (we assume that the whole block has to arrive before any of the elements areaccessible). It can then start sending elements down to level lev(x)� 2. Level lev(y)will start getting its �rst elements after a delay ofXlev(y)�k<lev(x)�k = �lev(x) � �lev(y)�� 1 :69



Since �lev(x) = �log�(x=�)=2 = rx�;the delay before the �rst elements arrives ispx=��py=��� 1 = px �pyp�(�� 1) :Bad blocking imposes an additional delay of �lev(x)�1 = px=�=�, and each additionalelement after the �rst block imposes a delay of 1. Thus, the total amount of time thatis needed is no more than px� pyp�(�� 1) + pxp�� + b;which is bounded by cTBT for all c � 2=p�. The case where x < y is handledanalagously and is likewise bounded by cTBT. Thus, the P-UMH time is within aconstant factor of the P-BT time with cost access function f(x) = px, which isO((N=H) logN).The other simulations presented in this chapter are not quite so straightforward,since they are not based on a wholesale simulation of one parallel memory hierarchy byanother, but rather by simulating an algorithm intended for one hierarchy on another.As a result, we need to be certain that the algorithm meets certain constraints. Asu�cient constraint is that operations in the algorithm process all the elements at anylevel in the hierarchy consecutively. It may be convenient for the algorithm to describethe elements as comprising groups that may be unrelated to the block size for thatlevel, but as long as all the elements are accessed consecutively, the intermediate levelsof the hierarchy can act as bu�ers to allow reblocking to occur as needed without losinge�ciency, as long as � � 3. The algorithms given in Chapter 4 all meet this constraint.For the second case b(`) = 1=(` + 1), the upper bound is related to the P-HMMapproach for f(x) = log x given in Chapter 4. We need to modify the P-HMM algo-rithm to reblock the buckets prior to sorting them recursively, in the same way as thealgorithm for P-BT was, by reblocking the buckets into consecutive locations after thecall to Balance. The cost of accessing an element at location x in the HMM model islog x; the amortized cost of accessing the same element in the UMH model when anentire block is brought to the base memory level (like the \touch" algorithm in the BTmodel) is log(x=�)= log�, which is within a constant factor of the HMM cost. Thus,the overall cost is O�NH logN log� logNlogH�� ;just as for P-HMM with cost function f(x) = log x.The upper bound third case b(`) = ��c` is possible using deterministic, two-waymerge sort. We can use the same algorithm as we used in the proof for Theorem 20.The exact choreography is unimportant, since the overall transfer time of any transferwill be dominated by the amount of time needed to move to and from the highest level70



involved. This algorithm gives rise to the recurrence relationS(N) = 8>><>>: 2S �N2 �+ O �NH�c=2+1! if N > H ;O(logN) if N � H;which gives the stated bound. 2The algorithms are optimal, except for the middle b(`) = 1=(`+1) case, which is o�from the best known lower bound of �((N=H) logN) by a log((logN)= logH) factor.5.3 Sorting in SUMH and RUMH and their Paralleliza-tionsThe UMH model can be di�cult to program because many buses can be active simul-taneously. An earlier version of [ACF] introduced a sequential UMH model, appropri-ately called SUMH, that allowed at most one bus to be active at a time. However, theSUMH restriction can be regarded as too severe, since it forfeits much power of theUMH model.We introduce the following more natural and less severe restriction that �ts in nicelywith feasible and easy-to-use programming languages: We require that the UMH pro-gram correspond exactly to a RAM program in which we augment the RAM instructionset with a block move command that can move t contiguous memory elements in time t,for arbitrary t. Each such block transfer can be implemented in UMH by a coordinatedseries of transfers in which several buses are simultaneously active but cooperating onthat single transfer. We call this natural variant of UMH the random-access UMHmodel, or simply RUMH. For example, a block of pN elements can be moved from thetop memory level all the way down to the CPU (or anywhere in between) in � pNtime in UMH1 and RUMH1, but it requires �(pN logN) time in SUMH1.The parallel versions of RUMH and SUMH are called P-RUMH and P-SUMH,respectively. Theorems 22 and 23 give matching upper and lower bounds for sortingin the RUMH and SUMH models and their parallelizations. The structures of theformulas in Theorems 22 and 23 suggest several di�erent relationships between theRUMH and SUMH models on the one hand and the HMM, BT, and two-level modelson the other hand (cf. Theorems 14 and 15); accordingly the upper and lower boundscombine in an interesting way several techniques from [AAC, ACSa, AgV, ViSa].Theorem 22 The running times mentioned in Theorem 21 are matching upper andlower bounds for sorting in P-RUMH. The algorithms for nonconstant H for the �rsttwo bandwidth cases are based on Balance Sort.Proof : The upper bounds all follow directly from the proof of Theorem 21, since allthe algorithms given there are P-RUMH algorithms.The lower bounds for b(`) = 1 and b(`) = ��c` are the same as and follow directlyfrom those for P-UMH. When b(`) = 1=(`+ 1), we can prove a tight lower bound by71



simulating RUMH1=(`+1) by HMM with access cost function f(x) = log x. We computethe amount of time that it takes to transfer a block of �`�1 elements from level ` tolevel `0 where ` > `0. The amount of time before any elements start arriving at level `0is X`0�k<` �kb(k) = X`0�k<`(k + 1)�k:Since X0�k�n kak = an+1((a� 1)(n+ 1)� a) + a(a� 1)2 ;the amount of time is�`((�� 1)`� �)� �`0(�� 1)`0 � �)(�� 1)2 + �` � �`0�� 1 = �(`�`�1):The extra time needed after the �rst elements have arrived at level `0 is no more than`�`�1, so the overall time needed is �(`�`�1). Doing the same block move in the HMMmodel requires time at most�`�1(log(��2`) + log(��2(`0+1))) = O(`�`�1);so the simulation by HMM is bounded by a constant times the RUMH1=(`+1) runningtime. Hence, the lower bound for P-HMM for f(x) = log x given in [ViSa] also holdsfor P-RUMH1=(`+1). 2Theorem 23 The following bounds are matching upper and lower bounds for sortingin P-SUMH. The algorithms for nonconstant H for the �rst two bandwidth cases arebased on Balance Sort.��NH logN log� logNlogH�� if b(`) = 1;��NH logN log NH� if b(`) = 1`+ 1;� �NH�1+c=2 + NH logN! if b(`) = ��c`, c > 0.Proof : We prove the lower bounds using an approach similar to that of [ViSa]. Letus de�ne the \sequential time" of a P-SUMH algorithm to be the sum of its timecosts for each of the H hierarchies. The sequential time can be at most H times theP-SUMH running time. We superimpose on the P-SUMH model a sequence of one-disk, two-level memories of the type studied in [AgV, ViSa], in the following way: For1 � ` � 12 log�(N=�H), the `th two-level memory has one disk, internal memory sizeM` = H�(�2(`+1) � 1)=(�2 � 1), and block size B` = �`. An I/O in the `th two-levelmemory corresponds to a single block transfer between levels ` and ` + 1 in one of72



the hierarchies in the P-SUMH model, which requires sequential time C` = B`=b(l).Substituting various bandwidth functions gives usC` = 8>>>>><>>>>>: B` if b(`) = 1;�(B` logB`) if b(`) = 1`+ 1;B1+c` if b(`) = ��c`, c > 0.The minimum number of I/Os required for sorting in the `th two-level memory is
�NB` log(N=B`)log(M`=B`) � M`B` � ;as shown in [AgV]. Each such I/O contributes Ci to the sequential time in the P-SUMH model, since in the P-SUMH model only one level can be active at a time ineach hierarchy. This gives a lower bound on the P-SUMH sequential time:T (N) = 
0B@ X1�`� 12 log�(N=�H)C` �NB` log(N=B`)log(M`=B`) � M`B` �1CA :We get the desired lower bound on the P-SUMH time by substituting the values ofM`,B`, and C` for the three cases into the above summation, and then dividing by H . Theb(`) = ��c` case additionally requires the use of the conventional N logN serial boundfor sorting.The upper bounds for the �rst two cases b(`) = 1 and b(`) = 1=(`+ 1) are achievedby simulating the optimal P-HMM algorithm of [ViSc], for access cost functions f(x) =log x and f(x) = log2 x, respectively. In each case, we alter the P-HMM algorithm inthe same way as that for P-BT by reblocking the buckets into consecutive locationsafter the call to Balance. Since a UMH in each case can simulate an HMM with theappropriate cost function in a running time that is at most a constant times the HMMtime, the P-HMM bound holds for the P-UMH simulation. The stated bounds can beplugged into Recurrence (4.1) along with the appropriate cost function to show thatthe recurrence is satis�ed. The same deterministic merge sort as the previous theoremsachieves the upper bound for the b(`) = ��c` case. 25.4 ConclusionsWe have given optimal or near-optimal sorting algorithms for UMH and its paralleliza-tion that we have introduced called P-UMH. We have derived tight matching upperand lower bounds for sorting in the restricted models RUMH and SUMH and their par-allelizations. All of the algorithms are deterministic. The RUMH model is particularlyuseful because it is easy to visualize and it matches well with current programminglanguages and compilers. 73



An interesting open problem is whether it is possible to sort in O(N logN) time withthe UMH1=(`+1) model. The related FFT computation can be done in UMH1=(`+1) inO(N logN) time. Another open problem is whether a parsimonious oblivious algorithmexists to replace our non-oblivious one in UMH1.
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Chapter 6Lattice ComputationsA two-dimensional cellular automaton, in its simplest form, is a discrete, in�nite rect-angular grid of cells, each of which assumes one of two possible states (\on" or \o�")at any given instant. The evolution of a cellular automaton takes place in discrete timesteps called generations. Each cell determines in parallel what its state will be at thenext time step, based on its current state and the states of the cells around it. Cellularautomata can be generalized to lattice computations, in which each cell retains morethan a single bit of information. In this chapter, we restrict ourselves for brevity to theclass of lattice computations where the computation at each cell requires informationfrom its eight neighboring cells, as well as from itself. We call these nine-cell latticecomputations. The algorithms and lower bounds we develop can be extended easily toother interconnection patterns.A famous example of a cellular automaton is the game of \Life," which John Conwayintroduced in 1969. Despite the apparent simplicity in having purely local rules governthe time evolution of the system, Life exhibits complex behavior and in fact possessesthe same computational power as a Turing machine [Dew]. It also admits of a universalconstructor to allow self-replicating structures [Pou].Lattice computations have important applications in physical simulations. Exam-ples of simulations that use such automata are two-dimensional lattice gas computations[KSS], di�usion-limited aggregation [MaT], two-dimensional di�usion, 
uid dynamics,spin glasses, and ballistics [ToM]. A VLSI circuit to solve the Poisson equation hasbeen implemented using lattice computation techniques [Man].Highly local data movement coupled with a tremendous potential for parallelismwould seem to make these problems an ideal match for VLSI. Kugelmass et al. showed,however, that VLSI-based machines performing such computations are severely con-strained by input/output (I/O) requirements [KSS]. Using a simpler new argument, weimprove by a constant factor the theoretical lower bound on I/O that can be derivedfrom their work. We then present and analyze four VLSI architectures within thisframework. One of these, the multigeneration sweep architecture, is optimal in that itmeets the lower bound asymptotically within a small constant factor. In all cases, wederive and compare the constants of proportionality.75



The quantity of interest in the following analysis is the I/O overhead  , which wede�ne as  = I +OCg ; (6:1)where I = # of input operations;O = # of output operations;C = # of cells computed;g = # of generations computed:The I/O overhead  re
ects an amount of I/O needed per unit of computation thatis independent of the problem size. This quantity does not assume that the results mustbe viewed after every generation; the number of I/O operations is amortized againstthe amount of progress made.In Section 6.1, we give a lower bound argument based on pebbling to show that theI/O overhead for nine-cell lattice computations is at least 1=p2S, where S is the amountof on-chip storage. In Section 6.2, we give several architectures for lattice computations,one of which, the multigeneration sweep architecture, is within a constant factor of thelower bound. Appendix A proves a closed form for the optimal number of generationsto compute in the multigeneration sweep architecture before viewing the results. Ourconclusions are given in Section 6.3.6.1 Lower Bounds on I/O OverheadGraph pebbling is a powerful technique for proving computational lower bounds [Coo,HoK, KSS, SaV]. For nine-cell lattice computations, a general result in Kugelmass etal. can be specialized to  � 18p�n�1;assuming that each of n2 processors (e.g., an n � n array) has � bits of local storage.Their result can be improved by factor of p2 by taking advantage of the connectivityof nine-cell lattice computations instead of the �ve-cell computations they consider.In this section, we improve upon this lower bound by a simpler argument. Wemake no assumptions about when results of the computation are viewed. If the statesof all cells must be examined after every generation, we show that  � 2. This lastresult implies that the most e�ective use of VLSI implementations is for analyzing thelong-term behavior of lattice computations.Our arguments, like those of Kugelmass et al., are based on the red-blue pebble game.The red-blue pebble game is played by placing pebbles on the vertices of a computationgraph G = (V;E), which is a directed acyclic graph modeling a computation. Eachvertex in V corresponds to a result that is computed at some stage of the computation.An edge e = (v1; v2) in the graph indicates that the result corresponding to vertex v176



is used to compute the result for vertex v2. Pebbles represent memory locations. A redpebble represents a result that is in memory on the chip, and a blue pebble representsa result that is o�-chip. There is an implicit assumption that there is a limited numberof red pebbles, while the number of blue pebbles is as large as needed. The actualpebbling takes place according to the following rules:1. A pebble of either color may be removed from a vertex at any time.2. A red pebble may be placed on any vertex that has a blue pebble.3. A blue pebble may be placed on any vertex that has a red pebble.4. If all the immediate predecessors of a vertex v have a red pebble, then a redpebble may be placed on v.Rule 1 represents the forgetting of information (usually to reuse the memory).Rules 2 and 3 model input and output operations, respectively. Rule 4 models a com-putation taking place within the chip. In this chapter, we ignore internal computationsand consider only I/O. Our measure of performance is the number of applications ofrules 2 and 3.Those vertices of the graph that have no predecessors are the lattice inputs, andthose that have no successors are the lattice outputs. The initial con�guration has bluepebbles on all the lattice inputs.De�nition 3 A pebbling of a computation graph is a sequence of ordered pairs (n; v),where n 2 f1; . . . ; 4g is a rule number and v 2 V , such that starting from the initialcon�guration and applying the rules to the nodes in sequence results in all of the latticeoutputs having blue pebbles. An S-pebbling is a pebbling with the restriction that atmost S red pebbles are on vertices of the lattice at any one time.We de�ne the computation graph Gg = (Vg; Eg) for a lattice computation of g gen-erations as follows: Choosem such that the size of the problem during all g generationscan be bounded by an m�m array of cells. The vertex set isVg = f(i; j; t) j 0 � i; j < m and 0 � t � gg;and the edge set isEg = f((i; j; t); (i0; j 0; t0)) j (i; j; t); (i0; j 0; t0) 2 Vgwith t0 = t + 1, ji0 � ij � 1, and jj 0 � jj � 1g:The cells on the border have either three or �ve predecessors, rather than eight.The computation is then a sequence starting at time t = 0 and progressing towardslarger t. When t = g, the outputs have been computed, and the computation halts.We �rst present a few lemmas leading up to our main lower bound result. Thebasic strategy is to bound the number of computations that can be done with noinputs starting from any con�guration, and then compute the minimum number of77



inputs that must be done in order for every node to have been red-pebbled. We startby showing that we can consider only pebblings that red-pebble the generations inorder.Lemma 33 Let us consider a pebbling game in which an initial con�guration of S < mred pebbles is given, and only rules 1 and 4 are allowed for pebbling moves (that is, noI/O operations are allowed). Then there is a pebbling for maximizing the number ofcomputations in the lattice such that all red pebbles are placed on nodes in earliergenerations before any are placed on nodes in later generations.Proof : Let R be the set of vertices pebbled by some pebbling starting from an initialcon�gurationK of S�1 red pebbles. We do not need to consider con�gurations of S redpebbles, since the �rst operation in such a con�guration will always be an application ofrule 1, giving a con�guration of S�1 red pebbles. We show that there is a schedule thatpebbles earlier generations before later ones that results in all the vertices in R beingpebbled. Let g+1 be the �rst generation containing some node in R. For S < m, thereis a pebble on some vertex v on generation g that contributes to the placing of exactlyone pebble on generation g + 1, say on vertex w. Apply rule 4 to place a red pebbleon w and apply rule 1 to remove the pebble from vertex v. Since the pebble on vertex vwas used only in computing w, removing the pebble from there does not decrease thenumber of possible vertices that can be pebbled. Moreover, we can consider this as anew starting con�guration K0 with a new set R0 = R� fwg, since again at most S � 1pebbles are on the graph. Continuing in this way guarantees that all the vertices in Reventually have a red pebble on them. Since this can be done for any pebbling, thenin particular any pebbling that maximizes the number of nodes pebbled can be redonein an order that pebbles earlier generations before later ones. 2Next, we show that we can group the inputs into phases, su�ering at most a penaltyof requiring twice as many red pebbles.Lemma 34 Any red-blue S-pebbling P with T inputs can be simulated by some 2S-pebbling P 0 of the following type:1. P 0 can be divided into phases such that in each phase, all inputs are done con-secutively at the beginning of the phase.2. P 0 has dT=Se phases, each containing at most S input operations.3. The individual input operations in P 0 are a subsequence of those in P .Proof : We can prove this lemma by an easy simulation of the original pebbling.Let I1; . . . ; IT be the inputs in pebbling P . We transform P into P 0 by movingIkS+2; . . . ; IkS+S to follow immediately after IkS+1, for k = 1 . . .dT=Se, eliminatingthose inputs that would be to a location that already has a red pebble on it. We thenmaintain the invariant that at the beginning of each phase k in P 0, the same nodesin the computation graph have red pebbles on them as in P just prior to doing IkS .This invariant can be maintained inductively. It is initially true since no nodes have78



red pebbles on them in either pebbling. Assume that P and P 0 are in the same con-�guration just prior to doing IkS . Then P 0 must have r < S pebbles on the graph, soit has at least S available to do all the inputs for the phase. After doing the inputs, Pand P 0 both have S � r pebbles left, so P 0 can exactly simulate P with the exceptionthat it need not put a red pebble on any vertex already containing one. At the end ofthe phase, P 0 removes red pebbles from all vertices not covered with red pebbles by P ,maintaining the induction hypothesis. 2Finally, we show how many nodes in the lattice can be red-pebbled using onlyinternal computations.Lemma 35 The maximum number of nodes in the lattice that can be pebbled with Sred pebbles using rule 4 alone is (S3=2� S)=2, assuming S < m.Proof : Let us consider any schedule that maximizes the number of nodes pebbled usingrule 4 only. By Lemma 33 we can assume that the schedule proceeds generation bygeneration, for generations 0; 1; . . . ; g� 1. Each generation will be pebbled in parallel.Let Ai � 0 be the number of red pebbles moved while pebbling generation i+ 1 fromgeneration i, and let Bi � 0 be the number of red pebbles \left behind" on generation i.We have X0�i�g�1Bi = S; (6:2)since each red pebble must eventually be left behind, or more moves would be possible.The term Ai is maximized if all S pebbles are on generation i at some point in theschedule, arranged in a square in a corner of the lattice. The fact that S � m meansthat the square can touch at most one corner. If this is the case, then Ai will be exactly(pS � 1)2. Thus, for any value of i we haveAi � �pS � 1�2 : (6:3)Likewise, the border of each cluster of pebbles must be left behind unless the border isat the edge of the lattice. The perimeter of a cluster of S pebbles is at least 4pS, atmost half of which can be along the edge of the lattice, so we haveBi > 2pAi: (6:4)We can get an upper bound onPiAi, the number of nodes pebbled, by maximizingPiAi subject to constraints (6.2), (6.3), and (6.4), where Ai and Bi are allowed tobe real nonnegative numbers. Thus, PiAi is strictly bounded by a hypothetical casewith Ai = (pS � 1)2 for S=Bi = S=(2(pS � 1)) values of i. This gives us the boundPiAi � (S3=2 � S)=2, which proves the lemma. 2We are now ready to prove our main lower bound result.Theorem 24 For lattice computations with g � 2, in which there are S < m bits ofon-chip storage, we have  � 1p2S :79



