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Chapter 1IntroductionThis thesis is about how to picture the world and how to know what to do. It'sabout how to manage information about the world, and how to know the changesthat might take place. It's about knowing what plan to commit to, and what actionto undertake.At the heart of this thesis is the idea that good decisions need good managementof information about time, good ways of envisioning information about time. Byenvisioning, we mean the ability to hypothesize: to project into the future, or thepast or present.As an example, consider the selection of a travel route. Our task at hand mightbe the delivery of packages from Chicago to Atlanta. Or it may be a vacation drivethrough New England. In either case, the selection of travel route requires thinkingand hypothesizing about many things; geographic distance, the time of day, thelikelihood of delays and bottlenecks, and the scenery and amenities o�ered by eachpossible route.An important part of envisioning is the ability to consider chance, the likelihoodof di�erent scenarios. For instance, we may know that Route 57 is more likely toresult in delays during the afternoon. Thinking about chance includes the ability toextrapolate what the consequences of actions will be, given what we know about ourcurrent situation, and what we know about the likely future situation. For instance,even though Route 57 in general has a high chance of tra�c jams, we may know thatduring certain times of the day, the likelihood is less; so if we leave after 3pm, say,we will miss tra�c with a good chance.Another important part of envisioning is the ability to judge the importance ofthe possible scenarios, their bene�ts and their liabilities. Through the process of1



2 CHAPTER 1. INTRODUCTIONenvisioning the importance and likelihoods of scenarios, we should know what the bestaction is. Tra�c jams are unpleasant, but an alternate route may require travelingmany more miles. Depending on our agenda, we may or may not decide to risk a onein ten chance of tra�c jam.In this thesis, we present a theory of how to envision such types of scenarios, andhow to do so in a manner that is timely and useful. An informal statement of ourproblem is:Let our knowledge about the world be a set of facts '. The envisioningproblem is the problem of deducing the set of facts � that will be true inthe future, possibly as the result of our actions �. The decision problemis to select a good action �̂ from the set of actions in a manner that istimely and useful.We leave the question of what is good, timely, and useful vague for the moment. Inour theory, we develop:� A way to represent our knowledge about time, change, and chance.� A way to e�ciently extrapolate from our knowledge in order to decide what thebest action is.Our approach is distinguished by the following:� We explicitly reason about chance with probability, and use stochastic processtheory to reason about chance and time. Probability is a mature normativetheory of reasoning about chance.� We use logic to write down basic knowledge about probability and time. Logicmakes it easy to quantify knowledge, and to apply knowledge as needed.� We use graph models of knowledge about probability for the actual envision-ing task. Graph models are a robust and e�cient vehicle for envisioning withprobability, and they make it easy to reason about chance from a normativebasis.The main results developed in this work are:� We show how to perform a wide variety of reasoning about time and proba-bility, including reasoning about lifetimes of facts, ordering of events, and time



3dependent utility functions. Previous work in AI focused on state transitionmodels that made such reasoning tasks di�cult.� We demonstrate the use of logic as the basis for a 
exible language for buildinggraph models about time. Thus we provide a computational theory for reasoningfrom the logic. Previous work either ignored time, or failed to bridge issues inknowledge representation with those of computation.As part of this work, we have developed a series of programs for reasoning abouttime and probability. These include Goo, a temporal database for maintaining a pictureof the likelihood of facts and events over time. Goo incrementally constructs andmaintains graph models from logical knowledge in response to queries and assertions.Graph models are used to answer queries such as \What is the chance that I willarrive by noon?", and \Is there any plan where the probability of tra�c jams is lessthan .5?".The chief contribution of this work is in e�ecting a practical and coherent syn-thesis of ideas bridging representation in logic and inference in graph models. Theunderlying structure of knowledge and theories about time, change, and uncertaintyare shared by the logic and graph models, making it easy to move from one to another.This transparent connection promises a wider applicability of methods of temporalreasoning under uncertainty in practical problem solving domains. We envision theapplication of such temporal information management technology in a wide variety ofdomains. Some applications are large scale { managing information about air tra�cor cargo transport. Some are smaller { controlling some facet of the behavior of a10kg mobile robot.In addition to the chief contribution of presenting a coherent approach to reasoningabout time and chance encompassing theory and experimentation, this dissertationmakes speci�c contributions in the design of:� Logics.� Graph models.� Applications in planning and control.� E�cient implementations.



4 CHAPTER 1. INTRODUCTIONIn this chapter, we provide a summary of our theory, as well as the organization ofthe thesis. Since our aim is to provide an overview of the issues involved, we will defercitations for the most part to the actual chapters in which the issues are discussed.Time and ChangeA major component of our theory is a rethinking of commonsense reasoning abouttime, change, and causation by way of probability. There are good reasons for theuse of probability in reasoning about time and change:� Probability is a language that directly addresses the notions of chance andlikelihood.� Probability is a normative theory of reasoning about chance.� Probability is a mature theory, with clean and transparent semantics.� By using probability, we open the way to use of decision theory for selectingactions.Cox [1946] has shown that any calculus about chance and likelihood that adheresto a minimal set of desiderata ends up looking exactly like probability theory. Thus,there is no need to look further than probability for a language to talk about chanceand likelihood. Furthermore, probability is a normative theory of reasoning underuncertainty. Its close cousin decision theory makes clear prescriptions about optimaldecisions under uncertainty.Our initial research in probabilistic temporal reasoning is covered in Chapter 2.We present a number of models of probabilistic temporal inference that we havedeveloped. These include continuous-time models related to queueing theory and adiscrete-time model related to the theory of Markov processes.Our models emphasize reasoning about causation and the persistence of states inthe world. These issues essentially remain open problems for commonsense reasoningin arti�cial intelligence. Our results have borne out the promise of applying prob-ability theory, by o�ering viable solutions to issues that remain problematic in thisarea.We can argue at length about the utility of a theory or approach to automatedintelligence that employs an explicit, declarative representation of probability, es-pecially as related to time. Instead, here we assume that such a representation is



5interesting in and of itself, given the extent to which people talk about chances andprobabilities. We assume that people would �nd it useful to have a database or simu-lator to which we can make queries about time and probability. The question then ofwhether or not they are useful for 10kg autonomous mobile robots on Mars is reallyan empirical one.Logic of LifetimesThe approach of reasoning about time, change, and chance with probability is givena formal grounding with the design of formal languages for writing down knowledgeabout time and probability. These are a family of language known as the logic oflifetimes. The logic of lifetimes is covered in Chapter 3. The logic of lifetimes takessome of the ideas developed in Chapter 2 and formalizes them as in the context oftemporal logic. We formalize notions of facts, events, time, and probability, andprovide syntax and semantics for successively more expressive languages for writingdown knowledge about when facts are likely to be true, how long they persist for,and how their probabilities change over time.Time NetsThe languages of Chapter 3 enable us to write down our knowledge about time andprobability. We still need a method for making assessments about probability. Thisis done with with time nets. The time net is itself a Bayesian network , an augmentedgraph data structure for reasoning about probability. The time net is a Bayesiannetwork that incorporates special features for temporal reasoning.Research in the two disciplines of probability and decision theory has led us tounderstand the advantages of representing our knowledge as graph models. Bayesiannetworks and in
uence diagrams are the most commonly used of these models. Thestudy of graphical dependency models for probabilistic theories is undergoing rapidadvancement. We have exploited these advances to great e�ect in our research. Inparticular, algorithmic advances have enabled us to demonstrate feasibility of veryfast probabilistic and decision theoretic computation in networks on the order ofthousands of nodes. Computation in time nets, and in particular, the algorithms thatwe use, the clique tree propagation algorithm, and stochastic sampling algorithm, arediscussed in Chapter 4.



6 CHAPTER 1. INTRODUCTIONGooWe expect to see increasing need for temporal information management in extendingthe application of intelligent systems technology. As part of the thesis, we havedeveloped a family of programs intended to serve as experimental testbeds for timemanagement technology. These include Sam, which is a time net reasoner, and Goo,which is a temporal database built on top of a time net reasoner. Our focus is ondecision support applications and on standalone embedded applications. Chapter 5discusses the development of these implementations and experiments.The temporal database, in our case a probabilistic temporal database, is a databasefor recording and keeping track of information about time. A user enters informationabout known facts and expected facts, and a set of rules about how facts interact toa temporal database. On the basis of this information, the temporal database triesto form a picture of what is likely to happen when.For instance, a trucking company may wish to keep track of where its trucksare over time. The information given to a temporal database may be where trucksare known to be at what time, what time they leave known locations, and knowledgeabout how long it typically takes to travel on di�erent routes. From such information,the temporal database tries to give users a picture of what is likely to be true overtime.There are other examples where a temporal database may be useful. A modernautomobile assembly plant stocks a very small inventory of parts, and must keep trackof which parts are needed and how long it will take to order and have them delivered.An intelligent agent in a distributed network may need to keep track of what activityis being undertaken in which part of the network. Another good example might bemanaging a hospital's physical and human resources.In this thesis, we make a distinction between a temporal database and a temporalinformation management system. Roughly speaking, the job of a temporal database isto keep track of information. A temporal information management system is anythingthat uses a temporal database and the information stored or computed by a temporaldatabase. For example, we may wish to keep track of the likely arrival time ofall trucks, and be noti�ed whenever any truck is more than 50% likely to fail tomeet its deadline. The ability to predict the probability is handled by a temporaldatabase. Keeping track of various probabilities is the job of a temporal informationmanagement system.



7A temporal information management system may be used for decision supportapplications, or it may be used in standalone embedded applications. A tempo-ral information management system in a decision support role may be constantlyinteracting with human operators or decision makers, providing information, mak-ing predictions, soliciting decisions. Or it may operate completely independently inmanaging a mobile robot or a manufacturing process. There is, of course, a wholespectrum in between these two types of operation.The issues that arise in building such systems are not unique to the temporalinformation management domain. They cut across all of arti�cial intelligence, andespecially all of representation and reasoning. As we shall see, Goo is a small step,one answer towards building capable time management systems.The focus of the Goo experiment is on the basic support function of the temporaldatabase. We build some simple temporal information management systems, in theform of planners based on decision theory, but the chief contribution is in the more ba-sic temporal database technology. The development of the temporal database hingeson a combination of the two types of languages, logic and graphs, that we present inChapters 2 and 4. We focus especially on the issues of time, change, and uncertainty,and the ability to change with time.Making Plans and DecisionsChapter 6 outlines the use of this research in making plans and in making decisions.A principal motivation for moving to a model of the world based on probability isdecision theory. Decision theory is a normative theory of choice. In decision theory,choices are based on expectations of the value of an agent's actions. It is so closelyrelated to probability theory that one cannot speak of one without the other.Both the languages that we develop and the graph models that we develop areeasily extended to represent decision making by decision theory. We show how to dothis, and some examples of its use.



8 CHAPTER 1. INTRODUCTION



Chapter 2Time and ChanceIn this chapter, we introduce the topic of reasoning about change. Our interest is inthe ability to reason about how things change over time and the chances that thingsmay change in di�erent possible ways. In this chapter, we focus on the representationof these entities with probability to numerically capture our notion of chance.A key interest is issues of consistency, intuitiveness, and expressivity, as well as inforging links to past work in arti�cial intelligence. Issues of inference and computationwill not be explored in depth here, being instead the province of later chapters.First, we explore the idea of reasoning about change. Then we consider the explicitrepresentation of uncertainty in the form of probability.2.1 Reasoning About ChangeReasoning about change refers to activity that tries to capture the way in which theworld behaves, such that it is possible to form ideas about what has happened orwhat will happen. A simple example is to try to predict the e�ects of administeringsome drug to a patient. How severe is the patient's condition likely to be 2 hours fromnow, 6 hours from now, or 2 days from now, if we supply the patient with Miraculo-17now? What if we do not? What if we delay administering the drug, instead waitingfor the result of some test, which is expected to arrive between 1 and 3 hours fromnow?In a broad sense, reasoning about change may involve not just \thinking" butphysical actions as well. This is especially true when we are learning about a situationat the same time that we are trying to reason about it. For instance, if we are trying9



10 CHAPTER 2. TIME AND CHANCEto predict how some mechanism, such as a bicycle part, will work under certainconditions, one easy method is to �ddle with the mechanism and see how it works.Although it could be argued that the reasoning in such behavior is separate from theconcrete actions, it is nevertheless true that in the actual forming of conclusions, thephysical acts are inseparable from, and no less important, than the thinking actions.Although we focus rather exclusively on more abstract aspects of reasoning aboutchange, it is well worth remembering that it is but part of a larger whole.In the typical kind of reasoning task that we are concerned with, we know somefacts and some ways in which things typically behave and interact. Our task is to�gure out what is likely to happen given that knowledge. Thus, our focus is onprediction. For the most part, we do not address the related problem of explanation,or �guring out what has already happened.1As an example, we may try to estimate the arrival time of a spouse's airplane
ight from Los Angeles. You know the scheduled departure time of the 
ight, andhow long 
ights typically take to 
y from Los Angeles. From that information, youwill be able to predict what time the 
ight arrives.Another example is that of a dispatcher at an automated warehouse who mustdecide what tasks are to be performed at what time [Dean and Kanazawa, 1989b].At the warehouse, there are trucks delivering and picking up cargo all day long.Loading and unloading trucks is the job of automated robot handlers. Typically, thewarehouse is so busy that not everything gets done as expeditely as one might hope.Trucks arrive with cargo, and no robot handlers are free to unload them, causingtruck drivers to become irritated. Similarly, trucks arrive empty, expecting to loada shipment, but it is impossible to comply because a robot handler has just brokendown and been sent back to the shop. Often, truck drivers become so impatient thatthey just leave to head to their next destination. Our task as the dispatcher is toassess how long each truck driver might stick around, so that with high probability,we load all the trucks, or failing that, those with high priority cargo.So assume that our friend Sally the truck driver arrives sometime in the afternoon,expecting to pick up some cargo. Given that we know that she has arrived, what dowe know about her chances of staying in the loading dock? How long, on average,can we expect her to hang around? Assuming that we are familiar enough with herbehavior to know how impatient she is, we should be able to answer such questions1We often �nd explanations during the process of prediction.



2.1. REASONING ABOUT CHANGE 11easily. There are various factors that may change our expectation about when shewill leave. First of all, no matter what, she will leave by 4:30 so she can �nish workby 5:00. However, even if she is feeling very impatient, if there is a co�ee break, thenshe will probably stay a little longer to have some co�ee and donuts, at least for theduration of the co�ee break. Finally, if her friend Harry, another truck driver, arrives,then she will be likely to delay her departure for as long as he is there.What can we say about such reasoning tasks? We identify four principal factorsassociated with this type of reasoning.Time. First of all, reasoning about change inevitably involves the notion of time.We have seen that already in our example about Sally. To take another example,\after I turn the ignition key, the car will start" may or may not be an act of faithdepending on the car, but either way, it involves a notion of time passing. Yet anotherexample, \a few minutes after I turn on the rear window defogger, the rear windowwill gradually become clear" even more directly incorporates the idea of time. Sowithout time, there would be no change to speak of, and perhaps vice versa. Withoutdelving into any philosophical debate about the nature of time and change, we takeit as given that time is central to reasoning about change, and that reasoning aboutchange is synonymous with reasoning about time.Causation. Another thing to notice about these last two examples is that inas-much as they involve the notion of time, they also involve the notion of causality.A more accurate statement of our commonsense notion about turning the ignitionkey might be that \only after I turn the ignition, the car will start". So reasoningabout change involves identifying and reasoning about causes and e�ects. This is notsurprising given the close connection that is often made between time and causality.An example of this relationship is a common view of causality in terms of time, that\causes precede e�ects". In this view, turning the ignition causes the car to start,which is in accordance with the commonsense view. It would be mighty odd, afterall, to have the key turned after the car started.Incompleteness. A third facet of reasoning about change is that our knowledgeis generally incomplete. We simply don't know everything, or perhaps much at all,except in some limited cases. In the medical domain, we don't know all the facts andrelevant rules that pertain to a given situation. Indeed, it is rare that we know forcertain exactly what the situation is. Another example of a type common to arti�cialintelligence is that you don't know if somebody has put a banana in the tailpipe of



12 CHAPTER 2. TIME AND CHANCEyour car, and therefore, that it is necessary to qualify your inference that if you turnthe ignition key the car will start. All this does not mean that we cannot draw usefulinferences on the basis of what we know. But it serves to illuminate the task thatwe have set ourselves. Furthermore, it lays the basis for accounts of change and ofaction that allow for re
ection, i.e., the ability to say something like \I don't knowwhat time it is", and for actions designed to acquire knowledge. An example of thelatter might be \if I call the supermarket, then I can �nd out if Ben and Jerry's icecream is on sale".Chance. Last but not least, there is always the element of chance at work inthe world. We cannot reliably predict everything accurately ahead of time. TheHurricane Medusa heading northeastward may or may not hit your home town (ofcourse, if your home town happens to be in Marin County, then the likelihood that itwill hit is virtually nil). There is always the odd chance that an ATM machine willreject your bank card for no apparent reason. And we simply cannot know aheadof time how long Sally will stick around. Thus, in reasoning about change, we musttake into account the fact that things do not progress in an orderly if-then fashionthat enables us to predict the future with absolute certainty. We may only know howthings behave on average.The last two points often come under the single label of uncertainty, both inarti�cial intelligence and in philosophy. For example, in the Bayesian view [Savage,1954], uncertainty and therefore chance is a measure of ignorance. If we had perfectinformation about the universe, then there would be no uncertainty, and thus nochance. We will not go into depth into this distinction here.In the following discussion, instead of trying to capture reasoning in all forms,we typically ask ourselves to solve problems in some restricted domain. A domainmight be the weather, driving a car, the warehouse, or even everything that concernsa particular autonomous mobile robot, although in practice, even those are largedomains to capture completely with present arti�cial intelligence techniques. Rather,we are concerned with some subset of such a domain. We know some facts that pertainto such a subset of a domain. This might be the fact that it's currently December,and that it's summer in New Zealand. It might also include the fact that there aremore sheep in New Zealand than there are people. At any rate, such assertions aswe know about a domain will be called the basic facts. To make inferences abouta domain, we also need some rules about the domain, what is sometime called the



2.2. TEMPORAL REASONING IN AI 13physics of a domain. This might include such rules such as \if it's summer, then it'swarm", and \if it's warm then warm-blooded animals feel warm". We call these rulesthe domain theory or the causal theory. Loosely, we may speak of a domain theoryas the rules or the laws (of a domain). On the basis of the basic facts and the domaintheory, we may make inferences such as that in New Zealand, the sheep are currentlywarm (of course, it's quite likely that sheep are always warm, but that's a di�erentmatter entirely). Such facts are derived facts, facts that are linked to basic facts orto other derived facts by rules in the domain theory.A domain theory need not be the most faithful model of the world that one hasat her disposal. It is conceivable that approximate models are adequate in certainsituations. Intuitively, the more detailed and accurate a model, the more expensiveit would be to compute with. This is a research area of growing interest in arti�cialintelligence, especially as pertaining to real-time systems. We have made preliminaryinvestigations in [Kanazawa and Dean, 1989].At any rate, we are interested in domains that contain basic facts about time,and domain theories about how facts and their chances change over time. Beforewe present our approach, let us �rst review past work in reasoning about change,emphasizing the development of temporal reasoning in arti�cial intelligence.2.2 Temporal Reasoning in AIIn this section, we trace some of the major ideas in temporal reasoning in arti�cial in-telligence. We note what the concerns were, and where appropriate, we note how theyhandle the issues of time, change, uncertainty, and incompleteness that we mentionedabove.2.2.1 The Situation CalculusThe most in
uential early work of reasoning about time and change is that developedin a seminal paper by McCarthy and Hayes [1969]. McCarthy and Hayes identi�eda number of areas that were seen as challenges in reasoning, one of which involvedtime and change. Here, they introduced ideas about what came to be known as thesituation calculus.The situation calculus was the �rst (AI) logical representation for reasoning abouttime and change. In the situation calculus the chief ontological entity is a set of



14 CHAPTER 2. TIME AND CHANCEinstantaneous states, called situations. The de�nition of a situation is [McCarthyand Hayes, 1969]:The complete state of the universe at an instant of time.In practice, a situation is an abstract entity that is usually never fully speci�ed.Instead, a situation is only partly speci�ed by the facts that are known about it.Suppose that we are trying to describe our knowledge about Spaghetti cooking. Thenfor each situation, we might write down facts about water boiling, lighting the stove,and so on. However, we would probably omit mentioning facts about the number ofplanets or the genetic code of chimpanzees.Each fact that we do mention about a situation is called a 
uent . A 
uent istraditionally expressed as a �rst-order predicate that associates a property with asituation. An example is raining(s), which is intended to indicate that it is rainingin situation s.In the original treatment of situation calculus, in order to associate a propertywith an object in a situation, a function associating a 
uent with the object wasde�ned. For instance, to express that it is raining at location x in situation s, itwas written as raining(x)(s). In the example, raining(x) a function that returnsa 
uent indicating whether or not it is true in each situation s. Since a functionreturning a predicate is a second order construct, in subsequent treatment of thesituation calculus this is normally written in one of two di�erent forms.One is the rei�ed representation, which adopts a special predicate to associatethe state of a 
uent with a situation. Commonly, the predicate used is holds(e.g.,[Lifschitz, 1987]). In this approach, the previous is written as holds(raining(x), s)(or with the situation and 
uent arguments reversed). The other approach associatesthe situation directly with each 
uent. An example would be raining(x, s).The rei�ed approach is perceived to have some advantages, the most notable beingthat it is easy to de�ne special sentence formers convenient for use in reasoning aboutcauses and change. For instance, cause(raining, wet) might be used to indicatethat the 
uent rain causes the 
uent of wetness to become true. For this, and otherreasons that we mention later, we adopt the rei�ed approach from now on.2To continue, in the situation calculus, typically, we know some facts about asituation, expressed in terms of 
uents. Our interest is in knowing how situations2Bacchus and others [1989] argue that a non-rei�ed temporal logic is just as expressive as a rei�edone.



2.2. TEMPORAL REASONING IN AI 15are related to one another, how a situation changes to become another situation.In the situation calculus, an action is a function that maps a situation to a newsituation. The changes that the action precipitates is given by the di�erence betweenthe situations before and after the action takes place. For instance, the change inducedby the action of drinking a Coke may be that a Coke glass was full in the originalsituation, and empty in the resulting situation. This is often written as a causal rulesuch as the following.holds(full(g), s) � holds(empty(g), do(drink(g), s))Normally, an action such as drink is represented in this fashion, in terms of the dofunction, rather than as a function of situations. In this scheme, do(�, s) is thesituation that results from doing action � in situation s. It is also common to use theresult function in place of do.In the implication above, the left hand side is known as the action precondition,the 
uents that must hold for the action to take place, and the 
uent argument toholds on the right hand side is known as the e�ect , the 
uent that results from theaction. Note that the rule above is implicitly quanti�ed. It is implicitly within thescope of a universal quanti�er that applies the rule to all situations s. Alternatively,we may consider the rule to be an axiom scheme.In trying to formalize commonsense notions of change through the situation cal-culus, it was discovered that the use of such causal rules, although seemingly straight-forward, were in fact far from free of problems. Some of the di�culties encounteredcame to be very well-known, as the frame problem, the quali�cation problem, and therami�cation problem.The frame problem, roughly speaking, is the problem of how to avoid having towrite down what does not change with each action. There are many de�nitions ofthe frame problem, but the above de�nition su�ces for our purposes. In trying towrite down situation calculus axioms about how to undertake tasks, it was discoveredthat it may be necessary to write down knowledge about what remains true in eachsituation [McCarthy and Hayes, 1969]. For instance, suppose that our task is todeliver a package X from city A to city B. Thenholds(loc(X,A), s) � holds(loc(X,B), do(move(X,A,B), s))describes how the location of X changes as a result of a move action. Suppose nowthat there is another package Y in city A. What happens to Y in the situation that



16 CHAPTER 2. TIME AND CHANCEresults from the move? Unless we happen to take Y along on the same trip, we assumethat Y remains in city A when the move action takes place. In the original situationcalculus, to make this commonsense inference, it is necessary to add the frame axiomholds(loc(Y,A), s) � holds(loc(Y,A), do(move(X,A,B), s))which says that the location of Y remains the same when we move X from A to B. Theproblem with this is that it is impractical to write down frame axioms for everythingthat remains true across all situations and all actions. To jump ahead a bit, our workrepresents an approach to dealing with the frame problem with probability.The quali�cation problem is the issue of exceptions to causal rules. In practice, intrying to apply causal rules, there are always exceptions, and exceptions to exceptions.There is a common example for illustrating the quali�cation problem, which goessomething like this. This is the example about starting an automobile that we sawearlier. 1) If the ignition key is turned, then the car will start. 2) Except if thereis a banana in the tailpipe, in which case the car will not start. 3) Except in casethe car has dual exhausts, in which it will start. 4) Unless there is a banana in bothtailpipes. 5) and so on : : : . The perceived problem here is that there is never an endto exceptions, and thus, to write down our knowledge involves an endless number ofrules.The rami�cation problem is the problem of how to know what facts do changewithout explicitly stating them in causal rules. For example, suppose that a bombB is contained in package X. Is there an easy way to infer that the bomb moveswherever the package moves, without specifying it explicitly? In some sense, this isthe opposite analogue of the frame problem.These three problems turn out to be quite general, common to many formalizationsof commonsense temporal and causal reasoning. They are di�cult to overcome in asuccinct domain independent manner. Much of subsequent research in formalizationsof commonsense reasoning in AI has been concerned with these problems.There are technical problems with the situation calculus approach itself. Oneproblem is that in the situation calculus, nothing changes unless an action takesplace. Since the only thing that relates a situation to a situation is an action, if noaction is known to occur, then we remain in the same situation. Thus, the situationcalculus has di�culty in handling exogenous events. Conversely, if we are to postulateany changes at all, for instance, the passage of a moment of time, we must write downall the axioms necessary to relate one situation to the next.



2.2. TEMPORAL REASONING IN AI 17Another problem is that it is di�cult to have simultaneous actions. What if twomove actions, of moving package X from A to B, and of moving package Z from C to Doccur in the same situation? It is not at all clear from the simple situation calculusthat we have so far seen how such might be accomplished, at least in the case wherethere are separate causal rules for X and for Z.3Despite its problems, the situation calculus has been tremendously in
uential.There is a great deal of simplicity present in the approach, of perceiving the worldin terms of distinct states and how they are related. It led in part to the STRIPSwork described next, and later on to various attempts at nonmonotonic reasoningdescribed later.2.2.2 STRIPSSTRIPS was an early planner developed by Fikes and Nilsson [1971]. STRIPS wasbased on the situation calculus. In STRIPS, the world is represented as a databaseof known facts. Again, changes in the world occur on the basis of actions, accordingto what is speci�ed in the action's precondition-list , add-list , and delete-lists. Forinstance, for the action of moving a package, move(?agent, ?pkg, ?locA, ?locB),where ?X is a variable, the precondition-list might beloc(?agent, ?locA), loc(?pkg, ?locA);the add-list loc(?agent, ?locB), loc(?pkg, ?locB);and the delete-list loc(?agent, ?locA), loc(?pkg, ?locA):STRIPS maintains knowledge about the state of the world on the basis of these lists.STRIPS may undertake an action if the facts in the action's precondition-list are true(exist in the STRIPS database). If this is the case, then it deletes the facts in thedelete-list, and adds those in the add-list.Thus, as far as STRIPS is concerned, a fact is true (remains in the database)as long as it is added at some time, and no action takes place that deletes it. Thisassumption that a fact remain true as long as no action takes place that speci�es a3It turns out that this can be accomplished [Schubert, 1989], but this result is tangential to thisthesis.
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NowFigure 2.1: A (Discrete) Time Linechange in the fact's status is known as the STRIPS assumption, and it representsone approach to a domain independent way of attacking the frame problem. Thisassumption is present in many forms of temporal reasoning as we note later. STRIPSwas also immensely in
uential, but it shares problems that the situation calculus has,such as di�culty with simultaneous actions. Thus, in planning, it is often supplantedby approaches that explicitly represent time.2.2.3 Representing Time ExplicitlyThe early approaches to reasoning about time and change in AI such as the situationcalculus and STRIPS are state-based . They associate a fact with a situation, anddo not represent time directly. By contrast, much subsequent work on temporal andcausal reasoning associates facts with time directly, either in terms of time instantsor in terms of time intervals. In the rest of this thesis, we are mostly concerned withsuch explicit temporal representations.In an explicit temporal representation, there is a totally ordered set or �eld oftime points. Time points are conveniently represented as mapping to a number line.Such a line is a time line (Figure 2.1). If the time line is isomorphic to the integers,then the model of time is discrete. Otherwise, the time line maps to the real number�eld, and the model of time is continuous.Technically, a key di�erence between the two models of time is that in the discrete-time case, there is a well de�ned notion of \the next time point", or \the next instantof time". The duration between successive time points may be constant or arbitrary,and as small or as large as is desired.By contrast, there is no concept of the next instant in the continuous-time case.Another way to look at the di�erence is that in the continuous-time case, (given thatit maps to the reals) it is possible to have a sequence of an in�nite number of timepoints such that they follow one another between any two points of time u and v.



2.2. TEMPORAL REASONING IN AI 19In our discussion below, we assume the existence of a time line. Therefore, timeis totally ordered and non-circular. Normally, time is also in�nite in extent bothforward and backward. Furthermore, arithmetic involving time is assumed to be wellde�ned.McDermott was perhaps the �rst researcher in AI to adopt an explicitly temporalrepresentation [1982]. In his paper, he de�nes a temporal logic, a logic for reasoningabout time. The approach that we adopt in this thesis inherits much from what hedevelops there. In his logic, a fact is associated with time with the T operator, whichstands for `true'. For example, T(s, loc(package-X, city-A)) says that packageX is in city A in state s.McDermott speaks about states such as s, rather than time points explicitly: eachstate has a date at which it occurs. Each date is a real number, and therefore, hisrepresentation is continuous-time. We can consider each state to be a time pointwith no loss of generality, and we adopt the notation holds(t, loc(package-X,city-A)) instead, where t is assumed to be the date of state s. 4In addition to states, McDermott de�nes the chronicle, which is a collection ofstates. In his own words [1982],A chronicle is a complete possible history of the universe, a totally orderedset of states extending in�nitely in time.A chronicle is thus, roughly speaking, an extension of the situation of the situationcalculus, a cross product of the time line with situations.In fact, a chronicle is related to the idea of possible worlds. A possible world isan assignment of values true or false to all possible propositions in some theory. Wemay regard each situation, a `slice' of the world at an instant as a possible world. Achronicle is the cross product of possible worlds with the time line.With chronicles, the structure of time is branching. There is a tree of chroniclesrelated by common facts. For example, suppose that we are driving through Man-hattan. The set of chronicles may branch according to whether we take Broadway atTimes Square, or we take 7th Avenue at Times Square. The opposite of a branchingmodel of time is linear. With a linear model of time, there is basically just one modelof the world that is being considered { there are not multiple branches.4Commonly, the position of the 
uent argument to the holds predicate is reversed betweensituation calculus and temporal logics. Although it may be confusing at �rst, we adopt the commonapproach here.