Proof : Lemma 34 showed that every S-pebbling strategy with T I/Os can be simulatede�ciently by a 2S-pebbling of roughly T=S phases in which at most S inputs occurat the beginning of each phase. We use Lemmas 33 and 35 to bound the number ofinternal computations that can be done on the lattice during one phase. Since we knowhow many nodes there are in the lattice that must be red-pebbled, we get a lower boundon the number of inputs required.From Lemma 35, the maximum number of internal computations that can be donewithout I/O using 2S red pebbles is(2S)3=2� 2S2 :Since a total of gm2 lattice elements must be red-pebbled, the number of phases is atleast G = & gm212 �(2S)3=2� 2S�' � gm212(2S)3=2 + gm22S2 � gm2p2S3=2 + 1:Here, we have used the facts thatm > S and g � 2. Since each S-pebbling of the latticewith T I/Os has a corresponding 2S-pebbling with dT=Se phases, every S-pebblingmust have at least S(G� 1) input operations. Thus, from formula (6.1) de�ning theI/O overhead, the number of input operations is at leastgm2p2S ;leading to the result. 2In particular, in an array of n2 processors, each of which has � bits of storage, theI/O overhead is at least  � 1p2�n�1: (6:5)What happens if we insist that we want to see the results of the calculation after everygeneration? This corresponding lower bound is easy to determine.Lemma 36 The I/O overhead to compute one generation of a lattice computation andlook at the results is at least 2.Proof : In this case, the computation graph consists of only two layers, each with m2cells. Clearly it will take a minimum of m2 inputs to red-pebble the inputs and aminimum of m2 outputs to blue-pebble the outputs, once they have been red-pebbled.Thus, we have  every gen. � 2m2m2 = 2; (6:6)as claimed. 280
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Figure 6.1: Interprocessor communication.So any lattice computation in which we wish to examine all the cells at each gen-eration will have an I/O overhead  � 2, regardless of the number of generationscomputed, assuming no values are retained on the chip between generations. Thebound in (6.6) is clearly worse than that of (6.5), where the cells do not have to beexamined at each generation. VLSI chips to do lattice computations seem to be mostsuitable for studying the asymptotic behavior of initial con�gurations.6.2 Architectural ApproachesIn this section we present and analyze four parallel VLSI architectures for lattice compu-tations. Each one uses a two-dimensional processor grid. The limited-size architectureattempts to keep the entire problem in the processor array. The various sweep architec-tures permit the processor array to sweep over portions of a much larger problem. Inthe case of the sweep architectures, the I/O overhead is derived for the \steady-state"case, that is, assuming that the problem size is large with respect to the number ofprocessors.6.2.1 Limited-size architectureThe most straightforward approach to simulating a lattice computation is to assumethere exists a one-to-one correspondence between processors and cells. For this weuse n2 processors arranged in an n�n square mesh, each communicating directly witheight neighbors, as shown in Figure 6.1. We can only consider computations of sizem � m, with m � n, as there are no provisions for saving intermediate results. Eachprocessor requires one storage location to hold its current state. The algorithm usedis: 81
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arrayFigure 6.2: Tessellating the problem space.1. Input m�m problem.2. Compute for G generations.3. Output results.Notice that, although the problem initially �ts entirely within the array of proces-sors, there is no guarantee that it will continue to do so as G ! 1. Conservatively,we must take G = b(n�m)=2c. After this point, we must stop and output the results,since we can no longer be sure that we will get the same result as would be obtainedin an in�nite grid. A short derivation using (6.1) shows that the I/O overhead for thisarchitecture is  ls = 2n�1 + 2mn�2 + O �m2n�3� :With � = 1, the lower bound from (6.5) tells us that > 1p2n�1:Thus, the limited-size architecture has an I/O overhead at most 2.83 times the optimal.In practice, of course, this scheme is not useful because it ignores problems larger thann� n.6.2.2 Array sweep architectureIn this architecture, described by To�oli [ToM], the complete lattice computation isstored in an m�m grid of memory cells. The processor array repetitively loads n� n82



subproblems, updates states by a single generation, and writes results back to theiroriginal o�-chip locations. In this manner, the processors wind their way throughthe problem space, tessellating the computation as demonstrated in Figure 6.2. Thealgorithm for this architecture is:1. For each subproblem in tessellation, do steps 2{4.2. Input n� n subproblem.3. Compute for one generation.4. Output results.Here the I/O overhead is found to be as = 2 + 4n�1 + 4n�2:Because the array sweep architecture outputs each state at every generation, (6.6) cor-rectly predicts that  � 2. A slight improvement over this is possible by observing thatthe rightmost two columns of a given computation become the leftmost two columns inthe next computation; these values need not be written to memory as they will alwaysbe re-read immediately. With this change the I/O overhead becomes mas = 2 + 2n�1:6.2.3 n=2-Generation sweep architectureThe array sweep architecture computes only a single generation for each subproblembefore moving on to the next. This policy seems wasteful when I/O overhead is aprimary concern. Why not compute multiple generations once a given subproblem hasbeen loaded? The potential pitfall here is that states at the memory-processor borderare not updated as they should be. As the computation progresses, these incorrectvalues propagate their e�ect inward. Eventually, after (n� 1)=2 generations, only thecentermost cell is correct (assuming n is odd). Nevertheless, we can proceed by savingthis one valid value and loading a new subproblem. Fortunately, this last step is greatlysimpli�ed if each processor stores an additional bit, its original state. These values areleft-shifted one position before beginning the next computation, so that only n + 2new values need to be input along the array's right border. In this architecture, weno longer tessellate the problem space, but truly sweep it. The n=2-generation sweeparchitecture employs the following algorithm:1. For each row in problem space, do steps 2{5.2. For each column in problem space, do steps 3{5.3. Left-shift original states one position, input n + 2 new values.4. Compute for (n� 1)=2 generations.5. Output result from centermost processor.The I/O overhead can be computed as n=2 = 2 + 4n�1 � 4n�2 +O(n�3):Thus, this architecture is slightly better than the original array sweep architecture, butnot as good as the modi�ed version. 83
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Figure 6.3: Multigeneration sweep architecture.6.2.4 Multigeneration sweep architectureThe previous two schemes are merely the extreme cases in a spectrum of architectures.It is possible to work anywhere between the array sweep architecture and the n=2-generation sweep architecture, as shown in Figure 6.3. Processor requirements in thiscase are the same as those in the n=2-generation sweep architecture, except for theneed to output a k� k matrix of results. We modify the algorithm slightly so that theprocessor array computes only (n� k)=2 + 1 generations in step 4.To�oli and Margolus mention this technique under the name \scooping", but donot analyze it from the standpoint of I/O e�ciency [MaT, ToM].I/O overhead for this architecture is easiest to derive in terms of k, but can berelated to g since k = n � 2(g � 1):The equation is  mgs = 2(n� g + 2)g(n� 2g + 2) : (6:7)If we do the asymptotics directly from this equation for I/O overhead, we get theunrealistic idea that the I/O overhead can become arbitrarily good if the number ofgenerations computed goes to in�nity. This is not only unreasonable, since at mostbn=2c generations can be validly computed, but it also seems to contradict the �ndingfor the n=2-generation sweep architecture, which has a constant I/O overhead. The84



discrepancy is that the approximation used in generating the asymptotic expressionbecomes invalid when g approaches n=2.We can adopt a di�erent approach and compute the value of g that minimizes theexpression for I/O overhead. By setting the partial derivative of  with respect to gequal to zero, we getn+ 2� p22 pn2 + 4n+ 4 =  1� p22 ! (n+ 2);of which the negative root gives the minimum. Thus,~gmin =  1� p22 ! (n+ 2) (6:8)The tilde superscript is to indicate that this quantity is always an integer multiple of anirrational number and is therefore always non-integral. What we want is the discreteminimum for (6.7). We show in Appendix A that taking the nearest integer of (6.8)gives the discrete minimum: gmin = �~gmin + 12� :Thus, we can calculate the asymptotic I/O overhead by noting thatgmin =  1� p22 !n+ O(1);so  mgs = �6 + 4p2�n�1 +O(n�2):The pebbling bound in this case (assuming � = 2) is > 12n�1:Thus, this architecture is asymptotically optimal and falls within a factor of about 23of the best possible I/O overhead.6.3 ConclusionsIn this chapter, we discussed I/O overhead  as a measure of merit for parallel VLSIarchitectures for lattice computations. We derived theoretic lower bounds on  basedon the red-blue pebbling game. We presented and analyzed four potential architecturesshowing that one, the multigeneration sweep architecture, was optimal in terms of  within a small constant factor. Finally, we proved the discrete minimization formulathat results in the optimal performance of the multigeneration sweep architecture.Do the asymptotic di�erences exhibited in this chapter have any practical signi�-cance? Table 6.1 indicates values of  for three of our schemes. The multigeneration85



array sweep n=2-gen. multigenerationn   gmin  1 4 4 1 42 3 | 1 33 2.67 3 1 2.674 2.5 | 2 25 2.4 2.67 2 1.676 2.33 | 2 1.57 2.28 2.5 3 1.338 2.25 | 3 1.179 2.22 2.4 3 1.0710 2.2 | 4 111 2.18 2.33 4 0.921 2.10 2.18 7 0.5131 2.06 2.12 10 0.35101 2.02 2.04 30 0.111001 2.00 2.00 294 0.01Table 6.1: I/O overhead for various architectures..sweep architecture is noticeably superior even when n is relatively small. A value of31 is achievable with current technology, resulting in an almost sixfold improvement inI/O performance; using wafer technology, a chip with 1002 processors is conceivable,in which case the factor is more than 18.It is noteworthy that when n is larger than about 6, the I/O performance of thearray sweep architecture proposed by other researchers is almost independent of n. Ina problem like this, for which the limiting factor is I/O, we have the undesirable resultthat packing more processors onto a chip does not help much.We conclude that a VLSI implementation of a two-dimensional lattice computationdoes not need to be severely restricted by its I/O performance so long as viewing theresults after each generation is unnecessary. In this case, the increased complexity ofdesigning a chip to use the multigeneration sweep architecture may be more than o�setby its I/O e�ciency.An interesting extension to this work currently being investigated is the I/O over-head associated with simulating neural net computations.
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Chapter 7Blocking for External GraphSearching7.1 IntroductionSearching is a fundamental topic in computer science [Knu]. In external searching, therecords to be searched cannot �t simultaneously in the internal memory. In this chapter,we consider searching in graphs. There is a process that generates a path through agraph, and it is necessary for each vertex in the path to be present in memory in orderto decide which vertex to visit next. We assume that internal memory is capable ofholding M vertices, and that data are read from the secondary storage in blocks of Bvertices, where of course B � M . The goal is to minimize the total number of blocktransfers.We show that optimal blocking speed-ups can be achieved for many graphs as longhas some degree of replication of data is present. We study this problem under a widevariety of assumptions concerning replication of data and structure of the underlyinggraph. For the case of grid graphs blocked using isothetic hypercubes, we show thatwith no duplication of data, there is a provably worse bound on the optimal blockingspeed-up.We are expanding on the research area of e�cient data storage, where in our casewe have some knowledge (in the form of a graph) of the possible data accesses. We donot, however, know the sequence of accesses in advance. There are many applicationsfor using blocks e�ciently in external graph searching. These include A.I. searching inconstraint networks, robot motion planning, the simulation of large Deterministic Fi-nite Automata (DFA), browsing in hypertext applications, accesses in object-orienteddatabases, and some matrix algorithms such as searching in monotone arrays [AgP].Sometimes the graphs are well-structured, as in the case of matrix searches and robotmotion planning in a space discretized in a grid (which gives rise to grid graphs). Atother times the graphs are unstructured, as in A.I. searching and DFA simulation.For the purposes of this paper, we assume that all graphs are undirected, an assump-tion that may not hold for certain applications such as hypertext and object-oriented87



databases.One important assumption of our model is that data may be multiply representedin blocks. This is a stronger assumption than that used, for example, by externalB-trees, where a record of data may be pointed to from several places, although thedata (exclusive of the key being indexed) exist in only one block [Ull]. We allow actualreplication of the data and de�ne the storage blow-up s to be the ratio between theactual number of blocks used to represent the data and the minimum number thatcould be used.We know of no previous work for this problem, but there is considerable relatedwork. Borodin et al. considered a similar problem where they were traversing an accessgraph, but they considered only block size B = 1 and worked on developing an e�cientpaging algorithm [BIR]. Alternatively, all the work done in the database communityon B-trees could be viewed as a solution to our problem for complete trees with s = 1.There is considerable previous work on embedding of one type of data structureinto another [AlR, CRS, DEL, Rosa, Rosb, Rosc, RoS]. This work is relevant becauseif we view the data structures as graphs, the goal of the embedding is to maintainlocality in the original graph when accesses are done according to the target graph. Ifthe data structures can be stored so that local references in the structure correspondto local references in storage, then it is hoped that such a locality-of-reference wouldlead to fewer page faults. Of course, this is only a heuristic, and local references inthe target graph do not always get translated into local references in the host. Forexample, Rosenberg considered the problem of preserving proximity in arrays [Rosa]when mapping onto a linear access structure. A grid graph describes the proximityproperties of arrays, so the embedding problem here is to map a grid graph into asemi-in�nite number line. An interesting hypothesis is that blocking the data elementsthat are mapped into consecutive sets of B numbers on the number line would give goodperformance for graph searching in a grid graph. Rosenberg showed that there is nolinear mapping scheme that preserves proximity globally in arrays that are extendiblein more than one dimension. DeMillo et al. considered the same problem and showedthat proximity could be maintained if the storage mechanism was a binary tree [DEL].Both concluded that the standard row-major (or column-major) way of storing arrayswas asymptotically optimal for preserving locality in arrays. We �nd, however, thatour earlier hypothesis concerning blocking does not hold even for �nite arrays, as longas the array structure is much larger than the memory size. The embedding literaturealso fails to take into account the fact that data items may be multiply represented. Analternative approach is taken by Lipton et al., who consider hierarchies of embeddingsof graphs, where they do allow a given vertex to be replicated up to S times in goingfrom one level of the hierarchy to the next, as well as a factor of T expansion in thedistance between vertices [LED]. Their paper, however, focuses on lower bounds forgeneral graphs, and does not deal with the issue of how to �nd optimal embeddings.It is also not clear what the relevance of any optimal embeddings is to blocking.In Section 7.2, we state the speci�cs of the model we are using for blocking inexternal graph searching. Section 7.3 gives some general results on paging strategies.Section 7.4 gives upper and lower bounds for searching in general graphs. Sections 7.588



and 7.6 consider upper and lower bounds for the blocking e�ciency of searching in treesand grid graphs, respectively. Finally, Table 7.1 in Section 7.7 gives a summary of theresults.7.2 ModelWe summarize the key assumptions of the model here, for the graph G = (V;E).1. The data are associated only with the vertices of the graph. Each vertex can berepresented with a �xed amount of space.2. Data for the vertices are stored in blocks, each of which can hold data for up to Bvertices.3. Data for a single vertex may be redundantly present in more than one block.Only one such block needs to be present in memory to satisfy the request.4. The blocking algorithm must decide which data to store in which block beforethe search occurs, having no pre-knowledge of the search path.5. The internal memory can hold data for at mostM vertices, after which B elementswill have to be 
ushed from memory to make room for a new block. In the weakmodel, those B elements must comprise a single block; in the strong model any Belements may be 
ushed from the memory.6. Initially there are no vertices in internal memory.7. The total number of vertices in the graph is n = �M , where �� 1.8. We will traverse a path of length L, where L could exceed n.Assumption 3 is reasonable for searching (a read-only traversal in the graph), wherethe data for the vertices are not changed, but would not be a reasonable assumption ifwe needed to perform updates on the graph, since then all copies of a vertex would haveto be present in memory to service the request. If the total amount of storage usedto represent the graph is S, we de�ne the storage blow-up s = S=(n=B). Intuitively,s is the average number of blocks containing each vertex in the graph. One of themajor e�orts of this research is to see what e�ect storage blow-up has on the e�ciencyof blocking algorithms, which in turn determines how much gain can be achieved byblocking for a read-only application versus an application that is required to updatethe data structures.If a vertex is present in internal memory at least once, we will call the vertex covered(by analogy with graph pebbling); conversely those vertices present nowhere in memoryare uncovered. We will use the term page fault to refer to an event where the path we aretracing through a graph extends to an uncovered vertex, and for which the searchingalgorithm therefore needs to read at least one block from the secondary memory. If apath generates a page fault only every � steps (on average), we say that it achieves a89



blocking speed-up of �. We usually wish for � to be an increasing function �(B). Wewill refer to the vertex currently being traversed at any time as the pathfront.When a page fault causes a block to be brought into memory, it may be the casethat it is necessary for it to overwrite data that are already in memory so as not toexceed the memory size. If the data are always 
ushed out by blocks, we say thatwere are using the weak paging strategy. A strong paging strategy would allow anyB copies of vertices to be 
ushed, independent of whether they were originally in thesame block. We count \copies of vertices" rather than the vertices themselves, sinceany vertex may be present multiple times in memory.Notice that an upper bound on the blocking speed-up � derives from theoreticalconsiderations that apply no matter what the algorithm, and a lower bound on � is analgorithm to achieve that speed-up. This is the reverse of the usual upper bound/lowerbound situation encountered in previous chapters. An algorithm consists of two parts:1. An assignment of vertices of the graph to blocks, known as the blocking. It ishere that the storage blow-up is a consideration.2. A paging algorithm to specify what vertices/blocks are in memory. It is the pagingalgorithm that determines whether we are in the strong or the weak model.All algorithms presented in this paper are valid for the strong model. In this paper, alllogarithms are base 2 unless otherwise speci�ed.7.3 Paging StrategiesIt is not obvious given this model that blocking can ever be used e�ciently. In fact,there is a graph for which an adversary can limit �(B) � 1, independently of B. Forexample, consider KM+1, the complete graph onM +1 vertices, with the path startingon any vertex. At any subsequent point, there will be at least one vertex that is not inmemory. Extending the path to any such vertex will force a page fault.It would seem that restricting the graphs to planar ones would prevent such aterrible case from occurring (at least for M > 4). However, as the next section shows,even this restriction does not help very much in the worst case.We can distinguish between paging algorithms based on whether they are on-line oro�-line. An o�-line paging strategy may consider the entire path before deciding whatblocks need to be brought in. An on-line paging strategy must base its decision onwhat block to bring in at any point only upon the previous history of the path (indeedit su�ces to know only the pathfront). Note that in both cases, however, the blocksare �xed a priori without knowledge of the path. There is no distinction between anon-line and an o�-line lazy strategy if s = 1. Permitting a paging strategy to be o�-lineand an unlimited storage blow-up allows for very e�cient blocking.Lemma 37 There is a blocking and an o�-line paging strategy that always achieves aspeed-up of at least B, even if B =M . 90



Proof : Let the blocking be B = fvertices of all paths of length B � 1g. Clearly thestorage blow-up is large for this blocking. The o�-line algorithm is simple: at any pagefault, pick a block that contains all the vertices belonging to the next B � 1 steps ofthe path. Thus, a page fault can occur at most every B steps. 2The interesting cases come, of course, with using an on-line paging strategy andwith blockings with constant-degree storage blow-ups. We can term a paging algorithmas lazy if it only brings a block into memory that services an immediately precedingpage fault. It is possible to show that we can restrict ourselves to lazy algorithms fromthe standpoint of proving upper bounds, at least if we are dealing in the weak model,as the following theorem shows.Theorem 25 For any blocking B = fBig, there is an optimal on-line weak pagingstrategy that is lazy.Proof : We want to convert any on-line weak paging algorithm A to a correspondingstrategy A0 that is lazy, without increasing the total number of page faults. Let thepath P = (v1; . . . ; vL) be �xed. We de�ne the set of blocksMi = fBk j algorithm A has Bk in memory when stepping to vertex vi+1g:Mi is a set of blocks; we will represent the set of vertices that is the union of all theblocks as [Mi. We de�ne M0i similarly for algorithm A0. We will let our derivedalgorithm proceed in a lazy fashion, maintaining the invariant M0i � Mi for all 0 �i < L. We consider three transactions that may take place by algorithm A in steppingfrom vertex vi to vi+1:1. Some set of blocks Ai is 
ushed from memory.2. Some block Bj may brought into memory as a result of a page fault. LetFi = ( fBjg if vi+1 =2 [Mi and vi+1 2 Bj; if vi+1 =2 [MiWe maintain jFij � 1; if more than one block contains a faulted vertex, we includeonly one of them.3. Some other set of blocks Ci is read into memory. Some of these blocks maycontain vi+q .By de�nition, Mi+1 = (Mi � Ai) [ Fi [ Ci. We are now ready to de�ne how toformM0i+1.1. If vi+1 2 [(M0i �Ai) then M0i+1 =M0i �Ai.2. If vi+1 =2 [(M0i �Ai) then(a) If Fi 6= ; then let M0i+1 = (M0i � Ai) [ Fi.91



(b) If Fi = ;. In this case, algorithmA0 will cause a page fault where algorithmAdid not. A0 has in memory (at least) all those blocks which A brought intomemory for servicing page faults and has not subsequently 
ushed. It followsthat vi+1 2 Bk for some k for which Bk 2 C` for some ` � i and Bk =2 Amfor any ` < m � i + 1. Then we let M0i+1 = (M0i � Ai) [ fBkg. SetC` = C` � fBkg.It is easy to see that each of the possibilities preserves the invariantM0i+1 �Mi+1,thus guaranteeing that algorithm A0 will never exceed available memory. We can alsocompare the number of pages read by A0 at step i+ 1, Pi+1(A0) to those read by A atthe same step, Pi+1(A):1. Pi+1(A0) = 0 � Pi+1(A).2. For the two subcases:(a) Pi+1(A0) = 1 � Pi+1(A).(b) Pi+1(A0) = 1. In this case, Pi+1(A0) could be higher than Pi+1(A). However,then we must have had the case that P`(A0) � P`(A)� 1, since j C` j� 1, sothat Pi+1(A0)+P`(A0) � Pi+1(A)+P`(A). We reduced the cardinality of C`by one to compensate, so that Pi+1(A0) + P`(A0) � Pi+1(A) + P`(A).Thus, algorithm A0 needs no more reads than algorithm A, but has operatedthroughout in a lazy fashion. 2It is possible that this theorem could be extended to the strong model by consideringthe multi-set of vertices present in memory instead of the set of blocks and proceedingsimilarly. The extension is not straightforward, however, since it is not so easy todecrement the cardinality of C`, since the block that read in the faulted vertex back instep ` may have had many of its vertices subsequently 
ushed, so that it is di�cult toargue that Pi+1(A0) + P`(A0) � Pi+1(A) + P`(A).7.4 Searching in general graphsWe here consider the problem of searching in general graphs. First we must startwith some de�nitions. Consider we have a connected graph G = (V;E) such thatjV j = n = �M , where � > 1.De�nition 4 Let v 2 N � V . Then we say that N is a neighborhood of v.Note that N is not necessarily connected. Let Nv = fall neighborhoods of vg. IfN 2 Nv and jN j = k, then we say N is a k-neighborhood of v. Let Nv(k) =fall k-neighborhoods of vg.De�nition 5 Let N 2 Nv. Then b(v;N), the break-out distance of v in N , is de�nedto be the minimum distance from v to any point not in N , i.e.,b(v;N) = minv0 =2N d(v; v0);92



where d(v; v0) is the minimum path length from v to v0.De�nition 6 We call any N 2 Nv(k) for which b(v;N) is a maximum over all k-neighborhoods of v a compact k-neighborhood. If N is a compact k-neighborhood of v,then we de�ne rv(k) = b(v;N) to be the k-radius of v. We let N �v (k) denote the set ofall compact k-neighborhoods of v.We can show a simple lemma concerning compact neighborhoods.Lemma 38 Assume we have a graph G = (V;E). At least one compact k-neighborhoodof vertex v is connected for any vertex v 2 V .Proof : Consider the setsW = fv0 2 V j d(v; v0) � rv(k)g andW 0 = fv0 2 V j d(v; v0) �rv(k)g and consider any V 0 2 N �v (k). By de�nition of rv(k), jW j � S < jW 0j. Since Vis a compact k-neighborhood, it must be the case that W � V 0. It can be shownby simple induction on k that W and W 0 are connected. So any set V 0 such thatW � V 0 � W 0 will be connected, since V 0 �W will comprise only vertices connectedto some vertex in W and W was connected. There is some such V 0 for which jV 0j = k,which will be a connected, compact k-neighborhood of v. 2De�nition 7 We can de�ne two k-radii for graphs, then minimum k-radius and themaximum k-radius respectively to ber�(k) = minv2V rv(k)and r+(k) = maxv2V rv(k):De�nition 8 Any class of graphs for which the ratio r+(k)=r�(k) is bounded by aconstant for some k is called a k-uniform class of graphs.Clearly, for any particular graph, the ratio between the upper and lower k-radiusis constant, so the uniformity de�nition applies only to an in�nite class of graphs.We start with a few examples of k-radii, followed by a few simple lemmas.Example 1 We can compute the k-radii of complete d-ary trees. It is simple to seethat the root has (dr+1 � 1)=(d� 1) within a distance of r (assuming that the heightof the tree is at least r). This fact leads torroot(k) = log (k(d� 1) + 1)log d � 1:Similarly, a vertex that is at least a distance r from both the root and the leaves hasradius rint(k) = log (k(d� 1) + 2)� log(d+ 1)log d :93



The leaves are a little harder to analyze, but each leaf of a tree with height at least rhas dbr=2c+1 + ddr=2e � 2d� 1vertices within a distance r of it. This leads to a radiusrleaf(k) = min�2 � log (k(d� 1) + 2)� 1log d � 12� ;2 � log ((k(d+ 1) + 2)=d� 1)� 1log d �+ 1� :Comparing these values, it follows that for complete d-ary trees, r�(k) = rint(k)and r+(k) = rleaf(k). Those internal vertices that are within a distance r of the roothave a number of vertices within a distance r of them that is intermediate betweenthose of the internal vertices and the root; the radii are correspondingly intermediatewhen k becomes large enough. A similar fact holds for those internal vertices that areclose to the leaves. 2Lemma 39 The set of all complete d-ary trees is a uniform class of graphs.Proof : The minimum and maximum radii are always within about a factor of 2. 2Example 2 We can also compute the leading term of the radii for grid graphs. SeeSection 7.6 for a de�nition of grid graphs. We �rst note that all the vertices in ad-dimensional grid graph have the same radius rd(k) for any value k; consequentlygrid graphs comprise a uniform class of graphs. We start by computing the numberof vertices kd(r) within a distance r of any vertex in a d-dimensional grid graph; theradii are found by inverting this function to get r as a function of k. The problem ofcomputing how large the neighborhoods of radius r in d-dimensional grid graphs wasconsidered by Rosenberg [Rosa], where he derived the answer O(rd). In the followingderivation, we �nd the exact coe�cient of the rd term.It is immediately apparent that in one dimension, there are 2r + 1 vertices withina distance r of any vertex; in other words, k1(r) = 2r + 1. We will only be able tocompute the leading term, so we will consider the functions ~kd(r) that are the sameas kd(r) with all but the leading terms removed. Thus, ~k1(r) = 2r. We observe thatkd(r) = kd�1(r) + 2 X0�r0<r kd�1(r0);or equivalently ~kd(r) = 2 X0�r0<r ~kd�1(r0):It is also clear that ~kd(r) = cdrd for some cd. We can compute the recurrence for cd asfollows: cd = 2dcd�1c1 = 294



using the fact that X0�i<n id = 1d+ 1nd+1 +O(nd):We can solve the recurrence for cd to show that~kd(r) = 2dd! rd:Inverting this formula, we arrive at our radius:rd(k) = 12 (d! k)1=d + o(k1=d):We can use Stirling's formula to approximate the d! term, giving the resultrd(k) � 12e(2�d)1=2ddk1=d:Finally, notice that (2�d)1=2d converges to 1 as d ! 1 (and is never larger thanabout 2.5), so that rd(k) � 12e dk1=d:Since all the vertices have the same radius, we getr+d (k) = r�d (k) � 12e dk1=d: (7:1)2Lemma 40 For any graph G = (V;E), if k � k0, then1. rv(k) � rv(k0) for any v 2 V ,2. r+(k) � r+(k0), and3. r�(k) � r�(k0).Proof : Assume that k � k0.(1) Let N be a compact k-neighborhood of v. Let N 0 be N plus any (k0� k) othervertices. Then N 0 is a k0-neighborhood with radius at least rv(k).(2) Let v be a vertex such that rv(k0) = r�(k0). Then we haver�(k) � rv(k) � rv(k0) = r�(k0):(3) Let v be a vertex such that rv(k) = r+(k). Thenr+(k) = rv(k) � rv(k0) � r+(k0): 295
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>2r  (k)+Figure 7.1: Vertex w will have a larger k-radius than r+(k).The next lemma states that if we increase a compact j-neighborhood of any vertexby adding k additional vertices, we cannot increase the radius by more than 2r+(k).Lemma 41 For any vertex v, rv(j + k) � rv(j) + 2r+(k).Proof : Figure 7.1 illustrates this proof. Assume by way of contradiction that for somej, k, and v, we have rv(j + k) > rv(j) + 2r+(k). We can �nd two compact neighbor-hoods Nj and Nj+k consisting of j and j + k vertices, respectively, with Nj � Nj+k.By de�nition of the radius, those vertices on the border of Nj (i.e., those vertices v0such that b(v0; Nj) = 1) have b(v0; Nj+k) > 2r+(k) + 1. Choose that vertex v0 suchthat b(v0; Nj+k) is minimized and consider a path that realizes the break-out distance.This path will have length more than 2r+(k) + 1. Consider the vertex w that is themidpoint of the path. De�ne N = Nj+k �Nj ; N is a k-neighborhood of w. From ver-tex w, it takes more than r+(k) steps to reach any vertex in Nj ; likewise it takes morethan r+(k) steps to reach any vertex in G � Nj+k . It follows that b(w;N) > r+(k),contradicting the de�nition of r+(k). Hence there can be no such j, k, and v. 2The previous lemma leads to the following important result.Lemma 42 Assume that k � k0. Thenr+(k0) � �2k0k + 2� r+(k):Proof : Let v be some vertex with radius rv(k0) = r+(k0) and let d = dk0=ke. ByLemma 41, if we start from some compact k-neighborhood of v, we can increase the96



radius by at most 2r+(k) for every additional k vertices we add to it. It follows thatr+(k0) = rv(k0) � rv(k) + 2dr+(k) � r+(k) + 2dr+(k) � �2k0k + 2� r+(k): 27.4.1 Upper boundsArmed with the above de�nitions and lemmas, we are ready to prove some upperbounds. The �rst few upper bounds are trivial.Lemma 43 The fastest worst-case speed-up that could be achieved in any graph is � �r+(M).Proof : Let the vertices in memory be some k-neighborhood of the pathfront just aftera page fault has been serviced, for some k � M . By de�nition of r+(M), there willalways be some vertex within that distance of the pathfront that is not in memory, so itcan take at most that many steps to cause the next page fault. Causing the next pagefault leaves the same con�guration as we assumed, so this process can be continuedinde�nitely. 2A second lemma is like this �rst one.Lemma 44 The fastest worst-case speed-up that could be achieved in any graph is � �2r�(M).Proof : Let v be a vertex such that rv(M) = r�(M) (there must be at least one suchvertex by the de�nition of minimum M -radius), and let W = fv0 2 V j d(v; v0) �r�(M)g. By de�nition, jW j > M and the distance between any two points w;w0 2 Wis d(w;w0) � d(w; v) + d(v; w0) � 2r�(M):Then as long as the pathfront is somewhere in W , it is always possible to extend thepath to a vertex in W that is not in memory in fewer than 2r�(M) steps, no matterwhich M vertices are in memory. We can begin at vertex v to establish the initialcondition. 2These lemmas correctly handle the example where a vertex is attached to M othervertices; r+(M) = 1 in this case and as we found before, no speed-up was possibleregardless of the block size.The di�culty with these two lemmas is that they are independent of the block size.Intuitively, it would seem that by using a block size of B, the fastest possible speed-upwould be B or at least O(B). The next lemma proves such a bound.Lemma 45 The fastest worst-case speed-up that could be achieved in a graph contain-ing �M vertices, � > 1, is � � 2 ��� 1B:97



Proof : Assume that we are anywhere in the graph and that there are at most Mvertices in memory. We can walk through the entire graph using exactly 2�M stepsby doing an Eulerian tour of the graph resulting from doubling all the edges of somespanning tree; this tour will leave us back at the same node as we started. During thiswalk, we are guaranteed to cause at least (�� 1)M=B page faults. 2This upper bound reduces to 2B as we let � ! 1. In the special case of graphscontaining a Hamiltonian cycle, we can clearly get an upper bound of B by having theadversary continually follow the Hamiltonian cycle.We would like to prove an even stronger upper bound, speci�cally something thatis proportional to r+(B) � B. The next lemma gives a result along this line.Lemma 46 The fastest worst-case speed-up that could be achieved for any graph is� � �2MB + 2� r+(B).Proof : From Lemma 43, we know that r+(M) is an upper bound. But from Lemma 42,r+(M) � �2MB + 2� r+(B). 2In particular, the previous lemma shows that we have a bound that is proportionalto r+(B) as long as we use blocks that grow as a constant fraction of the memory size|in other words, as long as we have large blocks. As the block sizes become smaller,it becomes much more di�cult to get an upper bound proportional to r+(B). Thefollowing lemma gives such a bound with some restrictions on the blocking. We latergeneralize the lemma to remove any such restrictions.Before presenting the lemma, however, we want to make some observations abouthypergraphs [Ber]. First, a hypergraph is a pair G = (V;H), where V is a set of verticesand H is a set of subsets of V called edges. If each set H 2 H has cardinality 2, thenG is an ordinary graph. If jH j = r for all H 2 H, then we say that the hypergraphis r-regular. Let S � V . Then if for every H 2 H we have jH \ Sj � 1, then wesay that S is a strongly stable set of vertices. Notice that blocking the vertices of thegraph in which we wish to search induces a B-regular hypergraph, where each of theblocks is an edge of the hypergraph. The next lemma says that we can get an upperbound proportional to r+(B) as long as we can �nd a strongly stable set of vertices ofcardinality at least dN=Be.Lemma 47 Assume that there are dN=Be vertices such that there is no block contain-ing any two of them. Then the blocking speed-up satis�es�(B) � 8r+(B)as N=M !1.Proof : De�ne the ball of radius r around vertex v to be fv0 2 V j d(v; v0) � rg, denotedby Kv(r). De�ne a close packing of balls of radius r in a graph to be a packing of ballsof radius r such that each ball is touching at least one other ball (assuming there is98



Centers of close-packing balls

“Must-visit” verticesFigure 7.2: Creating a spanning tree visiting all the \must-visit" vertices.more than one ball in the packing). Two balls are touching if the distance betweentheir centers is 2r. Choose any maximal close packing of balls of radius r+(B) in thegraph. Connect the centers of any touching balls together via paths of length 2r+(B)and create a spanning tree of the resulting subgraph, as shown in Figure 7.2. Thisspanning tree is called the skeletal Steiner tree. Since each ball of radius r+(B) byde�nition contains at least B vertices of the graph, there are at most bN=Bc balls inthe maximal close packing. Hence, the total length of this skeletal Steiner tree is nomore than 2r+(B) (bN=Bc � 1).We claim that every vertex in the graph is within a distance 2r+(B) of the skeletalSteiner tree. Assume that some point exists whose distance to the skeletal Steiner treeis greater than 2r+(B). Then it must likewise have a distance at least 2r+(B) from thecenters of each of the balls, and consequently there exists some vertex with distanceexactly 2r+(B) from some ball whose ball of radius r+(B) does not overlap any of theother balls, contradicting the assumption that the close packing was maximal.Now choose dN=Be strongly stable vertices. We call these vertices the \must-visit" vertices, since by visiting all of them, we guarantee that we will cause at leastdN=Be�M page faults. This set of strongly stable vertices was assumed to exist in thelemma. Attach each of these vertices to the skeletal tree using a path whose length isno more than 2r+(B) to form an augmented Steiner tree of total length no more than2r+(B) �NB �+ 2r+(B)��NB �� 1� < 4r+(B) �NB � :Traversing this augmented Steiner tree using an Eulerian tour is guaranteed to touchon dN=Be distinct blocks, with a total path length of no more than 8r+(B)dN=Be.99