20 CHAPTER 2. TIME AND CHANCEA key contribution of McDermott's work is the introduction into arti�cial intelli-gence of the idea that a fact stands for the set of intervals over which it holds true.Suppose for instance that package X is in city A from exactly 9am to 3pm. The wayin which McDermott writes this would be TT(s1, s2, loc(package-X, city-A)),where TT stands for True Throughout, and where the date of s1 is 9am and the dateof s2 is 3pm (we write this as holds(9am, 3pm, loc(package-X, city-A))). Thenthe meaning of the fact loc(package-X, city-A) is the time interval [9am, 3pm].More precisely, what we associate each fact with is a set of interval - chronicle pairs.In other words, the above fact may be true from 9am to 3pm in one chronicle, from10am to 11am in another, and not true at all in yet another.McDermott makes a distinction between facts and events. Various researchershave tried to capture an intuitive notion of what a fact is, and what an event is.Generally, a fact corresponds to something like a 
uent, whereas an event is somethingthat \happens". Roughly speaking, a situation calculus action is something likean event. McDermott allows for events that take some duration of time to occur,rather than just an instant. In his language, an event is written with another specialpredicate, occ. For example, the event of \Cycling to work" from 8:15 to 8:30 in themorning might be written asocc(8:15am, 8:30am, cycle-to-work)The distinction between facts and events is arbitrary in some sense; it is possibleto draw many di�erent kinds of such distinctions, according to whether or not theystay true elastically (without interruption), and so on. Shoham gives an elaborateontology of di�erent types of facts and events based on such distinctions [1988]. Aswe see later, in this dissertation, we adopt a more specialized notion of fact and eventfor facilitating a semantics based on probability.In either case, there is an important distinction that McDermott draws aboutevents. This is the distinction between an event type and an event token. We indicatedthat a fact stands for the set of intervals over which it holds true. This is, in fact,true for events as well. Thus, the event \Cycling to work" may mean the interval8:15am to 8:30am today. However, we probably do not go to work just one day,or perhaps even only once a day. In that case, there are many di�erent intervalsfor which \Cycling to work" is true. In this case, we consider each uninterruptedinterval for which an event is true as a token, and the entire set of tokens as the eventtype. This distinction is important in our integration of probability with temporal



2.2. TEMPORAL REASONING IN AI 21reasoning.Thus, in general, when we say something like occ(1pm, 2pm, lunch), what wemean by lunch is really a token of the lunch type. As a symbol, it may really be anabbreviation for something like lunch1001, the 1001st lunch token in our axioms. Itis customary to take liberty with notation and let a type symbol serve as the tokensymbol except where the distinction is really crucial.So how does an explicit temporal representation such as McDermott's di�er fromthe situation calculus as far as representing change and the key problems mentionedbefore? A key concept that is important in the relationship between the two is theconcept of persistence. A fact persists if it stays true over some period of time. A
uent that remains true over situations in the situation calculus is the same as a factthat persists in an explicit temporal representation.To represent change in McDermott's approach, we generally use special axiomscalled ecause and pcause. The �rst stands for event causation and the secondfor persistence causation. As an example, to represent the previous example of thepackage moving between cities, we may write it aspcause(loc(X, A), move(X, A, B), loc(X, B)): (2.1)The �rst argument to pcause is a precondition, the second argument is an event, andthe last is the e�ect of the event, which is the beginning of a fact persistence. In somesense, the pcause rule above is similar in some respects to the causal ruleholds(t, loc(X, A)) ^ occ(t, move(X, A, B)) � holds(t + �, loc(X, B))(2.2)where � is a `delay' between the action occurrence and the timewhen its e�ect becomestrue.So syntactically, a causal rule is somewhat similar in the explicit temporal repre-sentation and in the situation calculus. There are two important di�erences however.One is that in the situation calculus, an action completely speci�es the di�erencebetween two situations. In a logic such as McDermott's, the e�ect of a causal ruleonly constrains the resulting state of the world; it does not specify it fully. The otherdi�erence is that in Equation 2.2, the asserted e�ect is that a fact is true at somepoint, whereas in Equation 2.1, the asserted e�ect is that a fact becomes true atsome point, and begins to persist. This notion of a fact persisting involves some newmachinery, that of nonmonotonic reasoning. This is covered in a little more detail



22 CHAPTER 2. TIME AND CHANCEin the next section. The situation calculus notion of a causal rule is actually moresimilar in some sense to ecause.Before we go on, we note that there is another in
uential approach to explicittemporal representation. Allen [1984] develops a temporal logic based on intervals,rather than points. In McDermott's approach, the interval is de�ned by two endpoints. Allen chooses the interval as the cognitively more plausible primitive, andrepresents time points as the intersection of intervals. Although there has been somedebate about the merits of the two approaches, there do not appear to be substantialdi�erences between them concerning their expressive and computational properties.Both approaches have made equal contributions in our understanding of the rela-tionship between temporal reasoning and planning. We have chosen to discuss thepoint calculus approach in more detail, rather than the interval calculus approach.The reason is that it is more closely related syntactically and semantically to theapproach that we develop Chapter 3, and because it was historically important in thedevelopment of nonmonotonic reasoning, which is described next.2.2.4 Persistence and Nonmonotonic ReasoningIn work subsequent to the original situation calculus and STRIPS, it was widelyperceived that classical logic is not suited to commonsense temporal and causal rea-soning. In classical logic, if a fact is true, then adding further axioms cannot make thefact false again. This characteristic of classical logic is referred to as monotonicity.This is because asserted information is never retracted, and therefore the amount offacts that are known can only grow.However, commonsense temporal and causal reasoning exhibits nonmonotonicbehavior. In our commonsense view of the world, beliefs can be revised; that is,previously asserted facts can be retracted in light of new evidence. For instance, inthe previous example of starting a car, if we don't know that a banana is in thetailpipe, then we assume that the car starts, and if we learn that a banana is in thetailpipe, then we revise our belief.The key word here is `assume'. In our commonsense reasoning, we make defaultassumptions about what is true and not true at will, and revise those assumptionsas necessary. STRIPS made the assumption that facts stay true by default unlessotherwise known to have become false.Such a scheme is not within classic logic, and this has led to the desire to develop



2.2. TEMPORAL REASONING IN AI 23nonmonotonic reasoning. The application of nonmonotonic reasoning is especiallyimportant in trying to solve the frame problem. A well-known attempt to solve theframe problem within the situation calculus is known as circumscription, due to Mc-Carthy [McCarthy, 1986]. However, the �rst attempts at developing nonmonotonicreasoning was by McDermott again, in conjunction with Doyle [1980]. This approachwas adopted in McDermott's temporal logic. Although the progress of the nonmono-tonic reasoning enterprise is controversial to say the least, it is nevertheless quitecentral to the type of commonsense reasoning that we are interested in.A key innovation in McDermott's logic is a means of specifying that a 
uentpersists by default, thereby `solving' the frame problem. This is done via a specialpredicate persist. For instance, to note that the location of a package persists bydefault, we write persist(loc(A, X)).5The meaning of persist is that a 
uent persists by default, unless it is knownthat it ceases to be true, or is clipped. As with STRIPS, a 
uent is not clipped unlessit is known to be clipped. In McDermott's wordsCeasing does not mean merely that the [sic] fact goes from true to false.In fact, ceasing is so rare that it never happens unless we hear about it.The part about `unless we hear about it' is formalized through a nonmonotonic as-sumption. The assumption is that a ceasing event does not occur `as long as it isconsistent that it does not occur': consistent(nocease(?fluent)).6 A fact (orevent) is consistent if it cannot be proven false. Thus, if no causal rule is present thatpredicts the occurrence of ceasing, then it is consistent that ceasing does not occur.In [Dean and Kanazawa, 1988a], we called this assumption the single defaultassumption of persistence. Although this assumption, akin to a \law of inertia"seems to conveniently get around the frame problem by making it unnecessary towrite down frame axioms, it presents other problems. The �rst is that it is nownecessary to postulate a clipping event in order to infer that a fact becomes false.This is unrealistic at best. For example, suppose that we learn that a colleague in acity 300 miles away has a cold and roughly when the cold began. We may also knowthat a cold usually lasts about 3 days. However, unless we speci�cally learn that5Actually, McDermott also gave an optional argument that speci�ed the time limit for a persis-tence, but this does not actually alter the essential points that we raise.6Note that McDermott actually used the operator M instead of consistent. We have chosen touse a more descriptive name.



24 CHAPTER 2. TIME AND CHANCEthe colleague became well, with the persistence assumption, we are forced to inferinde�nitely that the cold persists.Actually, as we noted earlier, in McDermott's original proposal, each persist wasassociated with a time limit. This limited the length of time that a fact would persistfor by default. However, the selection of the time limit is itself an issue. For instance,suppose that half of all colds last 2 days and the other half lasts 6 days. What is thetime limit to select in that case? Selecting one time limit tends to obscure the extraknowledge that we have. One better way is if somehow we could consider the chancethat a cold, for instance, lasts for various lengths of time. This was in fact our initialmotivation for considering the use of probability in temporal reasoning.Perhaps a more damning problem with McDermott's approach concerns the gen-eral use of the nonmonotonic axioms such as involving consistent. An example ofthe problems with such approaches came to be very well known as the Yale ShootingProblem [Hanks and McDermott, 1987]. In this work, it was shown that a nonmono-tonic logic such as McDermott's temporal logic could not draw some very simplecommonsense inferences. It prompted a host of work that showed ways in whichthese inferences might be handled [Shoham, 1988; Haugh, 1987; Lifschitz, 1987].The issues raised by the Yale Shooting Problem are important, as is much of thework that followed it. However, the technical details concerning this are somewhattangential to this thesis. The main lesson that was drawn from the Yale ShootingProblem was that it is di�cult to have a domain independent way of solving it. Thiswas also another motivation for moving to a probabilistic or statistical approach totemporal and causal reasoning [Weber, 1989a].2.3 Reasoning about Time and ProbabilityWe will now explore the use of probability in temporal reasoning, outlining the de-velopment of our theory as a means of addressing the question of persistence. Thisdissertation is about an experiment in reasoning about time with probability. Themotivation for using probability came �rst and foremost because of the problems withexisting work as we described in the previous section. In order to make inferencesabout how long a fact remains true, we either had to write down highly domain spe-ci�c and redundant frame axioms, or we had to assume that things stayed true foreverunless it was otherwise really known to have become false.
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PERSIST(ATDOCK(truck), σ)

Figure 2.2: A simple domain theoryThere is a growing body of work that addresses the problem of reasoning abouttime and probability within arti�cial intelligence. In this section, we review our ownpast work in the area.2.3.1 ODDSOur initial e�ort in probabilistic temporal reasoning and decision theoretic controlwas the ODDS project [Dean and Kanazawa, 1987; Dean and Kanazawa, 1989b]. ODDSwas designed as a planning system incorporating a temporal database that appliedprobabilistic causal rules to aid the process of reasoning about actions. It was im-plemented as a prototype in a simulated manufacturing domain. As far as we know,ODDS was the earliest AI research e�ort in applying probabilistic inference to temporalreasoning, and in employing decision theory in planning involving time.ODDS incorporated a continuous model of time. In ODDS our belief in the like-lihood of facts and events is represented in terms of continuous probability densityfunctions and probability mass functions. The actual implementation made discreteapproximations to the continuous model.



26 CHAPTER 2. TIME AND CHANCEODDS emphasized prediction that involves reasoning about persistence. In a pro-cess called probabilistic projection, we provided a decision procedure with a polyno-mial time algorithm for determining the probability of the possible consequences ofa set of events and initial conditions. The integration of simple probability theorywith temporal projection enabled us to circumvent shortcomings that nonmonotonictemporal reasoning schemes have in dealing with persistence.The ODDS system was organized into two components, a planner and a probabilistictemporal database. The probabilistic temporal database maintains a picture of theworld. It keeps track of facts and events both observed and predicted, and it usesprobabilistic projection to form expectations about what things are likely to becometrue. In addition, the probabilistic temporal database also re�nes the causal rulesthat it uses in probabilistic projection.Let us present an example domain theory. Figure 2.2 depicts this simple domaintheory graphically. This shows some rules for reasoning about the warehouse domain.Let � stand for ?truck, a variable that is assumed to be a truck, and let � stand forWarehouse12. project(always, arrive(�, �), loc(�, �), 1.0)project(loc(�, �), leave(�, �), loc(�, �), 0.0)persist(loc(�, �), �)The �rst type of rule is a projection rule. The �rst rule states that following thearrival of a truck at Warehouse12, its location can be inferred to be the warehousewith probability 1.0. always is a proposition that is always true; hence its name. Itmeans that the rule applies in every situation. The second rule says that if a truckleaves Warehouse12, then the probability that it's there is 0.0. The second type ofrule is a persistence rule. Within an ODDS domain theory, we replace the single defaultrule of persistence described in Section 2.2.4 with a set of probabilistic rules: one ormore for each 
uent. Each persistence rule has the form persist(',�), where ' isa 
uent and � is a function of time referred to as a survivor function [Syski, 1979].A survivor function tells us the probability that a fact ' remains true until at leasttime t, given that it became true at some initial time t0:�'(t� t0) = P(holds(t0; t; ') j occ(t0; beg('))) (2.3)In ODDS, we simplify the model by considering only two types of survivor functions:exponential decay functions and piecewise linear functions. Formal analyses and
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exponential decay function

Figure 2.3: An exponential survivor functionproofs pertaining to the use of these functions are contained in [Dean and Kanazawa,1989b]. An exponential decay function takes the form e��t where � is the constant ofdecay. As an example, such a function may indicate that the probability of a truckremaining at the dock drops o� as a function of the initial time t0 since the truckarrived at an exponential rate determined by � (Figure 2.3):P(holds(t, ')) = e��(t�t0) (2.4)A persistence rule with an exponential decay function is usually simply written aspersist(',�). The exponential decay function is well known for its memorylessquality. It is insensitive to changes in the time of occurrence of events that cause afact to become true, and hence it is easy to compute e�ciently.We can generalize (2.4) and obtain:P(holds(t, ')) = e��(t�t0)P(holds(t0,')) (2.5)Equation 2.4 is a special case of Equation 2.5 where t0 is the time that ' became true(thus P(holds(t0, ')) = 1.0).A survivor function of this form indicates how likely it is for a fact ' to stay truefor various di�erent durations without regard to the actual reason that eventuallymakes it false. For instance, a truck driver may leave because her truck has beenloaded, or because she becomes impatient, or because it is time to go home. Asurvivor function makes it possible to reason about when a fact becomes false withoutregard to such speci�cs. It is su�cient to know how long it has passed since it has
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p(<ARRIVE(TRUCK14),t>)
p(<CLOSE(FACTORY1),t>)

t =          13                 14                15                 16                 17  

<ARRIVE(TRUCK14), t1>  and  13  ≤ t1 ≤ 15
<CLOSE(FACTORY1), t2>  and   16.8 ≤ t2 ≤ 17.2

Figure 2.4: Some basic factsbecome true to predict what the likelihood is that the fact is still true. In [Dean andKanazawa, 1989b], we show how to construct a survivor function for a fact type 'from observations of when instances of ' become true and false.Figure 2.4 shows a set of basic facts corresponding to two events assumed in ourexample to occur with probability 1.0 within the indicated intervals. ODDS assumesthat there is a density describing the probability of each event occurring at varioustimes, and uses a default density if no density is provided.Evidence concerned with the occurrence of events and the persistence of facts iscombined to obtain the density P(holds(t,')) for a fact ' being true at varioustimes by convolving7 the probability P(occ(z,beg('))) with the survivor function�' associated with ':P(holds(t; ')) = Z t�1 f(occ(z; beg(')))�'(t� z)dz (2.6)Figure 2.5 illustrates a simple instance of this kind of inference.Equation 2.6 does not take into account the possibility of speci�c events knownto make ' false. Suppose, for instance, that " corresponds to Sally actually leavingthe warehouse with Truck22. ThenP(holds(t; ')) =Z t�1 f(occ(z; beg(')))�'(t� z) �1 � Z tz f(occ(x; "))dx� dz (2.7)7The convolution of f with g is de�ned as convolvedf = R+1�1 f(x � u)g(u)du.
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Figure 2.5: Computing probability by convolutionis more correct. Figure 2.6 illustrates the sort of inference licensed by (Equation 2.7).Note that the range of the resulting probability density is restricted; after the pointin time labeled 17, the persistence of loc(Truck22, Warehouse12) is clipped, andthereafter its probability is represented by another density.ODDS implemented a polynomial-time probabilistic projection algorithm. This waspossible for two reasons. First of all, the restriction of survivor functions to expo-nential decay and piecewise linear functions turned out to be particularly expedientinsofar as the evaluation of the convolution integral was concerned. In ODDS, theconvolution integral was approximated as a Riemann sum. In the sum, we utilized aparticular discretization of the time line into �xed sized intervals. The \memoryless"character of exponential decay function makes the summation process particularlysimple. As it turns out, because of this memoryless character, it was possible to eval-uate the integral in a single forward sweep through the time line. The same turnedout to be true (with minor modi�cations) for the piecewise linear functions. Thealgorithmic details are presented in [Dean and Kanazawa, 1989b].The second reason for the e�ciency of the ODDS projection algorithm is that wemade assumptions about facts in the database that precluded complex dependencies.In particular, we assumed that all antecedents to a projection rule were always con-ditionally independent. Thus, their joint probability is given by the product of theirprobabilities.Unfortunately, we discovered that such an independence assumption rarely holds
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Figure 2.6: Probabilistic Projectiontrue for planning problems. Furthermore, there is a problem with equation Equa-tion 2.7. The survivor function �' was meant to account for all events that make' false, but Equation 2.7 counts one such event, the truck leaving, twice: once inthe survivor function and once in f(occ(x,")). In certain cases, this can lead tosigni�cant errors (e.g., we always predict the truck leaving accurately).2.3.2 A Discrete ApproachIn order to remedy the problems with ODDS, we subsequently adopted a discrete modelof reasoning about probability and time [Dean and Kanazawa, 1989a]. In this model,all factors contributing to our belief in the truth or falsehood of a fact or event areseparated and made explicit. A discrete model of time is adopted. By a discretemodel, we mean a state oriented model where we can speak about the existence ofa time point, and a `next' time point. The time line is divided into a �nite timepartition of points. The state of the world at each time point depends on the stateof the world at other time points. In the simplest case, we let it depend only on thestate of the world in the previous time point.In the following, for a time point t, we loosely speak of its next time point t+ 1,or previous time point t � 1. The di�erence between the time points depends onthe discretization of time that is adopted, so `1' should be read as `one time slice',whatever that may be. It is even possible that depending on what t is, the magnitude



2.3. REASONING ABOUT TIME AND PROBABILITY 31of a time slice is di�erent. In the discussion in this section, this is not a crucial point.The survivor function of the previous section is replaced by conditional probabilityacross time points. We let the probability of a fact ' being true at a point t dependon whether or not it was true at the previous point t� 1:P(holds(t; ')) = P(holds(t; ')jholds(t� 1; '))� P(holds(t� 1; '))+P(holds(t; ')j:holds(t� 1; '))� P(:holds(t� 1; '))where :holds(t,')� holds(t, :'). The exponential decay survivor function isequivalent to the following case.P(holds(t; ') j holds(t� 1; ')) = e��(�)P(holds(t; ') j :holds(t� 1; ')) = 0:Naturally, whether or not ' is true at time t is generally dependent on factorsother than whether or not ' is true at time t� 1. To combine the available evidencecorrectly, it helps to distinguish the di�erent sorts of knowledge that are brought tobear on estimating whether or not ' is true. Let E(') and C(') respectively be eventsknown to make ' true and false. We distinguish the di�erent sorts of knowledge andevidence in terms of those events. This allows us to consider causation abstractly anduniformly for all propositions ' without regard to speci�c dependence of ' on otherpropositions. The following equation indicates how the evidence should be combined.Note that we assume that P(occ(t, E(')) ^ occ(t, C('))) = 0.P(holds(t+ 1; ')) = (2.8)(N1) P(holds(t+ 1; ')jholds(t; ') ^ :(occ(t; E(')) _ occ(t; C('))))� P(holds(t; ') ^ :(occ(t; E(')) _ occ(t; C('))))(N2) + P(holds(t+ 1; ')jholds(t; ') ^ occ(t; E(')))� P(holds(t; ') ^ occ(t; E(')))(N3) + P(holds(t+ 1; ')jholds(t; ') ^ occ(t; C(')))� P(holds(t; ') ^ occ(t; C(')))(N4) + P(holds(t+ 1; ')j:holds(t; ') ^ :(occ(t; E(')) _ occ(t; C('))))� P(:holds(t; ') ^ :(occ(t; E(')) _ occ(t; C('))))(N5) + P(holds(t+ 1; ')j:holds(t; ') ^ occ(t; E(')))� P(:holds(t; ') ^ occ(t; E(')))



32 CHAPTER 2. TIME AND CHANCE(N6) + P(holds(t+ 1; ')j:holds(t; ') ^ occ(t; C(')))� P(:holds(t; ') ^ occ(t; C(')))Consider the contribution of the individual terms corresponding to the conditionalprobabilities labeled (N1) through (N6) in Equation 2.8. (N1) accounts for naturalattrition, the tendency for propositions to become false given no direct evidence ofevents known to a�ect '. (N2) and (N5) account for causal accretion: accumulatingevidence for ' due to events known to make ' true. (N2) and (N5) are generally 1.(N3) and (N6), on the other hand, are generally 0, since evidence of a fact that isknown to make ' false does little to convince us that ' is true. Finally, (N4) accountsfor spontaneous causation: the tendency for propositions to suddenly become truewith no direct evidence of events known to a�ect '.If time is represented as the integers, we note that the law of inertia applies inthose situations in which the terms (N1), (N2), and (N5) are always 1 and the otherterms are always 0. For the rest of this section, we assume that time is discrete andlinear and that the time separating any two consecutive time points is some constant�. As before, we refer to consecutive time points as t� 1; t; t+ 1; : : :. Only evidenceconcerning events known to make ' true is brought to bear on P(holds(t,')).Before we consider the issues involved in making predictions using knowledgeconcerning (N1) through (N6), we need to add to our theory some means of pre-dicting additional events. We consider the case of one event causing another event.Deterministic theories of causation often use implication to model cause-and-e�ectrelationships. For instance, to indicate that the occurrence of an event of type "1 attime t causes the occurrence of an event of type "2 following t by some � > 0 just incase the conjunction '1 ^ '2 : : : ^ 'n holds at t, we might writeholds(t; '1 ^ '2 : : : ^ 'n) ^ occ(t; "1) � occ(t+ �; "2):If the caused event is of a type E('), this is often referred to as persistence causation[McDermott, 1982]. In our model, the conditional probabilityP(occ(t+ �; "2) j holds(t; '1 ^ '2 : : : ^ 'n) ^ occ(t; "1)) = �to indicate that, given an event of type "1 occurs at time t, and '1 through 'n aretrue at t, an event of type "2 will occur following t by some � > 0 with probability �.Let us take a slight modi�cation of (2.8) as the basis for a model of persis-tence. (2.8) predicts holds(t,') on the basis of holds(t0,'), occ(t,E(')), and



2.4. RELATED WORK 33occ(t,C(')). In the model presented in this section, we only consider pairs of con-secutive time points, and arrange things so that the value of a 
uent at time t iscompletely determined by the state of the world at t�1. In (2.8), we interpret eventsof type E(') occurring at t as providing evidence for ' being true at t. In our newmodel, we interpret events of type "P occurring at t as providing evidence for ' beingtrue at t + 1. This reinterpretation is not strictly necessary, but we prefer it sincethe expressiveness of the resulting models can easily be characterized in terms of theproperties of Markov processes. In our new model, we predict A � holds(t + 1; ')by conditioning on C1 � holds(t; ')C2 � occ(t; E('))C3 � occ(t; C('))and specify a complete model for the persistence of ' asP (A) =XP (AjC1 ^ C2 ^ C3)P (C1 ^ C2 ^ C3)where the sum is over the eight possible truth assignments for the variables C1,C2, and C3. Note that this model requires that we have probabilities of the formp(AjC1 ^ C2 ^ C3) and p(C1 ^ C2 ^ C3) for all possible valuations of the Ci.In Section 4.3.1, we explore further how such a framework can be modeled usinggraphical dependency models.2.4 Related Work2.4.1 Temporal ReasoningTemporal reasoning has traditionally been approached in AI in logical formalismswithout explicit consideration of uncertainty as we noted in Section 2.2. Reasoningabout time in the sense of explicit reasoning about time points and intervals is a com-paratively later development in arti�cial intelligence, starting initially in the 1970s.In addition to the work already mentioned, some notable early work include that byHendrix [1973] and by Kahn and Gorry [1977]. More recent work, focusing on ap-plications in planning include Vere's work on DEVISER [Vere, 1983], Vilain [1982],and Dean [1985]. Rit [1986] and Dechter and Pearl [1989] show temporal constraint



34 CHAPTER 2. TIME AND CHANCEpropagation systems for e�cient inference involving temporal intervals. Dean'sTMM[Dean, 1985], a temporal database system, is covered further in Section 5.4.2.4.2 Probabilistic Temporal ReasoningSince we began investigations in reasoning about time and probability, there has beena small but growing body of work in this area in arti�cial intelligence.Cooper, Horvitz, and HeckermanCooper, Horvitz, and Heckerman [1988] present a method for reasoning about thechanging probability of a patient's condition over time. Apart from our own work inODDS, this may be the earliest known work in probabilistic temporal reasoning in arti-�cial intelligence. The approach taken in computing and reasoning about probabilityis similar to ODDS, in that the time line is partitioned into �xed length intervals, andthen probability propagation is performed over those intervals.HanksHanks' work leading up to his dissertation [Hanks, 1988; Hanks, 1990] was anotherearly example of work in probabilistic temporal reasoning contemporaneous withODDS. Hanks' thesis makes two main contributions. First, his probabilistic temporalmanager is capable of multiple granularities of time, for instance, reasoning over dif-ferent time scales such as minutes and days. Second, he provides a heuristic algorithmfor providing estimates about the probability of facts at particular time points. Hisalgorithm is able to answer P (�(t) > e) for some threshold e in an e�cient manner.His algorithm is quite complex and relies on various special-case independence as-sumptions. Even simple questions such as conjunctive queries involving dependenciesmust be handled specially. He is unable to compute a consistent joint distribution.Depending on the query, there may be di�erent probabilities assigned to a givenproposition.2.4.3 MathematicsThe present work leverages o� mathematics in a fundamental manner. There is acomparatively long history of work in mathematics and statistics in the area of prob-abilistic inference with explicitn consideration of time. This area is generally known



2.4. RELATED WORK 35as the study of stochastic processes, and spans a wide variety of di�erent subareas,including queueing theory, Markov decision process theory, the study of survival anal-ysis, and time-series analysis. The key distinction between work in mathematics andthe current work is that we are concerned with issues in 
exible representation ande�cient inference for application in real problem solving domains, whereas work inmathematics often focus on the type of underlying theory on which we have built ourwork.Operations ResearchSome of the closest work in probabilistic temporal reasoning have come from op-erations research in the context of Markov decision process theory [Howard, 1960;Howard, 1969; Howard, 1971]. Our discrete-time time model of probability is essen-tially a Markov process. The fundamental results in this area come from the 1960s.It was impractical to attempt application of the ideas on the computing machineryof that time. Some of our present work, especially the experimental computationalaspects outlined in Chapter 4 and Chapter 5 extends the practical applicability ofthe past work, both in computational and representational terms.Survival AnalysisAnother area of close relation to our present work is the work in survival analysis[Cox and Oakes, 1984]. Survival analysis is concerned with predicting how longa fact stays true in the world for. The chief domain is that of medicine, whereduration of diseases and life expectancy are modeled. ODDS's continuous-time model,with its use of survivor functions have a basis in this area. Similar ideas are used inqueueing theory, which is concerned with expected time between events, and expectedtime waiting for events, especially in the domains of manufacturing, transport, andcommunications.Time-Series AnalysisTime-series analysis [Box and Jenkins, 1976; Granger and Newbold, 1986] is concernedwith temporal prediction of a series, and can be closely related to Markov processes.Times-series analysis has been applied in �nancial modeling and other areas. We havenot explored the relationship of the current work with time-series analysis in greatdepth.
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Chapter 3The Logic of LifetimesIn the last chapter, we showed di�erent ways of expressing knowledge about timeand probability and how such knowledge can be used to reason about the probabilityof facts and events over time. In this chapter, we show how to express the sameknowledge in a set of formal languages called the logic of lifetimes (LL). The logic oflifetimes is a family of languages for expressing knowledge about time and probability.They are very closely related to the logic of time by McDermott [1982] that we showedin Section 2.2.3, as well as to its more modern incarnation in Shoham's [1988] logicsof time. To those temporal logics, LL adds features for reasoning about probabilityin the spirit of the logics of probability by Bacchus [1991] and by Halpern [1989].Through this exercise, we show that it is easy to incorporate a calculus of chance intothe traditional AI account of commonsense reasoning. The resulting logics have thesame advantages as the approaches of the previous chapter, with the further advantageof having formal semantics for the sentences in the language. Furthermore, as we showin the next chapter, it is easy to tie into e�cient computation methods.LL includes languages that are continuous-time and those that are discrete-time.All the LL languages that we de�ne are temporally-quanti�ed. In general, in describ-ing change, it is convenient to have variables and quanti�ed statements (e.g., with `forall', and `there exists') concerning time. This is especially true for continuous-timelogics of time and probability. For instance, it is di�cult to consider how to haveprobability density functions of time without some form of temporal quanti�cation.It is likely that for certain applications, a language with only time constants isadequately expressive. This is especially true for the discrete-time case. Such alanguage may be useful for specifying the information in a circuit for reasoning abouttime and probability. We do not actually de�ne such a language, although some of37



38 CHAPTER 3. THE LOGIC OF LIFETIMESthe domain theories that we develop could be described by such a language.The logic of lifetimes are three-sorted logics, with a sort that corresponds to eachof the di�erent kinds of things that we describe, domain objects, time, and probability.What this means is that the di�erent type of objects are syntactically distinguishedin sentences of the logic. The domain objects are the things of interest to us, such aspackages or trucks, as well as predicates that are used to describe facts and events,such as moving packages or the light switch being on. Time and probability arebasically self-explanatory.If an LL has only constants and predicates for domain objects, then we say thatit is propositional. Otherwise, (it has variables, quanti�cation, and functions), it is�rst-order. The label of propositional and �rst-order with respect to LL only refersto the domain objects; LL is always �rst-order with respect to time, as we notedbefore. It may or may not be �rst-order with respect to probability, as we note later.In this chapter, we show three of the LL languages. LL1 and LL2 are bothcontinuous-time. The �rst has a model theory, whereas the latter, a more expressivelanguage, does not yet. Thus, we call LL2 merely a language rather than a logic.The other logic is LLD, which is discrete-time. All of these logics are propositionalin the sense above. As it turns out, for our purposes, the �rst-order extensions do notsubstantially illuminate our understanding of reasoning about time and probability.In fact, it only complicates the model theory. Thus, we do not explore them at lengthhere.Before we present the languages, we list some of the basic commitments that wemake as far as the kind of things that we wish to express and represent. We alsoclarify some of the terminology that is used in the de�nition of the logics.3.1 Preliminaries3.1.1 Basic ChoicesContinuous-time or discrete-time?A key decision in a logic of time is the structure of time itself, whether or not it iscontinuous or discrete. The basic underlying model of time of the logic of lifetimesis continuous, as with ODDS. However, we �nd it convenient to de�ne sublanguagesof LL that are more like the discrete-time model we saw in Section 2.3.2. These



3.1. PRELIMINARIES 39sublanguages are special cases of the continuous-time case, where the time-line isbroken up into intervals, and where assertions can only be made in terms of theintervals.Such a discrete model of time is always at best an approximation. There is alwaysan issue over how to handle events that fall \between" two consecutive time points.There is no good general solution for this. In the end, it comes down to a choice ofwhich of the two time points to pick, perhaps both. This choice is domain dependent.If choosing one or the other leads to problems (for instance, if we cannot determinewhich of two events occur �rst because the approximation is too coarse), then it maybe necessary to make the intervals between time points �ner. That in turn may bean unacceptable burden for the model builder or user. There may be too many timepoints to represent easily, to keep track of, or to store rules for.There is actually another, perhaps more natural, way to view the discrete-timecase. Recall that in a discrete-time model, the time line is broken up into manyintervals of time. The issues about events \falling between" time points arise onlywhen the basic entities of time are the boundary points between the intervals. If thebasic entities are the intervals themselves, then we do not have that problem (exceptnow we potentially have the problem of events that fall on the boundary). This is infact the view of discrete time that we choose.In practice, the di�erences between the continuous-time and discrete-time ap-proaches can be more philosophical than real. This is especially true when we con-sider in computation. A continuous-time model usually needs to be grounded out tosome discretization at computation time.Facts and EventsWe make a distinction between fact and event in the logic of lifetimes. A fact issomething that remains true for some time. It becomes true at a certain time andbecomes false at a later time. The light being on in the o�ce is a fact. It is essentiallya 
uent, and it persists as before.An event is something that \happens" and then is no more. The light beingturned on in your o�ce is an event. Each event has a unique date, the point of timeat which it occurs. The date of an event " is written as �(").11An event may also not occur. In some cases, it is convenient to regard the date of an event thatnever occurs as positive in�nity.