Thus, we can have a blocking speed-up no more than8r+(B)dN=BedN=Be �M ! 8r+(B)as N=M !1, since M � B and therefore N=B !1 as N=M !1. 2This lemma has a simple corollary in the case that s = 1.Corollary 4 If the storage blow-up s is 1, then the blocking speed-up � is less than8r+(B).Proof : There are at least dN=Be blocks required to cover the graph. Pick a representa-tive of each of these blocks as the \must-visit" vertices. These vertices are guaranteedto satisfy the strongly-stable condition of Lemma 47. 2In the case s = 1, choosing and connecting the dN=Be \must-visit" vertices is aninstance of what is described in the literature at the group Steiner tree problem. Inthe group Steiner tree problem, the input consists of several sets of vertices, and thegoal is to �nd a Steiner tree that touches at least one representative of each set. Reichand Widmayer gave an approximation algorithm for the minimum group Steiner treeproblem, but did not give any guarantees on how much worse than optimal their resultscould be [ReW]. Ihler has shown the problem to be NP-hard, even if the graph is atree, and gave a trivial algorithm to approximate the optimal tree within a factor ofg � 1, where g is the number of groups [Ihl].The problem with applying Lemma 47 to blockings where there are not dN=Bestrongly stable vertices is that we are not guaranteed that each of the \must-visit"vertices will cause a page fault. Choosing a static set of \must-visit" vertices allowsthe paging algorithm to possibly satisfy several of the requests with a single block. Inthe extreme case where every set of B vertices comprises a block, the paging algorithmmight always bring in the next B \must-visit" vertices, achieving a blocking speed-upof Br+(B). The following lemma is a generalization to Lemma 47 that gets aroundthis problem by choosing the \must-visit" vertices dynamically.Lemma 48 The fastest worst-case speed-up that could be attained in any graph is� � 8r+(B):Proof : We construct a skeletal Steiner tree in the graph identically to how we did inthe proof for Lemma 47. However, instead of picking a �xed set of dN=Be \must-visit"vertices, we instead consider all the vertices in the graph as potential \must-visit"vertices. We show that every time we extend our path by 8dN=Ber+(B), we will causeat least d(N �M)=Be page faults, giving us the desired upper bound.We are going to order all the vertices in the graph. We start by associating witheach vertex of the skeletal Steiner tree a group consisting of all the vertices in the graphthat are closer to it than to any other vertices of the skeletal Steiner tree. Vertices thatare equidistant from several vertices of the skeletal Steiner tree are arbitrarily assigned100



to the group of one of them. We call the vertex on the skeletal Steiner tree the parentof its group. Each group has at least one vertex in it: its parent. We now pick somevertex of the skeletal Steiner tree as our distinguished start vertex, and assign it thenumber 1. We number any other vertices in its group in arbitrary order starting at 2.We complete the numbering by doing an Eulerian tour of the skeletal Steiner tree,numbering all the vertices of any previously unnumbered groups as we come across thegroup's parent node in the skeletal Steiner tree.Assume for the moment that none of the vertices is in memory and that we start ourpath at the start vertex of the graph, vertex 1. In response to the request at vertex 1,the paging algorithm will generate a page fault, bringing in some block of B vertices.We then consider the next \must-visit" vertex to be the �rst vertex according to theordering that is not in memory (call it v). As in the proof to Lemma 47, we visit v bygoing along the skeletal Steiner tree in Eulerian order until we get to its parent nodeand then taking a shortest path to v. After causing the page fault at v, we �nd thenext \must-visit" vertex (call it w) in the same way, extend the path to w by goingback to the skeletal Steiner tree reversing the path that brought us to v, taking theEulerian path in the skeletal Steiner tree to the parent of w, and taking a shortest pathto w. We continue this process until we have caused dN=Be page faults. At this pointwe will not have completed the tour, since we have N potential \must-visit" vertices,but the paging algorithm can only bring in B at a time, so that we can always causedN=Be page faults. Complete the tour by considering vertex 1 as a dummy \must-visit" node and extending the path appropriately. This process creates an augmentedSteiner tree among dN=Be dynamically chosen \must-visit" vertices, with total pathlength no more than 8r+(B), just as in the proof of Lemma 47. If there are verticesin memory, we can create the augmented Steiner tree in the same fashion, except thatwe can only guarantee d(N �M)=Be \must-visit" vertices in the augmented Steinertree. We can obviously continue cycling through the vertices inde�nitely, choosing adi�erent set of \must-visit" vertices at each pass. Thus, the overall blocking speed-upcan be no more than �(B) � 8r+(B)dN=Bed(N �M)=Be ;which gives the desired result as N=M !1. 2The previous lemmas lead up to our upper bound theorem.Theorem 26 The fastest worst-case speed-up that could be attained in any graph con-taining �M vertices, � > B, is� � min�r+(M); 2r�(M); 2 ��� 1B;�2MB + 2� r+(B); 8r+(B)� :Proof : This theorem follows directly from Lemmas 43 to 48. 27.4.2 Lower boundsIf we do not care about the storage blow-up, we can easily obtain a lower bound forgeneral graphs. 101



Lemma 49 There is a blocking and an on-line paging algorithm that achieves a worst-case speed-up of r�(B) with average storage blow-up s = B as long as M � B.Proof : Let the blocking B consist of one representative of N �v (B) for each vertex v inthe graph. When a page fault occurs on some vertex w, we bring in the representativeof N�w(B), replacing whatever else is in memory. By the de�nition of the radius, it willtake at least rw(B) � r�(B) steps to cause another page fault.We can easily compute the storage blow-up of the blocking. The blocking hasone block of size B for every vertex in the graph; thus, on average, each vertex isrepresented B times. However, there is no bound on the maximum number of times avertex may be represented. 2It is natural to ask to what extent we can reduce the storage blow-up in Lemma 49.It seems excessive to center a block on every vertex. It is indeed possible to reduce thestorage blow-up somewhat. First, let us de�ne a problem called BALL COVER(r).� Problem: BALL COVER(r)� Input: Connected graph G = (V;E) and distance r� Output: A subset V 0 � V of minimal cardinality such that for all v 2 V thereexists a v0 2 V 0 such that d(v; v0) � rThe problem of BALL COVER(r) is to pack a minimum number of balls of radius rinto the graph in such a way that the entire graph is covered.We can show a simple lemma relating BALL COVER(1) to VERTEX COVER.Recall that VERTEX COVER is the problem of �nding a minimum cardinality subsetV 0 � V such that for every edge e = (u; v) 2 E, either u 2 V 0 or v 2 V 0.Lemma 50 For a connected graph, any vertex cover is a ball cover(1).Proof : Let V 0 be a solution to VERTEX COVER. Assume by way of contradictionthat there is some vertex v such that d(v; v0) � 2 for all v0 2 V 0. Since G is connected,v is connected to some vertex u. u =2 V 0 by assumption since d(v; u) = 1. But then theedge (v; u) has no representative in V 0, so V 0 was not a vertex cover. 2VERTEX COVER is an NP-complete problem [GaJ], but there is a well-knownpolynomial algorithm that approximates the optimal vertex cover within a factor of 2.Take any maximal matching of G. A maximal matching is a set of vertex-disjoint edgesin a graph such that no additional edges can be added to it that will still be vertex-disjoint. Let V 0 = fall endpoints in the maximal matchingg. V 0 is a vertex cover, sinceif any edge had neither endpoint in V , we could add it to the matching, implying thatthe matching was not maximal. It approximates the optimal vertex cover within afactor of two, since at least one endpoint of every edge in the maximal matching mustbe present in the vertex cover. Unfortunately, the upper bound on the cardinality of V 0is n.We can use the idea to give upper bounds on the maximum cardinality subsets ofBALL COVER(r). 102



Lemma 51 There is a solution V 0 to BALL COVER(2) such that jV 0j � �n2� whenevern � 2.Proof : Find a maximal matching of G and let V 0 consist of one endpoint of every edgein the matching. If the matching is empty, the graph must consist of a single point. Ifthe matching is non-empty, any vertex that is a member of some matching is withina distance 1 of some v0 2 V 0. Likewise, any vertex that is adjacent to a vertex in thematching is within a distance 2 of some v0 2 V 0. Therefore, any vertex v that is notwithin a distance 2 of some v0 2 V 0 must have a distance at least 2 from any vertex inthe matching. But then there is a vertex u adjacent to v that has a distance 1 fromany matching, so (v; u) could be added to the matching, contradicting our assumptionthat the matching was maximal. Hence, V 0 is a ball cover(2). The matching can useat most n vertices, of which only one half are in V 0, so jV 0j � n2 . 2In �nding a ball cover(1), we packed as many graphs of the form �{� as we could,where a �lled circle denotes a vertex that we include in V 0. When searching for a ballcover(2), we packed subgraphs of the form �{�. What happens of we pack subgraphsof the form �{�{�?Lemma 52 There is a solution V 0 to BALL COVER(3) such that jV 0j � �n3 � as longas n � 3.Proof : Find a maximal packing of graphs of the form �{�{�, where we include themiddle vertex in V 0. If the packing is empty, the graph has only two vertices in it(either of which is a ball cover(3)). Assume that V 0 is non-empty. To show that V 0 isa ball cover(3), consider the fact that any vertex within one of the packed subgraphsmust have a distance at most 1 from a vertex in V 0. Thus, if there were a vertex v thathad a distance of 4 from any vertex in V 0, then it must have a distance at least 3 fromany vertex in the packing. But if that were the case, then it would be adjacent to avertex u of distance 2 which is adjacent to a vertex w of distance 1 from any vertex inthe packing. But then the path (v; u; w) could have been added to the packing (and uadded to V 0), contradiction the assumption that the packing was maximal. 2We can summarize the results above in the following table:r jBALL COVER(r)j1 n2 �n2 �3 �n3 �It is tempting to extrapolate the table to say that jBALL COVER(r)j � �nr �.Unfortunately, the above construction does not generalize to n = 4. However, we canextend the method to show the following theorem.Theorem 27 Let j 2 Z+. Then there is a solution V 0 to BALL COVER(3j) such thatjV 0j � j n2j+1k whenever n � 2j + 1. 103



Proof : Consider a maximal packing of subgraphs of the form�{� � �{�| {z }j {�{�{� � �{�| {z }j ;choosing only the centermost point to be in V 0. If the packing is empty, then there areno two points in the graph that are separated by a distance of more than 2j + 1 � 3j,so any single vertex will comprise a ball cover(3j); the cardinality, 1, will be no morethan n=(2j+ 1) whenever there are at least 2j+ 1 vertices in the graph. Now considerthe case where the packing is not empty. (By de�nition, there are at least 2j + 1vertices in the graph.) We claim that V 0 is a ball cover(3j). Assume that there issome vertex v that has a distance (without loss of generality) of 3j+1 from any vertexin V 0. Every vertex in one of the packed subgraphs is within a distance j of some pointin V 0, so vertex v must have a distance that is at least 2j + 1 from any vertex in thepacking. But then there is a path of length 2j+1 that does not include vertices of anymatching, contradicting the assumption that the packing was maximal. Thus, V 0 is aball cover(3j). It is evident by inspection that jV 0j � bn=(2j + 1)c. 2What about BALL COVER(2j + 1) and BALL COVER(2j + 2)? We can extendTheorem 27 by the simple observation that any ball cover(r) is also a ball cover(r+1).Corollary 5 There is a solution V 0 to BALL COVER(r) such that jV 0j � n2br=3c+1.Proof : Choose j = br=3c and apply Theorem 27. Every vertex is within a dis-tance 3br=3c � r of some vertex of V 0 and the cardinality jV 0j is exactly the givenexpression. 2We are now ready to reduce the storage blow-up needed to attain a blocking speed-up of cr�(B).Theorem 28 There is a blocking and an on-line paging algorithm that achieves aspeed-up � � dr�(B)=2e with asymptotically s = 3B=r�(B) as long as M � B.Proof : For compactness of notation, let r = r�(B). Construct a set V 0 to be a ballcover(br=2c), and choose as our blocking a representative of N �v (B) for every v 2 V 0.Recall that a compact B-neighborhood will have radius at least r. When a page faultoccurs at some vertex v, we know that there is some v0 2 V 0 such that d(v; v0) � r=2.Bring in the block associated with v0, Bv0 , replacing whatever else is in memory. Theblock contains every vertex within a distance rv0(B) � 1 � r � 1 of v0. Considerany vertex w not within the block Bv0 , as illustrated in Figure 7.3. By the triangleinequality, we know that d(v0; w) � d(v; w) + d(v; v0);or d(v; w)� d(v0; w)� d(v; v0):104
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≥rFigure 7.3: The distance between vertex v and vertex w must be at least � r2�.Furthermore, d(v0; w) � r and d(v; v0) � br=2c. Consequently it will take atleast dr�(B)=2e steps to cause an additional page fault from v. The memory needsclearly never exceed B.To show the storage blow-up, notice that as long as the graph has at least br=2cvertices in it, the number of vertices in V 0 isjV 0j � n2br=6c+ 1 :Since each block contains B vertices, each vertex is represented an average ofs � Bn n2br=6c+ 1times, giving the result. 2Notice that the lower bounds give us tight upper and lower bounds on the blockingspeed-up in uniform classes of graphs, since the upper bound we have achieved isproportional to r+(B) and the lower bound is proportional to r�(B), which are withina constant factor of each other for uniform classes of graphs. We can give a di�erentsolution to the BALL COVER problem that works out better for grid graphs in termsof storage blow-up, but not quite as well for complete trees. First, we de�ne somethingthat is as close as we can come to the inverse functions for r+(k) and r�(k).De�nition 9 Let kv(r) = jKv(r)j, the cardinality of the ball of radius r around ver-tex v. We call kv(r) the volume of Kv(r). Then we de�nek+(r) = maxv2V kv(r)k�(r) = minv2V kv(r)105



Now we can show our other bound for BALL COVER.Theorem 29 Let G = (V;E) and radius r be given. Then there exists a solution V 0to BALL COVER(r) with cardinalityjV 0j � nk�(br=2c) :Proof : Consider a maximal packing of G with balls of radius br=2c and include in V 0the center point of all these balls. We claim that every vertex v is within a distance r ofsome v0 2 V 0, i.e., that V 0 is a ball cover(r). Assume by way of contradiction that thereis a point v that is more than a distance r from all the vertices, so that d(v; v0) � r+1for all v0 2 V 0. Then each of the neighbors w1;i of v has d(w1;i; v0) � r for all v0 2 V 0.Similarly, those vertices of distance 2 from v have distance d(w2;i; v0) � r�1, and so ondown to d(wbr=wc;i; v0) � dr=2e+ 1 > br=2c. But then, we could include Kv(br=2c) inthe packing, contradicting the assumption that the packing was maximal. Hence, V 0 isa ball cover(r). To show the cardinality, simply notice that each of the balls of radiusbr=2c removes at least k�(br=2c) vertices from further consideration in the packing; atmost nk�(br=2c)such balls could be removed. 2Now we can do a new version of Theorem 28.Theorem 30 There is a blocking and an on-line paging algorithm that achieves aspeed-up of dr�(B)=2e with s � B=k�(br�(B)=4c).Proof : As in the proof to Theorem 28, construct V 0 to be a ball cover(br�(B)=2c) andpick a compact B-neighborhood around each v 2 V 0. The same argument shows thatthe speed-up is at least dr�(B)=2e. By Theorem 29, the cardinality of V 0 need be nomore than jV 0j � nk� �j r�(B)4 k� : 2In the case of d-dimensional grid graphs, this theorem results in a storage blow-upof 4d. It might be possible to reduce the base of the exponent by using a di�erentargument, but the fact that we need to consider neighborhoods of radius r=2 to get aball cover of radius r means that the result will be exponential.We do not have any lower bound results for general graphs that have constantstorage blow-up. We hope to get something with s = constant that will be proportionalto r�(B). It is likely that when we disallow storage blow-up that we will not be ableto obtain such good results; a general proof technique for showing upper bounds in theabsence of storage blow-up is not known.In the next two sections, we consider special-case arguments for complete trees andgrid graphs. 106



7.5 Searching in Complete TreesFirst we will consider upper bounds on the blocking speed-up in complete d-ary trees.After showing the upper bounds, we will give algorithms to achieve them within aconstant factor with a small constant storage blow-up.7.5.1 Upper boundsIf we allow the arity of the tree to be arbitrarily large, we immediately run into problemswhere we cannot use blocking e�ciently. Consider, for example, a graph in which somevertex v is connected toM other vertices. It is possible to cause (at least) one page faultby extending the path to v and then going to any of the other vertices that are not inmemory. There must be at least one such vertex. Thus, we can generate a page faultwith every other vertex for a worst-case blocking speed-up �(B) � 2 independentlyof B.We can generalize this argument to complete d-ary trees to give a result that isabout a factor of 8 better than the general 8r+(B) result of Lemma 48.Theorem 31 In a complete d-ary tree of height h, the maximum worst-case speed-upthat could be guaranteed is �(B) � 2hhlogdB � logdM : (7:2)Proof : Consider an adversary who is trying to cause as many page faults as possible.Assume that the pathfront is at the root, with someM vertices in memory. Thereafter,the adversary will walk down the tree, taking at each level the branch that goes to theclosest vertex that is not in memory. Since at most dr+1�1d�1 vertices can be within adistance r of the pathfront, it is guaranteed that a page fault will be generated at leastevery logdB steps in regions that were previously not in memory. The fact that therewere M items in memory means that the path could traverse up to logdM of these,for a total of at most logdM page faults not caused. Once the adversary has reacheda leaf, he will extend the path by going directly back to the root. If we assume thatthe tree has a total height of h, and that no page faults are caused on the way backto the root, then the adversary can cause a minimum of hlogdB � logdM page faults in2h steps. Since this process leaves the same state as was assumed initially, the processcan continue inde�nitely. Taking the ratio of steps to page faults gives the result. 2Corollary 6 As the height of the tree grows without bound, the maximum worst-casespeed-up is �(B) � 2 logB= log d.Proof : This result follows by taking the limit of equation (7.2) as h!1. 2For upper bounds on other kinds of trees, see Section 7.4, which gives upper boundsfor general graphs. 107
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Figure 7.4: A blocking of a d-ary tree using s = 2.7.5.2 Lower boundsSo far, there is no known optimal algorithm that does not have storage blow-up greaterthan one. However, we can give a simple blocking with s = 2 that achieves optimalperformance.Lemma 53 There is a blocking in a d-ary tree with s = 2 and an on-line pagingalgorithm such that the worst-case speed-up � is at least logB2 log d , with no assumptions onmemory size other than the obvious M � B.Proof : Consider a blocking where we put complete trees of height k = logB= log d +o(logB) into each block. Each of the children of the leaves of a block will be the rootsof new blocks. Assume that the root of the tree is the root of the top block. We willcall this blocking B1. We will overlap a second such blocking B2 o�set by a heightof k=2, where k = logB= log d+ o(logB), as shown in Figure 7.4. Clearly this can bedone with a storage blow-up of 2, since vertices are represented at most once in eachof B1 and B2. Now consider a step where the pathfront causes a page fault. There aretwo cases to consider: (1) the pathfront stepped o� the top (i.e., towards the root) ofa block that was in memory or (2) the pathfront stepped o� the bottom (i.e., towardsthe leaves) of a block that was in memory. Without loss of generality assume that theblock being stepped out of belongs to B1. In either case, we bring in the block in B2containing the pathfront into memory (getting rid of anything else in memory to makeroom for the block). By construction, it will require at least k=2 additional steps tocause another page fault, proving the result. 2The lower bound when we allow a constant degree of storage blow-up is within afactor of 4 of the upper bound. This result contrasts with the general case, wherepotentially large (non-constant) storage blow-up is required to come within a constant108



Figure 7.5: A diagonal grid graph in two dimensions.factor of the optimal blocking speed-up. It is an open question what is possible in theabsence of storage blow-up.7.6 Searching in Grid Graphs and Diagonal Grid GraphsBy a grid graph in d dimensions, we mean a graph, where the vertex set consists of Zdand the edge set isE = f((a0; . . . ; nad); (b0; . . . ; bd)) jXi jai � bij = 1g:For example, in one dimension, the grid graph consists of the integer points on a numberline. In this section, we will consider mainly in�nite grid graphs. We will also considerdiagonal grid graphs, which have the same vertex set as grid graphs, but have edge setE = f((a0; . . . ; nad); (b0; . . . ; bd)) j jai � bij � 1 for all 1 � i � dg:Figure 7.5 shows an example of a diagonal grid graph in two dimensions.7.6.1 1-dimensional grid graphsWe start with the results for 1-D grid graphs, where we have tight upper and lowerbounds for the speed-up. The bounds, in particular the upper bound, may seem trivial,109



but understanding the argument in one dimension is key to understanding the higher-dimensional analogues. (The upper bound is also better in some ways than any wehave been able to prove for general graphs.) Note that in one dimension, a diagonalgrid graph is the same as a grid graph.Upper boundsLemma 54 The fastest worst-case speed-up that could be achieved in a 1-D grid graphis � � B.Proof : We adopt an adversarial position and demonstrate that under any blocking, wecan force a page fault every B steps in the graph. We start anywhere (we arbitrarilycall it vertex 0) and always walk to the right. We keep a potential function �(t) whichwill increase by B every time we cause a page fault, and decrease by one for every stepto the right we take. Let p(t) be the number of page faults caused after we have taken tsteps, and let �(t) be the value of the potential function after t steps. We want to showthat at all times, p(t) � tB ; (7:3)or in other words that � = tp(t) � B:By de�nition, �(t) = Bp(t)� t; (7:4)so rearranging equation (7.4), we getp(t) = tB + �(t)B : (7:5)Comparing (7.3) and (7.5), we see that we can satisfy (7.3) by showing that for all t,�(t) � 0. But �(t) � 1 is an upper bound on how many covered cells are to the rightof t, since it increases by B � 1 every time a page fault is caused and decreases by 1every time a covered cell is reached. Since the number of covered cells to the right isnon-negative and �(t) is at least that large, it follows that �(t) � 0. 2We can also give a simple upper bound proof in the case where we have a �nite 1-Dgrid graph.Lemma 55 The fastest worst-case blocking speed-up that could be achieved in a 1-Dgrid graph containing �M vertices, � > 1, is� � ��� 1B � B(�� 1)M :Proof : Assume that we are at one end of the grid graph and that there are at mostMvertices in memory. We will follow a path that will traverse to the other end of the gridgraph. There are (�� 1)M vertices not in memory, which means that we will cause atleast (�� 1)M=B page faults in �M � 1 steps. Taking the ratio of steps to page faultsgives the result. 2110



Notice that when � ! 1, the upper bound of Lemma 55 reduces to that ofLemma 54.Lower boundsIt is possible to achieve the upper bound using the obvious strategy of putting Bvertices in one block, the next B vertices in the next block, and so on.Lemma 56 There is a blocking of the 1-D grid graph with s = 1 that achieves a worst-case speed-up of � � B, as long as M � 2B.Proof : Let Bi = fk j Bi � k < B(i + 1)g and consider the obvious blocking B = fBi ji 2 Zg. (See Figure 7.7a.) The blocks are non-overlapping sequences of B consecutivevertices. We show that in the steady state, we can service at least B steps in thegraph every time a page fault is generated. Assume that we cause a page fault bystepping to vertex k. Without loss of generality, assume that we have stepped fromvertex k � 1; the same argument applies in the other direction. Then k = Bi forsome i and we can service the request by bringing in block Bi. Since k � 1 was inmemory, we know that block Bi�1 had been read in at some previous time. We retainblock Bi�1. Now, in order to cause another page fault, we must move from vertex k toeither vertex k�B � 1 or vertex k+B since all the intervening nodes are in memory.Thus, it requires a minimum of B steps to cause another page fault. 2It is also possible to alleviate the memory requirement to M � B if we allow thestorage blow-up s to be 2 and let the speed-up decline to B=2 by overlapping two setsof the blockings used in the proof of Lemma 56 o�setting one by B=2 with respect tothe other.7.6.2 2-dimensional grid graphsLet us turn now to 2-D grid graphs, where the results are not trivial.Upper boundLemma 57 In a 2-D grid graph, the fastest worst-case speed-up that could be achievedis � � 2pB.Proof : This proof proceeds in a similar fashion to that of Lemma 54. This time, weconsider an in�nitely long, pB-wide corridor extending to the right. We divide t, thenumber of steps taken, into two components, tx and ty . We will let tx be an index ofhow many columns we have traversed in the corridor (again, we will always be movingto the right), and ty will be the total number of steps we have taken in the y direction.As before, we want to show that p(t) � t2pB : (7:6)111



We show that tx � pBp(t) (7.7)ty � pBp(t) (7.8)so that t = tx+ ty � 2pBp(t), implying (7.6). Our scheme is actually quite simple: weshow that there is an uncovered cell in the corridor within the next (amortized) pBcolumns (including the current column) and then an additional pB� 1 moves in the ydirection will su�ce to step to any uncovered vertex in that column. As before, wede�ne a potential function �(t) that increases by B for every page fault we cause. Thistime, however, we decrement only when tx increases, and we decrement by pB. Thus,�(t) = Bp(t) �pBtx: (7:9)�(t) is an upper bound on the number of vertices covered in the channel to the right of(and including) the current column, since at most B vertices to the right can be newlycovered when we cause a page fault, and by de�nition each step to the right leavesbehind pB covered cells. Rearranging (7.9), we get thattx = pBp(t)� �(t)B : (7:10)Comparing (7.7) and (7.10), we see that we only need to show that �(t) � 0 to es-tablish (7.7). But the interpretation of �(t) ensures this, since the number of coveredcolumns is non-negative.We do not need to use an amortized argument to show (7.8), since a page fault isguaranteed to occur at least every pB � 1 steps in the y direction. 2Lower boundsWe can �nd a blocking that comes close to the above limit, if we allow a storage blow-ups = 2. First we need a de�nition.De�nition 10 By a tessellation, we mean a collection of regions such that the unionof all the regions is the entire space and the intersection of any pair of regions neverincludes a point in the interior of either.For simplicial tessellations, it is often required that any intersection between twosimplices be a simplex of each; we make no such requirement in our de�nition.Lemma 58 There exists a blocking in a 2-D grid graph with s = 2 and an on-linepaging algorithm that has a worst-case speed-up � � pB=4, assuming that M � 2B.Proof : Consider a tessellation of the plane by blocks of size pB�pB. Let the blockingbe two such tessellations, o�set by pB=2. Figure 7.6 demonstrates the blocking, where112
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Figure 7.6: A blocking of vertices in a 2-D grid with storage blow-up s = 2.one tessellation is shown with solid lines and the other with dashed lines. Formally, weconsider the blocking B = fBij : i; j 2 Zg, whereBij = ((k; `) : $ipB2 % � k < $ ipB2 %+pB;$jpB2 % � ` < $jpB2 %+pB) :Consider a step that causes a page fault. Without loss of generality, let the step be tothe right out of the shaded block in Figure 7.6. By leaving the shaded block in memoryand bringing in the appropriate boxed block, we can make sure that it will take atleast pB=4 additional steps to produce another page fault. 2It is also possible to prove a lower bound on the speed-up even if there is no storageblow-up, but it is not quite as good. We will see in the next subsection that there is agood reason for this. Note also that the memory requirement is a little more stringent,requiring M � 3B instead of M � 2B.Lemma 59 There exists a blocking in a 2-D grid graph with s = 1 and an on-linepaging algorithm that has a worst-case speed-up � � pB=6, assuming that M � 3B.Proof : Consider the blocking of Figure 7.7b, where each square has dimensions pB �pB. The slowest speed-up occurs when the pathfront emerges at the place where threeof the squares meet; in two steps it is possible to cause two page faults. However, thenext page fault after those two will require at least pB=2 additional steps, so that wetake pB=2 + 2 steps to cause 3 page faults, for a speed-up of pB=6 + 2=3. 27.6.3 d-dimensional grid graphs and diagonal grid graphsWe can also show upper and lower bounds on higher-dimensional grid graphs anddiagonal grid graphs. The 1-D and 2-D results are special cases of the result ford dimensions, but it was useful to start there to develop our intuitions. However,unexpected results to come from generalizing to multiple dimensions, like the fact113
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Figure 7.7: A blocking of vertices in grid graphs with storage blow-up s = 1, in (a)1-D, (b) 2-D, and (c) 3-D. The sides of each block have length B1=d.114



that our upper and lower bounds are no longer within a constant factor if we blockusing isothetic (all sides parallel to the coordinate axes) hypercubes, and that goingfrom s = 1 to s = 2 gives provably more than a constant factor improvement in � inany blocking using isothetic hypercubes. Furthermore, it does not appear possible tocreate an optimal algorithm for higher-dimensional grid graphs with any reasonablestorage blow-up (see Section 7.4); on the other hand, there is an optimal algorithm forhigher-dimensional diagonal grid graphs with a storage blow-up of 2.Upper boundsWe give a special-case argument for d-dimensional grid graphs that improves upon thegeneral 8r+(B) upper bound by a constant factor of 4=e � 1:47.Lemma 60 In a d-dimensional grid graph, the fastest worst-case speedup that couldbe attained is dB1=d.Proof : The argument for this proof is just like that of Lemma 57. This time, we havean in�nite corridor to the positive �rst dimension with sizeB1=d � � � � �B1=d| {z }d�1 :We again divide t into d components, t1; . . . ; td. We amortize in dimension 1, but notin the others, to show independently thatti � B1=dp(t); 1 � i � d: (7:11)so that t = X1�i�d ti � dB1=dp(t)giving the desired result p(t) � tdB1=d :Again, we step to an uncovered location in the corridor such that t1 is increased theminimum amount. This time we de�ne� = Bp(t)�B(d�1)=dt1; (7:12)which again is an upper bound on the number of vertices in memory that have their�rst coordinate at least t1. Rearranging (7.12), we gett1 = B1=dp(t)� �(t)B(d�1)=d ;showing that the �rst coordinate of (7.11) is satis�ed as long as �(t) � 0, which it isby its interpretation. The other dimensions all need to take fewer than B1=d steps perpage fault to move to the empty space in the corridor. 2115



On the other hand, we can prove a tighter upper bound for diagonal grid graphs.Lemma 61 In a d-dimensional diagonal grid graph, the fastest worst-case speedup thatcould be attained is 2B1=d.Proof : The argument for this proof has points of commonality with both that ofLemma 57 and that of Lemma 60. We consider an in�nite corridor to the positive �rstdimension with size B1=d � � � � �B1=d| {z }d�1 :This time, we divide t into 2 components, t1 and t2. We amortize in dimension 1, butnot in dimension 2, to show independently thatti � B1=dp(t); 1 � i � 2: (7:13)so that t = t1 + t2 � 2B1=dp(t);giving the desired result p(t) � t2B1=d :Again, we step to an uncovered location in the corridor such that t1 is increased theminimum amount. This time we de�ne� = Bp(t)�B(d�1)=dt1; (7:14)which again is an upper bound on the number of vertices in memory that have their�rst coordinate at least t1. Rearranging (7.14), we gett1 = B1=dp(t)� �(t)B(d�1)=d ;showing that the �rst coordinate of (7.13) is satis�ed as long as �(t) � 0, which it isby its interpretation. Unlike the situation with d-dimensional grid graphs, however,the diagonals ensure that all the other dimensions can reach the empty space in thecorridor within B1=d steps per page fault, since all the other dimensions can be movingone step closer to the empty space simultaneously at each step. 2Lower boundsIn a similar fashion, we can get lower bounds on d-dimensional grid graphs and diagonalgrid graphs.Lemma 62 There exists a blocking of a d-dimensional grid graph or a d-dimensionaldiagonal grid graph with s = 2 and an on-line paging algorithm that produces a worst-case speed-up of � � 14B1=d, as long as M � 2B.116



Proof : This proof proceeds similarly to that of Lemma 58. We let our blocks be ofsize B1=d in each dimension and consider two overlapping grids where the corners ofone grid correspond to the centers of the other grid. Exactly the same argument showsthat when a page fault occurs, there is always some block that can be brought in sothat the next page fault will take at least time 14B1=d to occur. 2This algorithm is optimal within a factor of 8 for diagonal grid graphs. However,for grid graphs there is a discrepancy of 4d between the upper bound of Lemma 60 andthis lower bound of Lemma 62. As we will see in the next lemma, it is the upper boundthat is correct, and if we permit the storage blow-up to be as large as B, we can attaina blocking speed-up of at least 12edB1=d, which is o� from the upper bound by a factorof at most 2e.Lemma 63 There is a blocking with s = B that gives a worst-case speed-up of 12edB1=din a d-dimensional grid graph.Proof : Lemma 49 gives a blocking with s = B that achieves a blocking speed-up ofr�(B). From Equation (7.1), r�(B) = 12edB1=d. 2Thus, the blocking given in the proof of Lemma 49 is better than the best knownone with a constant storage blow-up (s = 2). The storage blow-up needed for thisblocking is quite large, however, and it is not possible to describe the blocking simply.Using the storage reduction techniques of Theorems 28 and 30, we can reduce thestorage blow-up to s � min�6ed B(d�1)=d; 4d�while giving up at most a factor of 2 in the blocking speed-up.Blocking with Isothetic Hypercubes and s = 1Intuitively, the problem with using isothetic hypercubes as blocks to tessellate the space,as in Lemma 62, is that the blocks do not correspond well with the neighborhoods ofpoints that are within a certain distance r of some central point. In 2-D, for example,the neighborhoods are diamond-shaped. In 3-D, they are octohedra. In general, theshape of the neighborhoods will be the geometric dual of the isothetic hypercubes:take the centerpoint of each face of the d-dimensional hypercube and take the convexhull of the resulting points. The unfortunate property of using the geometric duals asneighborhoods is that when d � 3, the neighborhoods do not tessellate neatly.We do not get even as good a result as Lemma 62 with isothetic hypercubes whenwe are not allowed to use storage blow-up greater than one. The following lemma givesa lower bound on the speed-up in grid graphs when no storage blow-up is permitted.Lemma 64 There is a blocking with s = 1 in a d-dimensional grid graph or a d-dimensional diagonal grid graph and an on-line paging algorithm that asymptoticallyachieves a worst-case speed-up of � � B1=d=d2 as long as M � (d+ 1)B.117
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Figure 7.8: A tessellation of d-space using isothetic unit hypercubes must consist of aseries of shear hyperplanes.Proof : This proof follows along the same lines as that of Lemma 59. Let p be thesmallest prime such that p � d. (By the prime number theorem, with high probabilityp � d + O(log d).) We will block using regular isothetic hypercubes that have sidesequal to B1=d. We will tessellate d-dimensional space by stacking up tessellations of(d � 1)-dimensional space extruded along the dth dimension. We will use the same(d� 1)-dimensional tessellation in each layer, but we will o�set adjacent layers by 1=pin the �rst dimension, 2=p in the second dimension, etc., to (d� 1)=p in the (d� 1)stdimension, to arrange the tessellation so that not too many blocks meet at any givenpoint. Figure 7.7 shows the tessellation for 1 � d � 3. This stacking has been set upso that at no point do more than d+1 hypercubes meet; the construction ensures thata point where d hypercubes meet in d� 1 dimensions is always in the middle of a facealong the dth dimension. It similarly controls that places where d� 1 hypercubes meetin d� 1 dimensions never stack onto a place that 2 hypercubes meet, and so on. Thus,we can cause at most d page faults in consecutive moves, as long as we keep all theblocks meeting at a point in memory|this leads to the restriction that M � (d+1)B;to cause an additional page fault will always take at least B1=d=p additional steps.Thus the speed-up is at least d+ B1=d=pd+ 1;which gives the result when p is approximated by d+ log d. 2Notice that this bound is o� from the general grid graph upper bound by a factorof d3. In fact, when storage blow-up is not permitted, we can prove a more stringentupper bound on any blocking that tessellates the d-dimensional space using isothetichypercubes of size B1=d in each dimension; this algorithm is only o� by a factor of dfrom the tighter upper bound. First we need a couple of topological lemmas regardingtessellations of d-space by unit hypercubes.Lemma 65 Any tessellation of d-space using isothetic unit hypercubes can be decom-posed into layers of tessellations of (d� 1)-space extruded along the dth dimension.118



Proof : Consider the two squares C1 and C2 in Figure 7.8 as projections into twodimensions of two hypercubes whose intersection is a (d � 1)-dimensional region thatis not a complete face of either hypercube. Clearly, the dotted cube C3 is not anacceptable placement for an additional hypercube that touches C2, since we know thatthe hypercubes tessellate the space, but no unit hypercube could �t in the niche betweencubes C1 and C3. Thus, cube C3 must abut both cubes C1 and C2. Continuing thisargument shows that the solid hyperplane perpendicular to v must be a shear plane.Likewise, the hyperplanes on both sides of the (d � 1)-dimensional tessellations mustbe shear planes, establishing the lemma. 2This lemma enables us to prove the next one, which we apply to get the morestringent upper bound for the blocking where we do not permit storage blow-up. Weneed a de�nition �rst.De�nition 11 A complex of degreeD in a tessellation is a point that is incident uponDdistinct regions of the tessellation.Lemma 66 Any tessellation of d-space using unit hypercubes contains a complex ofdegree at least d+ 1.Proof : The proof is by induction on the dimension d. In one dimension, there clearlymust be points where two unit lines meet, forming a complex of degree 2. Assumethat the lemma is true for d � 1 dimensions. We know from Lemma 65 that the d-dimensional tessellation can be decomposed into layers of extruded (d�1)-dimensionaltessellations, and by the inductive hypothesis, that there is some complex of degree d ineach of these tessellations. When we arrange two adjacent layers together, the best wecan do to limit the degree of complexes is to position a complex of degree d in one layerincident upon the (d � 1)-dimensional face of the next layer. This process, however,produces a complex of degree d+ 1, maintaining the inductive hypothesis. 2Of course, in Lemmas 65 and 66, it does not matter that each hypercube has sides ofunit length; the important fact is that all the hypercubes are identically the same size,so we can apply the lemma to the problem of �nding a tessellation of a d-dimensionalgrid graph using hypercubes with sides that are all B1=d. We set up our tessellation insuch a way that the boundaries of the hypercubes always pass between integer pointsof the grid graph, so that we can maintain a storage blow-up of 1.Lemma 67 The fastest speed-up that could be achieved by decomposing a d-dimensional grid graph into blocks of size B1=d on a side is� � B1=d + dd+ 1 :Proof : By Lemma 66, there must be a (d+ 1)-complex in the tessellation underlyingour block decomposition. In a (d + 1)-complex in a d-dimensional space, it is alwayspossible for a path to visit all d + 1 of the blocks that are \incident" in consecutivemoves. (This fact can be proved by induction on the number of dimensions.) Thus,119



if we extend the path to a point that is on a (d + 1)-complex where we have not yetbrought in any of the incident blocks, we can cause d page faults in d steps. It willtake at most B1=d steps to move to another (d+1)-complex where only one block is inmemory, to return to the starting situation. This fact means that we cause d+ 1 pagefaults every B1=d + d steps. 2This upper bound is a factor of d=4 worse than the one attained with isothetichypercubes by using a storage blow-up s = 2.7.7 ConclusionsWe have demonstrated matching upper and lower bounds for the blocking speed-upin searching of complete d-ary trees and d-dimensional grid graphs. We have alsoshown matching upper and lower bounds for classes of general graphs for which themaximum and minimum B-radii are within a constant factor of one another. Table 7.1summarizes these results.One of the issues we explored was the degree to which storage blow-up was nec-essary in attaining optimal blocking speed-ups. For complete trees and d-dimensionalgrid graphs, we were able to show the existence of optimal algorithms with a degreeof storage blow-up that was independent of the block size (although there is still adependence on the dimension for grid graphs). For general graphs, the degree of stor-age blow-up required to get optimal blocking speed-up by our algorithms is in generaldependent upon the block size. In the case of d-dimensional grid graphs blocked usingonly isothetic hypercubes, were were able to show that even going from a storage blow-up of 1 to 2 results in provably worse performance for the worst-case blocking speed-up,re
ected in Table 7.1 by the fact that the lower bound for s = 2 is larger than the upperbound for s = 1 as long as d > 4. Thus, some degree of storage blow-up is necessaryto get good blocking speed-ups. This observation implies that these techniques wouldnot be very useful for applications that require any signi�cant amount of updating ofthe data being stored.There are clearly important questions that are still open.1. Is it possible to prove that there are optimal lazy algorithms for the strong model?2. What is the best possible speed-up attainable when s = 1? Is there an algorithmto achieve the speed-up?3. Are there upper bound techniques that take into account the storage blow-up?4. Is it possible to reduce the storage blow-up to some constant and still achieve anoptimal speed-up?5. How do the results given here apply to directed graphs, instead of undirectedgraphs. This extension is particularly important for object-oriented databases.120