40 CHAPTER 3. THE LOGIC OF LIFETIMESBy contrast, a fact does not have a date, but a range over which it is true. Thestart point of the range is the event of the fact becoming true, and the �nish pointof the range is the event of the fact becoming false. We call the former the fact'senabling event , and the latter its clipping event . The enabling event of a fact ' iswritten beg('), and its clipping event is written end('). The range of a fact is[�(beg(')), �(end('))].Note that although a fact has a unique maximal range, it does not have a uniqueinterval over which it holds true. It is true in any interval contained in the range.Whereas occ(t, ") is true i� t = �("), holds(u, v, ') is true for any interval[u, v] such that �(beg(')) � u � v � �(end(')). Thus the meaning of occis not completely isomorphic to the meaning of holds.In a sense, the event is more primitive compared to the fact because a fact is easilyand naturally represented by the events of its becoming true and false.Types and TokensAs with McDermott's logic [1982], we make a distinction between fact (event) typesand tokens. If a fact becomes true and false repeatedly, then each instance of the factbeing true is represented as a separate token. The set of all tokens for a fact is thefact type. If an event occurs on more than one occasion, then each occasion of itsbecoming true is a separate token, and the set of all tokens for an event is the eventtype.Thus, if a fact (token) ' holds over an interval, then it holds over all subintervalsof that interval. Such a fact is called liquid by Shoham [1988].The type/token distinction is particularly well motivated for a probability logic aswe see later. Note that it is possible to consider the probability that some instanceof a fact type is true at some point or interval of time. This would depend on theprobabilities of the di�erent possible instances. However, this is no longer a fact in aprimitive sense: it implicitly involves quanti�cation of some kind.Associating facts, events, and timeWe prefer a rei�ed language for the following reasons. First of all, it is common to thelogics with which the logic of lifetimes have the most a�nity, such as McDermott'sand Shoham's. Second of all, we will be de�ning logics that are temporally quanti�edbut otherwise propositional. In such logics, the temporal arguments to the holds and



3.1. PRELIMINARIES 41occ predicates can be quanti�ed, but not the fact or event argument. While not anessential feature, the rei�ed language is syntactically cleaner for this case.What do we associate facts and events with? Since a fact persists, and an eventis an instantaneous \happening", it is natural to associate a fact with an interval,and an event with a point of time. Thus, a fact is usually written in a sentence asholds(u, v, ') where u and v are time points, and an event is usually in a sentenceas occ(u, ") where u is a time point.For convenience, we allow the expression holds(u, ') meaning that ' is true attime u. Furthermore, we allow occ(u, v, ") to mean that " occurred between thetime points u and v. What we mean by that is9t u � t � v occ(t, ") ^ :9t0u � t0 � vocc(t', ")In other words, " occurs at one point in the interval [u, v], not over the entireinterval.Probability on Possible Worlds or on the Domain?The main ideas behind logics with a subjective interpretation of probability is thatthere is a probability distribution over possible worlds. These logics directly takeafter Nilsson's probabilistic logic [Nilsson, 1986], as with the logics by Fagin and others[Fagin et al., 1990], and by Halpern [Halpern, 1989]. Note though that theoreticalcomputer scientists and philosophers predate the arti�cial intelligence practitionerswith regard to this.We adopt the possible worlds approach. The main reason is that the notion ofpossible worlds has a natural �t with temporal logics, and a number of temporallogics have possible worlds semantics.3.1.2 The Object, Time, and Field SortsAs we mentioned, the logic of lifetimes combine elements of Shoham's logics of time[1988] with Bacchus and Halpern's logics of probability [Bacchus, 1991; Halpern,1989]. Basically, the features related to time are borrowed from Shoham, and featuresrelated to probability are borrowed from Bacchus and Halpern. Each of those logicshave multiple sorts, Shoham's to represent objects and time separately, and Bacchusand Halpern's to represent objects and probability separately. Naturally, one way to



42 CHAPTER 3. THE LOGIC OF LIFETIMEScombine the two approaches is to consider logics with three sorts to represent objects,time, and probability separately. This is exactly what we do.The three sorts in the logic of lifetimes correspond to each of the di�erent typesof things that we wish to represent, domain objects, time, and probability. These arethe object, time, and �eld sorts. In general, a sort may contain constants, variables,functions, and relations. As we see later, our logics are inductively built up fromterms of the di�erent sorts, much as with standard propositional and �rst-order logic.The object sort O is meant to represent objects of interest in the domain. Inparticular, the object sort is taken to be a countable collection of objects, includingthings like your neighbor Sally, the truck she drives at work, and the warehouse onGravel Avenue where she often takes deliveries. Within the logics, there are objectconstants, having names like Sally or perhaps Sally15, Truck22, and Warehouse12,and in �rst order languages, object variables, having names like driver.Typically, there are object functions and relations of various arities. As usual,it is possible to regard the constants in the language as functions of arity 0. Ex-amples of object predicates might be address(Warehouse12, GravelAvenue0) andfemale(Sally), intended to mean, respectively, that the address of the warehousedenoted by Warehouse12 is Gravel Avenue and that Sally is female. It is often con-venient to include the equality predicate = that returns true if and only if two objectsare the same.Examples of an object function might be work-truck(Sally), which is presumedto denote the truck that Sally drives at work. As usual, we can just as easily representthe same information in an equivalent predicate format such as work-truck(Sally,Truck22) being true, assuming that the function would have denoted Truck22. Thiswould allow us to remain in a propositional framework.The time sort T is used for expressing time. All of our logics feature quanti�cationwith respect to time, and the time sort may contain constants, variables, functions,and relations.We assume that the notion of dates and times are well-de�ned and that they mapappropriately to the time line. For example, 2:30pm is assumed to refer to 2:30 inthe afternoon today, which might really be the number 152345828.0. We de�ne thedistinguished time predicate � that de�nes precedence between time points. Finally,we assume that arithmetic with time points is well de�ned. For example, we assumethat it makes sense to say something like t1 = 2:30pm + 30min. Toward that end, we



3.1. PRELIMINARIES 43include a number of standard in�x mathematical functions among the time functions,such as +, -, *, and /. As described below, functions of the time sort, functions thatmap to the time sort, are allowed to have arguments of both time sort and �eld sortto simplify de�nitions of such arithmetic.The last sort is the �eld sort F. The �eld sort is used to represent probability aswell as numerical objects or quantities in general. The �eld which we map to is the realnumber line. In terms of probability, this means that we adopt a standard axiomaticde�nition of probability with a countably additive measure, a � algebra. Note thatthis is similar to the conventions that Fagin, Halpern, and Megiddo adopt in theirlogics of probability [1990], as well as in Halpern's �rst-order logics of probability[1989]. Although their main discussion is not in terms of real-valued probability, butrather in terms of rational valued polynomial weight formulas, they also show how toextend to the case of real numbers [1990]. This is in contrast to Bacchus's approach,which adopts not the real line, but arbitrary totally ordered �elds [Bacchus, 1991].Again, the �eld sort contains constants, variables for the �rst-order case, func-tions, and relations. There are typically a very rich class of �eld functions, to representprobability density functions. It is virtually impossible to de�ne any interesting prob-ability densities without �eld functions. An example might be neg-exponential(�,t), which represents a function that has the negative exponential distribution withthe parameter denoted by the �eld variable � for time t. There are also functionsthat map from the object sort to the �eld sort. These are \measuring" functionslike those de�ned by Bacchus [1991]. These measuring functions enable us to expressstatements about numerical quantities, like \the level of the water tank is 65 gallons".Within our logics, such a statement might be written as level-gallons(tank17) =65. level-gallons is a measuring function, and tank17 and 65 are constants of ob-ject and �eld sorts respectively. Again, we could remain in a propositional frameworkby representing the equivalent information in predicate form.As we touched on earlier, functions that map to the time sort or the �eld sort maytake arguments of both time and �eld sorts. This feature is provided for convenience inde�ning arithmetic and mathematical functions such as probability density functionsof time. For instance, we can de�ne functions such as neg-exponential2(12:00pm,�, t), which is assumed to be a function that returns the negative exponential dis-tribution, for time t, starting with probability 1 at noon, and decaying according tothe �eld variable �. Also, allowing multi-sorted function arguments makes it legal to



44 CHAPTER 3. THE LOGIC OF LIFETIMESwrite down arithmetic expressions such as (4:00pm - 1:00pm) / 2, where the �rsttwo numbers are time points, and 2 is a �eld constant.3.2 LL1We are now ready to present the �rst of our logics. LL1 is a propositional ver-sion of LL.2 It has the minimum essential features for representing probability in acontinuous-time framework, such as we saw for ODDS. LL1 is kept propositional toshow how easy it is to build a useful continuous-time probability language, withoutobscuring it with extra features for handling quanti�cation for domain objects.In both this and the logics that follow, we assume the existence of some alphabet,or a set of symbols � for denoting objects, and various function symbols of �xed arity.As usual, we regard constants as functions of �xed arity, and predicates as functionswith true/false value.We begin presenting the syntax for LL1 by de�ning the entities in each of thethree sorts.1. The object sort:� Oc: A set of object constants.� Op: Object predicates of various �xed arity.2. The time sort:� Tc: A set of time constants.� Tv: A set of time variables.� Tu: Tc [ Tv.� �: The time precedence operator.3. The �eld sort:� Fc: A set of �eld constants.� Ff: Field functions of various �xed arity.� =: The �eld relation operator.2A logic essentially similar to LL1 was presented in [Kanazawa, 1991] under a di�erent name.



3.2. LL1 45We also have the probability operator P.Recall the fact that we allow �eld functions over both time and �eld sorts. In thebelow, a n(i; j)-ary function is a function of arity n, with i time sort arguments andj �eld sort arguments, where n = i+ j, and both i and j can be 0. Given the above,we de�ne LL1 inductively as follows.First of all, the terms are de�ned as follows:� A single object constant is an O-term. A single time variable or constant is aT-term. A single �eld constant is an F-term.� Let g be an n(i; j)-ary �eld function symbol. If t1; : : : ; ti are T-terms, andti+1; : : : ; tn are F-terms, then g(t1; : : : ; tn) is an F-term.Definition 3.1Let p be an n-ary object predicate symbol, and let o1; : : : ; on be O-terms. Thenp(o1; : : : ; on) is an O-term. Furthermore, p(o1; : : : ; on) is a proposition. The set ofall propositions is P.We assume that a distinction is made between facts and events within the propo-sitions, where P consists of disjoint sets, the facts F, and the events E .Given the above, we can de�ne the well-formed formulas (w�s) as follows:� If u and v are T-terms, then u � v is a w�.� If u and v are T-terms, and � 2 F , then holds(u; v; �) is a w�.� If u is a T-term, and " 2 E , then occ(u; ") is a w�.� If ' is a w� not containing P, and f is an F-term, then P(') = f is a w�.� If '1 and '2 are w�s, then so are '1 ^ '2, and :'1.� If ' is a w� and u 2 Tv, then 8u' is a w�.Through standard de�nitions, we de�ne _,!, 9 in terms of ^, :, and 8. Similarly,we de�ne an extended set of time relations, such as =3 and 2, which denotes timeinterval membership. A time interval is denoted as [u, v] for two time points u andv. We also de�ne a set of �eld relations similarly.3We have chosen to use the same symbol to indicate both time equality and �eld equality. Weassume that it is obvious by context which one is meant.



46 CHAPTER 3. THE LOGIC OF LIFETIMESFor convenience, we can also de�ne the negated time and �eld relations, as wellas standard abbreviations such as:8x; y � 8x8yx � y � z � (x � y) ^ (y � z)etc:; : : :Finally, we allow the abbreviations holds(t, �) as shorthand for holds(t, t,�), and occ(u, v, ") for 9t u � t � v occ(t; ")Conditional probability is de�ned with the following abbreviation.P(' j  ) , P(' ^  ) = P( )where ' and  are w�s.If a variable u appears in a w� with no quanti�er naming the variable, then it is afree variable. A sentence is a w� without free variables. Some examples of sentencesin LL1 follow. First, let us consider some examples that show its function as a logicof time. As a simple exercise, we de�ne the predicate always that is always true:8u; v holds(u, v, always)To express that Ben and Jerry's is open from 10 in the morning to midnight, wewould write: holds(10am, 12am, open(Ben-and-Jerry's))Next, let's consider LL1 as a logic of time and probability. The predicate alwaysabove has the following property:8u; v P(holds(u,v,always)) = 1:0:Survivor functions, for all time t after some starting time t0 can be given by thesurvivor function �: 48t t0 � tP(:9t1 t0 � t1 � t ^ :holds(t,�) j holds(t0,�)) = ��(t0; t)4We could have assumed that �(t) = 0 for all t < t0 instead of assuming that t0 � t



3.2. LL1 47We need the survivor function to be in the above form rather than ��(t�t0), becausestrictly speaking, LL1 lacks arithmetic between time points.We can now also write down axioms about our friend Sally. To keep our axiomsshort, in the following, we omit the Warehouse12 argument, and let here(Sally)stand for loc(Sally, Warehouse12). Given this, we can write down the simpleversion as: 8u; v P(occ(u, v, arrive(Sally))) = norm(2pm, 0:15, u, v) (3.1)8t; t0 P(:9t1 t0 � t1 � t ^ occ(t1, leave(x))jocc(t0, arrive(Sally))) = exp(t0, t, �)where norm(�,�,u,v) gives the normal distribution N (�; �) for each interval [u; v].Why did we not write P(occ(u, arrive(Sally))) instead of the less preciseP(occ(u, v, arrive(Sally)))? The reason is simple. For a continuous-time do-main, the probability of an event at a time point is always zero. We can only considerthe probability that an event occurred in some interval. Of course, we can speakabout the probability density function for the occurrence of an event at a point. Thelanguage LL2 that we de�ne below includes that feature. The reason that we do notdo so for LL1 is to simplify the de�nition of its semantics.To obtain an estimate for the probability that Sally is still at the warehouse,regardless of what time she arrived there, we need the convolution as before. Notethat this operational de�nition of the probability should be is not really expressiblein LL1, unless we regard integration as a �eld function.P(holds(t, here(Sally))) =Z t�1neg-exp(z, t, �) � norm(2pm, 15min, z)dzA key improvement of LL1 over our previous theories is the ability to reasondirectly about order of events, and in general, about complex temporal relations. Forinstance, the probability that package X arrives before a deadline represented by thetime constant 1pm is:P(occ(U, arrive(package-X)) ^ U � 1pm)We can also reason about things like the probability that the ranges of two factsoverlap, and in general, an extensive set of temporal interval relations such as de�nedby Allen [1983]. Allen de�nes 13 interval relations, based on before, equal, meets,



48 CHAPTER 3. THE LOGIC OF LIFETIMES
overlaps, during, starts, and finishes, and their inverses (the inverse of equal is equal,and thus there are 13 instead of 14 relations). The interval relations are de�ned interms of how the beginning and end points of one interval relates to the beginningand end points of another interval, where the relations are <, =, and >. Thus these re-lations are trivially represented in LL1. As an example, consider the relation before.before(�, �) is true for two facts � and � i� � becomes true before �. i.e.,before(�; �) � occ(u, beg(�)) ^ occ(v, beg(�)) ^ u � v� �(beg(�)) � �(beg(�))The probability of that expression is given byP(before(�,�))=Z t�1P(occ(t,beg(�)))�1� Z tz P(occ(x, beg(�)))dx� dzNote that we have not claimed that we can actually compute or even de�ne thatprobability through the axioms of LL1 itself. However, given knowledge about thefacts � and �, for instance, it is easy to compute it outside the logic. But that is theprovince of the next chapter.3.2.1 SemanticsThe semantics for LL1 is based on possible worlds. More precisely, it is based onchronicles, which are the analogue of possible worlds in a temporal context (seeSection 2.2.3). The semantics for probability is given by a probability measure overthe chronicles. The probability of an LL1 fact is given by the sum of the probabilitymeasure of the chronicles in which that fact is true.As with the temporal logics of McDermott and Shoham, we take the meaning ofan event token as the (unique) date at which it occurs, and the meaning of a facttoken as the (single maximal) interval over which it holds true. More precisely, themeaning of an event is a set of time point - chronicle pairs, and the meaning of a factis a set of time interval - chronicle pairs. The meaning of an event token " includes atime point - chronicle pair hu; ci i� " occurs at time u in chronicle c. Similarly, themeaning of a fact token � includes a time interval - chronicle pair hhu; vi; ci i� � istrue between exactly time u and time v in chronicle c.



3.2. LL1 49This set theoretic interpretation is made more explicit in the following notation.For a fact �, if its range is [u; v] in chronicle c, then we write hhu; vi; ci 2 �, andfor an event ", if its date is u in chronicle c, then we write hu; ci 2 ". To simplifyexposition, we often omit mentioning the chronicle. Thus, if a fact � has range [u; v],then we write [u; v] 2 �, and if an event has the date u, then we write u 2 ".In the semantics below, we make reference to a measure function �. � is a non-negative function over the set of chronicles C. � is a function such that 0 � �(c) � 1for all c 2 C, �(;) = 0, and �(C) = 1. Thus � : C 7! [0; 1]. The way in which we givemeaning to sentences involving probability is by the measure � of the set of chroniclesin which the sentence holds true. For instance, the probability of holds(12pm, 1pm,lunch) is the sum of the measure of all the chronicles in which lunch took place (atleast) between 12pm and 1pm.The semantics for event occurrence is similar, but there is a restriction on � forevents. An event only occurs at a unique point in each chronicle. To ensure this, thefollowing must be true. Let �([u; v] 2 e) stand for the measure of all chronicles inwhich e occurs between [u; v]. Then for any u < v < w, �([u;w] 2 e) = �([u; v] 2e) + �([v;w] 2 e).The equivalent restriction does not hold for facts. This is because of the di�erencein the meaning of occ and holds that we noted earlier. Suppose �([u; v] 2 f) standsfor the measure of all chronicles in which the fact f holds in [u; v]. Then for anyu < v < w, it is not the case that �([u;w] 2 f) = �([u; v] 2 f) + �([v;w] 2 f). Infact, the sum of �(I 2 f) for two di�erent disjoint intervals I can be greater than 1.For instance, suppose that f is true from noon to 2pm. Then �([noon; 1pm] 2 f) =�([1pm; 2pm] 2 f) = �([noon; 2pm] 2 f) = 1:0.We now present the semantics for LL1. We de�ne an LL1 interpretation to be atuple M = hC;O;R; T; F;D; �i, where� C is the set of chronicles,� O is the set of domain objects,� R is a set of relations over the objects,� T is a totally ordered set of time points,� F is the set of �eld functions.� D is a denotation function, and



50 CHAPTER 3. THE LOGIC OF LIFETIMES� � is the probability measure mapping C 7! [0; 1].D is an aggregate function D = hDO;DOp;DP ;DT ;DF ;DFf i where� DO maps every object in Oc to O,� DOp maps every object predicate in Op to R.� DT maps every element of Tc to T ,� DF maps every element of Fc to R, and� DFf maps every element of Ff to F .The meaning function D is a standard denotation function that associates witheach (constant) symbol in the language LL1 with the appropriate entity in the do-main. As we stated earlier, we take the denotation of propositions to be the set ofintervals and worlds in which that proposition holds. We associate a set of point -chronicle tuples hu; ci with each event and a set of interval - chronicle tuples hhu; vi; ciwith each fact.This is done by de�ning each relation in R to be a mapping from a �xed set ofobjects to time - chronicle pairs. RF is for facts, mapping to 2T�T�C , and RE is forevents, mapping to 2T�C . We de�ne the mapping DP that maps from propositionsto time - chronicle tuples as follows:� DP('(o1; : : : ; on)) = D(')(D(o1); : : : ;D(on))A similar meaning is given to �eld terms other than �eld constants. In other words,�eld terms composed of a �eld function f 2 Ff applied to T-terms and F-terms. Eachfunction in F is de�ned as an n(i; j) mapping (we de�ne an n(i; j) mapping similarlyas with the n(i; j) function) Si+j(T i � F j ! F ). Before we assign precise semantics,we must be able to interpret variables in the time arguments to �eld functions.A valuation V is an assignment of a value to each variable in the language. InLL1, this is simply a mapping V : Tv ! T . An interpretation and a valuationtogether induce a meaning function DV . DV is a mapping such that� DV (') = V (') if ' 2 Tv,� DV (') = DP(') for ' 2 P,� DV (') = DFF for �eld function terms,



3.2. LL1 51� DV (') = DP for probability terms,� DV (') = D(p) otherwise.DFF is de�ned recursively as follows:� DFF (f(t1; : : : ; tn) = DV (f)(DV (t1); : : : ;DV (tn)).We are now �nally ready to present the semantics for LL1, how we associate truthvalues with statements in the language. Let the expression 'o=u mean a statementthat agrees with ' everywhere except possibly at u. Given an interpretation M , avaluation v, and a chronicle c, (M;v; c) j= ' as follows:� (M;v; c) j= t1 � t2 i� DV (t1) � DV (t2).� (M;v; c) j= holds(u; v; �) i� hhu; vi; ci 2 DV (�).� (M;v; c) j= occ(u; ") i� hu; ci 2 DV (�).� (M;v; c) j= 8u ' i� (M;v; c) j= 'o=u, for all possible u.� (M;v; c) j= P(') = f i� DV (P(')) = DV (f).We complete the de�nition by de�ning the �eld value of the probability function.� DP (P(')) = �(fcjc 2 C; (M;v; c) j= 'g)An LL1 interpretation M is a model for a w� ', or M j=c ' if (M;v; c) j= ' forall variable assignments v in chronicle c. A sentence is a w� without free variables.If a sentence ' is satis�ed by an interpretation M under some variable assignmentin chronicle c, then it is satis�ed by M under any variable assignment in chronicle c.Thus, M is a model for '. A w� ' is satis�able if it has a model. A w� ' is valid(j= ') if its negation is not satis�able.A note on the semantics. The above semantics for LL1 is about as simple asit can be. First of all, the semantics for time and �eld entities is invariant given avariable assignment for time points. Given a �xed assignment to all time variables,the value of a time point and a time relation is the same in all possible worlds. Thisis also true for �eld constants and �eld functions. So if two time points t1 = t2 in oneworld, it is true in all worlds. Similarly, if P(holds(t, ')) = neg-exp2(t, �) forsome assignment of t, it is true in all possible worlds under the same assignment.



52 CHAPTER 3. THE LOGIC OF LIFETIMESSimilarly, the de�nition of probability inLL1 is invariant across all possible worlds.In all possible worlds, the probability of a w� in LL1 is the same. Note therefore,that the interpretation of probability might be considered somewhat odd. In otherwords, in any number of possible worlds, it is possible that (M;v; c) j= '. Let ussay that the measure of all those possible worlds is 0.7, and thus, according to oursemantics, P(') = 0.7. However, in those possible worlds in which ' is true, wewould like to think that the probability of ' is 1.0. This discrepancy is easily �xedby extensions to LL1 as we shall see later.3.2.2 What it meansSo now that we have de�ned LL1, giving its syntax and semantics, what does it allmean? What good is it for?First of all, we have formalized the basic ideas that were present in ODDS, butwithout its restrictive independence assumptions. In the ODDS project, the languageused to write down basic facts and causal rules was never fully speci�ed. Nor did weprovide the language with any formal semantics.In LL1, we can express all that was possible to express in ODDS, and more. LL1 isexpressive enough in practice to use for reasoning about many problems. This partic-ularly applies to domains where the problem is �xed, or where a particular problemhas been instantiated, such that a propositional framework poses no handicaps. Forinstance, in LL1, it is easy to reason about orders of events, which was not directlyaddressed in ODDS.Furthermore, LL1 has a simple, easy to understand semantics. The way in whichcausal rules are written is somewhat di�erent, because LL1 has no time arithmeticor probability density functions. This is not grossly problematic, as both can besimulated by requiring the �eld functions specifying the probability of facts and eventsto do a little more work.Second of all, with LL1, we have managed to come back full circle to an explicittemporal language, incorporating probability theory along the way. In LL1, we seehow easy it is to incorporate the notion of chance and likelihood directly into atemporal language. We claim that this facilitates the evaluation of languages for usein commonsense temporal and causal reasoning.Third of all, to jump ahead a bit, LL1 gives us a solid base for extensions thatenable us, for example, to reason about expected utilities. This is discussed in more



3.2. LL1 53detail in the next section.Finally, probability o�ers an alternate means of addressing the common problemsin causal and temporal reasoning that we have mentioned before. LL1 is adequate fordescribing and solving problems involving persistence and clipping of 
uents, eventand fact causation, and the quali�cation problem. Let us now explore this in detail.We begin by considering the frame problem stated in probabilistic terms: \Doesour model accurately capture our expectations regarding 
uents that are considerednot likely to change as a consequence of a particular event occurring?" The answer isyes insofar as frame axioms can be said to solve the frame problem in temporal logic;causal rules incorporating fact survivor functions are the probabilistic equivalent offrame axioms.We note further that the LL1 equivalent of frame axioms are more expressive.They give us a more exacting notion of how likely a 
uent persists for various lengthsof time.In considering the rami�cation problem, \Does our model enable us to handleadditional consequences that follow from a set of causal predictions?" For instance,if A is in box B and I move B to a new location, I should be able to predict thatA will be in the new location along with B. LL1 does not address this questiondirectly. The basic idea of probabilistic inference can be extended to handle this sortof reasoning, but we have not investigated this to date.The last problem we consider concerns reasoning about exceptions involving therules governing cause-and-e�ect relationships. Does our model solve the quali�cationproblem? That is to say, \Does our model accurately capture our expectations re-garding the possible exceptions to knowledge about cause-and-e�ect relationships?"The answer is yes; in probability theory, an exception is just additional conditioningevidence that allows us to re�ne our predictions more accurately. It should be noted,however, that LL1 imposes a considerable burden on the person setting up the causalrules. The LL1 approach requires specifying all possible causes for each possible e�ectand the probability of each e�ect for every possible combination of possible causes.In general, it is not clear, however, that one can get away with less.As an example of how this is handled, consider an example involving the co�eebreak as conditioning information. When we don't know about the co�ee break, wepredict Sally to leave relatively early. As soon as we learn about the co�ee break,then our conditioning information changes, and thus our posterior expectation about



54 CHAPTER 3. THE LOGIC OF LIFETIMESSally's leaving time also changes. This is precisely the type of behavior that we wouldwish. While the only exceptions that can be handled are those that are already known,as we already suggested, it is far from clear that there is a better way.In special instances, there may be prototypical interactions between facts andevents that simplify the speci�cation of causal rules. We have more to say about thiswhen we discuss models of computation in Chapter 4.3.2.3 ExtensionsThere are many ways in which we can extend LL1. Some extensions are simplesyntactic extensions that greatly enhance expressiveness without necessitating majorinventions in the semantics. Others involve more machinery for precise de�nition.Enhanced fact/event ontology. For each fact �, add the enabling event beg(�)and clipping event end(�). This considerably simpli�es writing down axioms suchas those for the truck driver. The semantics needs no augmentation as such for thisextension. However, we need the following restriction. For each chronicle c and fact�, hhu; vi; ci 2 � $ hu; ci 2 beg(�)^ hv; ci 2 end(�)This ensures that the semantics of enabling and clipping events match the intuitivede�nition.More liberal �eld statements. Note that as it stands, the syntax for LL1forbids statements of the form f1 = f2 for two di�erent �eld terms f1 and f2. Itonly permits assertions of the form P(') = f. An alternative, perhaps more naturalde�nition, is to make P(') an F-term, and let f1 = f2 be w�s. As a matter of fact,that is exactly what we do in LL2.If we allowed the more liberal syntax with regard to �eld terms, then we can havearbitrary mathematical combinations of probability terms, like P(holds(t + h,'))< 2 * P(holds(t + 2h, ')).Again, such an extension does not require an augmented semantics as such. In-stead of the rules de�ning satis�ability for P(') = f and we de�ne essentially thesame semantics for f1 = f2.In LL1, we have tried to keep the syntax and semantics as simple as possible,while at the same time allowing a rich variety of causal theories. This is the only realreason that we have not incorporated the more expressive �eld syntax into LL1.



3.2. LL1 55Measuring functions. This is related to the previous. A signi�cant extensioninvolves the de�nition of propositions by adding measuring functions. A measuringfunction, again, is a �eld function that describes quantities and other general numericvalues other than probabilities. For instance, the height or weight of an individual.An important measuring function is the utility function used in decision theory.Another important measuring function is the date function � that we have repeatedlymentioned. LL1 does not allow us to talk about the date of an event directly.Once we have the date function, then we have yet another important measuringfunction, the lifetime function � that gives the duration of a 
uent. Its de�nitionis simple however, being just the di�erence of the dates of the enabling and clippingevents of a fact: �(�) = �(beg(�))��(end(�))Separate measures � for each possible world. We may adopt a set of mea-suring functions � in the interpretation, that assign a di�erent probability measureto each chronicle c. In such a logic, it is possible to speak of the probability of astatement can be di�erent in di�erent possible worlds, which �xes what might beconsidered an oddity in that we noted in the semantics of LL1.Branching-time LL1. A further extension then is to de�ne an accessibilityrelation over the possible worlds, so that we end up with a branching-time logic. Thisis akin to Haddawy's proposal [1990].Time interval relation operators. We have already seen that LL1 is capableof expressing complex temporal relations. It is possible to make those relations intomodal operators in the spirit of Shoham [1988].3.2.4 LLDAn interesting sublanguage of LL1 results from restricting it to the representation ofdiscrete intervals, rather than the whole continuous time line. We call the resultinglanguage LLD. Whereas LL1 is a language somewhat similar to ODDS, LLD is alanguage that is similar to the discrete model of probabilistic temporal reasoningthat we presented in Section 2.3.2.In LLD, the time line is partitioned into a set of discrete intervals I. Rather thantime points, LLD sentences refer to intervals. We make the same type of distinctionbetween fact and event as before. However, a key di�erence results from the restrictionto intervals. We no longer have the ability to reason directly about fact holding or



56 CHAPTER 3. THE LOGIC OF LIFETIMESevent occurrence at a point. Thus, we never have statements of the form occ(u, "):we only have the interval variant occ(u, v, "). Similarly for facts. What this alsomeans is that we lose the ability to make some distinctions. If two events occur inthe same interval, their exact dates are incomparable. That is, we cannot distinguishaccurately which occurred �rst. Thus, in practice, the partitioning of the time linethat is used in a particular LLD domain theory should re
ect the degree to whichwe want to be able to make such distinctions.There are a number of variants within LLD that are interesting to consider. Ingeneral, we would allow causal rules to link facts and events to facts and events inany intervals. We may choose to restrict causal rules to link only facts and events inconsecutive intervals. If we further only allow �eld constants for probability values,then the model becomes very similar to the one we presented in Section 2.3.2. Suchmodels are very close to Markov processes as we show in Section 4.3.1.We may also consider the same extensions to LLD that we considered for LL1.For instance, by expanding the scope of the �eld sort, we can add general real numberfunctions, such as the decision theoretic utility function.The semantics of LLD actually does not di�er substantially from that of LL1. Itis also based on possible worlds / chronicles, and is a straightforward exercise.3.3 LL2Now, we present a particular extension of LL1 called LL2. In LL2, we widen thescope of the �eld and temporal sorts as we touched on in the previous section. Forinstance, we add time arithmetic as well as more liberal use of �eld functions andvariables that we touched on in the previous section. More importantly, we incorpo-rate probability density functions of time, and a new probability operator f. Finally,we incorporate enabling and clipping events of facts into the language from the be-ginning.We mentioned previously that we do not as yet have a model theory for LL2.As with many so-called `languages' in AI, all this means is that there is no formalsemantics for the language. We do have a clear intuitive semantics, and probabilitiesfor statements that we can express in LL2 are easily computed. Although we wouldprefer to have a model theory, LL2 is more of an exercise in creating a useful languagefor time information management. LL1, by contrast, was in large part an exercise in



3.3. LL2 57formalizing ODDS, and in forging a link to past work in temporal logics.In de�ning the syntax for LL2, again we start with a set of predicate symbols andfunction symbols of �xed arity. As before, we de�ne below the entities in each of thethree sorts.1. The object sort:� Oc: A set of object constants.� Op: Object predicates of various �xed arity.2. The time sort:� Tc: A set of time constants.� Tv: A set of time variables.� Tu: Tc [ Tv.� Tf: Time functions of various �xed arity.� �: The time precedence operator.3. The �eld sort:� Fc: A set of �eld constants.� Fv: A set of �eld variables.� Fu: Fc [ Fv.� Ff: Field functions of various �xed arity.� <: A �eld relation operator.We also have the probability operators P and f. In addition, we have the measuringfunctions Fm, which are functions of �xed arity with arguments of object sort, andwhich maps to the �eld sort. Finally, let U = TuSFu. Given the above, we cande�ne LL2 inductively as follows.The terms are:� A single object constant or variable is an O-term. A single time variable orconstant is a T-term. A single �eld constant or variable is an F-term.� Let g be an n(i; j)-ary time function symbol. If t1; : : : ; ti are T-terms, andti+1; : : : ; tn are F-terms, then g(t1; : : : ; tn) is an T-term.



58 CHAPTER 3. THE LOGIC OF LIFETIMES� Let g be an n(i; j)-ary �eld function symbol. If t1; : : : ; ti are T-terms, andti+1; : : : ; tn are F-terms, then g(t1; : : : ; tn) is an F-term.� Let g be an n-ary measuring function symbol. If t1; : : : ; tn are O-terms, theng(t1; : : : ; tn) is an F-term.� If ' is a w� not containing P or f, then P(') is an F-term.� If ' is a w� not containing P or f, then f(') is an F-term.We extend the de�nition of proposition for LL2.Definition 3.2Let p be an n-ary object predicate symbol, and let o1; : : : ; on be O-terms. Thenp(o1; : : : ; on) is a simple proposition.We assume that a distinction is made between facts and events within the simplepropositions, where P consists of disjoint sets, the facts F , and the events E0.Definition 3.3If f 2 F , then beg(f) and end(f) are derived events ED. The set of all eventsE = E0 [ ED. The set of all propositions Pis given by E [ F .Given this, the well-formed formulas (w�s) are de�ned as:� If u and v are T-terms, then and u � v are w�s.� If u and v are T-terms, and � 2 F, then holds(u; v; �) is a w�.� If u is a T-term, and " 2 E, then occ(u; ") is a w�.� If f1 and f2 are F-terms, then f1 < f2 is a w�.� If '1 and '2 are w�s, then so are '1 ^ '2, and :'1.� If ' is a w� and u 2 U , then 8u' is a w�.As with LL1, we de�ne the usual extended set of quanti�ers and logical relations, aswell as an expanded class of temporal and �eld relations. In addition, the conditionaldensity is de�ned as f(�j') = f(� ^ ')=f(')



3.4. RELATED WORK 59LL2 allows the expression of substantially richer domain theories. First of all, we�x one defect of LL1, which was its lack of real probability density functions. Thus,the previous example we gave as 3.1 can be rewritten as follows.8u f(occ(u, arrive(Sally))) = normal(2pm, 15min, u)where normal(�,�,u) gives the normal distribution N (�; �) for each point u.The probability that a cold lasts longer than 3 days is writtenP(�(cold) > 3day):The utility of electing Dan Quayle President would beU(elect-president(Quayle))assuming that U is the utility function [von Neumann and Morgenstern, 1947]. Theprobability that the water level is greater than 3 meters at noon isP(holds(noon, water-level(x)) ^ x > 3m):3.3.1 ExtensionsThe most interesting extensions to LL2 are in features that facilitate planning anddecision making. One important extension is the expectation operator E. As anexample, such an extension allows us to talk about the expected duration of a coldE(�(cold)), or the expected utility of electing a Dan Quayle PresidentE(U(elect-president(Quayle))):Other extensions include the ones in Section 3.2.3, such as branching worlds, anddi�erent measures for di�erent possible worlds.3.4 Related WorkWe have already noted the relationship of our work with that of logics of proba-bility, such as that of Bacchus, Halpern, Fagin, and others. Those logics have nospecial temporal component. Within AI, work in logics for reasoning about time andprobability is a recent development.



60 CHAPTER 3. THE LOGIC OF LIFETIMES3.4.1 WeberWeber [1989a; 1989b] has developed a conceptually simple and clean framework forcausal reasoning with uncertainty, based on the idea of reference classes [Kyburg,1983]. Reference classes feature, essentially, a type of inheritance reasoning. A givenproposition P may belong to a number of reference classes, some more speci�c thanothers. More speci�c classes yield more speci�c statistics for members of a givenreference class. Weber's focus is on handling classical problems of temporal reasoningby utilizing such statistics. His statistical causal rules are a generalization of logicaland probabilistic knowledge, including persistence and projection rules. Weber hasdeveloped a computation scheme called highest impact �rst which utilizes referenceclasses, by successively bounding a probability of interest starting with the mostgeneral reference class.Weber gave the �rst account of probabilistic causal reasoning in AI based onlogic. He did not provide a detailed syntax or semantics, instead embedding hisnew constructs within �rst-order logic. With Martin, mentioned below, and Bacchus,mentioned previous, Weber shares a statistical frequentist view of probability.3.4.2 HaddawyHaddawy [1990; 1991] has developed the logic of time, chance, and action, a logicfor reasoning about plans. Haddawy's logic is substantially similar to van Fraassen'slogic of objective chance [van Fraassen, 1980]. Within AI, Haddawy's logic is closesttechnically to our work in addition to being contemporaneous . Some of the basicontology, syntax, and semantic features of Haddawy's logic and LL are similar. Thelogic of time and chance is a continuous-time logic with set-theoretic possible worldssemantics, much like LL1. They have both been developed with a view to planningapplications. However, beyond the super�cial similarities, the logics are di�erent inimportant respects.Much of the di�erences arise from the di�erent goals for the languages. Haddawyis concerned with developing a logic for action, including distinct notions of actionattempts and occurrences, and representing the interaction and feasibility of actions.By contrast, our development of the time net and the logic of lifetimes came at thesame time, and we have developed the LL languages from the start with the clear aimof linking with Bayesian networks for e�cient computation. We are concerned withdeveloping a knowledge representation for time nets and for persistence and change.



3.4. RELATED WORK 61Haddawy presents no computational theory for making inferences about factsand events over time. Although in his later work, Haddawy presents an algorithmfor computing the earliest time of occurrence of events based on a theory, this is arestricted algorithm. Neither in his logic nor in his algorithm does Haddawy addressthe issue of how to reason about the changing probability of a fact or event over time.There are many speci�c di�erences. Haddawy's notion of fact and event corre-spond to the traditional account in AI as distinct from the special notion of eventthat we have adopted for representing probability density functions. In Haddawy'slogic, it only makes sense to talk about the probability of a fact or event relative tosome particular point. To talk about the probability of some sentence ', it is alwaysin reference to a point t: Pt('). Haddawy allows arbitrary nesting of such probabilityoperators in his logic.Haddawy's logic is restricted to reasoning about probability constants. Since hehas no real number �eld functions, his framework is unable to express probabilitydensity functions of time. For a particular set of parameters and a particular dis-cretization of time points, his logic would be capable of expressing, point for point,similar information that would be expressed in the logic of lifetimes, but such anapproach would be exceedingly cumbersome.3.4.3 van FraassenThere have been logics for reasoning about time and probability in philosophy and intheoretical computer science predating the work in arti�cial intelligence. By and large,this work does not address issues of computation or of reasoning about continuouspersistence.van Fraassen [1980] presents a logic of objective chance. van Fraassen's notionof objective chance is that an expression about the probability of a fact is alwaysrelative to a particular point in time. Furthermore, objectively, a fact in the pastrelative to a point has either been true or false, so they can only have probability0 or 1. The future, however, relative to a point in time branches according to howdi�erent possible worlds are accessible from others. Much of the ideas in Haddawy'slogic are based on these ideas.



62 CHAPTER 3. THE LOGIC OF LIFETIMES3.4.4 Probabilistic Dynamic LogicIn the theory of computer science, there have been attempts to develop temporallogics for reasoning about programs, circuits, and distributed systems. The mostwell-known of these is dynamic logic. Feldman [1984] has extended dynamic logicto include probabilities in his work on probabilistic dynamic logic (PDL). PDL isa propositional temporal logic with a semantics based on possible worlds. It doesnot have the notion of fact, event, or persistence that are useful in an AI actionrepresentation.3.4.5 Martin and AllenMartin and Allen [1991] have recently designed a language for planning using statis-tics of the success of actions in di�erent situations. Their planning system maintainsstatistics about the result of actions in the form of con�dence intervals. The con�denceintervals are in terms of approximating binomial distributions by normal densities.Although their language notates actions and events relative to temporal intervals asin Allen's previous work [Allen, 1984], the actual temporal aspects do not appear toplay a large role. In examples that they provide, there are statistics linking actionsand e�ects, but they appear to hold for all time points. In other words, there is nodi�erence in the probability of the e�ect given either the time of the action or ofthe e�ect, so time is basically irrelevant to their examples. They have not de�ned asemantics for their language.



Chapter 4The Time NetIn this chapter, we explore a second kind of language for describing and reasoningabout the world, the language of time nets. A time net is a probabilistic network ,a (mathematical) graph for expressing the relationship between facts and the proba-bility of facts. In a probabilistic network, each vertex represents a random variable,and sets of edges encode constraints between the random variables represented by thevertices. For example, suppose that you are trying to estimate the arrival time of yourspouse's airplane 
ight from Los Angeles. In a time net for reasoning about this, onevertex may represent the time the 
ight left Los Angeles airport, and another vertexmay represent the time of arrival. An edge between the two vertices would indicatethat departure time a�ects arrival time (see Figure 4.1). A time net is used, �rst,to model a situation of interest in such a manner. Typically then, the probabilitydistributions of some or all of the random variables in the graph are estimated withsome algorithm. This process of evaluating a time net would, for instance, computethe probability distribution for each vertex, in our case, the time of departure andthe time of arrival.The graph abstraction of probabilistic networks separates qualitative issues ofdependence between random variables from the purely quantitative aspects of theprobability distributions of the random variables. Inquiry into the formal propertiesof probabilistic networks has found them quite robust [Lauritzen et al., 1984; Pearl,1988]. Clear relationships between graphs and probability distributions have beenproven, making it easy to ensure that their use is consistent. On the practical side, byabstracting the structure of a domain visually from the quantitative aspects, we �ndthat probabilistic networks make the tasks of construction and elicitation of a modelof a domain easier. Another important computational bene�t is the fact that the63
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leave(spouse, LA)

arrive(spouse, home)Figure 4.1: An example Time Netgraph is a compact way of specifying and storing the probability distributions. Lastbut not least, graph representations are neutral as far as interpretation of probability,allowing research to focus on modeling and problem solving.Time nets belong to a popular directed acyclic graph class of probabilistic net-works called Bayesian networks. There are also undirected probabilistic networks,called Markov random �elds, that have been used for temporal inference [Dean andKanazawa, 1988b]. However, we focus on Bayesian networks exclusively in this disser-tation. In the remainder of this chapter, we explore the expressive and computationalproperties of time nets. First, we introduce graph concepts and the Bayesian network.Then, we present the time net itself. Finally, we discuss algorithms for evaluatingtime nets.4.1 Graph Notation and ConceptsFirst, we present some graph notation. This presentation follows that of Tarjan[Tarjan and Yannakakis, 1984] and Lauritzen [Lauritzen et al., 1984].A graph is a tuple G = (V;E), composed of a �nite set of vertices V , n = jV j,and a �nite set of edges E = f(v;w)jv 2 V;w 2 V; v 6= wg, e = jEj. Thus E 2 2V�V .We use node interchangeably with vertex and arc interchangeably with edge.A graph is called a directed graph when every edge e 2 E is an ordered pair. Ina directed graph, an edge is usually represented as an arrow. The direction that thearrow points is down (the graph), and the direction pointing against the arrow is up(the graph). A graph is an undirected graph if the edges are unordered pairs. In anundirected graph, if (v;w) 2 E, then we may consider (w; v) 2 E to be true as well.



4.1. GRAPH NOTATION AND CONCEPTS 65
A polytree A multiply-connected networkFigure 4.2: A polytree and a multiply-connected graphIn both directed and undirected graphs, if (v;w) 2 E, then v is a neighbor of w.The neighbor relation is re
exive, i.e., if v is a neighbor of w, then w is a neighbor ofv. Whenever v is neighbor of w, v is adjacent to w. The set of all neighbors of w isAdj(w).In a directed graph, if (v;w) 2 E, then v is a parent of w, and w a child of v. Theset of all parents of a vertex v is denoted Pa(v) and the set of all children Ch(v). IfPa(v) = ;, then v is a root node. If Ch(v) = ;, then v is a leaf node.A path of length k from v0 to vk is a sequence of vertices fv0; v1; : : : ; vk�1g suchthat (vi�1; vi) 2 E for i = 1; : : : ; k. In a directed graph, if there is a path from v tow, then v is an ancestor of w, and w is a descendant of v. The set of all ancestors ofw is denoted An(v), and the set of all descendants of v is denoted De(v).If a directed graph contains a path from v to v for some v 2 V , then the path is acycle. Otherwise, the graph is acyclic and it is called a directed acyclic graph or dagfor short.A graph with only one path connecting any two nodes is called a polytree, orgeneralized Chow tree [Chow and Liu, 1968]. We say that a graph is singly-connectedwhen it is a polytree. Otherwise, it is multiply-connected (see Figure 4.2).An undirected graph obtained from a directed graph G by ignoring the ordering onthe pairs of vertices in E is the undirected graph corresponding to G. If G0 = (V;E0) isthe undirected graph corresponding toG = (V;E), then if (v;w) 2 E, then (v;w) 2 E0and (w; v) 2 E 0.When a graph is multiply-connected, there is more than one path connectingsome two nodes in a graph. If the graph G is a dag, then the undirected graph
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λ

σ ε

Figure 4.3: A Bayesian Network Gcorresponding to G contains a loop, or undirected cycle.If V 0 � V , then V 0 induces a subgraph GV 0 = (V 0; EV 0) where EV 0 is that subset ofE restricted to V 0�V 0. An undirected graph (V;E) is complete i� 8v;w 2 V (v;w) 2E. If V 0 � V induces a complete subgraph, then V 0 is said to be complete. A maximalcomplete graph with respect to set inclusion is a clique.For the graph (V;E), we de�ne its moral graph as the undirected graph with thesame vertex set in which v is adjacent to w just in case either (v;w) 2 E, (w; v) 2 E,or there exists x 2 V such that both (v; x) 2 E and (w; x) 2 E.A subset S � V is said to separate X � V from Y � V if every path from avertex in X to a vertex in Y intersects S.A hypergraph H = (V;E) consists of a set of vertices V and a set of edges E.Each edge e 2 E is a subset of V . A graph is a hypergraph all of whose edges havesize two. To distinguish between a hypergraph and a graph, we may call an edge fora hypergraph a hyperedge.4.2 Bayesian NetworksA Bayesian network (Bayesian belief network) is an augmented dag for representing aset of random variables and their probability distributions. Directed graph models ofprobability similar to Bayesian networks were apparently �rst formally investigatedby Wright in his work on path analysis in genetics ([Wright, 1921] as cited in, e.g.,[Lauritzen et al., 1984]). An excellent introduction to Bayesian networks, and toprobabilistic networks in general, is Pearl's book [1988]. Another excellent text onBayesian networks is Neapolitan's book [1990].



4.2. BAYESIAN NETWORKS 67Informally, a Bayesian network is a dag G = (V;E). Each v 2 V correspondsto a random variable that we are interested in modeling. Where unambiguous, werefer to a vertex and the random variable that the vertex corresponds to by the samename. Each edge (v;w) 2 E indicates direct dependence of v on w. What this meansexactly is seen later. Figure 4.3 shows an example of a simple Bayesian network. ThisBayesian network models the relationship of lung cancer to smoking and nutrition.Without loss of generality, we assume that all Bayesian networks are connected , as inthis example.The Bayesian network G contains three nodes V = f�; �; �g, representing threepropositional (true/false) random variables indicating whether or not a person smokes(�), whether or not she eats badly (�), and whether or not she has lung cancer(�). Random variables in a Bayesian network do not have to be binary proposi-tions. For example, the di�erent kind of eating habits might be vegan, ovo-lacto,fish-and-chicken, and red-meat, instead of just eat-badly and :eat-badly. Infact, as we shall see, a Bayesian network random variable may take on its value froma real-valued range (a continuous random variable), instead of a �nite set (a discreterandom variable). For instance, a random variable may be the number of calories anindividual consumes per day.G contains two edges E = f(�; �); (�; �)g, indicating that the probability of lungcancer depends directly on smoking and on nutrition. The relationship between therandom variables is: (1) smoking increases the chances of lung cancer, (2) bad nutri-tion in the presence of smoking increases it further, and �nally, (3) without smoking,nutrition slightly increases the chances of lung cancer.This knowledge is stored in the form of probability matrices P at each node v 2 V .The probability matrices at the root nodes � and � store, respectively, the priorunconditional probability that a random person smokes, and the prior unconditionalprobability that a random person eats badly. These distributions are commonly calledmarginal distributions. The probability matrix at the non-root node � is a conditionaldistribution, giving the probability of lung cancer depending on the values of its parentnodes. Tables of the probability matrices appear in Table 4.1.A point about Bayesian networks often found confusing is that there is only oneconditional probability table for a non-root node. Naively, it seems plausible thatthere should be a table for each edge going into each non-root node. For instance,in our example, it may seem that what we need is to specify the probability of lung
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Probability of � Probability of �Smokes P (�) Eats badly P (�)yes 0.3 yes 0.6no 0.7 no 0.4Probability of � given � and �Smokes Eats badly Has lung cancer P (�j�; �)yes yes yes 0.9yes yes no 0.1yes no yes 0.7yes no no 0.3no yes yes 0.15no yes no 0.85no no yes 0.1no no no 0.9Table 4.1: The probability matrix tables for G



4.2. BAYESIAN NETWORKS 69cancer given smoking taken alone, and then also to specify the probability of lungcancer given eating habit alone. However, this is not case. The Bayesian networkformalism requires that there is one table, specifying the probability of lung cancergiven smoking and eating habit taken together.What this boils down to is that it is often better to regard a Bayesian network asa hypergraph, rather than as a graph. Each hyperedge in the hypergraph is a set ofedges all \meeting" at the same vertex. For each hyperedge in a Bayesian network,there is a conditional probability table. This also de�nes what we mean by directdependence: that the random variable corresponding to a vertex that a hyperedgepoints to is directly dependent on all of the random variables corresponding to thevertices that the hyperedge points from.The graph G along with the probability matrices at each node formally de�nea Bayesian network B. B de�nes a unique, consistent joint distribution P over therandom variables V . B is a particular factorization of the distribution P . Whatwe mean by this, illustrating with our example Bayesian network, is that the jointdistribution function P (�; �; �) over all the random variables is uniquely determinedby the three probability matrix tables P (�), P (�), and P (�j�; �). In particular, therelationship between them is given by the following product:P (�; �; �) = P (�j�; �)P (�)P (�):We now develop some of these concepts more formally.Let R be a �nite set of n random variables fr0; r1; : : : ; rng. Each r 2 R has a statespace 
r, a mutually exclusive and exhaustive set of values that r can take on. rtakes on exactly one value out of 
r at any one time. 
r can be either continuous ordiscrete. A continuous random variable has a state space, or range, that is a possiblyin�nite subset of the real line: 
r 2 (�1;+1)Each discrete random variable has a �nite set of mr values:
r = f!0; !1; : : : ; !mr�1gWe will call mr the arity of the random variable r; a random variable of arity n isreferred to as a n-ary random variable. The set 
r will sometimes be referred to asthe alternate set of r, and each member of 
r an alternate of r.



70 CHAPTER 4. THE TIME NETThe notions of state space, alternate set, and alternate are extended to sets ofrandom variables r(k) = fr0; : : : ; rk�1g. The state space of such a set is 
r(k)
r(k) = !r0 � : : :� !rk�1;and an alternate is a particular set of values for the ri. A special case is the statespace of the whole set of random variables R, called the con�guration space 
:
 = !r0 � !r1 � : : :� !rnA probability distribution for a discrete random variable r 2 R is a function thatassigns a probability to each state of rP (r = !);! 2 
r such that the value is non-negative,8! 2 
r P (r = !) � 0and the sum over the state space is 1:X!2
r P (r = !) = 1The joint probability distribution for a set of k random variables fr0; : : : ; rk�1g � R(for discrete ri) is a probability distribution over the alternates in the joint state space
k = r0 � : : :� rk�1: P (r0 = !0; : : : ; rk�1 = !k�1)Finally, the conditional probability distribution of a random variable r, dependent ona set of k antecedents c = fc0; : : : ; ck�1g � R � r isP (r = !jc0 = !0; c1 = !1; : : : ; ck�1 = !k�1)for each alternate in the alternate sets for r and c.For simplicity, we normally express the probability that a random variable takeson a particular value ! in its state space asP (!)and the function in general as P (r):



4.2. BAYESIAN NETWORKS 71We adopt similar shorthand for the joint probability and conditional probability aswell, letting a sequence of variables or values be denoted by single letters. For example,let z be a vector of random variables fz0; : : : ; zkg. Where unambiguous, we allowP (z)as shorthand for the expressionP (z0 = !0; : : : ; zk = !k)We are now ready to provide our �rst formal de�nition of a Bayesian network.Definition 4.1A Bayesian network is a tuple B = (V;E;P), comprised of the dag G = (V;E), anda set of probability functions P. V is a set of random variables. P is a set of nfunctions, one for each v 2 V , mapping from the joint state space of conditioning setcv = fwj(w; v) 2 Eg and v to the interval (0; 1). The probability function pv 2 Pfor v gives the probability of each alternate of v for each alternate in the joint statespace of cv: P (vjcv)As noted earlier, the Bayesian network B is a factorization of the joint probabilityP over V . In general, a joint probability distribution can be factored in the followingform: P (v0; v1; : : : ; vn�1) = P (v0j : : :) : : :In a Bayesian network, this is simpli�ed to this product rule:P (v0; v1; : : : ; vn�1) =Yi P (vijcvi):We will not go into the proof of this here.Because direct dependence is always indicated by an arc, Bayesian networks makeit easy to identify the conditional independence in a model. Indeed, Pearl has argued[1988] that the importance of the Bayesian network lies not in the numerical prob-abilities in the probability matrices, but in the qualitative dependence informationprovided in the structure of the graph. The Bayesian network is only one class ofgraphical models about probabilistic dependencies, called dependency models. Somedependency models, such as cyclic theories, or complex mutual dependencies cannotbe represented in a Bayesian network. For more details on these issues, see [Pearl,1988]
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Figure 4.4: Independence in a large Bayesian network.Identifying independence has important consequences for computation. Supposethat there is a Bayesian network consisting of hundreds of nodes, and we are interestedin the probability of one of the random variables. If we can determine that thisparticular random variable is only dependent on a handful of the nodes, then it isunnecessary to consider the whole network for the purposes of computation. Suchrelationships can realize large computational savings.As an example consider Figure 4.4. The two grey vertices (as opposed to all theothers, which are white), are assumed to be nodes whose values are known. Forinstance, we know the blood cell count and body weight of an individual exactly. Wecall these the evidence nodes. The evidence nodesseparate the network into two parts.The part `above', which models all the factors and indicate what in
uences blood cellcount and body weight, and the part `below', which is in
uenced by blood cell countand body weight.Ordinarily, the `above' part in
uences the `below' part through the evidence nodes.However, when the value of the evidence nodes are known, in this case, they \block"the in
uence pathways. As a result, in order to evaluate the small `below' part of thenetwork, we can ignore the `above' part.Pearl et al.. [1989] provide formal results pertaining to independence relationshipsprovided by a Bayesian network. Their criterion, called d-separation makes it possibleto determine when two random variables are independent in terms of graphical criteriaon the Bayesian network for the random variables. As might be guessed from theabove example, the d-separation criterion is closely related to graph separation.



4.3. THE TIME NET 73As it happens, Lauritzen [1988] shows another criterion for determining indepen-dence that is equivalent to d-separation, and which directly uses graph separation.4.3 The Time NetWe adopt time net as the generic name for a graph used for reasoning about time.In this dissertation, we are concerned solely with the probabilistic time net , a variantof time nets used for reasoning about probability and time. The other kind of timenet, the deterministic time net , is not explored here. Unless otherwise noted, a timenet is a probabilistic time net in this dissertation.The time net is a special class of Bayesian network developed for reasoning abouttime.1 A time net captures knowledge about facts and events, their probability, andhow they a�ect other facts and events. Any Bayesian network where the randomvariables predominantly make a reference to time is a time net. A random variablein a time net typically indicates whether or not a fact holds true or an event occursat some point of time, or over some interval of time. As with any Bayesian network,we may enter evidence, and compute the distributions of the random variables.A given time net may represent all knowledge relevant to a problem solving do-main, or more typically, it may focus only on the knowledge relevant in a particularsituation. For any problem solving domain, there are typically a number of time netsapplicable for di�erent contingencies arising in the domain. An interesting researcharea concerns the construction of time nets, and probabilistic networks in general,from a body of knowledge about a problem solving domain. Such knowledge may beexpressed in a logic or similar language of the kind explored in Chapter 2. The issueof knowledge-based construction of time nets is explored in Chapter 5. This sectionfocuses on the basic properties of the time net formalism.There are two types of time nets, discrete time nets and continuous time nets. Apair of simple discrete time net and continuous time net is shown in Figure 4.3. Themain di�erences between them are the model of time and the type of random variablesinvolved. A discrete time net utilizes a discrete model of time, with a partition oftime into discrete intervals. A node in a discrete time net typically represents theprobability that a fact holds, or that an event occurs, during each of these intervals.1In past work, time nets were called temporal Bayes nets [Dean and Kanazawa, 1989a].
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(a) discrete time net (b) continuous time net
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1 2 3 4Figure 4.5: Time NetsEach node for expressing such a probability can be discrete-valued or continuous-valued. By contrast, a continuous time net has a continuous model of time. A nodein a continuous time net typically represents the time at which an event occurs, or thetime at which a fact becomes true or false. A node representing the time of an event ina continuous time net must be continuous-valued. Roughly speaking, the continuoustime net is more compact and expressive: it is easier to represent facts, events, andtheir durations and probabilities in a continuous time net than in a discrete timenet. Furthermore, a continuous time net is better suited to capturing the kind ofknowledge expressible in the more expressive logics presented in Chapter 2. Thediscrete time net was developed earlier historically, however, and we present it �rst.The discrete time net was developed for computing the probability of facts andevents such as with the discrete model of probabilistic temporal reasoning developedin section Section 2.3.2. The continuous time net was developed as a further evolutionof the computational model of ODDS described in Section 2.3.1.In the following discussion, let facts, events, and the enabling and clipping eventsof facts be de�ned as in Chapter 2. Conceptually, in our theory, time has in�niteextent, stretching without bound both forward and backward. In practice, in com-puting the chance of events and facts over time, we generally restrict our attention toa �nite subset of the time line. In such a case, there is assumed to be an earliest timeof interest eti , and a latest time of interest lti. In such a case, inferences are limitedto the interval (eti; lti), possibly augmented with the special time point 1, which istaken to mean \never".In a similar way, our knowledge may theoretically incorporate a model of an



4.3. THE TIME NET 75in�nite number of facts and events. Translating such a model into a time net caninvolve creating an in�nite time net. In practice, we assume that a time net used forreasoning about a particular situation is �nite and consist of a �nite number of factsand events.4.3.1 The Discrete Time NetA discrete time net is a Bayesian network that uses discrete-valued random variablesto model the states and change over time of some phenomenon of interest in theworld. Each particular discrete time net is a model of the world. As noted earlier,a Bayesian network is generally used to reason about a particular instance of someproblem domain. Our approach for de�ning a discrete time net is to do so in termsof the knowledge applicable in such an instance.Let a domain instance, or domain, be a tupleD = (eti; lti;T ;F ; E;S;P) consistingof a time partition T , fact tokens F , event tokens E, alternate sets S, and probabilityfunctions P.A time partition of size n is a sequence of time points eti = �0 < �1 < �2 <: : : < �n = lti. The underlying ontology could support either a discrete or continuousinterpretation of the time points. The time intervals of D, ID (or simply the timeintervals, I), is the set of intervals (�i�1; �i] for i from 1 to n. A time interval � 2 Iis one of those intervals, and i-th time interval of I �i is (�i�1; �i]. For �i 2 I, itspredecessor Pred(�) is the �i�1, and its successor Succ(�) is �i+1. The exceptions are�1, which does not have a predecessor, and �n, which does not have a successor.F and E are facts and events of interest. As before, a fact is something that canhold over some duration of time, i.e., over one or more intervals � 2 I. By contrast,an event can only occur during an in�nitesimally small interval of time, i.e., in atmost one � 2 I. There are few restrictions on F and E : either or both can be empty,and there is no general requirement, for example, that if a domain instance contains afact, then it must also contain the fact's enabling and clipping events (cf. Chapter 2).It is also possible for F to contain facts involving continuous random variables. Tosimplify discussion, assume that all random variables are discrete for the moment.There are two ways of representing each fact or event as a random variable. Letus talk about a fact ' for now. The case for an event is basically the same. Further,let us assume that the time interval of interest is (u, v).One possibility is to regard the status of whether or not ' holds as a random



76 CHAPTER 4. THE TIME NETvariable. So there are two possibilities, holds(u,v,'), and :holds(u,v,'). Thepossibilities are mutually exclusive and exhaustive, and the sum of their probabilitiessum to 1. Thus we can have a random variable of form �holds(u,v,'), where �is meant to indicate that the random variable is a binary random variable that takeson values true and false.This is all well and good when ' is by nature a true/false kind of fact. Sup-pose, though, that ' is a proposition of form �(f�g), where f�g is a set of vari-ables and constants with at least one variable, and where there are at least 3 di�er-ent possible assignments to the variables in f�g. For example let ' stand for \thecolor of my Miata", Miata-color(
), where 
 can be one of fwhite, blue, red,silverg. In such a case, there is another natural way to form a random variable for '.Rather than having four binary random variables �holds(u,v,Miata-color(red))and so on for each color, it would be natural to have a single 4-ary random variableholds(u,v,Miata-color(?)), where the ? is meant to indicate that it may take ona number of alternates, in our case, four alternates.For discrete time nets, we generally adopt this latter method of forming n-aryrandom variables from the underlying set of fact tokens and event tokens. Let agroup of mutually exclusive and exhaustive alternatives such as in our example bean aset . Then the alternate sets or asets S for D is the union of all the asets for adomain instance. Each member of an aset is an alternate. Exactly one, and only one,of the alternates in an aset can be true at any given time. An aset contains eitheronly fact tokens or only event tokens. Furthermore, each fact token and each eventtoken must belong to one and only one aset. S comprises two subgroups formed fromF and E , SF and SE. Usually, some descriptive name would be given to each aset,for instance \Miata-color" or something related for the previous example. Later on,when we link logic and time nets together, we show a syntactic basis for the formationof asets (and their names). The discrete time net formalism itself contains no notionof syntax for the random variables that it represents.An aset de�nes the state space of a random variable without regard to a speci�ctime interval. A rei�ed aset , or raset , associates an aset with a time interval. Let theasets at interval � S � be the union of all rasets associated with interval �. Let thenthe domain asets, SS, be de�ned by SS = S�2I S�.We associate with each � 2 SS a probability function ��. The set of all probabilityfunctions P = S�2SS ��. Each �� is a function mapping from a (possibly empty)



4.3. THE TIME NET 77conditioning set �� and an alternate � 2 � to the real interval (0; 1). �� is any set ofasets 
 2 SS such that 
 6= �. A particular set of alternates, one for each 
 2 ��,is a conditioning instance of �. �� over � 2 � must sum to 1 for each conditioninginstance. The intended meaning of a distribution function is the following. For eachalternate � for some � 2 SS,P (� = �j
0 ^ : : : ^ 
m) = ��(
0; : : : ; 
m; �)where f
0; : : : ; 
mg = ��. If �� is empty, then �� is a marginal distribution; otherwise,it is a conditional distribution. Note that we have placed no restriction on the intervalsof the conditioning set with respect to the conditioned aset. This means that, ingeneral, conditioning on information on \future" events is allowed. In practice, theremay be more restrictive assumptions.Given the above, we can now de�ne the discrete time net.Definition 4.2A discrete time net for D is a Bayesian belief network B = (V;E). V consists of onenode for each aset in SS. E consists of a set of edges for each � 2 P as follows. Foreach �� 2 P, add the edge (
; �) for each 
 2 ��. E is the union of all such edges.As with asets, we may de�ne the nodes for interval �, V�, consisting of the nodes forx�. That de�nes a discrete time net in a general form. There are two restrictions thatmust be present for a discrete time net to be proper . First of all, the set of edgesE must be acyclic, so that the result is a proper Bayesian network. Secondly, if Dcontains any event tokens, then for each event token, the probability over all intervalsof the event token must sum to less than or equal to 1. The latter ensures, amongother things, that an event takes place during at most one interval.Let us consider a simple example of a domain instance, and the correspondingdiscrete time net. For simplicity, we consider only four time points, producing a timenet with three time intervals. The time points that we consider are on the hour everyhour from noon through 3 p.m.. We let 0 stand for noon, 1 stand for 1 p.m., and soon. eti = 0lti = 3T = f0; 1; 2; 3gI = f(0, 1]; (1, 2]; (2, 3]g



78 CHAPTER 4. THE TIME NETWe will number the time intervals as consecutive integers from 0. Thus, (0, 1] isinterval 0, (1, 2] is interval 1, and so on.Our example is a trip in a bus from New York to Atlantic City. There is only onefact token: F = floc(Taj)g;which stands for the fact of our being in the Taj Mahal in Atlantic City. There aremore event tokens. In addition to the enabling and clip events for loc(Taj), thereare the events of leaving New York City, and arriving at the Taj Mahal.E = fbeg(loc(Taj)); end(loc(Taj)); leave(NYC); arrive(Taj)gWe omit listing the asets S for this example in full as they are all binary propositionalrandom variables. For instance, there is the aset for a node named leave(NYC) withvalue true and false. The domain asets consist of S � the time intervals. For a factor event ', we adopt the notation '[n] to mean the aset named ' for time intervaln. Then, the domain asets SS consists of:leave(NYC)[0] leave(NYC)[1] leave(NYC)[2]arrive(Taj)[0] arrive(Taj)[1] arrive(Taj)[2]beg(loc(Taj))[0] beg(loc(Taj))[1] beg(loc(Taj))[2]end(loc(Taj))[0] end(loc(Taj))[1] end(loc(Taj))[2]loc(Taj)[0] loc(Taj)[1] loc(Taj)[2]The pattern of dependence is relatively simple. We will not give the full set ofprobability functions for the asets, as this involves a total of 15 probability matrices.However, we do list here a table (Table 4.2) of the pattern of dependence between allthe asets.First of all, the time leaving New York City depends on nothing per se. It is givenby a prior distribution at each interval. Any set of distributions is �ne as long asthe sum of the probability of leaving over all intervals is at most 1. Similarly for theend of being at Atlantic City. In this small example, once we arrive in Atlantic City,nothing causes us to leave. We stay there inde�nitely.Arriving at Atlantic City, however, depends on many factors. At interval 0, thereis no chance of arriving (this is just how we set up the model). At interval 1, itdepends on whether or not we left NYC in the previous interval, and also on whetherwe had already arrived in the previous interval. At interval 2, it depends on the same



4.3. THE TIME NET 79Aset Depends onleave(NYC)[0] ;leave(NYC)[1] ;leave(NYC)[2] ;arrive(Taj)[0] ;arrive(Taj)[1] leave(NYC)[0], arrive(Taj)[0]arrive(Taj)[2] leave()[0], leave()[1], arrive()[0], arrive()[1]beg(loc(Taj))[0] arrive(Taj)[0]beg(loc(Taj))[1] arrive(Taj)[1]beg(loc(Taj))[2] arrive(Taj)[2]end(loc(Taj))[0] ;end(loc(Taj))[1] ;end(loc(Taj))[2] ;loc(Taj)[0] beg(loc(Taj))[0], end(loc(Taj))[0]loc(Taj)[1] loc(Taj)[0], beg(loc(Taj))[1], end(loc(Taj))[1]loc(Taj)[2] loc(Taj)[1], beg(loc(Taj))[2], end(loc(Taj))[2]Table 4.2: Dependence in the Atlantic City exampleevents in the both interval 0 and interval 1. For instance, if we had left NYC duringinterval 0, and had not arrived during interval 1, then the probability of arriving ininterval 2 is high.If there were more intervals, then in general, arrival during an interval woulddepend on arrival during all previous intervals, and leaving NYC in all previousintervals. In practice, it would probably make sense to limit this somehow: forinstance, whether or not we left New York 3 days ago probably doesn't bear much onour arrival time now.That just leaves us with the fact of being at the Taj Mahal and the enabling eventfor the same. The enabling event depends only on the arrival event. The minute wearrive, we are at the Taj. The fact itself depends on three things: the enabling eventand the clipping event in the same interval, and whether or not we were already atthe Taj during the previous interval.The discrete time net B = (V;E) that results is shown in Figure 4.6. As inthe de�nition, there is a node v 2 V for each s 2 SS, and a set of edges for eachdependence relation in Table 4.2.The de�nition of the discrete time net in (4.2) is very general. For instance,it is possible that some asets are represented less or more frequently than others.Restricting and relaxing D in various ways produce interesting classes of models. A
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leave(NYC)

arrive(Taj)

beg(loc(Taj))

loc(Taj)

end(loc(Taj))Figure 4.6: The discrete time net for the Atlantic City example.generalization of the model may even have a di�erent time partition for each aset. Insuch a model, a domain instance must take a di�erent form. We do not explore suchmodels here.In a regular discrete time net , we do the opposite, replicating each aset for all timeintervals, with the distribution functions replicating the pattern of in
uence, exceptpossibly at the boundary intervals containing eti and lti. The Atlantic City exampleabove is a regular discrete time net.Restrictions on T produce regular discrete time nets with a �xed time model inwhich each time interval in T has a �xed constant length, and those with a telescopictime model in which case the interval between consecutive time points is small nearthe present time, but becomes gradually larger between consecutive time points inthe future.Another class of discrete time net may add restrictions in line with the ontologyof facts and events developed in Chapter 2. For each fact, we add its clip and enableevents, and the distribution for each fact aset must include the clip and enable eventsfor each fact in the conditioning set. Again, the Atlantic City example had thisproperty. Note that if in the background theory, a fact or event in
uences anotherfact or event, then the former must in
uence other facts and events in the latter'saset.It is not strictly necessary to add beg(�) and end(�) for each ' 2 F . Even ifthey are present in the domain theory, it is possible to make enabling and clippinginto abstract events that are not actually represented in the net. What we mean by
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leave(NYC)

arrive(Taj)

beg(loc(Taj))

loc(Taj)

end(loc(Taj))Figure 4.7: A proper Markov time net.this is the following. Suppose that � becomes true as a result of the event �. Forsimplicity, assume that nothing makes � false. In the Atlantic City example, thiscorresponds to letting � be loc(Taj) and � be arrive(Taj). As with the example,� depends on beg(�), and the latter depends on �. However, it should be easy tosee that in order to reason about �, we can reason about � on the basis of �, withoutactually thinking about beg(�) directly. In that case, � inherits directly from theparents to beg(�) and end(�). For instance, instead of regarding X as a fact thatcauses Y to become true, we can consider X as evidence of Y being true.There is an algorithm for actually performing such an optimization, through theprocess of node absorption, which is described in in Section 4.4. This can result insubstantial computational savings.We now focus on models with highly regular structure, models related to Markovprocesses. This type of model, the Markov time net , has been investigated in pastwork leading to this dissertation, and independently by Tatman and Shachter [Tatmanand Shachter, 1990].In a Markov time net, the conditioning set for each � 2 SS is restricted to asetseither in the same or previous time interval (see Figure 4.7). When the conditioningset belongs strictly to the previous time interval, it is a proper Markov time net ,otherwise it is a quasi-Markov time net . Strictly speaking, a proper Markov time netis a proper order 1 Markov time net . In the Markov time net pictured above, we haveconverted the Atlantic City into a proper Markov time net by letting in
uences spanonly across time intervals, not within.