Type of graph Upper bound Lower bound s MBComplete d-ary tree 2 logBlog d logB2 log d 2 � 11-D grid graphs B B 1 � 2B2 2 � 12-D grid graphs 2 pB 16pB 1 � 314pB 2 � 2d-D grid graphs dB1=d 12edB1=d B � 114edB1=d 6ed B(d�1)=d � 114edB1=d 4d � 1d-D grid graphs(isothetic hypercubes) dB1=d 14B1=d 2 � 21dB1=d 1d2B1=d 1 � d+ 1d-D diagonal grids 2B1=d 14B1=d 2 � 2general graphswith �M vertices r+(M)2r�(M)2 ���1B�2MB + 2� r+(B)8r+(B) 9>>>>>>>>>=>>>>>>>>>; 8>><>>: r�(B)12r�(B)12r�(B) B3Br�(B)Bk�(br�(B)=4c) � 1� 1� 1Table 7.1: Summary of blocking results for external graph searching.6. Is it possible to get matching upper and lower bounds for non-uniform classes ofgraphs? Intuitively, if there are a few vertices with a small B-radius, but theyare separated by a large distance, say r+(M), then the adversary cannot take toomuch advantage of them if B � M .
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Chapter 8ConclusionsIn this dissertation, we have considered the problem of minimizing the input/outputbottleneck. We have looked at the problems of sorting in a wide variety of memorymodels, doing lattice computations in VLSI, and external graph searching. In all ofthese cases, we have found that speci�c attention must be paid to the issue of I/Oin order to get optimal I/O bounds. Since the I/O time dominates all the problemsconsidered, getting optimal I/O bounds is tantamount to achieving the optimal overalltime bound.We have found that allowing parallel I/O subsystems is an e�ective way of minimiz-ing the total I/O time. In the case where we have parallel disks, it becomes necessaryfrom the standpoint of scalability to allow the processors to be parallelized, since even-tually a single processor would not be able to keep up with the demands of specifyingwhat location to read from each disk.The research contributions of this thesis are these:1. We have given two di�erent optimal algorithms for sorting on parallel disks, bothof which are completely deterministic and simpler than the previously publishedrandomized solution.2. We have adapted the Balance Sort algorithm to sort optimally and deter-ministically in a wide range of parallel memory hierarchies, including a par-allel disk model that also can exploit processor parallelism fully with up tomin(M log(M=B)= logM;M log logM= logM) processors.3. We have given the �rst known optimal sorting algorithms for UMH hierarchieswith bandwidth functions b(`) = 1 and b(`) = ��c`. We have given a good,though not provably optimal algorithm for bandwidth function b(`) = 1=(`+ 1).All the algorithms are deterministic.4. We have shown how to minimize the I/O bottleneck in VLSI computations oflattice computations, giving matching upper and lower bounds on the I/O e�-ciency. 122



5. We have given optimal algorithms for blocking and page replacement in externalgraph searching for B-uniform classes of graphs.There are some areas for further research that this thesis opens up.1. Is there a way of sorting in uniform memory hierarchies with bandwidth functionb(`) = 1=(`+ 1) using time O(N logN)? Alternatively, is there a way of provinga tight lower bound? Conceivably an O(N logN) algorithm could be developedusing the Fusion Tree techniques to remove the extra log logN factor [FrW].2. Is it possible to prove that the simple balancing algorithm is optimal?3. Are there deterministic algorithms for parallel memory hierarchies that can workwith weaker interconnections between the processors than a CRCW-PRAM?4. Can the techniques used for the lattice computations be generalized to higher-dimensional lattices or di�erent processor connectivity patterns?5. Can the techniques used for the lattice computations be generalized to show I/Obounds for neural network computations in VLSI?6. Is there a way of blocking in grid graphs that gives optimal speed-up but doesnot require a storage blow-up that is exponential in the dimension?7. Is it possible to �nd a less global graph property than r+(B) and r�(B) in externalgraph searching for showing upper and lower bounds?8. Is it possible to take into account the storage for the edges in blocking optimallyfor external graph searching?9. What are the repercussions in external graph searching of insisting that the stor-age blowup is unity?
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Appendix AProof of Validity of DiscreteMinimization FormulaIn Section 6.2, we found that the I/O overhead for the multigeneration sweep architec-ture was  (n; g) = 2(n� g + 2)g(n� 2g + 2) :From (6.8), we have the value of g that minimizes  :~gmin(n) = (n+ 2)�;where � = 1� p22 :Let R(x) be the rounding function, de�ned byR(x) = bx+ 1=2c: (A:1)We want to prove the assertion that taking the nearest integer function of ~gmin providesan integer value at which the minimum occurs, in other wordsgmin(n) = R(~gmin(n)) = R((n+ 2)�): (A:2)This formula could produce the wrong result if the fractional part of (n + 2)� fallsin some \window of vulnerability" around 1=2, so that the actual discrete minimumoccurs at one integer value, but R rounds to the other integer value. The basic ideabehind the proof of validity of (A.2) is to compute the window of vulnerability andthen show that there is no smallest value of n for which the fractional part falls withinthat window.Proving an exact closed form for the optimal number of generations to compute isnot strictly necessary to show that the architecture meets the lower bound asymptoti-cally to within a constant factor. However, from a practical standpoint, it is satisfying124
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Figure A.1: Top of the Stern-Brocot tree.to have a closed-form formula that tells how many generations to compute for a par-ticular value of n. Furthermore, the fact that there exists a closed-form equation isquite unexpected, as we hope to show in this subsection. The technique of using aStern-Brocot tree to prove such an exact result is novel.It is known that the set of fractional parts of all multiples of any irrational number �is dense on the unit interval (0; 1), which is to say that given any 0 < 
 < 1 and � > 0,A.1 The Stern-Brocot TreeThe proofs of the theorem depend heavily on the properties of the Stern-Brocot (S-B)tree [GKP]. This section explains how to derive the tree and gives the properties it hasthat are important to the proof.The S-B tree starts with the fractions 0=1 and 1=0 and derives the next level byinserting between every pair of fractionsm=n and m0=n0 the fraction (m+m0)=(n+n0).Figure A.1 shows the top part of the tree. The fractions that evaluate to 0 and 1 arenot really part of the tree; they are merely seeds to get the tree started. The S-B treehas several important properties:1. All fractions that appear in the tree are in reduced form.2. All reduced-form fractions appear in the tree.3. An inorder traversal of the tree gives the fractions in ascending order.4. We can treat the S-B tree as a binary search tree. If \L" means go down theleft branch of the tree and \R" means go down the right branch, then all realnumbers can be mapped to a unique element of the regular language [LR]1. Forrational numbers, that is, those that can be given a �nite representation, the125



unique in�nite representation is the �nite part followed by RL1. The element of[LR]1 so generated is called the S-B expansion of a number.5. If b is an irrational number, then the fractions generated in its S-B expansionare the simplest rational approximations to b in the sense that if m=n is anapproximation to b, there exists an S-B expansion m0=n0 such that m0 � m,n0 � n and m0=n0 is between m=n and b.A.2 The LemmasThese are the lemmas that lead up to the main theorem of this appendix. The �rstlemma establishes that  (n; g) is asymmetric about its minimum.Lemma 68 Let h(n; �) be the symmetric di�erence of  (n; g) about its minimum for� > 0, that is, h(n; �) =  (n; ~gmin(n) + �)�  (n; ~gmin(n)� �):Then h(n; �) > 0 for all integer n > 0 and 0 < � � 1=2.Proof : This is mostly a matter of algebra. We �nd thath(n; �) = 16�3�(n+ 2)2(p2� 1)2 � 4�2��(n+ 2)2(p2� 1)2 � 2�2� :We can set the partial derivative with respect to � equal to 0 to �nd the minima andmaxima. When we do this, we �nd a double root at zero, two imaginary roots, androots at �� = �14qp33� 3 �2� p2� (n+ 2) � �0:243(n+ 2);of which we take the positive root, since we are only interested in � > 0. �+ > 1=2 forall n > 0. It also represents a maximum in the curve, since@2h(n; �+)@�2 = �3qp33� 3�67p33 + 385��7p2 + 10� (n+ 2)�3� �76142(n+ 2)�3;which is negative for all n > 0. Since for all n > 0, h(n; 0) = 0, and the �rst localextremum in the curve is a maximum at h(n; �) with � > 1=2, we conclude that h(n; �) >0 for all 0 < � � 1=2. 2Now we can show that the nearest integer can only produce an incorrect result ifthe fractional part of �n is slightly greater than 1=2 for some n.Lemma 69 Formula (A.2) for gmin can only produce an incorrect result if Frac(�n) =1=2 + �, for some � > 0. 126
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Figure A.2: Behavior of  near its minimum.Proof : Figure A.2 shows the behavior of  about its minimum for m < ~gmin < m+1. If (n; g) were exactly symmetric about its minimum, then R(~gmin(n)) would always pro-duce the discrete minimum of  (n; g), where R is as de�ned in (A.1). From Lemma 68,we know that  (n; ~gmin+�) >  (n; ~gmin��), so that if the minimum falls at a fractionalpart that is 1=2 + �,  (n;m) may be less than  (n;m+ 1). No similar problem existsif � < 0. 2Thus, there are \windows of vulnerability" if the fractional part of �n is slightlylarger than 1=2. The next lemma shows how large these windows of vulnerability are.Lemma 70 If m is any integer, then (A.2) will produce the wrong result ifm+ 12 < ~gmin(n) < m+ 12 + �(m);for some n, where�(m) = 12 �p2� 1��p4m2 + 4m+ 2� (2m+ 1)� : (A:3)Proof : A window of vulnerability exists when ~gmin(n) falls between m + 1=2 and thepoint such that  (n;m) =  (n;m+ 1) for some integer m and n. Given a value of m,we determine n from the equation~gmin(n) = (n+ 2)� = m+ 12 + �;or equivalently n = �2 +p2��m+ 12 + �� : (A:4)127



The condition  (n;m) =  (n;m+ 1) leads ton2 + 2n(1� 2m) + 2m(m� 3) = 0:Plugging in the value of n from (A.4) gives4 �3 + 2p2� �2 + 4 �1 +p2� (2m+ 1)�� 1 = 0:The values of � solving this equation are�(m) = 12 �p2� 1���p4m2 + 4m+ 2� (2m+ 1)� :The negative root is negative for all m > 0, so the positive root must be the correctone. 2It is instructive to do the asymptotics on �(m) to see how large the windows ofvulnerability are. A simple derivation reveals that�(m) = 18 �p2� 1�m�1 � 116 �p2� 1�m�2 +O(m�3): (A:5)The windows of vulnerability thus start out small and shrink asymptotically to zero.Now, we adopt a di�erent tack to �nd out which multiples of � could possibly havefractional parts that fall within the windows of vulnerability. The next lemma givesthe S-B expansion of �.Lemma 71 The S-B expansion for � is L(LLRR)1.Proof : The expansion begins with L, since � < 1. Let those fractions that wouldunderestimate � according to the expansion above (those with an \R" in their nextdigit) be denoted by mk=nk and those that would overestimate � be denoted by pk=qk.We can derive expressions for mk, nk, pk, and qk by using recurrence relations. SeeFigure A.3. The table at the left in the �gure indicates which subscript of whichvariables to which each fraction in the tree corresponds. For example, p2=q2 = 1=3.For example, the recurrence for mk and nk when k is odd is given by the simultaneousrecurrence m1 = 1;mk = 3mk�2 + 4pk+1;n1 = 4;nk = 3nk�2 + 4qk+1;p2 = 1;pk = 2mk�3 + 3pk�2;q2 = 3;qk = 2nk�3 + 3qk�2:128
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Since these quantities are always positive, mk=nk always underestimates �. Similarly, itcan be shown that pk=qk always overestimates �. Thus, these fractions must constitutethe S-B expansion of �. 2The next lemma tells about the convergence properties of mk=nk.Lemma 72 The fractions mk=nk converge monotonically to �.Proof : Monotonic convergence is not an automatic property of S-B expansions ofnumbers. Let �k be as in (A.6). Let �k be de�ned by �k = � � mk=nk. Then�k = �k=nk . We get�2k�1�2k = �7 + 5p2� �1 +p2�2k�1 + �7� 5p2� �1� p2�2k�1�1 +p2�2k + �7� 5p2� �1� p2�2k�1 :This ratio converges rapidly to 3 + 2p2 � 5:282 and is always greater than 5.28.Similarly, �2k�2k+1 = �1 +p2�2k+2 + �7� 5p2��1�p2�2k+1�1 +p2�2k + �41� 29p2��1� p2�2k�1 :This ratio also converges rapidly to 3 + 2p2 and is always greater than 5.28. Sincethese ratios are both greater than one, these fractions converge monotonically. 2We want the set of numbers bk for which the fractional part bk� approaches 1=2 fromthe top more closely than n� for any other n < bk. It is easy to see from the generatingfunctions that when k is odd, mk is odd and nk is even. If we de�ne �k = �nk �mk,then �n2k�12 � m2k�2 � 12 = 12 + �2k�12 ;where the two fractions on the left-hand side are integers and �2k�1 gets exponentiallysmall. Thus, the series of numbers for k � 1bk = n2k�12 = 14 ��4 + 3p2��3 + 2p2�k�1 + �4� 3p2��3� 2p2�k�1� ; (A:7)would seem to be a good candidate for the numbers we are seeking. The next lemmaproves that this is actually the case.Lemma 73 Let us de�ne �(n) = Frac(�n� 1=2); (A:8)so that �(n) is the amount by which the fractional part of �n exceeds 1=2 (or a valuegreater than 1=2 if the fractional part does not exceed 1=2). The values of bk de�nedin (A.7) have the property that �(bk) = min1�n�bkf�(n)g:130



Proof : Assume that there exists an n < bk such that �(n) < �(bk). By de�nition,there exists an m such that �n �m = 12 + �(n):Doubling this equation leads to�(2n)� (2m+ 1) = 2�(n):Thus, the fraction (2m+ 1)=2n is a rational approximation that underestimates �. Byproperty 5 of the S-B tree, there must be an underestimator to � in its S-B expansion,mj=nj , with nj � 2n, that is at least as good as (2m+1)=2n. Also, 2n < 2bk = n2k�1,so that j < 2k � 1. But now we have two fractions in the S-B expansion of �, ofwhich the one with the smaller index approximates � better, contradicting Lemma 72.Thus, the assumption that there was such a value of n was incorrect, and the lemmais proved. 2The only remaining fact needed to prove the theorem is that �(bk) � �(m(bk)) forall k, where m(n) is de�ned by m(n) = b�nc.Lemma 74 We have �(bk) = �(m(bk)).Proof : We know that �(bk) = �2k�12 = 12 �3� 2p2�k :We also know from Lemma 73 thatm(bk) = m2k�1 � 12 :Plugging into (A.3), we get�(m(bk)) = 14 �p2� 1� r�1 +p2�4k�2 + 2 + �1� p2�4k�2 � �1 +p2�2k�1 � �1� p2�2k�1! :The item in the square root is a perfect square, so�(m(bk)) = 14 �p2� 1���1 +p2�2k�1 � �1�p2�2k�1 � �1 +p2�2k�1 � �1�p2�2k�1�= 12 �3� 2p2�k :The expressions for �(bk) and �(m(bk)) are thus equal. 2131



A.3 The TheoremWe are now ready to prove the theorem.Theorem 32 The formula for gmin above gives an integer value that minimizes  (g; n).Proof : The values of ~gmin comprise all the multiples of an irrational number �. Thenearest integer function R will give the wrong answer only if the fractional part of thatmultiple of � is su�ciently close to 1=2 that R will round it one way, but the minimumwould occur by rounding it the other. Lemma 69 shows that, for positive n, this eventwill only happen if the fractional part is slightly larger than 1=2. If we let m = b�ncthen Lemma 70 computes the window of vulnerability �(m), that is, the maximumamount by which the fractional part of a failing value of �n can exceed 1=2. Thiswindow of vulnerability is a monotonically decreasing function of m. Let N be the setof all n for which R(~gmin(n)) 6= gmin(n). Then if N 6= ;, it has a smallest element n0.De�ne �(n) as in (A.8). For any n00 < n0, �(n0) < �(n00) since otherwise �n00 would fallwithin its larger window of vulnerability, contradicting the assumption that n0 is thesmallest failing multiple. So we need to consider only those values of n such that �(n)is smaller than for any preceding value. Lemma 73 proved the explicit form of thosenumbers bk. Finally, Lemma 74 demonstrated that each bk falls exactly at the edge ofa window of vulnerability, which means that (bk � 2; gmin(bk � 2)) =  (bk � 2; gmin(bk � 2)� 1);so that rounding to either side produces a minimum. This concludes the proof of thetheorem. 2A.4 The Signi�cance of this ResultIt is known that the set of fractional parts of all multiples of any irrational number �is dense on the unit interval (0; 1), which is to say that given any 0 < 
 < 1 and � > 0,there exists an integer n such that the fractional part of �n is within � of 
. It turnsout that the fractional parts are uniformly distributed along the unit interval. Letus consider the following probabilistic argument about whether the discrete minimumequation is true for all values of n: We assume that in any interval m to m+ 1, thereis a probability of �(m) that a multiple of � falls within the �-window. If we de�ne� = 116 �p2� 1� ;the probability that all of the �-windows is missed is, from (A.5),Prfeverywhere correctg � Ym�1 �1� 2�m�1 + �m�2� :132



Taking logs, we getlog(Prfeverywhere correctg) � Xm�1 log �1� 2�m�1 + �m�2�� Xm�1 ��2�m�1 + �m�2� = �1:Therefore, we �nd that Prfeverywhere correctg = 0.So it seems the fact the discrete minimization formula is everywhere correct is abit of a surprise: even though the fractional parts of the multiples of � are uniformlydistributed on the unit interval, the probabilistic argument is not valid because thefractional parts of the multiples of � do not approach 1=2 from the top until the �-window has shrunk just enough to be missed.
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Appendix BEvidence for the Optimality ofthe Simple Balancing AlgorithmIn Chapter 3, we mentioned that there is evidence that the simple balancing algorithm,Algorithm 2, is within a constant factor of optimal in balancing the buckets amongthe D disks so that the buckets can be read e�ciently in parallel. On the theory thatmany things are proved by standing on the shoulders of others, this Appendix is to letthe interested researcher know what progress has already been made towards provingthe optimality of this algorithm.Even the optimal algorithm may require as many as dN=De+ S � 1 parallel reads,since none of the buckets may have a size that is a multiple of D. We want to compareour greedy strategy to the optimal balancing strategy, which can read all the recordsat once and write them out in an order that minimizes the number of parallel readsas summed over all the buckets. We would like to prove that the greedy algorithmabove always comes within a factor of 2 of the optimal strategy, as long as the numberof buckets S � pN=2D. To do this, we will try to show that no arrangement ofrecords on the disk can cause the imbalance to increase quickly. Since we are interestedin worst-case behavior, we will often adopt an adversarial argument where we try toincrease the imbalance as quickly as possible by placing the records on the disk.First we need some de�nitions. Let ymaxb = maxd fybdg and ymax = maxb fymaxb g.We consider that x; y, and ymax are all functions of t, the track number, but we usuallyomit the explicit dependence for clarity of notation.B.1 Strategies for Proving OptimalityWe would like to be able to show that all the buckets can be read in on the next passin O(N) time, or in other words, that the distribution strategy is within a constantfactor of optimal. There are two strategies that we have devised that could be usedto show that the distribution strategy always comes within a constant factor of theoptimal: the time strategy and the bucket-limited strategy. These strategies are basedupon the following conjectures. 134



Conjecture 1 ymax(t) � ct� where � � 1=2.Conjecture 2 ymax(t) � cS.Conjecture 1 can be equivalently stated that it requires at least a quadratic numberof tracks before any given value of ymax can be attained in the skew matrix. We actuallysuspect that the number of tracks needed is ((ymax)3 + 5ymax)=6 (more on this later).For Conjecture 2, we suspect the constant c is 1=2.Let the track number t range between 1 and T , so that T = dN=De. Then theoptimal number of parallel I/O's required for reading all S buckets is at least T (itcould be as high as T + S � 1 if none of the buckets has a number of records in it thatis a multiple of D).In computing the number of parallel reads needed by the algorithm, we divide thequantity into two parts: that required to read the balanced part of the buckets andthat required for the unbalanced part. The balanced part of the buckets can require atmost T parallel reads. Since there are only S buckets, if each bucket had an imbalanceof ymax, the total number of parallel readsR � T + Symax:If we could prove either of the conjectures, we could bound the contribution of theunbalanced parts of the buckets.Conjecture 1 would give the overall bound if we bound S � c0T 1=2, so that the totalnumber of parallel reads would beR � T + Symax = T + ScT 1=2 � �1 + cc0p2�T;since S � pT=2. This number is within a factor of 1+cc0=p2 of optimal. Conjecture 2gives R � T +cS2 which gives a constant factor above optimal as long as S = O(T 1=2).B.2 PreliminariesIn this subsection, we give the background de�nitions and some simple lemmas alongwith their proofs.De�nition 12 Let B = f1; . . . ; Sg be the set of buckets. Then a track � is a D-lengthvector [�1; . . . ; �D] such that �i 2 B for 1 � i � D.Note that in this de�nition of a track, we identify a record with the bucket to whichit belongs, since that is all that matters with respect to the algorithm.De�nition 13 Let y be a skew matrix. Then ymax = maxb;d fybdg is called the attain-ment of y. ymaxb = maxd fybdg is called the imbalance of bucket b. Let B � B. ThenymaxB = maxb2B;d fybdg is the imbalance of set B.135