82 CHAPTER 4. THE TIME NETMore formally, a discrete time net is an order 1 Markov time net i�8� 2 I; v 2 V�; Pa(v) = ; _ Pa(v) � VPred(�):A discrete time net is is quasi-Markov i�8� 2 I; v 2 V�; Pa(v) � VPred(�) [ V� � v ^ Ch(n) � VSucc(�) [ V� � v:Let us now formally relate the Markov time net to results in stochastic pro-cess theory. Suppose that the instantaneous state of the world can be completelyspeci�ed in terms of a vector of values assigned to a �nite set of boolean variablesP = f�1; �2; : : : ; �ng, and suppose further that the environment can be accuratelymodeled as a Markov process in which time is discrete and the state space 
 corre-sponds to all possible valuations of the variables in P. Given such a model includinga transition matrix de�ned on 
, we can generate a time net that enables us to com-pute the probability of any proposition in P being true during any time interval tgiven evidence concerning the values of variables in Pat various times, and do soin accord with with transition probabilities speci�ed in the Markov model. Nunez[Nunez, 1989] has proved equivalence in expressive power between temporal Bayesnets and Markov chains. She provides a procedure which, given a Markov time net,constructs a corresponding Markov model that encodes the same information.The reason for using the time net model rather than an equivalent Markov modelis twofold. First, the time net is designed to simplify computing the answers toquestions that one generally needs for applications in planning and decision support:namely, answers to questions of the form, \What is the probability of � at t giveneverything else we know about the situation?" These same answers can be computedusing the Markov model, but the process is somewhat less direct.Second, in general, the time net representation is considerably more compact thanthe Markov chain representation. Markov models require transition matrices with sizeO(22n), n = jPj (Note however that in practice, this space requirement is reduced withsparse matrix methods). The models that we conjecture are equivalent to Markovmodels specify how each proposition at a time interval relates to each proposition inthe previous time interval. This information is then replicated as many times as wehave time points that we are interested in reasoning about. If m is the maximumnumber of incoming arcs for any node in the time net, then the size of the resultingtime net, including all of the associated probabilities necessary to complete the model,is O(2mkn), where k is the number of time intervals and n = jPj.
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leave(NYC)

M(leave(NYC))

arrive(Taj)

M(arrive(Taj)) 

....Figure 4.8: A discrete time net with memory.There are various issues with Markov models that have been explored before.Some are modeling di�culties that come from the restriction that in
uences cannotspan more than n intervals. For instance, at some place, it needs to be ensured thateach event token � sums up to at most 1 in probability over the time line. In a 1-Markov model, this is not possible, without some form of \memory". Suppose that� occurred at time interval n. Then the probability that it occurs for all other timeintervals should be 0. This is easy to ensure for interval n + 1. But after that, forall we know, � has not occurred yet, so we must add a fact epsilon-has-occurred.epsilon-has-occurred has probability 1 at the interval or in the next interval after� happens, and always thereafter. And epsilon-has-occurred makes � false there-after. This isn't surprising in some sense (\probability that X occurs given it hasn'toccurred yet").Let us now consider a type of Markov time net that adds \memory". In such aMarkov time net, for each event ", we add its memory M("), a fact that indicateswhether or not the event has already occurred. That fact must be included in theconditioning set of the aset for the event. Such a time net is depicted in Figure 4.8.In either case, as before, an event cannot be caused except in the next instant ina simple Markov (order 1) model, without de�ning more token types such as thefact \X became true 1 interval ago". In general, it is not impossible to have e�ectsspan more than one state transition in a Markov model, but it comes at considerableexpense in the model size, by adding more fact types, i.e., in terms of the Markovchain equivalent, by adding elements to the state vector.
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Level[t0]
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Out[t2]

Overflow[t2]

Level[t3]

In[t3]

Out[t3]

Overflow[t3]Figure 4.9: Reasoning about water tank level.Finally, it is also possible to augment a discrete time net with nodes not directlycreated from domain instance tokens. Such nodes are typically added to enforce aconstraint not directly expressible in the standard discrete time net framework. Theseinclude mutual exclusion conditions, and Markov n order constraints.More useful additions include nodes that indicate the duration of facts. However,such nodes are expensive to add, clutter up the network topology, and their probabilityfunctions can be very cumbersome to specify. In domains where such information isimportant, it would probably be better to consider the continuous time net.Let us now consider the extension of the discrete time net model to the case ofcontinuous random variables. This is relatively straightforward. For a continuousrandom variable, the concept of the aset must be replaced with that of a continuousrange, and the concept of the conditional probability table must be replaced withthat of a continuous density function.One important modeling decision with regard to continuous variables is what valueto model. For a continuous variable during some �nite, non-zero interval, what dowe select as its value? There are a number of choices, the simplest being the value atthe start, middle, and end of the interval, and the average or median value during theinterval. In general, there is no right answer. It depends on the domain and on thediscretization of time that has been chosen. In fact, in practice, it is likely that thediscretization is chosen on the basis of the behavior of one or more of the continuousvariables being modeled rather than the other way around.As an example, we can model the water level of some tank over successive intervalsof time. The level at each interval in time depends on the level in the preceding inter-val, and the amount of water that was 
owing in and out of the tank in the precedinginterval. If the water level is above a certain level, then it over
ows (Figure 4.9).



4.3. THE TIME NET 85One way to model the situation is by letting the water level be a random variable.Let it be a normally distributed random variable with mean �L and variance �L. Letthe input also be normally distributed, with mean �I and variance �I . We assume thatoutput is constant at c (unless there is no water). Over
ow is a binary propositionthat is true if water level is above a threshold �. These dependencies are shown asedges in Figure 4.9.The value of each random variable given its parents is given not by a conditionalprobabilities, but by equations:Level[t+1] = Level[t]+ In[t]� Out[t]Out[t+1] = I(Level[t]> c)c+ I(Level[t]� c)Level[t]Overflow[t] = I(Level[t]> �)Given the water level at time 0, we can predict the future levels using the time net.Essentially, this corresponds to a multivariate normal model. This is not necessary.For instance, we may have had a uniform distribution for the input variable. Ingeneral, it would be necessary to use stochastic simulation (Section 4.4.3) for inferencewith general continuous random variables.4.3.2 The Continuous Time NetA continuous time net is a Bayesian network that uses continuous valued randomvariables to model the time of occurrence of events of interest in the world. Thecontinuous time net models the probability of facts and events and a host of otheruseful random variables based on functions of facts and events. The continuous timenet is based on the network of dates proposed by Berzuini [Berzuini, to appear] (andapparently by Spiegelhalter, as cited in same). Berzuini's networks model only whatwe have called events in our terminology. We have extended this model to includefacts as well as arbitrary functions of event dates and fact durations.The continuous time net is of a di�erent 
avor and character compared to thediscrete time net. Each random variable has as its state space the time line. There isa probability density over the time line itself, rather than distributions over di�erentalternates at di�erent intervals of time. In a continuous time net, a fact is representedby the time it begins to be true, and the time it ends being true; in other words,the times of its enabling and clipping events. In general, a continuous time net ismore expressive and more compact compared with a discrete time net. There is no



86 CHAPTER 4. THE TIME NETMarkov type restriction, and conditional in
uences are generally represented withsimple parametric functions, rather than exponential sized tables. Not only that,such functions are more amenable to learning through experience. For this reason,the second generation probabilistic temporal database developed in Chapter 5 usescontinuous time nets.For the formal development of the continuous time net, we begin again by de�n-ing a problem instance. Let a domain instance, or domain, D be the tuple D =fF ; E;S;Pg. Each element has the same meaning as before. F , E , S, and P are, re-spectively, the set of fact tokens, the set of event tokens, the asets, and the probabilityfunctions.Let a restricted domain be a domain where the cardinality of each aset � 2 Sis at most 2. The only alternates allowed for each fact and event are whether ornot the fact holds, and whether or not the event occurs. Assuming that a fact andits negation do not both belong to F, and that an event and its negation do notboth belong to E, then the cardinality of S is the sum of the cardinality of F and Etogether. For the moment, we will focus on restricted domains.For each event � 2 E , let its date �� be the unique time �1 � � � +1 when� takes place. By �� = +1, we mean that the event � never takes place. In thefollowing, an event � is often used as shorthand notation for its date ��. For instance,in talking about the probability that � occurs between time t0 and t1, we commonlyexpress this as P (t0 � � � t1), rather than P (t0 � �� � t1).For each fact ' 2 F , let its range �' be the maximal interval (beg'; end'),�1 < beg' < end' � +1 over which ' holds true. Assume for the moment thateach ' is liquid , i.e., there is no break in the interval over which it is true. Thus,8u; v beg' � u < v � end' holds(u; v; '):As with events and their dates, we commonly use a fact symbol to denote its range.Following Chapter 2, let the enabling event of ' be the event of ' becoming true,and the clipping event of ' be the event of ' becoming false. We write down theseevents as beg(') and end('). Then the date of beg(') is beg', and the date ofend(') is end'.A complete domain D is a domain such that for each ' 2 F, the enabling andclipping events beg(') and end(') belong to E . We assume that all domains withregard to continuous time nets are complete. The domain dates, or simply dates, D



4.3. THE TIME NET 87of D is the set of dates for all � 2 E for D. The domain ranges, or simply ranges, Ror D is the set of ranges for all ' 2 F for D.The probability functions P ofD contain a probability density function for each � 2D and for each � 2 R. Each probability density function �� 2 P is a function mappingfrom a subset of D and the time line to the positive reals. Let �� = f
0; : : : ; 
mg bethe conditioning events of �, �� � P � �. Each �� is a function with the followingintended semantics:��(
0 = �m; : : : ; 
m = �m; t) = f�(tj
0 = �0 ^ : : : ^ 
m = �m)or the conditional density of � given the conditioning events. As usual, the cumulativedensity function F is de�ned asF�(t) = Z t�1 f�(u)du:Each �� must be a proper density function such thatF�(1) = limt!+1F�(t) = 1:0:Simple examples of density functions include the normal density.f(t) = N (�; �; t)for mean � and variance �. A density function may include components that actessentially like conditionals. For instance, the time somebody arrives in Grand CentralStation starting from their house may depend on their mode of transport. Let time ofarrival be �, the mode of transport be � , with values walk and bike. The probabilitydensity function might be��(t; � ) = I(� = walk)N (�w; �w; t)I(� = bike)N (�b; �b; t)where I(�) is the indicator function which has value 1 if its argument expression istrue, and 0 otherwise. In the above example, the probability density function willbe a normal density with di�erent mean and variable depending on the mode oftransportation.For another example, suppose that our friend Karla needs to reach London. Hecan either rendezvous with his friend George and hitch a 
ight, or he must take thetrain. Although Karla and George have set up a rendezvous point, the time at which



88 CHAPTER 4. THE TIME NETthey will arrive at the meeting location is uncertain, and neither will wait for theother because it is too dangerous. Let Karla's time of arrival in London be �, thetime of his arriving at the meeting point �, and the time of George arriving at themeeting point �. Then we might represent his time of arrival in London as follows:��(t; �; �) = I(� = �)N (�f ; �f ; t)I(� 6= �)N (�t; �t; t)If they manage to meet, the time of arrival is given by a normal density with meanand variance of 
ight time f , and mean and variance of train travel time t otherwise.There is a special density that is often convenient for representing point events.This is the Dirac pulse (delta) function �a(t) de�ned as�a(t) = 0 8t 6= aZ +1�1 �a(t)dt = 1A Dirac pulse function can be used to represent an event that occurs at time a. Asa special case, an event that never occurs can be represented as the Dirac function�1(t). For this function, F (t) = 8<: 1 for t =10 otherwiseA special constraint holds with regard to the enabling and clipping events for afact '. The constraint is that if the clipping event for fact occurs, it must take placeafter the enabling event. In addition, if the clipping event occurs, then the enablingevent must have taken place. The easiest way to implement this constraint is to putone in the conditioning set of the other, and encode it within the density function.For instance, for a fact ', let the probability function for the date of the clippingevent end' be dependent on the date of the enabling event beg'. Then �end' mustbe a function such that�end'(beg'; : : : ; t) = 8<: 0 if t < beg': : : otherwiseSuppose that a fact ' became true at time u, and we wish to know the probabilitythat it will hold true through at least until v. For instance, given that a bee was bornon Memorial Day, what is the likelihood that it will live at least until Labor Day?For ', the probability is given by the function:�'(u; v) = P (end' > vjbeg' = u)



4.3. THE TIME NET 89�, which could also be written as�'(u; v) = P (holds(u; v; ')jocc(u; beg(()'))):This is the survivor function, as we saw in Chapter 2.Each density function �' 2 P is a bivariate density mapping from a time intervalto the real line. The intended semantics of �' is�'(u; v) = f(beg' = u ^ end' = v):There are instances where instead of the density function, its related form, hazardfunction is more appropriate. The hazard function comes from survival analysis. Insurvival analysis, the chief concern is reasoning about lifetime of facts, much as weare concerned with. The hazard function of a lifetime T is de�ned as:hT (t) = lim�!0 P (t � T < t+�tjt � T )�tand equivalently as h(t) = f(t)1� F (t)The hazard function gives the probability that a fact fails soon after time t, giventhat it has lasted at least t. The hazard and the density are also related in theircumulative form. Let the cumulative hazard beH(t) = Z t0 h(u)duThen F (t) = 1� e�H(t)andF�(u) = H�(� ln(1 � u))Furthermore, f(t) = h(t)e�H(t)The hazard representation is often natural, particularly for specifying the survivorfunction. If the hazard rate is constant, then the survivor function has exponentialdecay. h(t) = kH(t) = ktf(t) = ke�kt1 � F (t) = e�kt



90 CHAPTER 4. THE TIME NETMore interesting cases involve, for instance, increasing hazard. The hazard for thelifetime of a light bulb may be an increasing function of time. Roughly speaking, inthis case, an increasing hazard would mean that over time, the number of light bulbsthat fail at any given time increases the longer the light bulbs have been burning.h(t) = ktAs with the density, the hazard may include conditional components depending onconditioning events. Such a model corresponds to the proportional hazards model of[Cox, 1972; Aalen, 1989].Given the above, we are now ready to de�ne the continuous time net.Definition 4.3A continuous time net for D is a Bayesian belief network B = (V;E). V consists ofone node for each fact in F in D and each event in E D. E consists of a set of edgesfor each � 2 P in D as follows. For each �v 2 P, add the edge (
; v) for each 
 2 ��.E is the union of all such edges.Again, the above de�nition gives a very general speci�cation for a continuous timenet, and that in a relatively restricted form. B must be acyclic, again, in order thatit be a proper Bayesian network. There are a few things to note about the continuoustime net as de�ned in this fashion.First of all, with regard to the probability of facts, note that the quantity thatwe often wish to compute is not the density of its range, but the probability massfunction giving the probabilityP (beg' � u ^ v � end') = Z u�1 fbeg'(x) Z +1v fend'(yjbeg' = x)dydxIn the actual implementation of time nets, such probability is directly recovered ateach node representing the range of a fact.A related thing to note is that in the de�nition of probability functions P, onlydates were allowed in the conditioning set. Thus, range nodes are not used for any-thing other than for range estimates themselves. As we see when discussing compu-tation, this means that if we know beforehand that we will not query the probabilityof some fact, then the range node for the fact can be removed safely without a�ectingthe topology. There is no problem however, for implementing probability functionsthat encode knowledge of the form \if event � occurs while ' holds, then the conse-quent event � occurs". This is simply encoded as a function that takes the enabling



4.3. THE TIME NET 91and clipping events as part of the conditioning set. The condition \ while ' holds"is replaced by \beg' has occurred and end' has not yet occurred".Let us now show an example of a domain instance and its continuous time net. Wewill consider how the Atlantic City example of Section 4.3.1 is encoded in a continuoustime net. As previously, there are two events leave(NYC) and arrive(Taj). Thereis also the fact loc(Taj) and the enabling and clipping events beg(loc(Taj)) andend(loc(Taj)). arrive(Taj) follows leave(NYC) by a certain amount of time,whereas beg(loc(Taj)) is caused immediately by the arrival event.The domain instance D consists of the following.F = floc(Taj)gE = fleave(NYC); arrive(Taj; beg(loc(Taj)); end(loc(Taj))gAgain, the asets S in this case contains binary asets for each fact and event above,with the same name. The dates D consist of one date for each event, and the rangesR consists of one range for each fact, as before. Let the probability functions be givenas follows. �leave(NYC)(t) = N (noon; 0:15; t)�arrive(Taj)(t) = N (�(leave(NYC)) + 2:00; 0:45)�beg(loc(Taj))(t) = ��(arrive(Taj))(t)�end(loc(Taj))(t) = 0N (�; �; t) is the normal density, with mean � and deviation �, for point t. For brevity,we let 0 be a function that is 0 everywhere above.The continuous time net for D is shown in Figure 4.10. The time net contains anode for each event, and one node for the single fact loc(Taj).An important question arises when considering a domain instance and a contin-uous time net. Given an arbitrary domain instance that would not result in thecreation of a cyclical network, is the result always a proper time net? Berzuini hasshown results pertaining to the types of dependencies that can be represented in anetwork composed solely of events [Berzuini, to appear]. The short answer is that wecannot build time nets easily for arbitrary domain theories.To build a continuous time net for domains that are not restricted domains, caremust be taken with the probability functions. In general, there are no simple ways
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leave(NYC)

arrive(Taj)

beg(loc(Taj))

loc(Taj)

end(loc(Taj))Figure 4.10: The continuous time net for D.for ensuring that outcomes remain exclusive, beyond specifying consistent densities.For example, suppose that two events � and � are mutually exclusive and exhaustive.Given the fact 
, � has a high probability of occurring between within a half hour of
 becoming true. Thereafter, � has a high probability of occurring. For simplicity,assume that 
 stays true forever once it become true. Given that � and � are mutuallyexclusive and exhaustive, the sum of the probability that they occur is 1.0. In general,it is di�cult to enforce this condition.There are two solutions. One is to have mutual exclusion nodes, and the other isto have oracle nodes. A mutual exclusion node has as its parents a set of mutuallyexclusive and exhaustive events. The probability of the node is 1 i� one of the eventshas a date less than in�nity. Otherwise it is 0. The node is prede�ned to haveprobability 1. The other solution is to have an oracle node, that determines whichevent occurs �rst. Neither is completely satisfactory, but because of the Berzuini'sresult, some accommodation is necessary to represent many types of dependencies.A continuous time net can be augmented with nodes representing random variablesthat are the result of functions and relations of dates and ranges. Such randomvariables are generally atemporal. We have seen that the density function for a datecan include temporal relations. For example, the density of an event 
 may depend onwhether or not the event � precedes another event �. It is also possible to representsuch relations directly as random variables. For instance, we may choose to representP (� < �j�)in terms of a node �, where � represents \all known evidence". Associating such a



4.3. THE TIME NET 93fact with a point or interval of time makes little sense. Either � precedes � or not,and it does depend on any interval of time.2 The probability function for such a nodewould be given by �(�j�; �) = I(� < �)where I is the indicator functionI(') = 8<: 1 if '0 otherwiseAnother example of a common temporal relation might be probability that a fact' holds until at least some deadline � .P (end' > � jbeg' = �; �)Such a probability is useful during planning.Abstractly, we could de�ne a node for each such temporal relation used in adensity function. In practice, this need not be done, however. In general, adding anode for such temporal relations only adds overhead, unless we know beforehand thatthe information is being sought.Temporal relations are not the only type of extensions that are possible in acontinuous time net. In general, we may allow, recursively, arbitrary functions ofdates and ranges, and functions of those functions, etc.. For instance, it is possibleto represent the lifetime � of a fact as a random variable. As before, the lifetime ofa fact is naturally computed easily as the di�erence of the dates of its beginning andend. For instance, for a fact token representing the occurrence of a tra�c jam � , wewould have the nodes beg� and end� . The lifetime � has the conditional density�� (tjbeg� = �; end� = �) = ����(t)This is true in general for all fact tokens � . Nothing prevents the creation of nodesthat represent the di�erence of arbitrary event dates. For instance, instead of theoverall probability that event � precedes event �, our interest may lie in by thedensity function of how much � precedes �f(� � �):Again, such a density would be easy to specify given the event dates � and �.2Unless there is quanti�cation involved. Even then, it only makes sense to consider somethinglike \the probability that some event of type x precedes some event of type y during interval I".



94 CHAPTER 4. THE TIME NETAnother example might involve the sum of durations. Resource utilization andallocation is often an important measure in economic decision making. One exampleinvolves the scheduling of commercial aircraft. An airline wishes to neither underuti-lize aircraft, since it would waste money buying aircraft it hardly ever uses, nor tooverutilize aircraft, for safety considerations. Thus it may pay to sum the likely dura-tions for which it will be used over some period of time. If we plan some f�0; : : : ; �kgtrips for the aircraft, then the total time the aircraft is used is given byf(�(�0) + : : :+ �(�k)):The node for this sum would have the density of the sum time that the aircraft is used.Such a function is a deterministic function of its arguments, because it is completelydetermined by the value of the arguments.Having added nodes representing simple functions of dates and ranges, we mayrecursively add nodes representing functions of those. An example is the cost asso-ciated with the duration of some fact or the probability of some temporal relation.For instance, suppose that there is a task � with a deadline �. Assume that � is atask represented as a point event (or alternatively, assume that � is the end point ofa task represented as a fact). The cost might be given by a function of the binaryrelation � < � cost(�; �) = 8<: 0 if � < �+1000000 otherwise.or by the di�erence �� � , how much before or after the deadline � is expected to takeplace: cost(� � � ) = 8<: 0 if � � � > 0e�k(���) otherwiseA node representing the cost has associated with it the cost density. The totalexpected cost is the integral over all costs of the product of the cost and its density:E(cost(� � � )) = Z +1�1 cost(� � � )f(� � � )d�As we shall see in later chapters, such expected cost is used in decision theory forchoosing actions.4.3.3 DiscussionThe relative merits of continuous time net versus discrete time net are as follows.Generally speaking, both have advantages, with the continuous time net appearing



4.3. THE TIME NET 95to have fewer limitations with one notable exception.The discrete time net o�ers a conceptually simple model when we can reasonabout a domain easily as a sequence of snapshots of system state. In a discrete timenet, we basically model a domain as a set of system variables at a point in time,replicate that set of variables across a range of points in time, and use edges spanningtime points to represent in
uences. The evolution of the system over time is thoughtof in terms of how one snapshot leads to the next, and successively to points furtheron. It is especially easy to reason about the evolution of continuous variables overtime with this method.The continuous time net also o�ers a conceptually simple model, in this case whenwe can reason about a domain easily in terms of a set of distinct event occurrencesand how they change system state. Each system state attribute and event is modeledas a single vertex, and edges model the relationship between them. It is especiallyeasy to reason about exactly when events take place, and how long facts are truefor with this method. Furthermore, there is a simple mapping from logic of lifetimesconcepts to continuous time net concepts. It is also possible to use a wide class ofparametric distributions to model event and fact densities.The 
ip-side of the discrete time net approach is that we are committed to rep-resenting all time points that are necessary to model a problem, and this potentiallyinvolves a large total number of variables. If the interval between snapshots is �xed,then a large number of snapshots may be needed to reason about longer durations. Ifthe interval is not �xed, then there is a necessity to gather a large body of statistics.If the model sticks to a strict Markov chain, where edges can only bridge successivetime points, then it is di�cult to model duration of facts, event occurrences, andgeneral parametric distributions. Although it is possible to amend this by eitherallowing general n-Markov in
uences or by adding \memory", this results in consid-erable model complexity, both in terms of overhead of representing the model, andalso in visualizing and manipulating the model. This is often a considerable burdenon model builders and inference algorithms.The 
ip-side of the continuous time net approach is that although it avoids manyof the discrete time net's disadvantages, it generally commits to reasoning in terms ofdistinct events. If, for example, somebody may enter or leave a room multiple times,then generally, with the continuous time net approach, it is necessary to model alldistinct instances of entering and leaving the room. By contrast, a discrete time net



96 CHAPTER 4. THE TIME NETcan abstract away the instances and model an event type (and thereby lose informa-tion about instances such as duration). Continuous variables are often considerablysimpler to model with the discrete method.Continuous time net models are considerably more 
exible for dynamic domains.Whenever a new event is added, only one vertex needs to be added, and whenever anew fact is added, only three vertices need to be added. By contrast, with the discretetime net, each such vertex must be replicated over all time points. Although someof the memory requirements can be similar for both approaches because continuoustime net vertices must discretize a density into a vector of time points, there isstill considerable overhead for each vertex with the discrete time net. Furthermore,with the continuous time net, the discretization can be easily changed for di�erentsituations and di�erent variables, even at run-time. This is because the samplingfunctions don't change on the basis of the discretization. By contrast, this is di�cultfor discrete time nets, requiring the maintenance of many di�erent probabilities fordi�erent discretizations.It is possible to circumvent almost all disadvantages of the discrete time net byallowing in
uences to span multiple time points, by adding special types of vertices(for instance, to model temporal relations), and by relying on intelligent model con-struction. However, this makes the models far more complex, and merely shifts theburden to the model builder, both human and machine. It remains to be seen howan intelligent model builder can choose the most appropriate models on the basis ofa general purpose domain knowledge.4.4 ComputationFor the rest of this chapter, we explore computation in time nets. A time net repre-sents knowledge about time, probability, and dependence as knowledge about a setof random variables. The main use of the time net is for answering queries aboutprobabilities of facts and events over time. When a time net is created, only themarginal distribution of random variables associated with root nodes are alreadyknown, perhaps along with some evidence about the value of some other randomvariables. Marginal distributions for all other nodes must be computed on the ba-sis of conditional distributions and known marginal distributions. As time nets aresimply Bayesian networks with a special interpretation of its random variables, the
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F GFigure 4.11: A polytreealgorithms employed for such computation are just Bayesian network algorithms.We de�ne the problem of probabilistic inference in a Bayesian network [Cooper,1990] as the computation of a consistent distribution for each node v 2 V of a Bayesiannetwork B, possibly given evidence on a subset of the nodes K � V . Evidencecorresponds to the value of a random variable being known unconditionally, i.e., theprobability of one of its alternates is 1. We also de�ned this problem as evaluating aBayesian network previously.A standard method suggested by probability theory for the probabilistic inferenceproblem would be to store or compute a joint distribution that ranges over V . Thedistribution for any random variable v 2 V is computed by marginalizing (summing)over all the other variables V � fvg. Needless to say, this method is impractical forall but the smallest models. A key idea behind the use of Bayesian networks for prob-abilistic inference is to exploit the network topology in a combination of distributedlocal computation and global constraint propagation to avoid manipulating a hugejoint distribution.A number of such algorithms have been developed; it turns out that the classof algorithms that can be used, and indeed the computational complexity of theprobabilistic inference task, in a Bayesian network critically depends on the topologyof the graph. The major topologies of interest are polytrees and dags with (undirected)cycles.For polytrees, Kim and Pearl [1983] have devised a simple constraint propagation
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(a) (b)Figure 4.12: Multiply-connected networksscheme that runs in time polynomial in the diameter of the tree. In this algorithm,each node sends messages comprising its probability distribution to its neighbors.The tree-like topology ensures that the probabilities propagated are consistent acrossthe network. Peot and Shachter [1991] have recently improved the algorithm so thatit takes only linear time, of order O(2n), where n is the number of vertices jV j.By contrast, Cooper [1990] has shown that the problem of probabilistic inferencein multiply-connected networks is NP-Hard. Unfortunately, many dependency modelsare multiply-connected. In particular, this is true of our discrete time nets. A model ismultiply-connected whenever two nodes share at least two ancestors or descendantscombined. Examples include \diamond" shaped networks (see Figure 4.12(a)) aswell as the case when two propositions both in
uence two other propositions (seeFigure 4.12(b)).Not only is probabilistic inference NP-hard in multiply-connected networks, thesimple Kim-Pearl algorithm breaks down in the presence of loops. In probabilisticinference, care must be taken that evidence from any particular random variable isnot counted more than once in the other random variables. This is easy in a polytreesince no two nodes are connected together by more than one path. The Kim-Pearlalgorithm exploits this by assuming that for any given node, information about allparts of the network beyond any one neighbor is summarized in that neighbor andonly that neighbor. With the Kim-Pearl algorithm, a node does not need to knowwhat lies beyond its neighbors; it only needs to inspect its direct neighbors to update
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(a) Bayes net (b) Aggregation (c) CliquesFigure 4.13: Node Clusteringits own state. Unfortunately, this assumption does not hold in multiply-connectednetworks. For example, in the diamond shaped example of Figure 4.12(a), both Band C might try to propagate any e�ects of change A to D, which means that D getstoo much information.A large number of algorithms have been developed for inference in multiply-connected networks. There are four main classes of such algorithms. The �rst twoare exact algorithms, and the other are approximation algorithms. Due to the NP-Hardness result, all these algorithms have some facet which may undergo exponentialblowup.(1) Conditioning. In multiply-connected networks, some pieces of evidence mayrender the network e�ectively singly-connected. For example, in the previous diamondshaped network, if the top node is instantiated to some value, we can �rst propagatethat e�ect to its children, and then pretend as if the top node didn't exist. Thenthe Kim-Pearl or Peot-Shachter algorithm can be applied. For any given network, aset of nodes that collectively render a multiply-connected network singly-connectedin this fashion is a cutset of the graph. Pearl's method of cutset conditioning [Pearl,1986] takes such a cutset of a network, instantiates the nodes in the cutset to allpossible values, and computes the weighted average of the posterior beliefs derivedby applying Kim-Pearl to each instantiation. Again, using the improved algorithmdue to Peot and Shachter is simpler and more e�cient than the original algorithm.(2) Clustering. Clustering algorithms form a tree of aggregate node sets out of the



100 CHAPTER 4. THE TIME NETnodes of a multiply-connected network. The state space of each aggregate node setis the cross product of the nodes in the set. The distribution for each node is derivedby marginalization of the/an aggregate node set that it belongs to. There are twodistinct classes of clustering algorithms. Pearl's method of node aggregation [Pearl,1988] forms a DAG out of a particular partition of nodes into clusters, and then appliesthe Kim-Pearl algorithm (see Figure 4.13(b)). By contrast, methods by Lauritzen andSpiegelhalter [1988] and by Jensen and others [1990] form aggregates out of the cliquesof the decomposition [Lauritzen et al., 1984] of the original network. The cliques arethen linked either in an undirected tree or chain over which an e�cient propagationscheme similar to Kim-Pearl can be applied (see Figure 4.13(c)). Whereas Pearl'snode aggregation needs to propagate whole aggregate distributions to neighboringaggregates, clique based methods communicate only via the intersection of cliques.(3) Sampling [Henrion, 1988a; Pearl, 1987; Chavez and Cooper, 1989; Berzuini etal., 1989]. These are variants of Monte Carlo approximation. Monte Carlo schemeshave nice conceptual properties, and they are the only general algorithm for con-tinuous random variables. Therefore, for continuous time nets, these are the onlyalgorithms considered. Such algorithms had problems with convergence in the past,but recently, these have been ameliorated [Fung and Chang, 1989; Shachter and Peot,1989], and they have seen renewed interest [Shwe and Cooper, 1990].(4) Bounding. These algorithms bound the probabilities on items of interestthrough heuristic search. Cooper [1984] and Henrion [1988b] have heuristic searchschemes with the aim of �nding the most probable conjunctive hypothesis over anentire space of possible hypotheses. Horvitz and Suermondt's bounded cutset condi-tioning [Horvitz et al., 1989] is reportedly an application of heuristic search to Pearl'smethod of cutset conditioning.4.4.1 The Clique Tree AlgorithmThe clique (junction) tree algorithm, also known as the Bayesian belief universesalgorithm, is due to Jensen, Lauritzen, Olesen, and Andersen [Jensen et al., 1990;Jensen et al., 1988]3. The algorithm is closely related to another clique basedalgorithm, the somewhat better known Lauritzen-Spiegelhalter algorithm [Lauritzenand Spiegelhalter, 1988]. The clique tree algorithm was developed originally for a3The problem of propagation of probabilities in networks with loops also arises in genetics, andit turns out that a solution similar to the clique tree algorithm had been found earlier in thatcontext[Cannings et al., 1978]. However, these results were not generally known until recently.
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EFigure 4.14: Bayesian network to Markov �eldmedical diagnosis application [Olesen et al., 1989].The basic idea of the clique tree algorithm is to transform a multiply-connectedBayesian network into a tree of clusters of nodes. The clusters and the tree arefashioned in such a manner that an e�cient propagation scheme results in a consistentjoint distribution.The transformation consists in converting the directed Bayesian network graphinto a undirected graph that is a Markov random �eld. This undirected graph mustbe a chordal graph, a graph that has no cycles of length 4 or more without a chord bi-secting it. We de�ne distribution functions on the cliques of the chordal graph and thecliques are joined in a tree. This is the junction tree. Chordality in the Markov graphis a necessary and su�cient condition for guaranteeing consistency in computationswith the junction tree [Jensen, 1988]. Changes to clique distributions are propagatedto neighboring cliques through the intersection of the cliques, in an operation calledcalibration or absorption [Jensen et al., 1990]. The clique intersections themselvesare called separating node sets or sepsets for short. Beliefs in individual nodes areobtained by marginalizing the clique distributions.Let us now describe in closer detail the steps required to transform a Bayesiannetwork into a junction tree. The Bayesian network graph is �rst made undirected,by changing directed arcs into simple undirected links. Then every pair of parents ofevery non-root node of the original directed graph are linked together (\married") ina step called moralizing the graph (see Figure 4.15).



102 CHAPTER 4. THE TIME NET
A B

C D

E

A B

C D

EFigure 4.15: Moralizing the graph

Figure 4.16: Filling-in the graph
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CDEFigure 4.17: Forming the junction treeNext, the graph is �lled-in as necessary to make it chordal (see Figure 4.16). Wewill address appropriate �ll-in methods shortly. The junction tree is then formedfrom the cliques of the tree. The cliques and the junction tree may be found byany convenient method. Jensen shows [1988] that any maximal spanning tree ofthe cliques of the chordal graph will be a junction tree, and suggests �nding thismaximal spanning tree. Our method exploits the numbering obtained by a maximumcardinality search [Tarjan and Yannakakis, 1984] that we employ in verifying the �ll-in, and we form the junction tree utilizing the join tree algorithm in [Pearl, 1988] (seeFigure 4.17).In the junction tree, both cliques and sepsets have distribution functions, �C and�S. They are not probability distributions, as they are not required to be normalized(sum to 1). They are only required to have correct proportionalities. In general, thiswill result in substantial computational savings.The calibration operation propagates from one clique to another via the sepset thatlinks the two cliques. For cliques C1 and C2, their sepset S1;2 contains the nodes C1\C2. The residuals at C1 and C2, R1 and R2 will be de�ned to be C1�S1;2 and C2�S1;2,respectively. To calibrate C2 to C1, �rst of all, �C1 is marginalized over R1, to createthe posterior distribution for S1;2, �0S1;2 . As we compute this posterior distribution, wemust save the prior distribution �S1;2 somewhere temporarily. Once �0S1;2 is computed,it is divided by �S1;2 element by element. This essentially corresponds to computingthe posterior / prior odds. This odds distribution is then propagated to C2, and S1;2
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R R

(a) Collect (a) Distribute Figure 4.18: Propagation in junction treeupdates its distribution to be the posterior it received from C1.At C2, the odds is multiplied into the distribution for C2, �C;2. This product isperformed as follows: for each point !C2 in clique C2's state space 
C2 , we multi-ply the number in the distribution for C2 by the element of the odds distributioncorresponding to the element !C2 � !R2, where � is the set subtraction operation.For tree propagation, two recursive operations, collect and distribute are de�ned.Both are recursive single-pass operations. We will refer to the original clique thateither operation is called as the root clique CR. In the collect operation, CR calibratesto each of its neighbors, after the neighbors have collected from their other neighbors.Thus, when collect is invoked at CR, it is recursively invoked through the whole treeuntil the leaves are reached. Then a calibration sequence rolls back through the treeuntil it reaches back to CR (see Figure 4.18(a)).Distribute is the inverse analogue operation. When distribute is invoked at CR,all its neighboring cliques calibrate to it, and then distribute is invoked at thoseneighboring cliques in turn. It terminates when all the cliques which are leaves relativeto CR calibrate to its (single) neighbor. Thus, the calibration sequence fans out tothe leaves, rather than roll back in (see Figure 4.18(b)).To initialize a junction tree, �rst, the clique distributions are initialized from theirconstituent node distributions. Then, collect and distribute are invoked, in that order,at some random clique. This two pass operation is su�cient to put the whole networkin a consistent state.



4.4. COMPUTATION 105In probabilistic inference, when evidence is received, if the nodes for which thereis evidence belong to a single clique, then invoking distribute at that clique su�cesto update the whole network. When there is evidence in more than one clique, thena collect / distribute sequence must be performed as with tree initialization.4.4.2 Analysis of Clique Tree AlgorithmThe complexity of the clique tree algorithm is given as follows. Let Ci be clique i,and �i the cost at Ci each time it is involved in a calibration operation. The adjacentcliques Ai of Ci is de�ned as all of Ci's neighbors. Then the complexity for eachdistribute and collect is XCi2C jAij � �i: (4.1)Note that we may regard each sepset as an edge of the clique tree. Thus, the sum ofsize of all the neighborhoods PCi2C jAij is the number of edges times two. Since thenumber of edges is jCj � 1, if we let �max = maxi �i, then the complexity isO(2jCj � �max) (4.2)The calibration operation takes time proportional to the state space at each clique
C;i. If j
N;ij is the state space size of node i, then�i = O(j
C;ij) (4.3)= O(�Nj2Cij
N;jj) (4.4)If let 
N;max = arg maxi j
N;ij, and S = maxCi2C jCij, then�max = O(j
N;maxjS) (4.5)Thus the total complexity can be written also asO(2jCj � j
N;maxjS) (4.6)So the algorithm is linear in the number of cliques and exponential in the size of thelargest clique 4.Thus small clique size becomes critical in keeping the computational cost down.Note that for any given junction tree, there is a lower bound on the maximum clique4In this analysis, we have ignored the calibration cost at sepsets as it is linear in the number ofnodes in each sepset; it is dominated by the calibration cost at cliques, which we have seen to beexponential.



106 CHAPTER 4. THE TIME NETsize. The initial graph moralizing step ensures that a node and all its parents inthe original DAG form a clique. If a node has 100 direct causes, then given thecurrent framework, there is no recourse but to have a clique with 101 nodes. Whichis, of course, intractable not only for the clique tree algorithm, but for any currentimplementation of a probabilistic inference scheme.At any rate, clique size also depends critically on the �ll-in applied to make thegraph chordal. Thus we would hope to apply optimizations at this phase. This isparticularly attractive since for a given domain model, it is necessary to compute the�ll-in only once. Thus it is a �xed amortizable cost.There are some very e�cient algorithms for computing the �ll-in, such as themaximum cardinality algorithm by Tarjan and Yannakakis [1984], which runs in timeO(n+e), where n = jN j and e = jAj. However, this algorithm has no optimality prop-erties, such as having the smallest number of edges added in the �ll-in. Yannakakishas proved that this latter problem is NP-complete [Yannakakis, 1981].Our optimization problem consists in minimizing the sum in (4.1). We conjecturethat this problem is also NP-complete. Because of the exponential factor, a goodheuristic is to minimize the quantity �max.Jensen [1990; 1990] has developed a greedy heuristic algorithm for the �rst prob-lem. The �ll-in is given by the following elimination order ([Rose et al., 1976] is agood reference for elimination orders):Step 1. Eliminate any node whose neighborhood forms a clique.Step 2. Eliminate the node that would produce the smallest size clique.The algorithm runs in O((ne)2). The algorithm produces good �ll-ins, but as thenumber of vertices grows, the square factor begins to dominate. In experiments thatwe have run, a small network would take only seconds to triangulate, but a networkof 6000 nodes would take 10 hours to triangulate.We discovered that the �rst step of this algorithm takes almost all of the time,especially for larger networks, and furthermore, that removing the �rst step makes nodi�erence: the algorithm produces exactly the same triangulations. When we removedthe �rst step, the 6000 node network took only a couple of minutes to triangulate.Whereas previously, our implementation ensured that the results of triangulation wereperiodically saved so that the program could be interrupted, it turned out that thiswas unnecessary. The heuristic was fast enough that we might as well just triangulate



4.4. COMPUTATION 107each time { it was faster to do that, than to save the result of the triangulation to�le, or to read it back.As it turned out, this simpler algorithm was previously discovered by Rose at leastas early as 1976 [Rose et al., 1976]. So although we improved Jensen's algorithm, ithad been discovered long before Jensen. At any rate, the complexity of the Rosealgorithm is O(n + e0), where e0 is the number of edges, plus the �ll-in.Let us �nally turn our attention to the important question, \How well does thisalgorithm do for time nets?". Let us note, �rst of all, that the clique tree algorithmis only applicable for discrete time nets.5 Therefore, one major restriction as far asthe use of this algorithm for time nets is that we cannot handle the more expressivecontinuous time net model.What about discrete time nets? The clique tree algorithm is ideal for Markovtime nets that have relatively few random variable for each time point. In a Markovtime net, a vertex is connected only to vertices in the same, previous, and next timepoints. Therefore, a clique is likely to contain only vertices for those three time points,e�ectively capping the the size of a clique at three times the number of nodes in eachtime interval. The resulting clique tree ends up looking like a long narrow chain,which is e�cient to process.However, even then, on current generation workstations (Sun SparcStation-1 and-2), a practical limit is cliques of size about a dozen or so binary random variables ortotal clique state space of order 212��16. For discrete time nets that are not Markovtime nets, the clique sizes are liable to grow much larger because edges can spanmultiple time points. Consequently, the clique tree algorithm appears to be lesssuitable for such networks.4.4.3 Stochastic SimulationStochastic simulation, often known as sampling, is a widely used method for estimat-ing probability distributions, including its use for estimating probabilities in Bayesiannetworks [Henrion, 1988a; Pearl, 1987; Shachter and Peot, 1990]. Sampling is the bestavailable general method for estimating densities for continuous variables, and it hasbeen employed for temporal reasoning in continuous-timeBayesian networks [Berzuiniet al., 1989]. A common variant of sampling, perhaps the best known, isMonte Carlo5There are extensions allowing normal distributions, but this is not expressive enough for repre-senting continuous time nets in general.



108 CHAPTER 4. THE TIME NETsimulation. Monte Carlo simulation, as with sampling itself, has its origins in thephysical sciences [von Neumann, 1951; Metropolis et al., 1953].The basic idea of sampling is simple. The idea is to estimate variables, in our caseprobability distributions, by repeated trials. In each trial, each random variable issampled from its underlying distribution [Devroye, 1986; Ripley, 1987] in a �xed order.For the moment, let us pretend that there is no evidence; adding evidence requires anadditional step, albeit a simple step. A sample is a simulated value for the randomvariable. For instance, if the random variable is the face of a tossed coin, a sample iseither heads or tails. If the random variable is the date of an event, then it is somedate { say, 3:43:29 p.m. tomorrow. The underlying distribution is approximately 50- 50 for a fair coin, and for an event date, it is some parametric distribution such asa Beta distribution.Each sample is scored according to some criteria. During repeated trials, a ran-dom variable takes di�erent values with varying frequency, and the di�erent valuesaccumulate di�erent scores. At the end, the scores are used to estimate the distribu-tion for each random variable. Under certain conditions, the estimates are shown toconverge to the true distribution (see, for example, [Geweke, to appear]).In the simplest case, we design our algorithms so that the frequency with whicha value is sampled for a random variable re
ects the underlying distribution of therandom variable faithfully, and we score each trial equally. Thus for a fair coin, we setup our algorithm to produce a coin toss of heads about half the time. Since each trialcounts equally, the probability of heads is estimated at about a half, as we expect. Aswe will see later, we may sample and score each random variable however we like, aslong as we keep track of how we do it. The basic idea is that if we produce a particularvalue more often than the underlying distribution warrants, then we score those trialswith less weight. One bene�t of such an approach is with random variables that takeon some states very rarely. If a random variable takes on some state with probabilityone in a million, then a naive sampling method may not sample that state for a verylong time! If the rare event represents, for instance, an spacecraft component failure,though, we will be interested in sampling the rare but important event as much aspossible. This technique of skewing the samples is known as importance sampling forthis very reason.As far as the distribution to sample, it will be a marginal distribution in thecase of a root node, and it will be a conditional distribution otherwise. To sample



4.4. COMPUTATION 109from a conditional distribution, we must know the values of the random variablesin the conditioning set of the conditional distribution. Needless to say, this appliesrecursively; for each variable in the conditioning set without a marginal distribution,we must know the value of its conditioning set. The value, by the way, may be eithera sampled value or evidence as we will shortly see.Thus, in general, a sampling algorithm of this type must sample the randomvariables in a sorted order, starting from the root nodes down in the direction of theedges. It is easy to show that there is always a such an order, provided that the graphis acyclic, i.e., that it is a proper Bayesian network. A suitable order is given by atopological sort of the vertices on the basis of the edge relationship.So far we have not addressed the issue of the range of the random variable. For adiscrete random variable, each sample is a particular state out of a �nite set. Headsor tails for a coin toss, as we saw. For this reason, scoring each sample is easy. Wesimply record the score in a data structure representing a set, such as a vector or listwith one data cell for each alternate.For a continuous random variable, things are not quite that simple. For instance,we cannot have a vector of all possible sample values. There are a number of datastructures suitable for such use. The two simplest approaches are (1) discretizingthe range, and (2) keeping all samples. In the �rst, we discretize the range of thecontinuous variable into a �nite number of subranges, or buckets. In the case ofcontinuous time nets, this corresponds to a partitioning of the time line, much aswe had for discrete time nets. A bucket is scored each time a sample falls withinits subrange. In the second alternative, all samples are kept, and the density for aparticular range is computed on demand by inspecting all the samples. This approachis suitable if the number of samples that are expected to be needed is not large, or ifwe do not expect too many queries for density estimates.In the �rst case, the discretization de�nes the resolution to which we can distin-guish the occurrence of events. We must bound the range in addition to discretizingit, to limit the number of buckets. At the same time, it is sometimes convenient tocreate distinguished uppermost and bottommost buckets containing +1 and �1,respectively.The two approaches are not mutually exclusive. In fact, the general approachthat we take involves both a discretized density, and storing the samples, for eachenabling event and clipping event of a fact. The reason for this will be seen shortly.



110 CHAPTER 4. THE TIME NETThere is other bene�t to having access to all the samples. They provide an audit trailof the algorithm's performance, and thus is valuable for empirical evaluation of itsconvergence statistics. Of course, a �le oriented audit trail is just as suitable as anin-core one for this purpose.Let us consider further our basic algorithm. In our basic algorithm, we scoreeach sample equally by 1. For each node for an event, we have a discretized range,and we score a bucket at each trial. In addition, for each enabling and clippingevent, we store the trial itself. At the end, we approximate the distribution of datenodes by examining the score in each bucket. Dividing by the number of trialsgives the probability for that bucket. If we know the number of trials n beforehand,then we can score each sample by 1=n instead of 1. Alternatively, we can forgetdivision altogether; the scores are proportional to the true distribution. This canbe used to estimate a distribution such as P(beg(�) 2 [t, t+�]). Because of ourdiscretization, our estimate corresponds to the probability that beg(�) occurred inthe interval constituting the bucket that contains the time point t, not necessarily theprobability that it occurred in the interval [t, t+�]. It is also possible to computecumulative densities simply by summing; thus it is possible to answer queries aboutthe probability that an event takes place over a longer interval, e.g., P(beg(�) 2 [u,v])?, or even if it ever occurs at all, e.g., P(beg(�) < +1)? (Note that we haveloosely used an event for its date in these example queries).In general, we do not compute the complete probability distribution for a rangenode. Instead, the probability of a particular range is computed only on demand.To do this, we count the number of trials whose sample is the queried range. Forinstance, in response to a query P([8am, 10am] = �)?, we count each trial wherethe sample for � was [8am,10am]. The count is divided by the number of trials toestimate the probability. The query P(holds(8am, 10am, �))? is di�erent from theabove, because holds(8am, 10am, �) is true if � begins before 8 a.m. and ends after10 a.m.. Thus, we would count each trial for which the sample for � contained theinterval [8am,10am].The sampling algorithm has been implemented in a set of programs called Sam.Sam serves as the foundation for the temporal database developed in Chapter 5 andis described in that chapter.With the stochastic simulation algorithm, it is simple and straightforward to rea-son from many types of density functions and other types of functions. All that is



4.4. COMPUTATION 111necessary is that there be a function that samples or computes values from the under-lying functions. There are well-known algorithms for generating standard parametricfunctions such as the normal density, exponential decay functions, and others [De-vroye, 1986; Ripley, 1987; Rubinstein, 1981; Knuth, 1981; Press et al., 1988]. It isalso possible to sample the density for an event directly from its corresponding hazardfunction [Ripley, 1987]. The Sam Bayesian network evaluator implements a range ofsuch sampling functions (see Section 5.2.6).4.4.4 Network ProcessingThe performance of all Bayesian network evaluation algorithms depend on the numberof nodes in the network. Therefore, if we can somehow reduce the number of nodesfrom the network, then the work of the evaluation algorithm will be simpli�ed. Themethods outlined here are all algorithms that may be applied for processing a networkprior to using one of the evaluation algorithms given below.We have already seen an example of how a node can be pruned out from a network.This is the example in Section 4.3.1 where we showed that the enabling and clippingevents in a discrete time net can be considered super
uous, and their e�ects mergedinto the fact that they are related to.In general, there are two conditions under which we may remove a node from aBayesian network. One is when we are not interested in the node, and the otheris when a node is irrelevant to what we are interested in. Clearly, if our interest isin computing the probability distribution for every random variable, then we cannotremove any nodes. Therefore assume that we are only interested in the distributionsfor some subset of the nodes V in a Bayesian network B. Can we remove all othernodes then? Well, clearly not, as we are not interested only in output . We are alsointerested in input , in evidence. So we cannot remove any nodes for which we mightexpect to receive evidence. But potentially, all other nodes may be removed. InFigure 4.19, we show an example where we eliminated all the time stages betweentime interval 1 and 4.There is a well known method [Shachter, 1986] for eliminating nodes in a Bayesiannetwork. This is the process of absorption; when a node is absorbed, its childreninherit its parents, and new conditional distributions are computed for each of thechildren. A node may not be removed under two conditions. One is when we areinterested in the probability distribution at the node. In that case, it makes little.
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1 4Figure 4.19: Reducing a Bayesian networkSuch reduced Bayesian networks have attractive properties. Although it maystill take exponential time to compute exactly with such networks, it will be of adrastically reduced order from the original network, rendering it more tractable tocompute. Time complexity in the reduced Bayesian network may be further reduced ifroot nodes are independent of one another; then the reduced model becomes tree-likewith no in
uences between input nodes. The time complexity of the reduction is itselfexponential in the size of the set of random variables. We ran a series of experimentson discrete time nets which in their original form experienced serious combinatorialexplosion in exact computation. In one set of experiments, increasing the size of adiscrete time net by one time interval caused the exact computation time to increasefrom 15 minutes to 2 hours, and by adding another time point, from 2 hours to over 24hours. The time for exact computation decreased by a couple of orders of magnitudewhen reduction was applied to the discrete time net. When we increased the numberof time intervals in the discrete time net the post-reduction exact computation timeincreased only roughly linearly. The run-time of the reduction process itself was ofthe same order of magnitude as the post-reduction exact computation time.Reduced Bayesian networks of this form are attractive for other reasons. Atcompile-time, reduction of the model in this form makes the Bayesian network easierto analyze and apply other compilation methods including further reduction of themodel through sensitivity analysis. At run-time, the reduction of the model leadto performance improvements not only for exact algorithms, but for approximationalgorithms as well.Finally, the reduced Bayesian network is in a form that can be separated intomultiple copies. In a given problem domain instance, we may have several di�erentchoices of actions to take, or several di�erent choices of hypotheses about the world.



4.5. RELATED WORK 113In such a case, we may choose to perform inference on separate copies of the Bayesiannetwork, one per choice. Except for the overhead of the size of nodes, there is no netincrease in space. With di�erent copies for each decision, it is possible to interruptevaluation computation with no overhead in swapping intermediate results. There-fore, depending on how well the evaluation is converging for each choice, it is possibleto focus our computational resources on those choices that appear to clearly dominateothers. Naturally, it is also possible to compute the expected value for each choice inparallel as well.Unfortunately, this method is not always applicable, as there is possibility ofexponential space growth in the worst case. The space tradeo� involved in Bayesiannetwork reduction is as follows. The conditional probability matrix for a value nodeincreases (at least doubles) for every increase of one in the size of the set of parentsto the node. When we absorb a node, all of the parts of the absorbed node are addedto its children's' parents. Thus, the conditional probability matrix for a node maygrow fairly large as we \roll back" the nodes toward the root of the graph. Althoughwe have not mentioned this so far, the tables do not only grow, as in some cases,we actually end up replacing two tables with one. Thus, the applicability of spacereduction is highly domain speci�c.4.5 Related WorkA model equivalent to the Markov time net was apparently �rst investigated by Tat-man [Tatman, 1986; Tatman and Shachter, 1990]. Tatman developed such networksin the context of decision making using a generalization of Bayesian networks calledin
uence diagrams that add decision and value variables (Chapter 6). Tatman's re-sult was not widely known [Tatman and Shachter, 1990] at the time we developedour initial work with Markov time nets in [Kanazawa and Dean, 1989].Henrion [Henrion, ] has developed discrete-time models with continuous randomvariables such as our water level example in the context of air quality modeling.In this work, variables model air quality over time, given di�erent decisions aboutpollution control, and there is a variable that models the value of resulting situationsin terms of life expectancy of the population.Bayesian belief networks with continuous variables for reasoning about time aredue to Berzuini [Berzuini et al., 1989], and perhaps to Spiegelhalter as well. Their



114 CHAPTER 4. THE TIME NETwork grew out out of an attempt to remedy the de�ciencies of the Markov time netmodel that we had presented in [Dean and Kanazawa, 1988b]. As it turned out,their model shares similarity with the earlier ODDS work in its application of survivalanalysis to temporal reasoning.Technically, our continuous time net extends their network of dates. The networkof dates only has what we call events. They does not incorporate a notion of factsand their probability over time, nor do they suggest how such a statistic might berecovered. So the continuous time net is a better knowledge representation for timeand persistence. The continuous time net also allows arbitrary functions based onevent dates and their relations, and recursively on the result of those functions. Thisis easily added to the network of dates but they have not done so to our knowledge.



Chapter 5GooThis chapter introduces Goo and family, a set of programs developed for reasoningabout time and probability. The previous three chapters presented two approaches torepresenting knowledge about time and probability: logic and graphs. In this chapter,we consider how to combine the two in a probabilistic temporal database, a database formaintaining a picture of the likelihood of facts and events over time. The probabilistictemporal database incrementally constructs and maintains graph models from logicalknowledge in response to queries and assertions. In this chapter, we explore the issuesbehind building a system combining logic-like knowledge speci�cation and time nets.5.1 IntroductionGoo is a system for reasoning about time and probability. Users enter facts and rulesabout the world, and Goo makes inferences drawing on that knowledge. It is animplementation of a combination of ideas from the previous chapters. Goo is designed�rst of all as a probabilistic temporal database that combines a 
exible knowledgerepresentation and query language based on the logic of lifetimes with continuoustime nets for inference. It is also a knowledge-based constructor of discrete timenet models and in
uence diagrams for decision analysis (see Chapter 6). Finally, itsunderlying Bayesian network evaluator can be used for inference in arbitrary time netsand Bayesian networks. We begin by focusing on its use as a probabilistic temporaldatabase.As a probabilistic temporal database, Goo supports automatic generation andaugmentation of continuous time net models on the basis of knowledge expressed115



116 CHAPTER 5. GOOin a logic of lifetimes-like language. Users supply general knowledge in the formof probability rules that link facts and events. For example, rules might give theconditional density of time of arrival in Atlantic City given the time of departurefrom New York and various factors such as the day of the week, whether or notit's a holiday, and so on. In each problem solving situation, users assert knowledgeabout actual and expected facts and events either as direct evidence or as probabilitydensities. For example, a user might assert that a car leaves New York at 7 a.m..Goo then combines the general rules with the asserted facts and events to create acontinuous time net representing the situation. User queries about facts and eventsare answered by inferences based on this continuous time net. Users can query theprobability of facts and events, the probability that an event precedes another event,and \what would happen if?" queries based on hypothetical facts and events.Here is an outline of the key operations supported by Goo. Each of these capabili-ties are essential for any database that supports inferences about time and probability.� Record facts and events. This involves recording the known time of occurrenceof events, and when facts are known to be true. For example, for a truckingcompany using the database to schedule its trucks, this might involve recordingthe known arrival and departure times of trucks from various locations. Record-ing may involve adding a new fact or event to a model, or updating a model byentering evidence about an existing fact or evidence in a model. Finally, ourknowledge about an event may be uncertain. In that case, we may record anevent's prior density.� Record rules. Rules are used to state the relationship between facts and events.For instance, a rule may give the conditional density for the time of arrival ofa truck in Topeka given the time it left Kansas City. Other rules might statethat the truck arriving in Topeka causes its location to be Topeka, or give thetypical duration of a truck's stay in Topeka.Goo uses rules to determine which facts and events become relevant as we recordnew facts and events. For instance, if we record a truck's plan to move fromTopeka to Cincinnati, then in order to be able to predict what time it arrives inCincinnati, the database needs to add facts and events representing the arrivalin Cincinnati and possibly various supporting facts about the route.Goo adds relevant facts and events automatically by applying rules. Whenever



5.1. INTRODUCTION 117we record a new fact or event in the database, Goo looks for applicable rules.On the basis of such rules, Goo adds facts and events, and may recursively addmore on the basis of the added ones. In this manner, all a user needs to do is toassert what happens, without worrying about consequences or about forgettingrelevant facts and events.� Answer queries. An example might be as simple as `What time is truck 20 likelyto arrive in Topeka?". It may also be something more complicated like \Findme all plans that have at least 50% chance of success". Goo supports a richclass of queries including:{ Is a fact true or false? Do we not know?{ What is the probability that a fact is true? False?{ What time did/will an event occur?{ Is a fact true/will it be true at a point of time?{ What is the probability that an event occurs in some interval?{ What is the probability that a fact holds over some interval?{ What is the probability that an event precedes/overlaps/: : : , etc., anotherevent?{ Negated, conjunctive, and disjunctive queries.Answering queries usually involves assessment of probabilities through inference.� Hypothesize scenarios. Goo can make \What if?" inferences by recording hy-pothetical facts and events, and answering queries. Questions can be posed toa `what-if' copy of the database that di�ers from the raw database by somehypotheses. Goo can \split" or \branch" scenarios, and to maintain a tree orforest of possible scenarios. For example, we may have a choice of where tosend a truck when it �nishes its current task. We may send it to Albany, or wemay send it to Montreal.Goo is a simple temporal database implemented essentially as a front end to atime net evaluator. In Goo, there is one time net that is being evaluated, updated,and modi�ed at any given time. This time net (we will call this time net simplythe model where unambiguous) represents the events and facts of interest to us. Goo
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δFigure 5.1: Goo architectureincorporates an inference module, or knowledge base, that determines the model thatis applicable at any given time.In concept, the knowledge base component of Goo and its time net evaluator areindependent. The knowledge base component talks to the user1, and the time netevaluator, called Sam, assesses probabilities (Figure 5.1). The intent is that a time netis created or accessed only on the basis of database operations, for instance datumrecording and queries. In practice, the interface is less restrictive as we note later.Goo is event driven or demand driven in the sense that it does nothing without adatabase command:1. User records information.2. User queries information.or a system command:1. User gives [evaluator parameter, �le I/O, : : : ] command.In applications of Goo, the passage of time may be considered as an event as well.When Goo is issued a command, it computes until it completes the activity requestedor until it is interrupted, provided that there are no other exception conditions. Asa prototype, Goo does not implement sophisticated interruption or error handlingfacilities.The current version of Goo is implemented in CMU Common Lisp on Sun Sparc-Station. Some numerical routines for random variate generation are written in C.1Goo is a standalone interactive program by nature of its experiment. This does not mean thattemporal databases have to be user interactive. They could be modules within a larger planningsystem, say, or even in a small robot controller.



5.1. INTRODUCTION 119This was done to avoid 
oating point number consing, and to take advantage of partsof an early version of Goo that was implemented in C and C++. Goo was rewrittenin Common Lisp to take advantage of the more sophisticated object system for rapidprototyping of the knowledge base component.We noted the intent of separating the functionality of the knowledge base compo-nent and the time net evaluator such that time nets are only created and accessed at ahigh level through the database operations of Goo. In practice, both are implementedas the same Common Lisp program. There is considerable separation in the func-tionality of the time net evaluator and the temporal database following good softwareengineering practice. At the same time, all evaluator commands are available to theuser and interaction can proceed in a relatively free-form manner.Goo maintains a simple assertional database as in deductive retrieval databases orthe dynamic database in Prolog. When recording data, Goo �rst searches the databaseto see if any information about the assertion has been recorded. If the assertion hasnot been entered previously, then Goo enters it into the database. If it is an assertionfor which there is no uncertainty, then we record its value. Otherwise, we must enterit into the current time net. If we have no current time net, then we start one.Otherwise, we augment the current time net with a random variable correspondingto the assertion. After recording the value or probability of an assertion, by addingto the time net, Goo propagates any e�ects of the change. To augment the model, weuse rules representing knowledge about time and probability.In Goo, we do not use the logic of lifetimes directly for knowledge base program-ming. Rather, we use a language that closely corresponds to the logic of lifetimeswith both restrictions and extensions suitable for use as a database programminglanguage. This language, called Bayesl, is implemented directly in Lisp. Knowledgeabout time and probability is given to Goo as Bayesl statements which are in turnjust Lisp function calls. The current implementation of Goo supports the creation ofsimple theories from which to dynamically build time nets. Let us now examine inmore detail the operation of Goo and the Bayesl language used for interacting withGoo.



120 CHAPTER 5. GOO5.2 Interacting with GooIn this section, we examine Goo in more detail. We note assumptions made in its im-plementation, the Bayesl language, and extensions and restrictions in the knowledgebase language Bayesl compared with the logic of lifetimes.5.2.1 Propositions and Variables in GooThe basic ontology of Goo is similar to that of the logics outlined in Chapter 3.Namely, it involves the notion of instantaneous events and persistent facts. Gooextends the ontology by introducing two kinds of variables, simple variables andrandom variables.A simple variable is a logical variable that is either true or false. As such, itrepresents essentially a fact and it is therefore also called a simple fact . For allpractical purposes, it is a bit that is either on or o�. A simple fact is normally usedto record some type of background state. An example is whether or not your spouse isen route home. Simple facts can also be used to record parameters such as parametersfor probability density functions. A simple fact that has no time associated with itper se could be encoded as a fact that holds from �1 to +1. Simple facts are oftenbinary true/false propositions. They can also be n-ary valued general propositionssuch as the alternate set of Chapter 4.A random variable encodes knowledge about time and probability. As before, arandom variable represents either the date of an event or the range of a fact. Anexample would be the time that your spouse's 
ight arrives. In contrast to simplefacts, in its basic operation as a continuous-time probabilistic temporal database, Goohas a restriction that each proposition must be binary true/false. There is no inherentdi�culty with other types of propositions. It would be possible with the addition ofsome extra machinery, including declaration of the types of the propositions, andtheir allowable states. The restriction represents the experimental prototype natureof the Goo implementation. For discrete time nets, Goo has a facility for general n-aryrandom variables.For propositional theories, Goo is neutral with regard to the syntax adopted forrepresenting each fact or event. A user can use any Lisp expression to represent aproposition including the traditional list of symbols and numbers, and strings. Whenthe propositional content of each event or fact when represented as a list, Goo stores it



5.2. INTERACTING WITH GOO 121as is. Thus, by default, Goo is case-insensitive with regard to the propositional contentof each event or fact: a sentence such as (holds (location Sally factory)) would normallyprint as (HOLDS (LOCATION SALLY FACTORY)). There is a user-controlled switch toprint it in lower case instead; in general, a user may supply a function for printingpropositions. It is also easy to circumvent this by representing the propositionalcontent as, for instance, a string instead, i.e., "(holds (location Sally factory))", or indeed
"holds(location(Sally, factory))". Goo only requires that all references to a particularproposition be of the same type { Lisp list or string. In the case of strings, they mustmatch exactly, including case.Goo also handles propositional schemata that apply to all instances of a givensituation. A Goo propositional schema involves the addition of variables to propo-sitions. To simplify the interface, Goo restricts the syntax of propositions used asschemata to be a list of Lisp objects. Any Lisp symbol beginning with the questionmark is regarded as a variable, e.g., ?foo. We show concrete examples of propositionalschemata, called rules, later on.5.2.2 Dates and Times in GooBecause Goo is a temporal database, it must represent date and time constants. A dateconstant represents an actual time, usually relative to some reference time. \3:00pm"is a date constant. We can think of midnight of the current day as the reference forthat date constant. A time constant represents the cardinality of a time interval. \5minutes" is a time constant.In Bayesl, date constants are represented with an expression of the form #@"date

string", where #@ is a Common Lisp `read macro', and the double quote delimited
date string names a date. Underlying Lisp routines are used for parsing the datestring, allowing 
exibility in the speci�cation of dates. Examples of date constantsare #@"July 11 3:23 pm" and #@"noon", the latter of which is assumed to representnoon of the current date. An optional + or – after the @ indicates \next day" and\previous day" respectively; e.g., #@+"1am" means 1 a.m. tomorrow morning, and
#@–"11pm" means 11 p.m. yesterday evening.There is a special date which is associated with an event that does not occur. Thisdate is positive in�nity, and is represented as #@"infinity", #@"infty", or #@"never".Negative in�nity is represented as #@"-infinity" or #@"-infty".Apart from the in�nite date, the actual value of a date expression is an integer



122 CHAPTER 5. GOOvalue denoting the elapsed time relative to a reference time (by default, the system'sreference time, which is January 1, 1970) in a user-speci�able unit (by default, inminutes).A time constant is represented by an expression of the form #!"time string", where
#! is again a Lisp read macro. Again, underlying Lisp routines are used to parse thetime string. Examples of time constants are #!"0:05" meaning 5 minutes, and #!"3:00"meaning 3 hours. An in�nite time interval is represented as #!"infinity", #!"infty", or
#!"never".Because Bayesl allows the value in�nity for dates and times, arithmetic and com-parison with dates is performed with special versions. These are +@, -@, *@, /@,
<@, <=@, >@, >=@, =@, and /=@. All are diadic operators. All the arithmeticoperations return in�nity if one of its arguments is in�nity. Otherwise, they performthe usual arithmetic operation. The comparison relations operate analogously. Adate can be checked for in�niteness with the infinity? predicate.In specifying a Bayesl theory, there is an implicit time window for which thetheory is being speci�ed. In the logic of lifetimes, there is no restriction on the timepoints that a theory can refer to. An event can take place in�nitely far back in thepast and in�nitely far into the future, and similarly for facts. In fact, many densityfunctions can have tails with in�nite extent. Practically speaking, however, it canbe non-trivial to represent an in�nite time line. This is especially true for Goo aswe shall see later, because it uses stochastic sampling with a discretized time linefor inference. For this reason, it is practically important to introduce minimum andmaximum extents where inference will be focused on. This is similar to the eti andlti that we introduced in Chapter 4.The lower bound of the time window is called the time reference or reference time,and the upper bound is called the time horizon. To designate the time reference, the
set-time-reference! form is used, and for the time horizon, the set-time-horizon! formis used:
(set-time-reference! #@"9am")

(set-time-horizon! #@"9pm")As noted before, a user may also designate the basic unit of time. This is done withthe set-time-unit! form, where the single argument designates the time unit in termsof seconds:
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(set-time-unit! 60)The above sets the base time unit to 60 seconds, or a minute, which corresponds tothe system default for Goo.5.2.3 Assertions in GooTo assert facts and events in Goo, the record form is used. For example, to recordthat Sally left home at noon, we might use the following form:

(record (occ #@"12:00" (leave Sally home)))In general, a record expression takes the form
(record <assertion>)where <assertion> is a ground sentence of the following type:� (true <fact>)Simple fact <fact> is true.� (false <fact>)Simple true/false fact <fact> is false.� (holds <fact>)n-ary valued simple fact <fact> is true.� (occ <t> <event>)

<event> occurred at time <t>. <event> may or may not be in the current model.� (extent <t1> <t2> <fact>)Fact <fact> becomes true at <t1> and becomes false at <t2>.The record form is also used to specify the alternates of an n-ary valued simple fact:� (values <fact-value-expression>)

<fact-value-expression> is of form (predicate f alternate1, alternate2, ... g). Thisstates that in simple facts of form (predicate ?X), ?X can take on values fromthe set f alternate1, alternate2, ... g.