De�nition 14 We write y �7! z to mean that there is some min-cost assignment ofbuckets in track � that converts the skew matrix y to skew matrix z. We say that yyields z under � . In general, z is not unique.De�nition 15 Given y �7! z. If ymaxb < zmaxb then we say that bucket b is promotedunder � .De�nition 16 Given skew matrix ybd and track � . Let B(�) be the set of bucketsrepresented in � , i.e., B(�) = Sif�ig. Then we say that � causes a local promotion ifthere exists a skew matrix zbd such that ybd �7! zbd and zmaxB(�) > ymaxB(�). We say that �causes a global promotion if zmax > ymax.We only require that there be some min-cost matching that increases ymaxB(�) or ymaxsince the algorithm does not specify any particular min-cost matching and we areinterested in worst-case behavior. Our goal is to �nd a limit on how quickly ymax canpromote, since it is a measure of how unbalanced the worst bucket is.De�nition 17 A track � is called birepresentative if jB(�)j = 2.De�nition 18 A con�guration y admits of a (locally) promoting track if there existssome track � such that for some z for which y �7! z, zmax > ymax (zmaxB(�) > ymaxB(�)).We will sometimes refer to a skew matrix as a con�guration. Here are a few simplelemmas. In what follows, we assume that y is the skew matrix corresponding to his-togram matrix x. We remind the reader of the following lemmas, proved in Chapter 3Lemma 75 Every bucket b contains at least one zero in the skew matrix.Lemma 76 The disk sums, yd =Pb ybd, are all equal.Lemma 77 Any track promoting disk d results in at most one bucket b being promotedon disk d.There are some other simple lemmas we can show.Lemma 78 If y �7! z, then jybd � zbdj � 1 for all b; d.Proof : All the elements of the histogram matrix either stay the same or increase byone. The lemma then follows from the de�nition of the skew matrix. 2De�nition 19 We say that a bucket b �lls all its zeroes on a track if an element of bis assigned to each disk d for which ybd = 0.Lemma 79 A local promotion can occur on track � comprising bucket set B(�) onlyif there exists a bucket b such that an element of b is assigned to a disk d for whichybd = ymaxB(�) and b does not �ll all its zeroes.Proof : In order for a local promotion to occur, an element of some bucket b must beassigned to a disk d such that ybd = ymaxB(�). But if bucket b �lls all its zeroes, thenmind fxb;dg increases by 1 also, so ybd remains constant and no promotion occurs onbucket b. If every bucket b containing a ymaxB(�) �lls all its zeroes, then a local promotiondoes not occur. 2136



B.3 The Two-Disk Pebble Game.We start by considering the special case where D = 2. If a bucket has values (a1; a2)in the skew matrix on disks 1 and 2 respectively, then we can de�ne a bijection f :Z+ � Z+ ! Z as follows: f(a1; a2) �! ( a1 if a1 > 0�a2 otherwiseThe function f is a bijection because every bucket has a zero either on disk 1 or ondisk 2 as a result of Lemma 75, so that at most one of a1 or a2 is non-zero.We can now consider how the min-cost algorithm assigns elements to disks whenD = 2. There are only three cases to consider:1. Both elements read represent the same bucket. In this case, the skew matrixremains unchanged.2. Two buckets with the same sign are represented. Then the unbalance of thebucket with the smaller unbalance is increased and the unbalance of the other isdecreased.3. Two buckets with opposite signs are represented. Then the unbalance of bothbuckets is decreased.These cases can be succinctly enumerated by considering each bucket to be a pebbleon a number line. There is exactly one move that can take place:(i; j) �! (i+ 1; j � 1) if i � j, (B:1)where the fact that this mapping uses pairs indicates that pairs of pebbles are moved.(The fact that that we must move pebbles in pairs re
ects the fact that the skew matrixremains unchanged if both elements represent the same bucket.)We can now express the adversarial problem of trying to get a large imbalanceas an equivalent problem of trying to put a pebble on some positive (or negative)integer k starting with an in�nite supply of pebbles on node 0, using only applicationsof Rule B.1. We would like it to be di�cult to get a pebble onto k, and in particular,we would like to show at least a quadratic lower bound.We begin, however, by showing an upper bound on this problem by proposing asimple algorithm to get a pebble on node k.Lemma 80 There exists an algorithm to place a pebble on any node k > 0 within(k3 + 5k)=6 moves.Proof : The algorithm is to �nd the largest-numbered node having two or more pebbleson it (this will initially be node 0, with its in�nite supply), and apply Rule B.1 to twopebbles at that node. Table B.1 gives the number or pebbles on each node for the�rst few moves of the algorithm. It can be shown by induction that this algorithm137



Move Node1 2 3 40 01 12 23 0 14 1 15 2 16 0 27 1 0 18 2 0 19 0 1 110 1 1 111 2 1 112 0 2 113 1 0 214 1 1 0 1Table B.1: The �rst moves of the Two-Disk Pebble Game algorithm.eventually places a pebble on every node k > 0. The induction proceeds by noticingthat when a pebble is �rst placed on node k � 1, there is one pebble each on nodes0; . . . ; k � 3; k � 1, while node k � 2 has no pebbles on it. An additional k � 2 movesresults in all the nodes except k � 3 having a single pebble on them, and so on, sothat in P1�i�k�2 i additional moves, every node up to k � 1 has a single pebble on it.An additional k moves places a pebble on node k, leaving the exact con�guration weassumed in our inductive hypothesis. We therefore get a recurrenceT (k) = T (k � 1) + X1�i�k�1 i+ 1T (0) = 0for which the solution is T (k) = (k3 + 5k)=6. 2It is hard to imagine how any algorithm could do better than this, but the problem ofproving a cubic lower bound has so far been unsolved. Notice that the given algorithmhad the property that all of the moves were of the form (i; j), where i = j, even thoughdissimilar moves (those for which i < j) are allowed by Rule B.1. There is a reason forthis.Theorem 33 No minimal schedule for placing a pebble on node k contains any dis-similar moves.Proof : We show this theorem by taking any schedule S containing dissimilar movesand producing a shorter schedule S0 that has at least the same attainment. Thus, if we138




L 
L0 (=
L � 1)Other pebble unlabeled labeled unlabeled labeledk <
L � 1 k + 1 
L � 1 k + 1 
L � 2k =
L � 1 
L 
L � 1 
L 
L � 2k =
L 
L � 1 
L + 1 * *k >
L k � 1 
L + 1 k � 1 
L* Simply swapping the labels and cutting out the move main-tains the invariant.Table B.2: Where to move pebble 
L0 when pebble 
L is moved.
U 
U0 (=
U + 1)Other pebble unlabeled labeled unlabeled labeledk <
U k + 1 
U � 1 k + 1 
Uk =
U 
U + 1 
U � 1 * *k =
U + 1 
U 
U + 1 
U 
U + 2k >
U + 1 k � 1 
U + 1 k � 1 
U + 2* Simply swapping the labels and cutting out the move main-tains the invariant.Table B.3: Where to move pebble 
U0 when pebble 
U is moved.have a schedule attaining k that has a dissimilar move in it, we can produce a shorterschedule that attains at least k, so the original schedule could not have been minimal,since we will have length(S0) < length(S)attainment(S 0) � attainment(S)Let S 0 be the same as S until the �rst move (i; j) in the schedule for which i < j. S 0will leave out move (i; j) and will never add any moves not present in S, guaranteeingthat length(S0) < length(S). In schedule S, mark the pebble moved from node i with
L (for lower) and the pebble moved from node j with 
U (for upper). In schedule S0,mark one of the pebbles on i with 
L0 and one of the pebbles on j with 
U0 . We startout with the invariants 
L0 = 
L � 1 and 
U0 = 
U + 1. (Here we are using a label tostand for the node on which the labeled pebble is located.) We continue to maintainthese invariants until such point (if any) as 
L and 
U cross each other in S by usingthe moves on the right hand side of Table B.2 to show where to move pebble 
L0 whenpebble 
L as moved and likewise the moves of Table B.3 when pebble 
U is moved.Any move not involving 
L or
U is identical in S0. The only stipulations on how labelsmove in schedule S is that on move (
L ;
L ), the label moves up and on move (
U ;
U )the label moves down. There are now three situations.(1)
L and
U never cross. In this case, the subset of pebbles that S 0 has on nodes
U139



and above is always the same as for S, except that 
U0 =
U + 1. Since the attainmentcomes from this subset, attainment(S 0) � attainment(S).(2) 
L and 
U cross in such a way that 
L = 
U + 1. In that case, S0 is in exactlythe same con�guration as S at that point, since 
L0 =
L � 1 and 
U0 =
U + 1:S: 
U 
LS0: 
L0 
U0so S 0 can just �nish the rest of schedule S (ignoring labels).(3) 
L and 
U cross in such a way that 
L =
U + 2. Here is the situation:S before: 
L
Uafter: 
U 
LS0 before: 
L0 
U0So S 0 can leave out the crossing move and wind up in the same con�guration as S, asin the previous case. Thus, for cases (2) and (3), attainment(S0) = attainment(S). 2We are now ready to prove our quadratic lower bound for the two-disk case.Theorem 34 When D = 2, it takes 
(k2) tracks to attain k.Proof : We argue this using the pebble game formulation. By Theorem 33, we neednot consider any schedules with dissimilar moves, since we are interested in lowerbounds. For each value 0 � m < k, consider the last time a pebble was promotedfrom node m to m + 1. In order to do that promotion, at least two pebbles musthave been present at m, one of which never goes past m again by de�nition of thefact that this is the last promotion. Hence, that pebble is never used in any of thepromotions from m + 1 onward, so new pebbles will be needed. But it required atleast m moves to get the never-again-used pebble up to node m, so the total work isat least P0�m<km = 
(k2). 2This theorem is equivalent to proving Conjecture 1 for the case where D = 2, sothat we know Algorithm Balance Buckets will be within a constant factor of optimal.B.4 What we know when D > 2.The situation gets a lot more complicated when D > 2. It is not easy to representthe algorithm as a pebble game for the reasons that (1) more than two pebbles wouldbe involved at every move, (2) a pebble can be promoted on a disk without any otherpebble being demoted on that disk, and (3) a pebble can be demoted on a disk withoutpromoting any other pebble. Fortunately, (2) cannot happen inde�nitely, since everytime it occurs, there is a �nite resource (the number of zeroes) that is consumed.First, however, we can give an upper bound to the minimum number of tracksneeded to attain k. 140



Lemma 81 A value of k can be attained in (k3 + 5k)=6 moves for any D > 1.Proof : We follow the same strategy as for Lemma 80. Recall that since we are try-ing to show worst-case behavior, we need only show that there exists some min-costmatching that causes the sought-after attainment. Without loss of generality, we seekto attain k on disk 1 by having one bucket for each bucket in the two-disk argument.A bucket of the form (i; 0) in the two-disk case will correspond to a bucket (i; 0; . . . ; 0)in the multi-disk case; a bucket of the form (0; 1) will correspond to (0; 1; . . . ; 1). Thecorrespondence is already present in the initial con�guration, so we only need to showthat the correspondence can be maintained. All of the moves in the proof for Lemma 80are of the form i 0i 0 �! i+ 1 0i� 1 0 ) for i � 1or 0 00 0 �! 1 00 1We can clearly replace those withi 0 . . . 0i 0 . . . 0 �! i+ 1 0 0 0i� 1 0 0 0 ) for i � 1and 0 0 . . . 00 0 . . . 0 �! 1 0 . . . 00 1 . . . 1by giving the promoted bucket one representative and the demoted one D � 1 rep-resentatives. The shown matchings are clearly min-cost. Hence, we can attain k in(k3 + 5k)=6 moves as in the two-disk case. 2The next theorem gives necessary and su�cient conditions for a birepresentativepromoting track to exist.Theorem 35 A con�guration y admits of a b; b0-birepresentative locally promotingtrack � i� (1) there exists a disk d such that ybd = yb0d = ymaxfb;b0g and (2) there ex-ists a disk d0 such that ybd0 = yb0d0 = 0.Proof : Our parlance for conditions (1) and (2) will be to say that buckets b and b0share a ymax and share a zero, respectively.(=)) Without loss of generality, consider any matching in which bucket b is locallypromoted. We show that any matching that promotes bucket b is not min-cost (or evenlocally min-cost) unless bucket b0 shares a ymax and a zero. Let B = fb; b0g.In order for b to be locally promoted, an element of b must be assigned to somedisk d for which ybd = ymaxB by Lemma 79. Also by Lemma 79, bucket b has a zero onsome disk d0 that is not �lled. Look at the partial skew matrix:d d0b ymaxB 0b0 a1 a2141



where underlines indicate assignments. Now a necessary condition for the matchingto be min-cost is that ymaxB + a2 � a1, or equivalently, a1 � a2 � ymaxB . By de�nition,0 � a1; a2 � ymaxB , so the only way to satisfy this condition is if a1 = ymaxB and a2 = 0.But then buckets b and b0 share both a max and a zero, as claimed.((=) To prove this direction, we must compute a track that allows a min-costlocal promotion; in other words, we must determine how many elements to assign tobuckets b and b0 to ensure that there is a min-cost promoting matching. For everydisk d for which ybd 6= yb0d, put an element of the bucket with the lower value intothe track. Of the remaining elements (of which there are at least two), we assign oneto bucket b and the rest to bucket b0. Clearly, any matching in which every disk dfor which ybd 6= y0bd is matched to the bucket with the lower cost will be a min-costmatching. At least one such matching will promote bucket b by matching its ymaxBwithout �lling any shared zeroes. 2We can also show a necessary condition for a promoting track containing any numberof representatives.Lemma 82 A (not necessarily birepresentative) track � is a locally promoting trackonly if there exist buckets b and b0 that share both a ymaxB(�) and a zero.Proof : This proof follows along the same lines as the forward proof of Theorem 35.Consider a matching that promotes bucket b and let b0 be the bucket that assigns anelement to some disk where bucket b has a zero (there must be one by Lemma 79). Thesame argument as before shows that the matching cannot be min-cost unless yb0d = ymaxand yb0d0 = 0. 2Since having shared zeroes is so important to local promotions (including globalpromotions), it is useful to know how zeroes can be created.Lemma 83 The number of zeroes a bucket b has in the skew matrix does not increaseunless b �lls all its zeroes.Proof : Look at the row for bucket b in the assignment matrix x. A zero occurs in theskew matrix whenever xbd = mind0fxbd0g � xminb . Since the elements in the assignmentmatrix are monotonically increasing, the only way that a zero could be introduced onsome disk d for which xbd > xminb is for xminb to increase, which entails �lling all theexisting zeroes. 2Bucket-limited theoremsIt is an open question whether the attainment is even �nite for �xed S and general D,let alone linear as postulated in Conjecture 2. There are some special cases of S forwhich we can prove a �nite attainment, however.Lemma 84 The maximum attainment possible when S = 1 is 0.Proof : The same bucket has to be written to all disks, increasing both the min andmax for that bucket. 2142



Lemma 85 The maximum attainment possible when S = 2 is 1.Proof : Let C0 denote the starting con�guration and let C1 denote the con�gurationC1 : b1b2 r1z }| {1 . . . 10 . . . 0 r2z }| {0 . . . 01 . . . 1where r1 + r2 = D. Any monorepresentative track leaves the skew matrix unchanged.The �rst birepresentative track will give con�guration C1 up to a permutation of thedisks. There are no buckets b and b0 that share a zero, so no promoting track is possibleby Lemma 82. Any birepresentative tracks from con�guration C1 lead either to C1 again(since at least one bucket will �ll all its zeroes and the other will �ll only zeroes) or C0(if bucket b1 has exactly r2 representatives). Hence, we can represent the possibilitiesas a �nite state machine. 2It is possible to extend this proof technique to S = 3, resulting in a �nite statemachine with four states and thirteen arcs. The exhaustive evaluation of all possibilitiesis tedious, however, and what becomes clearest is that this proof technique does notscale well.Intuitively, the bucket b1 with the highest attainment had some other bucket b2that it needed to get it to that attainment (by Lemma 82), and bucket b2 neededsome di�erent bucket b3, so that there is a linear limit to the attainment when only Sbuckets are provided. This assumes that there can not be some �nite set of bucketsthat \ratchet" one another up in�nitely. If that could be proved, then we would haveour result.Birepresentative theoremsOne approach to proving the bound would be to show that there is a track-minimalattainment for any k that uses only birepresentative tracks, and then to give a lowerbound for how fast birepresentative tracks can attain a given value. There are severallemmas that pertain to this approach.Lemma 86 Any con�guration that admits of a locally promoting track admits of abirepresentative locally promoting track.Proof : Lemma 82 states that any con�guration that admits of a locally promotingtrack � has buckets b and b0 that share both a ymaxB(�) and a zero. But then, by thebackward direction of Theorem 35, there exists a birepresentative track � 0 comprisingbuckets b and b0 that will cause the local promotion. 2Unfortunately, this lemma leaves open whether or not we can combine such birep-resentative local promotions to produce a track-minimal attainment.Lemma 87 One half of all shared zeroes are �lled on a b; b0-birepresentative track.143



Proof : Let d be any disk for which buckets b and b0 share a zero. Something must beassigned to disk d, so that means either bucket b or b0 �lls its zero. (Note that the zerocould \reappear" if the bucket �lls all its zeroes.) 2Lemma 88 Either bucket b or b0 �lls all its unshared zeroes on a b; b0-birepresentativetrack.Proof : Assume that neither �lls all its unshared zeroes. Then we have some situationb : 0 a1b0 : a2 0By de�nition of the matching being min-cost, a1 + a2 � 0, so that a1 = a2 = 0. Butthen they are not unshared zeroes. 2One of the cases that might concern us if a bucket with a lower attainment cankeep promoting a bucket with a higher attainment, without being demoted itself. Thefollowing lemma shows that this process cannot happen.Lemma 89 Assume that yb0d < ybd. Then bucket b0 can introduce zeroes to b in abirepresentative track without demoting ybd only if (1) yb0d = ybd � 1 and (2) for alldisks d0 for which a zero is introduced, yb0d0 = 0.Proof : Here is the situation in the partial skew matrix that adds a zero to bucket b ondisk d0 without demoting bucket b on disk d:d d0 d00b : ybd 1 0b0 : yb0d yb0d0 yb0d00We know that ybd+yb0d0 � yb0d+1. Since yb0d < ybd, this is only possible if yb0d = ybd�1and yb0d0 = 0. 2General theoremsIt might be possible to gain a handle on ymax by considering the disk sum in the skewmatrix c(y) since clearly ymax � c(y) � Symax.Lemma 90 Let c(y) be the (unique) disk sum of skew matrix y, and let h be the numberof buckets all of whose zeroes are �lled when y �7! z. Then c(z) = c(y) + 1� h.Proof : Look at any disk d. Let x be the histogram matrix corresponding to skewmatrix y. xbd will increase by one for exactly one bucket b. In the absence of anybuckets �lling all their zeroes, this will increase c(y) by one. Consider now any bucket b0that �lls all its zeroes. There are two cases: (1) if yb0d > 0 then �lling the zeroes willcause zb0d = yb0d� 1 if b 6= b0, and counteracts the placing of the elements on d if b = b0.(2) If yb0d = 0, then by de�nition of the fact that b �lls all its zeroes, b = b0, so theincrease is counteracted. In every case, c(z) is decreased below c(y)+1 by one for everybucket that �lls all its zeroes. Thus, c(z) = c(y) + 1� h. 2144