124 CHAPTER 5. GOOFinally, we also use the record form to record a rule:� (pdf <event> <antecs> <fun>)The conditional density of <event> given <antecs> is represented by the func-tion fun. <antecs> is a set (list) of random variables that <event> is directlydependent on. It may include other events, facts, and simple facts. If <antecs>is the empty set (list), then this is the prior density of <event>. <antecs> isknown as the antecedent set or antecedent(s) of the rule, and <event> is knownas the consequent of the rule.In Goo, each event probability density function is represented with a Lisp func-tion. Goo employs a stochastic simulation algorithm for inference. Therefore, it isconvenient to let each Lisp function sample from the density that it represents, basedon the sample values of the random variables (typically other events) that the eventdepends on (if any).As an example, to represent the fact that arriving in Times Square usually occursabout half an hour after leaving home, we might use the following:
(pdf (arrive TimesSquare)

((leave home) (drive home TimesSquare))

(lambda ()

(norm (+ (date-of (leave home)) #!"0:30") #!"0:15")))where norm is a numerical function that samples from a normal density, in this casewith mean at 30 minutes after the time of leaving home and a variance of 15 minutes.The Bayesl (date-of <event>) construct is translated at run-time into an expressionthat returns the current sample or evidence date of the event named <event>.Goo does not currently allow the speci�cation of the distribution of a fact. Gooassumes that the probability density function of a fact can be recovered from theprobability density functions of its enabling and clipping events. This is not therestriction that it may seem since the enabling and clipping densities can always berecovered from the distribution for a fact.Note also that the extent assertion in Bayesl is di�erent from a holds assertionin the logic of lifetimes. Whereas inholds(12pm, 1pm, traffic-jam)the tra�c jam may have begun before noon and ended after one o'clock, in
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extent(12pm, 1pm, traffic-jam)the tra�c jam begins at noon and ends at one o'clock. Bayesl disallows the �rst typeof assertion because it is underconstrained.5.2.4 Queries in GooA query in Goo takes one of the following forms:� (true <fact>)Return whether or not simple fact <fact> is true. <fact> may contain variablesif it is an n-ary valued simple fact. In that case, Goo will return the currentvalue, if any, for that variable.� (P <wff>)Return the probability of a ground sentence <wff>.For example, (P (occ #@"noon" #@"1pm" (beg traffic-jam)))) is a query for the proba-bility that the tra�c jam begins between noon and 1 o'clock.The allowable w�s in probability queries are the following:� (occ <t1> <t2> <event>)Probability of <event> occurring between <t1> and <t2>. Equivalent toZ t2t1 f<event>(u)du� (occ <t> <event>)Probability that <event> occurs at time <t>. This translates to (P (occ <t>

<t+time-slice> <event>)), where time-slice is a small interval of time that is usedas the granularity for time discretization by the Sam time net evaluator.� (holds <t1> <t2> <fact>)Probability that <fact> holds true throughout the interval from <t1> to <t2>. If
<fact> is a simple fact, then this is 1 for all <t1> and <t2>.� (holds <t> <fact>)Probability that <fact> holds true at time <t>. Equivalent to (holds <t> <t>

<fact>).



126 CHAPTER 5. GOOFor queries involving a time interval [t1, t2], Bayesl allows t1 to be greater than t2.In other words, Goo regards (holds #@"1pm" #@"noon" <fact>) as equivalent to (holds

#@"noon" #@"1pm" <fact>). This is reasonable for Goo because a date expression suchas #@"noon" should denote a unique point in time; in this case \noon today".In addition to simple queries of the above type, essentially corresponding to simplew�s, it is possible to recursively form compound queries involving relational andlogical connectives:� (<rel> <date1> <date2>)

<rel> is a temporal relation, which can be one of <, <=, =, >=, >, or /=, thelast of which is the inequality relation. <date1> and <date2> are either dateconstants or expressions of form (date-of <event>). Thus the relations can beused to compare two events with each other, or the time of one event in relationto a �xed point in time. Comparing two date constants is not usually veryuseful.� (not <wff>)� (and <wff1> <wff2> ...)� (or <wff1> <wff2> ...)� (<rel> <fact-or-event> <fact-or-event>)

<rel> is one of the 13 primitive interval relations de�ned by Allen [1983], be-

fore, after, equal, meets, met-by, overlaps, overlapped-by, during, contains, starts,
started-by, finishes, and finished-by. These relations are de�ned trivially in termsof the event and logical relations above as in Section 3.2. For example, for twofacts X and Y, during(X, Y) is equivalent to:
(and (< (date-of (beg Y)) (date-of (beg X)))

(< (date-of (end X)) (date-of (end Y))))These relations are generalized to the case of events by regarding the enablingand clipping times of the event as equal to the date of the event.Note that all the relational and compound queries involve discrete binary-valuedpropositions. As such, they do not correspond to continuous probability densities,but to discrete probability distributions.



5.2. INTERACTING WITH GOO 127Although Goo can compute probabilities for relational and compound queries,there is no way to know a priori which of such queries will be needed. Since thereare an unbounded number of such queries, Goo does not represent them in its currentmodel unless speci�cally asked by a user. Note that Goo may actually implicitly usesuch temporal or logical relations within the scope of its probability density estimates.For instance, a fact holds true for all time points greater than its enabling event dateand less than its clipping event date.Because Goo does not represent event relations explicitly in general, it cannotsimply answer a compound or relational query that has not been queried already. Itmust explicitly add a corresponding entity in the current model and then re-estimateprobabilities using the extended model. The one exception is with the not compoundquery, as that is simple to compute as the probability of a complementary event, withprobability that sums to unity.5.2.5 Rules in GooLet us now consider how knowledge about how facts and events a�ect other facts andevents are applied in Goo. This is the province of rule application. Goo applies rulesfor the following purposes.� Determine if any variables need to be added to the existing model.� Determine the probability functions in the model.More concretely, this means, �rst of all, in the case of recording data, the following.� Determine the probability function of a newly added node.� Determine if any other nodes should be added when adding a node.� Determine if the probability function of any existing nodes need to be updatedto re
ect the changes in the model.Secondly, as we noted before, Goo also uses rules for queries. A query may involvethe derivation of relations from known entities to the requested information. Forinstance, a query may ask \What is the probability that flight1437 will arrivebefore flight989?". We may know the probabilities for each separate 
ight, but notexplicitly their relation. To compute it, we use a rule to augment the model. When



128 CHAPTER 5. GOOanswering a query, determine what nodes or arcs need to be added to the time net,if any, and the associated probability function.In Goo, each rule is recorded as a Bayesl pdf form as we noted before. An exampleof a Goo rule is the following:
;;; Rule for go-plan

(pdf (arrive ?agent ?dest)

((plan (go ?agent ?source ?dest))

(parameters (go ?agent ?source ?dest) ?delay ?var))

(lambda ()

(normal (+ (date-of (leave ?agent ?source)) ?delay) ?var)))This rule is an example of a propositional schema. The rule says, �rst of all, that itapplies whenever there is a plan for agent ?agent to go from ?source to ?dest, where
?agent, ?source, and ?dest are variables. This is given by the antecedent set, whichnames the condition under which it applies as a pattern. The action that the ruleshould take is to add the node named as a consequence. It represents the time atwhich the agent arrives at ?dest. It is given a conditional probability density functionthat is the normal density with mean and variance given by the parameters assertion.A typical plan may consist of several steps like the previous `plan'. For instance,to get from home to the Statue of Liberty, there may be three steps, to go from hometo Times Square, from Times Square to Battery Park, and from Battery Park toLiberty Island. So Goo would apply the rule three times.A rule applies whenever all of the variables named in the antecedents of the ruleare present in the database. When this is true, the rule antecedent is satis�ed. Ap-plicability of a rule is a necessary condition for performing what is speci�ed in therule, but it is not a su�cient condition.We only perform the action speci�ed in an applicable rule when:� There is no other rule that applies better in the situation.� The rule has not been applied already. Nodes of the type named in the conse-quent of the rule have already been added, and have the same density functionnamed in the rule.In a given situation, any number of rules may apply. Two applicable rules whose con-sequents are the same and whose antecedent conditions have a non-null intersectionare said to compete.



5.2. INTERACTING WITH GOO 129As an example, suppose that A and B are in the database, and that the followingtwo rules are present.
(pdf C

(A)

<fun>)

(pdf C

(A B)

<fun>)Then the rules compete. Both rules specify that a node named C is to be added, butwhich probability density function is to be selected?2In general, the second form corresponds to the existence of more conditioninginformation and is to be preferred. In Goo, the rule that applies in such situationsis the rule with the single maximal antecedent set with respect to set inclusion. Inother words, the rule with the largest antecedent set that matches against the currentdatabase is preferred over the others.What if there is no single maximal set? For instance, A, B, and C may be in thedatabase, and there may be two rules
(pdf D

(A B)

<fun>)

(pdf D

(B C)

<fun>)(or even a third rule with antecedent set (C A)). What do we do in that case?In general, there is no domain independent way in which we can determine thecombined e�ects of A, B, and C. Goo cannot make any safe assumptions about ruleprecedence.Therefore, in Goo we require that there be a total order with respect to antecedentset inclusion over each set of competing rules. This may not be strictly necessary, if2Assuming that the probability density functions are di�erent { if they are the same, then Cdoesn't depend on B!



130 CHAPTER 5. GOOthere are prototypical interactions between facts and events. For instance, we mayhave three rules that indicate that in the presence of fact ', an event " occurs at thesame time as the event �, the event �, and the event 
. In that case, the prototypicalinteraction may be that " occurs at the same time as the earliest of any of �, �, and
. Such a combination is a prototypical interaction. In some sense, the interactionbehaves like a logical gate. For this reason, some well known examples of interactionsare known as noisy-OR, noisy-AND , and so on [Henrion, 1988a; Pearl, 1988]. Wedo not implement this in Goo. However, it would be pro�table to pursue it in futurework.Note that the probability density functions for competing rules must be consistent.As an example, suppose that we have a probability density function that gives thelifetime distribution for batteries, and that it gives the maximum lifetime of anybattery as ten hours. In that case, adding a qualifying antecedent that the battery isa nuclear battery cannot make the maximum lifetime higher than ten hours. The caseof nuclear batteries should have been incorporated into the �rst probability densityfunction for the probability density functions to be consistent. Goo does not checkfor inconsistent distributions, although adding such a check can be trivial for certaincases.The process of applying and comparing competing rules with respect to antecedentset inclusion uses uni�cation for matching patterns which are basically ground andunground propositions.Definition 5.1A set of propositions � is matchwise equal to a set of patterns � whenever they bothcontain the same number of elements, and for each pattern � 2 �, there is a pattern� 2 � that uni�es with �, and for each � 2 �, there is a pattern � 2 � that uni�eswith �. De�ne the matchwise intersection of two sets of patterns to be the following.For two sets of patterns � and �, a pattern � is in the matchwise intersection of �and � if � is in � and there is a pattern that matches � in �.Now, let a rule be the tuple hC;A; �i, consisting of the consequent C, the an-tecedent set A, and the consequent density �. A is a �nite non-empty set of propo-sitions, C is a single proposition, and � is a function of time that depends on theantecedent set. Two rules potentially compete whenever their consequents unify andtheir antecedent sets have a non-empty matchwise intersection. Two rules competewhenever they potentially compete and they both apply.



5.2. INTERACTING WITH GOO 1311. Find all rules that apply. If there are none, stop.2. Partition them into sets of competing rules.3. Find the maximal rule in each competing set with respect to antecedent setinclusion. Call these the candidate rules.4. If the consequent of any candidate rule is absent, then add it, according to thedensity named in the rule. Goto 1.5. Otherwise, for each density stored at the consequent of any candidate rule thatis di�erent from that of the candidate rule, replace it with the density from thecandidate rule.6. Stop. Figure 5.2: Rule application algorithm.Let the rule graph G(R) of a set of rules R be the hypergraph formed by regardingeach tuple (C;A) for each r 2 R as a hyperedge.A set of rules R is simple if1. Each rule r 2 R is ground.2. For each set of potentially competing rules there is a total order with respectto antecedent set inclusion.3. G(R) is connected.4. G(R) is acyclic.The rule application algorithm of Goo (Figure 5.2) is guaranteed to terminate fora simple rule set. The algorithm, essentially a forward chaining algorithm, is invokedwhenever a previously unrecorded fact or event is asserted. Any other node that isadded to a time net is a result of applying either this algorithm or the backwardchaining algorithm used in answering queries described in Section 5.2.8.It is easy to prove that the algorithm terminates.Theorem 5.1The rule application algorithm terminates for a simple rule set R.



132 CHAPTER 5. GOOProof. In Step 1, if no rules apply, then the algorithm terminates. If some rulesapply, then steps 1 through 4 will be undertaken at most jRj times. This is becausethe algorithm can add at most one consequent node for each pass through steps 1through 4. Steps 1, 3, and 4 involve looking at at most jRj rules. Step 2 involveslooking at at most jRj2 rules. Therefore, we are guaranteed to reach Step 5 if thereare any rules that apply. Step 5 involves replacement of densities for at most thenumber of non-root vertices in the time net, which is again at most jRj. Therefore,the algorithm terminates.Intuitively, G(R) for a simple rule set R is equivalent to the maximal Bayesiannetwork that will be created from application of the rules. How much of this maximalBayesian network is created depends on the simple facts and events that are asserted(recorded) to the database. Therefore, it is trivially true that the rule applicationalgorithm, or model construction algorithm, will terminate.What about rule sets that are not simple? Let us examine this in terms of theassumptions in the de�nition of simple rule sets.Assumption 2 ensures that at any given time, there is an applicable rule witha maximal antecedent set. This assumption is di�cult to relax without a methodof \completing" the model based on the incomplete probability distributions. Theprototypical interactions that we discussed above is one method of model completion.Maximum entropy methods are another [Jaynes, 1979; Cheeseman, 1983; Lippman,1986].Assumption 3 ensures that there is a single time net in consideration. This assump-tion can be relaxed trivially, at least conceptually. If the rule graph is unconnected,then the rule set is essentially disjoint, and we can extend Goo to handle more thana single time net model at a time. That is essentially an implementation detail.Assumption 4 is necessary to ensure that the resulting time net will be acyclic.If the rule graph were cyclical, then we may create a cyclical network. Suppose thatthere are two rules hf�g; f�g; �0i and hf�g; f�g; �1i, and that � is already in thenetwork. Then the algorithm will add an edge from � to � and vice versa, creatinga cycle. This assumption can be relaxed in cases when there are certain types ofasymmetric dependencies in the rule set [Geiger and Heckerman, 1991; Fung andShachter, 1990].Asymmetric dependencies are best illustrated by example. Imagine that in doingmy errands, I have a choice of either going to Times Square �rst and then Grand
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Plan

Grand Central

Home

Times SquareFigure 5.3: A cyclic dependency.
Plan

Grand Central

Home

Times Square

Plan

Grand Central

Home

Times Square

Plan (a)  Home -> Times Square -> Grand Central Plan (b)  Home -> Grand Central -> Times SquareFigure 5.4: E�ective dependencies.Central Station, or Times Square �rst and then Grand Central. In the �rst case (plan

a), the time of arrival at Grand Central (G) is dependent on the time of arrival atTimes Square (T ). In the second case (plan b), the situation is reversed. So dependingon the plan (P ), the arrow could point from G to T or from T to G (Figure 5.3).Thus, there is apparently a circularity in the time net representing the situation.However, for any particular choice of plan, the time net is e�ectively acyclic. InFigure 5.4, we show the two alternatives with dotted lines representing the edges thatare irrelevant to the plan choice. This suggests that the rule application criterionand algorithm can be revised to take advantage of this situation. Although Goo doesnot currently implement this, there is ongoing work in exploiting asymmetries inBayesian networks [Geiger and Heckerman, 1991; Fung and Shachter, 1990] whichwill be incorporated into future versions of Goo.



134 CHAPTER 5. GOOFinally, assumption 1 ensures that unintended cyclicities are not created by vari-able substitution in unifying rules against the database. This assumption is the mostdi�cult to relax. Goo allows users to specify rules that are not ground. However,currently Goo does not guarantee that the rule application algorithm will terminatefor such rule sets corresponding to propositional schemata. It is up to the user toensure that cycles will not be created from a rule set on the basis of a set of assertions.Note that the Bayesian network evaluator Sam will not allow the addition of edgesthat create cycles in a Bayesian network. Sam signals an error condition if Goo appliesa rule that would result in a cycle.5.2.6 Interacting with SamWe now brie
y introduce concepts underlying the Bayesian network evaluator Sam andits interface with Goo. Sam is a Bayesian network evaluator that uses the stochasticsimulation algorithm for inference. It handles both discrete and continuous randomvariables, and there are various 
ags that can be set for selecting the sampling schemeand sampling parameters.Sam has undergone four generations of development. The �rst implementation,Sam1, was a proof of concept undertaken in C. Sam2 added the capability for graphicaldisplay and construction of Bayesian networks and node distributions with X windowgraphics. Sam3 was a reimplementation in C++, with the addition of continuous ran-dom variables and importance sampling. The current version, Sam4, is implementedmostly in Common Lisp as noted before. Sam4 relies heavily on CLOS to implementdata abstractions corresponding to graph nodes, Bayesian network graphs, and dif-ferent types of algorithms and random variables. Only Sam2 features a graphical userinterface, although Sam4 can generate plotting �les for common plotting programssuch as xgraph and GNU Plot and spawn a process to plot the �le.Interacting with Sam is as straightforward as typing to the Lisp interpreter. Allexternal Sam functions and variables are available to Goo and its users. Sam providesa convenient syntax for referring to vertices in its time net. This is the #fnode namegread macro. At run-time, #fnode nameg evaluates to a node object whose name is
node name. Sam does not check for unique names in its vertices, so it just returns the�rst one it �nds with the same name. A node name can be any arbitrary printingLisp object.Goo's primary interface to Sam consists of creating nodes, entering node evidence,



5.2. INTERACTING WITH GOO 135adding node parents, setting node distributions, performing inference, and retrievingdistributions. In addition, there are utility functions for �le I/O, parameter tuning,plotting output, and performance measurement, as well as for hypothetical inferencedescribed in Section 5.2.10. Important utility functions include those for setting thediscretization for continuous time random variable nodes and for setting the samplingparameters employed in the stochastic simulation algorithm.As noted before, Sam approximates continuous-time probabilistic inference usinga discretization of the continuous time-line. The discretization together with thetemporal window determines the granularity of the answers that Goo makes to itsqueries. The time discretization is set with the set-time-slice! form:
(set-time-slice! #!"0:05")The above sets the time discretization granularity to 5 minutes. Bayesl translatesthis into the appropriate value given in terms of the current time unit (Section 5.2.2).The time slice value together with the time window de�ne the range of event randomvariables that Goo creates with Sam.Although there are various possibilities for sampling schemes, including impor-tance sampling and heuristic importance sampling implemented in Sam3, Sam4 cur-rently only has straightforward likelihood weighting. The the only tuning available isthe number of samples employed in simulation.The discretization, time window, and number of samples together determine thememory requirements for each random variable. For instance, if the time reference is 9a.m., the time horizon is 9 p.m., and the time slice is 5 minutes, then this discretizationrequires 12 hours � 60 minutes = 5 minutes = 144 slices. If, however, the number ofsamples is 1000, and the time window is much larger, then the advantages of keepinga vector of scores begins to diminish in terms of cost of memory. There is a crossoverpoint where keeping all sample points becomes cheaper. As we noted in Chapter 4,keeping samples can be a useful and cheaper alternative depending on the problem.For facts, a full density requires n2 space where n is the space for an event. Thus inthe above example, each fact would require 144 � 144 = 20736, which begins to belarge. In the typical problems that Sam has been tried on, including many di�erentkinds of Bayesian networks other than time nets, rarely more than a few thousandsamples are needed for good convergence.



136 CHAPTER 5. GOO5.2.7 Inference in GooSo far, we have not said much about the actual process of inference and rule applica-tion in Goo. As before, a typical rule in Goo looks like the following:
(pdf (arrive TimesSquare)

((leave home) (drive home TimesSquare))

(lambda ()

(norm (+ (date-of (leave home)) #!"0:30") #!"0:15")))How is such a rule actually applied?When a rule is applicable, its antecedent set is already asserted in the database,and is present in the current time net. Furthermore, we assume that this rule has themaximal antecedent set, and is therefore the rule that Goo will actually apply. Thequestion then is whether or not the consequent is already in the current time net,and if it is, whether or not its density is the same as the one given by the rule.If the consequent is not in the current time net, then Goo requests Sam the additionof a new vertex corresponding to the consequent event in the rule with the densitygiven in the rule as its conditional density.If the consequent is in the current time net, then Goo must determine if thedensities are the same. Because a density in Bayesl is represented by an arbitraryLisp function, determining equivalence is nontrivial. Goo takes a simple approach byassociating a unique identi�er (number) with each rule, and noting the identi�er of thesource rule for the density of each time net vertex. Thus, to determine equivalence,we simply compare the identi�er for the consequent density with the identi�er of therule being applied.Recall that a probability density function is represented in Goo by a Lisp functionthat generates samples from the probability density function. This Lisp functiontakes no arguments. The probability density function form given in a rule can be ofthe following types:� A Lisp symbol <fun>. In that case, this is assumed to be the name of a Lispfunction that will generate samples. Sam is given (function <fun>) as the density.� A lambda expression (lambda () ...). The expression is compiled when it is passedto Sam.� A Lisp form (<fun> . <args>). This is assumed to be an expression that whenevaluated at run-time will return one of the above.



5.2. INTERACTING WITH GOO 137The Lisp lambda expression and form can contain any arbitrary code. Sam pro-vides a set of functions for sampling from standard parametric functions and hazardfunctions, as well as utility functions such as the indicator function. These can beused in the lambda body and Lisp form, but users can use whatever they require forthe purposes of sampling.Before the Lisp form for the probability density function can be compiled, it ispreprocessed by Goo in two ways. First of all, the process of retrieving the ruleshould have ground the rule, replacing any variables with ground terms re
ecting thecurrent situation by uni�cation. It is an error to try to actually apply an ungroundrule. Secondly, for the last two alternatives above, Goo translates each expressionof form (date-of <event>) into an expression of form (date-of #f<event>g). Thus, the
<event> proposition is replaced by the actual node that represents the event in thecurrent time net. If the node does not exist in the time net, then it is an error. Itis assumed that <event> is an antecedent of the rule, and therefore, that it alreadyexists in the database. Goo checks for this at rule assertion time.5.2.8 Answering Queries in GooIn general, answering queries in Goo is undertaken with respect to the current timenet model. If the model has not changed since the densities were last computed inthe time net, then Goo will not perform inference to answer a query.For a given fact or event, it is easy to answer a query relative to a given pointor interval. Once Sam has computed densities in the current time net, each randomvariable corresponding to a fact or event has either a discretized density or the samplesgenerated during stochastic simulation, or both. Then, using methods outlined inSection 4.4.3, it is easy to recover the required probability.If the query involves a temporal or logical relation, then answering a query mayinvolve extending the current model as noted previously. If a random variable corre-sponding to the query does not currently exist in the time net, Goo uses the equivalentof backward chaining rules to extend the model before performing inference and an-swering the query. Goo performs the model extension procedurally rather than on thebasis of explicit rules, but we can regard the process as one of backward chaining ruleapplication. We can consider each rule to have the form

(conditional-probability <relation> (<relation arguments>) <function>)



138 CHAPTER 5. GOOAn example is the following:
(conditional-probability (< (date-of ?event1) (date-of ?event2))

(?event1 ?event2)

(lambda ()

(indicator (<@ (date-of ?event1) (date-of ?event2)))))The example states that to answer a query comparing the dates of two events withthe relation <, the function given as a lambda expression can be used provided thatthe events exist in the database. indicator implements the indicator function I: itreturns 1 if its argument is non-nil, and 0 otherwise.In general, as in the example, <relation> is an expression representing a relation,
<relation arguments> are the facts or events that the relation depends on, and the
<function> gives a Lisp function that returns an appropriate sample for inference.Whenever Goo is presented with a query of type <relation>, if a node for the relationalready exists, then Goo simply answers the query. If variables corresponding to therelation arguments do not exist in the database, then Goo fails and noti�es users ofthe failure. This is essentially an \I don't know" answer. Otherwise, Goo creates anode for the relation with conditional probability given by a function such as the onein the example.Goo implements a standard set of functions to simplify the process of generatingthe sample for relations. We have already described the date-of function that returnsthe current evidence or sample date of an event. The date of enabling and clippingevents of facts can be recovered using date-of. There is also a corresponding range-offunction that returns the current evidence or sample range of a fact by multiple value.Point event relations can be handled using a scheme like the example above. Forfact interval relations, Goo supplies Lisp functions that implement all 13 Allen-stylerelations in Lisp. These functions take as arguments nodes representing facts orevents, and computes the relation based on the current evidence or sample range ofthe fact arguments.To implement logical relations, Goo supplies functions holds and occ that imple-ment the semantics of those sentence formers. The function holds is used as follows:

(holds <t1> <t2> <fact>)



5.2. INTERACTING WITH GOO 139where <t1> and <t2> are Bayesl time points, and <fact> is a node representing a fact.
holds returns a non-nil value if the current evidence or sample range of <fact> contains
(<t1>, <t2>). The function occ is implemented similarly:

(occ <t> <event>)where <t> is a Bayesl time points, and <event> is a node representing an event.
occ returns a non-nil value if the current evidence or sample value of <event> is <t>.Using holds and occ, it is trivial to implement functions that implement Bayesl logicalrelations as the equivalent Lisp function.5.2.9 Updates in GooIn the above examples, we outlined how Goo constructs a time net in response toasserted data or to requests for assessment. What if we assert data that was previouslyentered in the database?If Goo �nds the datum, it �rst checks the type of variable. A simple variable onceasserted can only be a simple variable. Similarly, a random variable can only be arandom variable. If there is a contradictory use, i.e., a variable is declared simpleat one time and uncertain at another, then Goo reports it as an error. If the datumexists in the database, and it is the right kind of variable, then we attempt a databaseupdate.In Goo, the only database update operations allowed are for random variables,and then in the following restricted case:� Record the (previously uncertain) date of an event.For example, if the time of arrival of a truck in Topeka was previously unknown, wecan update it by (record (occ #@"11:20am" (arrive truck Topeka))).All other types of update operations, except those indirectly undertaken as aresult of rule application, are errors. Note that this disallows the explicit retractionof previously asserted facts and events, except to erase the entire database (Erasingthe database is done with the (reset-database!) form). Obviously, retraction is animportant capability. For instance, we may learn that a truck never left Topeka.A more complicated example might involve learning that the truck never arrived inTopeka, but is reported to be in St. Louis instead. Updating in a general sense thus



140 CHAPTER 5. GOOmay involve retracting some facts, and (re)recording others. For instance, we retractthat the truck left Topeka, and re-record the fact that it is in Topeka.Unfortunately, implementing retraction correctly can be non-trivial. For instance,if we are to retract the fact that the truck left Topeka, we must erase the fact thatit is en route and all things that depend on its being en route. We do not wantre-recording to forward chain just exactly as if it became true at that moment. Thisis essentially a question of proper dependency maintenance, or of bookkeeping. Thesimplest approach is expensive but always right: erase the database, and record alltrue facts again from beginning. As it happens, this is also the worst case. The issuefor the bookkeeping, then, is just how much of such duplication and history keepingto avoid. Note though, that the idea may not be all that far fetched. If dependencymechanisms are very expensive, then it may simply be cheaper to redo everything.In any event, Goo does not currently implement such a capability.5.2.10 Hypotheses in GooGoo implements a simple capability for performing hypothetical reasoning. By hy-pothetical reasoning, we mean essentially a counterfactual reasoning capability, ofpositing facts or events that are not known to be true, setting the time of occurrenceof events to values other than their true values, and so on.Goo allows hypothetical inference in a simple fashion by allowing the creationof copies of the database. A user can perform anything at all on a database copy,including adding new rules. This does not a�ect other copies in the database.The model is stack oriented. (push-database) saves the current state. (pop-

database) restores the previously saved state. (pop-all-database) unwinds the stackto the beginning. Goo allows copying the database to the limits of virtual memory.It would be easy to extend the current mechanism to push state to �les.Note that a more sophisticated hypothetical inference scheme may require theability to retract hypothetical facts and events when restoring the database. SinceGoo does not allow retraction, it cannot perform hypothetical inference except interms of copies of the database.5.3 An Example
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;;; Arrival at Times Square

(pdf (arrive times-square)
((leave home) (drive home times-square))
(lambda ()

(norm (+@ (date-of (leave home)) #!"1:00") #!"0:30")))

;;; Leaving Times Square depends on the Traffic Jam

(pdf (leave times-sq)
((arrive times-sq) (beg traffic-jam) (end traffic-jam))
(lambda ()

(if (or (<@ (date-of (arrive times-square))
(date-of (beg traffic-jam)))

(>@ (date-of (arrive times-square))
(date-of (end traffic-jam))))

(norm (+@ (date-of (arrive times-square)) #!"0:15") #!"0:05")
(norm (+@ (date-of (arrive times-square)) #!"0:30") #!"0:15"))))

;;; Being in Times Square

(pdf (beg (loc times-square))
((arrive times-square))
(lambda ()

(date-of (arrive times-square))))

(pdf (end (loc times-square))
((beg (loc times-square)) (leave times-square))
(lambda ()

(if (<@ (date-of (leave times-square))
(date-of (beg (loc times-square))))

(error "Oops, I left Times Square before I got there")
(date-of (leave times-square)))))Figure 5.5: Goo code for the Times Square example.



142 CHAPTER 5. GOOLet us now examine an example of the use of Goo for dynamic reasoning abouttime and probability. In this example, we are trying to determine whether it is worthour while to drive through Times Square on our way to the Statue of Liberty in NewYork City. We know that there are inevitably tra�c jams in Times Square in theearly afternoon, and that if we get caught in a tra�c jam, then we will be stuck fora long time. So we want to be able to predict what time we are likely to arrive inTimes Square, whether or not the tra�c jam has already begun, and to predict oureventual time of arrival at the Statue of Liberty.Figure 5.5 shows the part of the Bayesl causal theory used for reasoning aboutwhen we are likely to arrive in Times Square and how long we are likely to be thereonce we arrive. The rules should be self-explanatory. The �rst rule gives our time ofarrival at Times Square as a normal distribution with mean at an hour after our timeof departure from home, and a variance of 30 minutes. The time at which we leaveTimes Square depends on whether or not the tra�c jam is going on at the time atwhich we arrive. Two normal densities with di�ering means and variances are givenfor the two cases. Note that this is an approximation, in that the rule only dependson whether or not the tra�c jam was going on when we arrive at Times Square:even if the Tra�c Jam begins one second after we arrive, this rule gives my time ofdeparture from Times Square as the case where there is no tra�c jam occurring. Adi�erent model might give it in terms of a proportional hazard model [Cox, 1972].The rule set is closed with the rules that give the time of occurrence of the enablingand clipping events of our location being Times Square given the arrival event forthe former, and the leaving event for the latter. These two rules have a Dirac pulsedensity with the pulse at the same time as the antecedent or conditioning event.In addition to the rule set shown above, there are also similar rules for reasoningabout when we will arrive at the Statue of Liberty. Given such a Bayesl causaltheory, Goo constructs the appropriate model automatically on the basis of assertedfacts and events and queries. Here is what such a session might look like:
Goo> (reset-database!)