It is possible to prove that at least one zero is �lled by every track (although the zeromay reappear). This approach might be useful in the bucket-limited strategy (tryingto show Conjecture 2), since the zeroes comprise the exhaustible resource.Theorem 36 If every row in a non-negative matching matrix z contains a zero, thena min-cost matching will match at least one row to a column where the cost is zero.Proof : There are actually two ways to prove this theorem, a simple one and a compli-cated one. We give both proofs because the complicated proof provides a foundationfor understanding the proof of Theorem 37.(Simple proof.) A min-cost matching in a skew matrix is isomorphic to doing min-cost matching on a complete bipartite graph where every node on the left has at leastone edge of zero cost. Given any matching in such a graph that contains no zero-costedges, we can �nd a matching with a smaller cost. Start at any node on the rightand trace back over its matched edge. Then follow some zero edge back to the right.Continue this process until you reach some node on the right a second time. At thispoint, we will have a loop that is a path alternating between zero and non-zero costedges. The non-zero cost edges are all in the matching, but we could replace those withall the zero-cost edges to create another perfect matching with a smaller cost.(Complicated proof.) The complicated proof is the same argument as the simplerone, but in a di�erent guise. Assume that we are given a D�D matrix and a min-costmatching. Permute the rows and columns so that the matching appears along the maindiagonal (there are many ways of doing this). If any diagonal element is zero, then wehave �lled a zero and we are done. Assume therefore that the diagonal has no zeroes.We now show that if D � 1 of the rows contain a zero, the last row cannot have one,contradicting our assumption that all rows contain a zero. We do this by showingthat there is a permutation of the rows and columns leaving the matching on the maindiagonal such that z[i; j]> 0 for all 1 � j � i. In particular, this will mean that row Dcan contain only non-zero elements.We construct our permutation by induction on the row number n in such a waythat (1) z[i; j] > 0 for all 1 � j � i � n and (2) z[i; i + 1] = 0 for all 1 � i < n.For the base case of the induction, we show that the conditions hold for n = 2, sincecondition (2) does not make sense when n = 1. We have assumed that z[1; 1] > 0 andthat row 1 has a zero. Without loss of generality, let z[1; 2] = 0 by swapping rows andcolumns if needed while keeping the matching on the main diagonal. We have assumedthat z[2; 2] > 0, so to show our initial conditions, we only need to show that z[2; 1] > 0.By de�nition of a min-cost matching, however, z[2; 1] � z[1; 1] + z[2; 2]> 0.Now assume that conditions (1) and (2) hold up through n � 1. We have thesituation shown in Figure B.1. Here, the bullets refer to elements that are greaterthan zero. Row n � 1 has a zero somewhere, so without loss of generality let it be incolumn n. We can now show that row n has only non-zero elements in it up throughcolumn n. We assumed that z[n; n] > 0 since it is part of the matching, being on themain diagonal. Consider any element z[n; i] for which i < n and look at the submatrixindicated by the dashed lines. In order for the partial matching in the submatrix to be145



• 0

• • 0

• • • 0

• • • • 0

• • • • • 0

• • z [n,i ] • • •

Row 1

Row n –1

Row n ּ

…

Figure B.1: Why a mincost matching must match a zero.min-cost, we must havez[n; i] + Xi�d�n�1 z[d; d+ 1] = z[n; i] + 0 � Xi�d�n z[d; d] � n� i+ 1 > 0;or the boxed elements in the submatrix will have a smaller sum than the underlinedones. Embedded within this inequality is our induction step, z[n; i] > 0.Continuing the induction, we �nd that row D cannot have a zero, contradicting theassumption that every row must have a zero. Therefore, at least one diagonal elementmust be zero. 2We would like to be able to use Theorem 36 in a bucket-limited framework tosay that once we get down to S zeroes, we can not increase our total imbalance anymore because the next track will have to �ll all the zeroes of at least one bucket.Unfortunately, however, �lling all the zeroes could introduce more zeroes into thatbucket, allowing further promotions.De�nition 20 We write Prom(b; d; �; y) to mean that there is a min-cost matchingthat promotes bucket b on disk d by track � from con�guration y.De�nition 21 Assume that we have a track � and that b 2 B(�). Then wecall BS(b; d; �) = fb0 j yb0d � ybd; b0 2 B(�)g the superior set of b.We can show that if a track forces a promotion of a bucket on some disk, then azero is �lled for some bucket in its superior set with respect to that disk and track.First we prove a simpler assertion.Lemma 91 Assume Prom(b; d; �; y). Then for every disk d0 for which ybd0 = 0, d0 ismatched to some b0 2 BS(b; d; �). The cost of this part of the match is at most yb0d�ybd.146



Proof : We have this situation: d d0b : ybd 0b0 : yb0d yb0d0Since ybd + yb0d0 � yb0d, we know that yb0d � ybd, meaning that b0 2 BS(b; d; �). Also,yb0d0 � yb0d � ybd. 2We generalize this lemma still further in the next theorem, which uses the sameargument as the complicated proof for Theorem 36.Theorem 37 Assume Prom(b; d; �; y). Then there exists a bucket b0 2 BS(b; d; �) that�lls a zero.Proof : We use a diagonalization argument. Assume without loss of generality that b =d = 1, and assume that no b0 2 BS(b; d; �) �lls a zero. We will permute our rows andcolumns so that our matching winds up on the main diagonal. Bucket b has an un�lledzero (by de�nition of being promoted); permute it to disk 2 and permute the bucketthat matches on new disk 2 to bucket 2. Then we havey11 0y21 y22We know that y21 � y11 + y22 so b2 2 BS(b1; d; �). By assumption then, y22 > 0.Inductively, we have a state wherey11 0y21 y22 0y31 y32 y33 0... . . .yi�1;1 yi�1;i�1 0yi1 yiiwhere ykj > 0 for all 1 � j � k � i and yk1 > y11 for all 2 � k � i (in other words,bk 2 BS(b1; d; �) for all 1 � k � i). We show that we can extend this con�guration toi+ 1. Swap disks so that bucket i's �rst zero is on disk i+ 1 and swap buckets so thatthe matched bucket on disk i+1 is bucket i+1. It is easy to see that bi+1 2 BS(b1; d; �),so by assumption, yi+1;i+1 > 0. By the same argument as before,yi+1;k � Xk�j�i+1 yjj > 0for all 1 � k � i+ 1. Since each yjj > 0, yi+1;k > 0.Continuing the induction, eventually we will run out of buckets (when we have aD � D matrix of the above form), and bucket D will have no zeroes | a contradic-tion. Hence at least one of the buckets had to �ll a zero. Since all the buckets arein BS(b; d; �), the theorem is proved. 2147



It is not necessarily true that a zero in the superior set is �lled for every un�lledzero in the promoted bucket, as the following counterexample shows:1 0 010 1 010 10 0B.5 Empirical results.I have written two programs for simulating the results of Algorithm Balance Buckets:the �rst program does a complete search of every possible combination of tracks fromthe initial state, to try to elicit worst-case behavior of the algorithm in a bucket-limitedframework; the second program generates a random permutation and distributes thebuckets to disks according to the algorithm to see what the average-case behavior is.B.5.1 Worst-case behaviorThe �rst program accepts as inputs two parameters: the number of disks D, and thenumber of buckets S. It starts by creating a D � S excess matrix initialized to allzeroes. Then, it tries all possible tracks from each con�guration to produce a completetree of all the con�gurations comprising the search space.The biggest di�culty in the program was trying to determine when two con�g-urations were equivalent. We desire to consider con�gurations equivalent if we canobtain one from the other by some permutation of its rows and columns. Ideally, wecould convert each con�guration to some canonical form and then do an element-by-element comparison to check for equality. Unfortunately, this approach is apparentlynot possible. To see this, consider the special case where the con�gurations have onlyvalues drawn from the set f0; 1g. In this case, the problem is equivalent to the graphisomorphism problem, viewing the matrix as an adjacency graph (although not all pos-sible graphs are represented, since each bucket must have at least one zero in it byLemma 5 | I doubt if this restriction matters), a problem that is known to have nopolynomial-time solution as long as D6=ND. Traces of the program showed that themajority of the running time was involved in this routine, so I made a special e�ortto speed it up as much as possible. I used a hash table for saving the con�gurationsto see if a given con�guration had already been encountered. To do this, I neededa hash function that guaranteed that any two con�gurations that might be identicalwere hashed to the same address. Simply sorting all the elements in the con�gurationand then hashing resulted in too many di�erent con�gurations having with the samehash value. Eventually, I sorted the values of the buckets to produce a series of buckethash keys (called a signature) and then sorted and combined the bucket hash keys toproduce the global hash key. Even so, for D = 3; S = 6, the 4000 or so con�gurationswere distributed among only about 1000 slots (of 8192) in the hash table. However,these optimizations produced a speedup of a factor of 50 or more in some cases.As an example of the hashing di�culties, consider the histogram of the hash tableentries when D = 3; S = 6: 148



#con�gurations 0 1 2 3 4 5 6 7 8 9 10 11#hash values 7197 325 154 128 101 49 50 44 29 8 23 11#con�gurations 12 13 14 15 16 17 18 19 20 23 29 36#hash values 16 21 6 6 1 5 8 2 2 2 3 1For example, there were three hash values, each of which had 29 con�gurationsin them. There are three possible sources of collisions in the �nal hash table: (1)di�erent sets of bucket values being hashed to the same bucket hash key, (2) di�erentcon�gurations having the same signature, and (3) di�erent signatures having the sameglobal hash value. I sincerely doubt that source 1 contributed to the overall crowdingof the �nal hash table. To separate out the e�ects of sources 2 and 3, I checked to seehow many signatures were in each hash table slot:#signatures 0 1 2 3#hash values 7197 957 36 2So there were only two hash values to which three di�erent con�guration signatureswere mapped and the vast majority of occupied hash values comprised only a singlecon�guration signature. Thus, it was the inability of the signatures to distinguishbetween di�erent con�gurations that was the limiting factor in the overall performanceof the algorithm.A second problem with the simulation is that the search space was not quite com-plete by virtue of the fact that only a single min-cost matching was considered for each(con�guration,track) pair. Conceivably, some of the alternative min-cost matchingscould have resulted in some con�gurations not obtained by the program, though I amreasonbly certain this is not the case.Now, let us look at the results of the simulations. Table B.4 gives the maximumattainment, the minimum number of tracks to attain the maximum, the maximum disksum, the total number of con�gurations obtained, and the CPU time in seconds for allthe values of S and D for which the simulation completed.The maximum attainment for a given number of buckets seems to be limited byA(S) = bS2 c, independent of the number of disks, and the maximum disk sum is alwaysat least 12A(S)(A(S)+1). The number of con�gurations and consequently the runningtime appears to be growing at least exponentially in both S and D.A curiosity in Table B.4 is that the minimum number of tracks needed to attaina given value may decrease as the number of buckets increases, as can be seen whenD = 2 in going from 8 to 9 buckets and from 10 to 11 buckets. Table B.5 gives morecomplete information on how many tracks were needed to attain a given value with agiven number of buckets. In all the cases we were able to run, the minimum numberof tracks needed to get a certain attainment is dependent only upon the number ofbuckets and not at all on the number of disks. Empirically, increasing the number ofdisks does not change anything in terms of the minimum speed at which an attainmentis reached, and in particular, it is plausible that the number of tracks needed for atrack-minimal attainment given an in�nite number of buckets may be independent ofthe number of disks. 149



Max. attainment Min. tracks Max. disk sumD D D2 3 4 2 3 4 2 3 43 1 1 1 1 1 1 1 2 44 2 2 2 3 3 3 3 4 55 2 2 2 3 3 3 3 4 5S 6 3 3 � 3 8 8 � 8 6 87 3 � 3 7 � 7 68 4 17 109 4 16 1010 5 33 1511 5 33 15# con�gurations CPU timeD D2 3 4 2 3 43 2 4 5 0.0 0.0 0.14 6 36 207 0.1 1.4 23.35 7 84 1132 0.1 7.5 417.8S 6 29 4060 1.2 1392.7 > 5321:57 37 3.1 > 5748:18 193 44.59 269 254.910 1629 5157.711 2400Table B.4: Simulation results in the bucket-limited experiments.
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Attainment 1 2 3 4 5D D D D D2 3 4 2 3 4 2 3 4 2 23 1 1 1 | | | | | | | |4 1 1 1 3 3 3 | | | | |5 1 1 1 3 3 3 | | | | |S 6 1 1 1 3 3 3 8 8 8 | |7 1 1 3 3 7 7 | |8 1 3 7 17 |9 1 3 7 16 |10 1 3 7 15 3311 1 3 7 14 30Table B.5: The minimum number of tracks needed to attain a given value.S = 8 S = 9 S = 10 S = 114 0 4 0 4 0 4 02 0 2 0 2 0 2 01 0 1 0 1 0 1 00 2 0 2 0 2 0 10 2 0 2 0 1 0 10 2 0 1 0 1 0 10 1 0 1 0 1 0 10 0 0 1 0 1 0 10 0 0 1 0 10 0 0 10 0Table B.6: Con�gurations when a value of 4 is attained with D = 2.However, the number of tracks needed in Table B.5 to obtain the maximum attain-ment does sometimes depend upon the number of buckets available, though there isalways some critical number of buckets after which the number of tracks needed doesnot decrease any more as the number of buckets is increased. If we are interested inexploring the track-limited framework, it would seem that we need to make certain thatthere are enough buckets available to achieve the track-minimal attainment. How dowe know if we have the critical number of buckets? It is possible to tell by inspectingthe con�guration when the maximum attainment is achieved in the D = 2 case. Forexample, Table B.6 shows the con�gurations when a value of 4 is attained for di�erentvalues of S.It is obvious that what is happening is that when the number of buckets is less thanthe critical value, additional moves must be taken to replenish the supply of pebbleson the zero node of the number line, to phrase things in terms of the D = 2 pebble151



game. Thus, we wind up requiring extra moves to get pebbles to nodes that are lessthan �1. Accordingly, we know that S = 11 represents the critical number of bucketsfor a track-minimal attainment of 4, since no bucket has more than an imbalance of 1on Disk 2. Even given the con�guration where 4 was attained with S = 8, it is possibleto extrapolate that three more buckets would be needed for the critical value.The critical number of buckets as far as we can tell from this Table B.5 (togetherwith the con�guration when 5 is attained) are:Attainment 1 2 3 4 5Minimum # buckets 2 4 7 11 16where it appears from extrapolating that minimum = ymax(ymax+ 1)=2 + 1.It is also possible to extrapolate the value of the minimum number of tracks neededfor an attainment given a con�guration that attains the value using a sub-criticalnumber of buckets. When S = 8; D = 2, for example, the value 4 is attained in 17tracks, 3 of which were needed for causing extra promotions on Disk 2; hence 14 isthe minimum number of tracks required even with an in�nite number of buckets. It ispossible to rewrite the program slightly to expand the range for which we can infer theminimum number of tracks required for a given attainment. In this variation of theprogram, each bucket is initialized to have a 1 on Disk 1 and a 0 on all other disks. Onetrack is charged for each bucket. This is the equivalent of saying that we started with2S buckets and combined them in pairs to promote one on Disk 1 and the other on theremainder of the disks. Since when D = 2, we know that a track-minimal attainmentwill never involve any buckets that are non-zero on Disk 2, we can ignore these extraS buckets. Our program is initialized so that the initial track count is S, since thatis how many tracks it would take to promote S buckets to have a 1 on Disk 1. Whenwe do this, we can construct the following table of the minimum number of tracks toattain various values: Attainment 1 2 3 4 5 6 7Minimimum # tracks 1 3 7 14 25 41 63In each case, the minimum number of tracks is ((ymax)3 + 5ymax)=6, indicating thatit is probably the quadratic lower bound proof that needs improving rather than thecubic upper bound.All of the theoretical work was done in terms of bounding ymax, which places anobvious limit of Symax on the total unbalance as summed over all the buckets. I ransome experiments to �nd out just what the actual total unbalance was; the results areshown in Table B.7. It appears in comparing the maximum unbalance with Symax thatachieving a total of unbalance of Symax requires that D be above some critical valuethat is a function of S. The few critical values we can see so far are summarized:S 3 4 5Critical # disks 2 3 4from which it appears that the critical number of disks may be S � 1.152



Min. tracks Max. unbalance SymaxD D D2 3 4 2 3 4 2 3 43 1 1 1 2 3 3 3 3 34 5 7 6 6 8 8 8 8 85 4 8 7 6 9 10 10 10 10S 6 14 27 12 16 18 187 12 12 21 218 30 20 329 26 20 36Table B.7: The total unbalance achieved as a function of S and D.Normal Birepresentative# con�gurations # con�gurationsD D2 3 4 2 3 43 2 4 5 2 4 5S 4 6 36 207 6 35 2065 7 84 1132 7 84 11286 29 4060 29 4058Table B.8: The number of con�gurations reachable for normal and birepresentativetracks.I also wanted to check a couple of hypotheses. The �rst was the supposition thatthere exists a track-minimal attainment for any values of D and S that uses onlybirepresentative tracks. This hypothesis is clearly trivial unless D > 2. All of theresults that I was able to simulate did in fact give the same number of tracks fora minimal attainment. However, the total number of con�gurations reachable wasslightly smaller when only birepresentative tracks were used, as shown in Table B.8.Thus, this experiment does not give a very strong indication in either direction whethera track-minimal birepresentative attainment exists.The other hypothesis I was interested in checking was whether we needed to paythe cost of �nding a globally min-cost matching, or whether a min-cost matching thatis a local minimum with respect to swaps of assignments would su�ce. Of all thelemmas and theorems in this paper, only Theorems 36 and 37 require a global min-costalgorithm. When D = 2, a local min-cost is a global min-cost, so I ran my experimentsusing D = 3. In the case where S = 6, the local min-cost achieved a total columnsum of 9, as opposed to 8 for a global min-cost. Similarly, the number of con�gurationsreachable was 4321 instead of 4060. So it seems that using a local min-cost might a�ectthe worst-case performance of the algorithm.153



B.5.2 Average-case behaviorTo determine what kind of performance the algorithm is expected to have in practice, Iwrote a second program that generated a random permutation of N elements and thentried to distribute the buckets evenly among the D disks, assuming that the elementswere distributed among the S buckets as evenly as possible (i.e., each bucket containedeither bNS c or dNS e elements). I then ran this algorithm over a systematic data set:S = f5; 10; 20; 50; 100; 200gD = f5; 10; 20; 40; 80gT = f50; 100; 250; 500; 1000; 2000g:Here, T = number of tracks, so that N = DT . For speed of running, the algorithmused only a local min-cost function, so the actual algorithm with a real min-cost couldquite possibly be better than the simulation indicates. The program was also ableto compare the actual distribution with the optimal one and compute the ratio. Theworst ratio to the optimal was fS;D; Tg= f100; 80; 100g, which yielded a ratio of 1.775.This particular set of values is unrealistic in the sense that each bucket comprised asingle track (so the ratio can be interpreted as saying that 77% of the buckets werespread between two tracks). If we say that each bucket should comprise at least twotracks, then the worst ratio occurred when fS;D; Tg = f50; 80; 100g, with a ratioof 1.354. Finally, if we impose the very reasonable restriction that S � pT , alsoconsidered in the theoretical part of the study, then the worst ratio obtained was whenfS;D; Tg = f10; 40; 100g, with a ratio of 1.042. Thus, the algorithm seems to balancethe buckets extremely well in practice, with a total unbalance never more than 5%above optimal. It is expected that using a real min-cost instead of an approximate onewould yield even better results.
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