NIL

Goo> (record (true (drive Home Times-Square)))

NIL

Goo> (record (true (drive Times-Square Statue)))

NIL



5.3. AN EXAMPLE 143First of all, we 
ush the database with reset-database!. That erases the currentcontents of Goo's database, and starts a new time net. Then we record the plan togo to the Status of Liberty from Home via Times Square. In this example, we havecut out the step of going through Battery Park to keep the example manageable. Weinform Goo of our plan by simple facts. At this point, Goo's time net is empty.Next, we record the time at which we are planning to leave home, which is 11o'clock. Goo immediately adds a node to the current time net representing that event.In addition, it immediately begins the process of forward chaining on the basis of therules that it knows about. As it happens, it adds quite a few event and fact nodes onthe basis of the plan and leave event. The nodes correspond to the entire situation ofwhen we arrive at and leave from di�erent locations. This is illustrated below. All themessages about compilation refer to Lisp compiling the density sampling functions atnode creation time on the basis of the pdf rules.
Goo> (record (occ #@"11am" (leave home)))

Compiling LAMBDA NIL

Compiling Top-Level Form:

Goo: Adding #<Node 1 (LEAVE HOME) 11:00am>

Compiling LAMBDA NIL

Compiling Top-Level Form:

Goo: Adding #<Node 2 (ARRIVE TIMES-SQUARE) NIL>

Compiling LAMBDA NIL

Compiling Top-Level Form:

Goo: Adding #<Node 3 (BEG (LOC TIMES-SQUARE)) NIL>

Compiling LAMBDA NIL

Compiling Top-Level Form:

Goo: Adding #<Node 4 (END (LOC TIMES-SQUARE)) NIL>

Compiling LAMBDA NIL

Compiling Top-Level Form:

Goo: Adding #<Node 5 (LOC TIMES-SQUARE) NIL>

Compiling LAMBDA NIL

Compiling Top-Level Form:

Goo: Adding #<Node 6 (LEAVE TIMES-SQUARE) NIL>

Compiling LAMBDA NIL
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(leave home) (arrive times-square)

(beg (loc times-square))

(end (loc times-square))

(loc times-square)

(leave times-square) (arrive statue)

(beg (loc statue))

(end (loc statue))

(loc statue)Figure 5.6: The time net after recording departure time.
Compiling Top-Level Form:

Goo: Adding #<Node 7 (ARRIVE STATUE) NIL>

Compiling LAMBDA NIL

Compiling Top-Level Form:

Goo: Adding #<Node 8 (BEG (LOC STATUE)) NIL>

Compiling LAMBDA NIL

Compiling Top-Level Form:

Goo: Adding #<Node 9 (END (LOC STATUE)) NIL>

Compiling LAMBDA NIL

Compiling Top-Level Form:

Goo: Adding #<Node 10 (LOC STATUE) NIL>

NILThe time net looks like Figure 5.6. At this point, we have not added any infor-mation about the tra�c jam. Let us estimate our likely time of arrival at TimesSquare:
Goo> (compute)

Goo: Computing ...

Compiling LAMBDA (#:EFFECTIVE-METHOD-GENSYM- #:EFFECTIVE-METHOD-

GENSYM- #:EFFECTIVE-METHOD-GENSYM- #:EFFECTIVE-METHOD-GENSYM-):

Compiling Top-Level Form:

NIL

Goo> (node-density #{(arrive times-square)})

#(0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.001 0.0 0.001 0.0
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Figure 5.7: The plot for time of arrival.
0.0 0.001 0.001 0.004 0.002 0.003 0.008 0.008 0.012 0.021 0.032 0.032 0.041

0.05 0.057 0.056 0.078 0.058 0.057 0.058 0.073 0.06 0.056 0.042 0.036 0.049

0.034 0.024 0.007 0.01 0.007 0.005 0.004 0.002 0.003 0.004 0.001 0.002 0.0

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0)The message about compilation above is due to the Common Lisp Object Systemcompiling a class method dynamically at run-time. The density of the arrival time atTimes Square is returned as a vector. As noted previously, Sam can output a graphicsplot �le of a density in some popular formats such as xgraph and GNU Plot. Here weare outputting the above vector as an GNU Plot format �le:
Goo> (output-density #{(arrive times-square)} :file "arrive.text" :type :gnuplot)

NILThe result is shown in Figure 5.7.
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(leave home) (arrive times-square)

(beg (loc times-square))

(end (loc times-square))

(loc times-square)

(leave times-square) (arrive statue)

(beg (loc statue))

(end (loc statue))

(loc statue)

traffic-jam

(beg traffic-jam) (end traffic-jam)

Figure 5.8: The time net after recording tra�c jam.Now, we add information about the time of the tra�c jam. This results in nodesbeing added about the tra�c jam. In addition, the conditional density for the timeof leaving Times Square is replaced by a new function that depends on the tra�c jam(Figure 5.8).
Goo> (record (pdf (beg traffic-jam) () (lambda (norm #@"12:30" #!"0:45"))))

Compiling LAMBDA NIL

Compiling Top-Level Form:

Goo: Adding #<Node 11 (BEG TRAFFIC-JAM) NIL>

Compiling LAMBDA NIL

Compiling Top-Level Form:

Goo: Adding #<Node 12 (END TRAFFIC-JAM) NIL>

Goo: Replacing density for #<Node 6 (LEAVE TIMES-SQUARE) NIL>

Compiling LAMBDA NIL

Compiling Top-Level Form:

Compiling LAMBDA NIL

Compiling Top-Level Form:

Goo: Adding #<Node 13 TRAFFIC-JAM NIL>

NIL



5.3. AN EXAMPLE 147Now, let us estimate the start time of the tra�c jam. When we query the node-density, Goo knows that it needs to recompute the probabilities in the time net, andgoes ahead and makes the inferences. This behavior is controlled by a user settableswitch.
Goo> (node-density #{(beg traffic-jam)})

Goo: Computing ...

#(0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.001 0.0 0.0

0.004 0.0 0.001 0.006 0.005 0.006 0.006 0.004 0.005 0.01 0.019 0.012 0.017

0.017 0.021 0.024 0.024 0.037 0.033 0.035 0.042 0.046 0.036 0.05 0.047 0.045

0.039 0.04 0.044 0.035 0.033 0.037 0.035 0.031 0.031 0.018 0.019 0.013 0.021

0.011 0.01 0.005 0.007 0.008 0.003 0.001 0.0 0.002 0.001 0.001 0.0 0.0 0.0

0.001 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.001 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0

0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0)

Goo> (output-density #{(beg traffic-jam)} :file "jam.text" :type :gnuplot)

NILFigure 5.9 shows the plot of this density after we output it.Let us now evaluate the likelihood that we will end up in a tra�c jam if we drivethrough Times Square. Because this is an event relational query, and it has not beenasked before, Goo must create a node representing the relational query. At this point,depending on the parameters set for Sam, Sam can estimate the distribution for thisnode directly, or it recomputes for the whole network again. Sam can estimate directlyif it has kept around the samples generated in stochastic simulation. Because this isexpensive, it is usually not turned on, as is the case here. Therefore, Goo recomputes,and returns the assessment.
Goo> (P (< (date-of #{(arrive times-square)}) (date-of #{(beg traffic-jam)})))

Goo: Adding #<Node 13 (< (ARRIVE TIMES-SQUARE) (BEG TRAFFIC-JAM)) NIL>

Goo: Computing ...

0.69What if we now ask for the probability that we arrive in Times Square before noon?This probability can be estimated directly from the node density for the arrival event.
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Figure 5.9: The density of the beginning of tra�c jam.For this reason, Goo will not create a node for this query, and simply returns anestimate right away without computing.
Goo> (P (< (date-of #{(arrive times-square)}) #@"noon"))

0.523

Goo>That concludes our short example of how Goo is programmed, and how interactionwith Goo can proceed.5.4 Historical NoteMcDermott considered the issues behind creating a system for managing knowledgeabout time in [McDermott, 1982]. Dean [1985] developed those ideas in his TMM(Time Map Manager) work. Much of the conceptual underpinnings of the currentwork are inspired in part by this and other related work (especially [Shoham, 1988]).The TMM was a database for knowledge about time, facts, and events. Its rep-resentation of time was discrete, and it did not address issues of probability directly.



5.4. HISTORICAL NOTE 149It did maintain knowledge about time points 
exibly, however, by incorporating un-certainty in the form of temporal intervals. An event, for example, could be assertedto occur some time between two time points. A time point might itself be anotherevent, or in reference to a global clock. TheTMM always maintains constraints aboutfacts and events, and incorporates sophisticated facilities for exception handling. Itsdevelopment continues today in a more sophisticated form.The �rst probabilistic temporal database was ODDS [Dean and Kanazawa, 1989b].We have described the way that it handles probabilistic inference. ODDS implementeda very simple forward chaining deductive assertional database that incrementally builtup its probabilistic model on the basis of asserted facts and probabilistic rules.The concept of Goo, in its blend of logic and graphs, evolved gradually. Subse-quent to ODDS, research in language issues were gradually put aside as sophisticatedalgorithms for computing probabilities were sought. In much of this research, whichinvolved discrete time nets, the computational complexity of evaluation was suchthat we tended to concentrate on �xed models for each domain [Kanazawa and Dean,1989]. However, it was always assumed that there was a reasoning system that gener-ated the �xed models to be used for evaluation. As the research moved from discretetime nets to continuous time nets, such issues came to the fore again.This happened because of several reasons. First of all, the continuous time net,as we noted in Chapter 4, is a 
exible representation that is conceptually closer totemporal logics than is the discrete time net. The discrete time net often exhibitsa more restrictive character, and makes it quite di�cult to encode certain kinds ofinformation. On the other hand, to express one fact or event, a continuous time netrequires 3 nodes at most, rather than dozens or even hundreds, and the probabilitiesare expressed as simple functions. The continuous time net, with its ease of expressingsurvival models, also shares a�nity with ODDS, raising the possibility of resurrectingthe ODDS research agenda of creating a temporal database that handles uncertaintyinformation explicitly with probability. As a bonus, it turned out that the naturalway of encoding concepts such as events and facts had a close resemblance to theunderpinnings of the temporal database work of Dean's TMM. Thus was Goo born;indeed, its name stands for Grandchild of ODDS.In its combination of a general declarative knowledge representation with Bayesiannetworks, Goo is similar to previous work by Breese [1987], Wellman [1990], Goldmanand Charniak [1990], and Horsch and Poole [1990]. With Goo, it is possible to build



150 CHAPTER 5. GOOpropositional theories that specify what atoms to assert on the basis of which atomswere already asserted. The user can make requests of the form \Note this fact" orimplicitly \Create this random variable as necessary". Goo tries to match that nodeagainst construction rules, and if it matches any, then it would add whatever nodes arerequired, and operate recursively. The relatively simple framework of Goo is perhapsmost similar to Breese's ALTERID. At present, LL is not an object level languagefor describing Bayesian networks such as Poole's Probabilistic Horn Abduction [Poole,1991a; Poole, 1991b], although it may be possible to make it one.



Chapter 6Decision MakingAs we have touched on, the ultimate goal of this research is to provide a way ofmaking plans and of making decisions. We outline how the languages and modelsthat we have developed can be applied to decision making through the use of decisiontheory.6.1 Decision TheoryAs we touched on in Chapter 1, the goal of this work is to develop a way of forminga picture of the world, in order to be able to know what to do. In this section, weoutline how the model of reasoning about change introduced in the previous chapterssupport making plans and making decisions. In particular, we consider how to applydecision theory for the problem of planning and decision making.Decision theory is the (mathematical) study of decision making [von Neumannand Morgenstern, 1947; Savage, 1954; Simon, 1957]. It tells us the course of actionthat a rational agent should choose from a set of alternatives. Decision theory in thissense is said to be a prescriptive theory. The opposite, a descriptive theory, tells uswhat people do choose. Parts of psychology constitute a descriptive theory of humandecision making.Classically, the choice that decision theory prescribes for an agent is the optimaldecision, the best decision that an agent can take in a situation. The optimal decisionis de�ned as the decision that results in the highest expected utility. The expectedutility is the mathematical expectation, or expected value, of the utility. It is derivedas the (probability) weighted sum of the utility.151



152 CHAPTER 6. DECISION MAKINGThe utility is a measure of the desirability of di�erent situations. Since desirabilityis subjective, it only makes sense to talk about utility with regard to a particularsubject, usually an agent, possibly a society of agents. Here, we assume that byutility, we mean utility for some single decision maker whenever we do not referspeci�cally to the subject.Commonly, utility is a function that assigns a numeric value to the desirability ofeach di�erent situation. Alternatively, the utility may be de�ned in terms of a totalor partial order that indicates which situation is preferred over which other situations.In either case, the utility de�nes a preference order over the space of situations.Decision theory, as it developed in the 1950s and later, was intimately linked tonotions of optimal economic behavior , or decision making in the context of economicsand business. Furthermore, some of the basic example problems concerning rationalchoice (as developed mathematically as well as philosophically) have to do with whata rational agent would bet in some betting situations.Definition 6.1In the following, let our knowledge of the world be encoded in some set of randomvariables X = fx1; x2; : : : ; xng. The utility is a mapping U : X 7! R, where R isthe real numbers. The expected utility of each decision d is simply the conditionalexpectation of U given that we take decision D = d:E[U jD = d] = Xx2
X U(x)� P (X = xjD = d)where 
X is the set of all possibilities for the random variables X. The optimaldecision is the decision with the highest expected utility:Dopt = arg maxd E[U jD = d]We de�ned some simple examples involving utility in previous sections. One ofthese involved a task � with a deadline �, and a cost function cost. The cost functionis just a variation on the utility. Usually, cost is negative utility; in other words, acost of 1 is a utility of -1. Let us recast the cost function as utility over the dates �and �: U(�; �) = 8<: +1000000 if � < ��1000000 otherwise.We change the example slightly and let the utility of completing task before deadlinebe 1000000 and the cost of not completing �1000000.



6.1. DECISION THEORY 153Let us brie
y consider a simple example of how the expected utility would bederived. We assume that our decisions consist of f�; �g. If we do �, there is a 0.5probability that � will occur before �, and 0.5 probability that it will occur after. Ifwe do �, then there is 0.8 probability that � will occur before �, and 0.2 probability ofits occurring after. Note that this is a drastic simpli�cation: in general, we have arecontinuous density functions giving the likelihood of occurrence of � over the entiretime line, instead of point probabilities as in the presentation here.Let do(') denote the act of undertaking '. Then, the expected utility of doing �is given byE[U(do(�))] = E[U(�; �)jdo(�)]= X� U(�; �)P (�; �jdo(�))= U(� < �)P (� < �jdo(�)) + U(� � �)P (� � �jdo(�))= 1000000 � 0:5 +�1000000 � 0:5= 500000 +�500000= 0Similarly, the expected utility of doing � is given byE[U(do(�))] = E[U(�; �)jdo(�)]= X� U(�; �)P (�; �jdo(�))= U(� < �)P (� < �jdo(�)) + U(� � �)P (� � �jdo(�))= 1000000 � 0:8 +�1000000 � 0:2= 800000 +�200000= 600000Since E[U(do(�))] > E[U(do(�))], the decision theoretic prescription is to do �in this situation.The general case of the expected utility on a continuous time-line was given before.It is the integral over all costs of the product of the cost and its density:E[U(�; � )] = Z +1�1 U(�; � )f(�; � )d�:For decision making, this integral would be conditioned on the possible actions.Such expected utility computations form the basis of decision theory. In practice,searching for an optimal solution by maximization over the space of possible actions



154 CHAPTER 6. DECISION MAKINGis often combinatorily prohibitive. Such a search may be impractical in many situa-tions. Simon [1957; 1975] has argued that humans often make decide on the basis ofsatis�cing solutions rather than optimal solutions. A satis�cing solution is a solutionthat is \good enough", rather than \the absolute best possible".The idea of a decision theory based on criteria other than optimizing expectedutility has seen a resurgence in recent years in various forms [Horvitz, 1987; Russelland Wefald, 1989; Boddy and Dean, 1989]. This has occurred most notably in relationto constraints about reasoning time. If there is a limited time in which to make adecision, then it may not be possible to explore all possible solutions. A decision makerin such a situation may have bounded rationality [Russell and Wefald, 1991], at leastin the sense where rationality is de�ned as always doing the decision theoreticallyoptimal action.6.1.1 Language IssuesCan we represent decision theoretic choice by a logic-like language such as we didwith probability and time? We have seen in Chapter 2 how an LL language canbe extended to represent and reason about arbitrary quantities given by measuringfunctions. The utility function, or the cost function, is indeed a measuring function.We also discussed the addition of the expectation operator to LL. In that sense, LLalready has the facility to represent decision theoretic choices. Each decision becomes,in e�ect, a conditioning event.As we noted, Haddawy [Haddawy, 1991] de�nes a logic similar to LL for repre-senting decision theoretic plans. His logic provides more facilities, and distinguishesbetween event occurrences and action attempts. Through these, he is able to providea cleaner logic for decision theory. LL does not have such facilities.6.2 The In
uence DiagramWe considered the extension of Bayesian network to include utility functions in Sec-tion 4.3.2. As it happens, there is a special class of such graph models tailored foruse in decision theory known as the in
uence diagram [Miller et al., 1976].The in
uence diagram generalizes the Bayesian network by including the e�ectsof deterministic decisions and the utility function. An in
uence diagram is a directedgraph D = (N;A), consisting of a set of nodes N , and a set of arcs A. The nodes
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Utility

τ

Decision

δ

Figure 6.1: An in
uence diagramconsist of chance nodes C, decision nodes D, and value nodes V . Chance nodesrepresent general random variables of interest, and are essentially the same as thenodes of a Bayesian network. As with Bayesian networks, they may be discrete orcontinuous. Decision nodes model deterministic choices of a decision maker. They arediscrete valued; each state of a decision node corresponds to a deterministic choice bya decision maker to perform a certain action. Value nodes are continuous valued andrepresent the utility function. A value node is essentially a special chance node. Ingraphically depicting an in
uence diagram, the following convention is often adopted:a chance node is a circle, a decision node is a square, and a value node is a diamond(see Figure 6.1).An arc in an in
uence diagram is a directed graph edge, similar to an edge ina Bayesian network. Instead of representing only (probabilistic) dependence, theexistence of arcs in an in
uence diagram indicates di�erent things depending on thetype of node that the arc points to. For each chance node c, the arcs that enterit indicate the nodes that c is dependent on. Associated with each chance node cis a conditional probability function dependent on its parents, or an unconditional(marginal) probability function if c has no parents. For each decision node d, an arcthat enters it indicates informational precedence. If there is an arc from a node nto a decision node d, it means that at the time that the decision maker makes thedecision corresponding to d, the value of the node n is known. n in this case may bea chance node or another decision node. There is no function associated with suchan arc. However, it means, for instance, that a decision that precedes d must beselected before d is selected. Finally, each edge going into a value node v indicateswhat random variables the value node directly depends on.



156 CHAPTER 6. DECISION MAKINGIn addition to the above, each arc pointing from a decision indicates what randomvariables (including the utility function) are directly a�ected by the choice of decision.A decision node must have an arc to every decision that follows it. Furthermore, inan in
uence diagram, there must be a total order with respect to the decision nodes.In other words, the decisions must be made in a sequence. A value node can onlypoint to another value node, if it points to anything.Associated with each value node is a value function mapping from its parents. Theoverall value function of an in
uence diagram, V, is a function of each of the valuefunctions of V , typically a sum or a discounted sum. In in
uence diagram terminology,the utility is represented by value nodes. In the standard treatment of the in
uencediagram, there is generally only one value node for each in
uence diagram. Ourtreatment here is completely in line with the standard treatment, however, as theset V can be aggregated into one value node as necessary. We adopt multiple valuenodes as they have some representational and computational advantages. There areother constraints that de�ne \proper" as opposed to irregular in
uence diagrams. Fordetails, see [Shachter, 1986].Thus, an in
uence diagram corresponds to a Bayesian network, with the additionof two things: decision nodes that may in
uence the state of the chance nodes and thevalue nodes, and a value function that evaluates the (resulting) state of the chancenodes and decision nodes. Let a policy be a set of unique choices for the decisionnodes D. Each policy, along with any marginal distributions on the chance nodesde�nes a unique probability distribution over all the chance nodes. This, in turn,de�nes the expected utility of implementing the policy.Shachter [1986] has developed an algorithm for computing the optimal policy (thepolicy with highest expected utility) on the basis of graph operations. This is theonly known in
uence diagram speci�c evaluation algorithm. However, due to thesimilarity between the Bayesian network and the in
uence diagram, it is possibleto use an algorithm for evaluating a Bayesian network for evaluating an in
uencediagram and vice versa. In our own work, we have generally applied a Bayesiannetwork algorithm to in
uence diagram evaluation, as there are more e�cient specialalgorithms for the former, as we saw in Chapter 4.In [Kanazawa and Dean, 1989], we de�ne a special class of in
uence diagram thatwe simply called domain models. A domain model is essentially an in
uence diagramwhere the chance nodes (and perhaps decision nodes) constitutes a discrete time net,



6.2. THE INFLUENCE DIAGRAM 157and in particular, a Markov time net.1 In a domain model, the value function is ofa special form called a time separable value function. By the latter, we mean thefollowing. Let V be a set of value nodes fVt : t 2 Tg, where T is assumed to bethe set of time points that we are interested in. Assume that for each time point t,there exists a function Ut such that Vt = Ut(CV;t); CV;t � Ct. We say that our valuefunction is time separable if the total value V is given by a function f .V = f(V ):In that case, we say that Vt is the objective value at time t As we noted earlier, f willbe typically be a sum or discounted sum of the Vt, i.e.,f(V ) =Xt Vtor f(V ) =Xt 
tVt;where 
 is a discount factor [Howard, 1971].In the domain models of our simpli�ed environment, a decision maker needs tomake only one decision at any point in time: what plan of action to follow. Figure 6.2depicts part of a domain model for a simple simulated autonomous \agent" [Kanazawaand Dean, 1989]. This agent is designed to model a mobile robot that moves aboutin a simple environment and tries to stay in operation by replenishing its energy atlocations known to have energy sources. The part of the domain model in the �gureencodes how certain actions, such as moving, change the robot's position with respectto locations, and models changing expectations about the energy remaining at a givenlocation.These domain models can be considered descendants ofMarkov decision processes[Howard, 1960; Howard, 1969; Howard, 1971]. A Markov decision process is a modelin which there is a decision, state vector, and a value for each of a sequence of discretepoints of time. It is equivalent to a proper Markov time net with the addition of adecision node and a value node to each time point (for a point-based Markov timenet). Their similarities are the Markov assumption, the discrete temporal model, andthe time separability of the value function. A key di�erence is that a Markov decisionprocess represents a sequential decision problem, where there is a decision for eachtime point, whereas the domain model has only one decision. Furthermore, we noted1For this reason, we have also called a domain model a Markov in
uence diagram.
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VALUEFigure 6.2: A simple domain model for a situated agentthe representational parsimony of the graph approach over the traditional transitiontable approach of the Markov process.In general, the sequential decision problem undergoes severe combinatoric prob-lems. This is because there is an exponential number of possible sequences of de-cisions. We have avoided some of the combinatorics of this full blown problem byadopting the plan selection decision as our sole decision. Thus, the rationale foradopting plans in our scheme is a little di�erent from that of classical planning. Weare not choosing to undertake a sequence of actions only because it is \correct" insome sense. Rather, a principal motivation is precisely its role in simplifying thesequential decision problem. Rather than facing a di�erent decision about whetherto turn right, left, eat or refuel at every possible time point, we can instead adopt acanonical sequence of actions. If we are not at a location where food exists, there islittle reason to consider eating as a decision.As it turns out, just as the Markov time net was equivalent to the Markov process,we may de�ne a version of the in
uence diagram that is equivalent to the Markovdecision process (see Figure 6.3). Such a model was apparently �rst investigated by
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ValueFigure 6.3: A Markov decision process in
uence diagram
UtilityTurn Arrival TimeFigure 6.4: A continuous-time in
uence diagramTatman [Tatman, 1986; Tatman and Shachter, 1990]. In his paper, Tatman provesthat in
uence diagram manipulation operations produce the same results as for thedynamic programming solution to the Markov decision process sequential decisionproblem. Again, such operations are of exponential order complexity.In addition to domain models, it is also possible to de�ne in
uence diagramscorresponding to continuous time nets. Again, the graph for such an in
uence dia-gram is considerably simpler in comparison with a discrete time net based domainmodel. In fact, the in
uence diagram that we depicted before (Figure 6.1) is for acontinuous-time domain, representing the deadline example from Section 4.3.2. Asanother example, a continuous-time in
uence diagram might include a decision onwhether to take 7th Avenue or Broadway at Times Square. Then arrival time atsome location would be a�ected, and hence, the utility (Figure 6.4).In the standard treatment of the in
uence diagram, the decision node is always adiscrete-valued node. It is possible to extend this by considering a continuous-valueddecision node. For instance, in controlling a mobile robot, we may wish to have a�ner classi�cation of turning beyond just right and left, to a continuous-valued motorcontrol voltage.



160 CHAPTER 6. DECISION MAKINGAs with the discrete case, in general, there is no solution for the optimizationproblem in the continuous case other than to consider all alternatives. Thus, �ndingthe optimal value for a continuous decision node is like turning a dial all the wayfrom end to end, or an antenna all the way around to �nd out where we get the bestreception. There is no general algorithm that would, for instance, answer what thebest angle is without such an exhaustive search.In practice, we often need to discretize the parameter space of a continuous deci-sion node �rst before we search for the optimal value. This is because it is impracticalto \try all the 
oating point numbers". If the discretization is �ne grain, then thestate space for the decision node becomes large, and this may lead to prohibitive com-binatorics. On the other hand, if the discretization is overly coarse, then the decisionsmay not be truly optimal. To continue the analogy of turning a dial or antenna, adiscretization is akin to having notches that force the dial to jump in increments,rather than smoothly all around. If the notches are far apart (the discretization iscoarse), then we may miss the frequency or antenna angle with the best reception. Aswe have mentioned before with regard to discretization of continuous ranges, there isno single answer that is right: a problem de�nes what a good discretization is.6.3 SummaryTo summarize this chapter, the framework that we have developed in this thesis iseasily extended to handle decision making through decision theory. The approachdeveloped here has been extended and applied to real mobile robots that navigatein an o�ce environment using ultrasound and visual information [Dean et al., 1990].In addition to time net based in
uence diagrams such as in domain models, we haveapplied in
uence diagrams to the task of spatial inference and learning [Basye et al.,1990].As we see in the Markov decision process sequential decision problem and in thecontinuous optimization problem, the use of in
uence diagrams in temporal decisionmaking often involves prohibitive combinatorics. We believe that this accounts atleast in part for the relatively small (although growing) body of work in arti�cialintelligence that uses decision theory. This is an issue for decision theory in general,and has led to an active interest in models of \bounded rationality" [Simon, 1957;



6.3. SUMMARY 161Russell and Wefald, 1991]. The question of decision theoretic optimization in a con-tinuous space is an important issue where much might be learnt from control theory[Dean and Wellman, 1991].
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Chapter 7ConclusionsWe conclude by o�ering assessments and future directions.7.1 ContributionsThis dissertation is about how to picture the world and how it changes over time. Itschief contribution is in e�ecting a practical and coherent synthesis of ideas bridgingrepresentation in logic and inference in graph models for reasoning about time andprobability.Starting from the early ODDS model, we have developed a successively more ex-pressive approach to the modeling of temporal uncertainty in the world. The primaryquestion attacked is that of predicting the persistence of states of the world. We havealso contributed in applying the framework to decision making in intelligent systems.In this e�ort, we developed ways to represent time, change, and chance, includ-ing models adopted in a straightforward manner from queueing theory, graph modelsrelated to Markov process theory and survival analysis, and logics that add a prob-abilistic component to commonsense temporal logic. The underlying structure ofknowledge and theories about time, change, and uncertainty are shared by the logicand graph models, making it easy to move from one to the other. This transparentconnection promises a wider applicability of methods of temporal reasoning underuncertainty in practical problem solving applications.We have o�ered algorithms for moving from general knowledge expressed in a logic-like language to graph models, and an e�cient way to perform inferences for predictionin the graph models. There have been a number of implementations of the ideas163



164 CHAPTER 7. CONCLUSIONSdeveloped in this dissertation, culminating in the Goo probabilistic temporal database.Experiments with Goo bear witness to the promise of combining a general knowledgerepresentation language with graph models for an intelligent tool for envisioning theworld and for making decisions.The models that we developed, especially the discrete-time model, have beenapplied successfully in real-time control of an autonomous mobile robot. We havecontributed by de�ning the basic decision model, as well as e�cient implementationsfor proving that it can be made to work in the real world.7.2 Limitations7.2.1 Logic of LifetimesInsofar as a language for representing facts and events and their probability, thebasic LL languages were designed with the goal of being the simplest possible. Wesuggested many possible extensions in Chapter 3. A basic limitation of the currentlogic of lifetimes is that general atemporal random variables are not modeled. Wehave not o�ered a detailed proof theory, instead taking the expedient of performinginference in a theory by translating to time nets. It should be possible to developan approach that performs more work in the logic rather than just in the time net.We have not de�ned the semantics for the �rst-order language. The logics do nothave features for representing qualitative probability, plans, decisions, information,knowledge, introspection, desire, and belief. They are tailored for reasoning aboutthe actions of a single agent.7.2.2 Time NetsBayesian networks are still a relatively expensive computational tool. Their essentialpropositional character precludes the direct encoding of domain theories within theobject language. We saw this di�culty surface in the di�erent character of discreteand continuous time nets. A Bayesian network model needs to be quantitative andcomplete. Apart from some work in qualitative probabilistic networks (QPN) [Well-man, 1990], graph models generally commit the modeller to quantitatively specify allconditional probability distributions completely. Approximation algorithms to move



7.3. FUTURE DIRECTION 165from quantitative to qualitative models according to error and other criteria are lack-ing. Ensuring consistency of the di�erent distributions is outside the model. Finally,there are relatively few methods for learning the distributions from experience.7.2.3 GooThe most di�cult limitation of Goo is the inability to translate arbitrary theoriesinto time nets. It was necessary to ensure that propositional theories are acyclic toensure termination of the model construction algorithm. Although Goo allows thespeci�cation of arbitrary theories, it does not guarantee that models will be acyclicor that the model construction algorithm will terminate. Theories for Goo need tobe built with a �rm understanding of the implementation rather than being trulygeneral purpose.Goo does not allow assertion of holds of durational facts (as opposed to simple)facts. It does not allow retraction of assertions at all, except to cycle through di�erentalternative values for an existing proposition. Unground queries and assertions (apartfrom pdf rules) are prohibited. The requirement for complete rule subsumption (totalorder over competing rules) is restrictive.The single model assumption needs to be relaxed in practice, but Goo cannotresolve con
icts between two di�erent models. There is no notion of informationbecoming obsolete, and Goo does not know when to replace its current model byanother. A user needs to know what type of time net to create a priori. Goo doesnot select the most appropriate type of model according to performance and errorcriteria. Finally, Goo only forward chains for model construction, and it is not tailoredfor diagnostic applications.7.3 Future DirectionThere are many directions for extending this research. These include both theoreticaland experimental aspects.7.3.1 ModelingIn terms of basic modeling for prediction, there is room for further exploration ofrelated work in mathematics and statistics. This includes work in time series analysis,



166 CHAPTER 7. CONCLUSIONSclassi�cation and regression trees, and function approximation.7.3.2 LanguagesWe have already identi�ed many ways in which LL can be extended. A fruitfulexercise will be to explore some of these languages, especially with regard to therepresentation of actions and plans, and of continuous quantities. It would be fruitfulto incorporate a notion of information and observations into the languages to allowspeci�cation of informational actions and goals in plans.Important areas for exploration include reasoning about rationality, belief, inten-tion, and desire, especially in the context of a society of communicating agents.7.3.3 Graph ModelsThe last decade has seen tremendous progress in the development of graph models.There are many remaining practical and theoretical issues in their however. Fromthe AI viewpoint, an important limitation of these models is their basic propositionalnature. It is possible that further work in the combination of 
exible knowledgerepresentation and run-time model construction o�ers the most promising avenue fornear term gains in this regard.Another fundamental limitation of Bayesian networks is their acyclicity. Althoughthere are numerous proposals that relax this assumption in various ways, none are asyet adequate from the point of view of temporal and action representation. Intuitiveschemes for handling cyclical dependencies are likely to lead to wider acceptanceof Bayesian networks as a modeling tool within and outside arti�cial intelligence.Promising approaches include the identi�cation of new types of prototypical temporalinteractions that simplify speci�cation of theories.Another issue is not con�ned to graph models. This is the issue of the complexityof the real world. AI has yet to develop truly satisfactory ways of representing space,features for vision, and other things that seem essentially continuous. Graph modelsare not currently very good for representing these.7.3.4 DatabaseAlthough there are many issues of interest in further development of the logic andgraph models, the greatest area of obvious future work lies in further development



7.3. FUTURE DIRECTION 167of the temporal database and the theory underlying dynamic management of tempo-ral uncertainty information. One possibility is to continue the path started in Goo.Another is to explore the relation of the probabilistic temporal database with con-straint logic programming [van Hentenryck, 1991; Ja�ar and Lassez, 1987] and withnon-probabilistic temporal databases such as the TMM, and combining discrete op-timization methods with probabilities.Progress on translating arbitrary theories into time nets is essential for futuredevelopment. This includes automatic unfolding of cyclical theories into acyclicalmodels. Extensions for allowing assertion of holds and unground queries and asser-tions should be relatively straightforward. A more di�cult but important extensionis handling multiple models with strategies for con
ict resolution.7.3.5 ActionThe combination of nonlinear planning with decision theoretic models are a promisingavenue to explore [Peot, 1992]. In planning, there is a greater need to interleaveconstruction and evaluation of multiple models. Finally, there need to be provisionsfor meta-level control of inference [Good, 1976; Horvitz, 1987; Dean and Boddy, 1988;Boddy, 1991] and automatic generation of adequately accurate, as opposed to correct,models from theories based on performance criteria.7.3.6 LearningThe ODDS project where it all began provided a facility for learning the probabilitydistributions that it used for prediction from experience. It is important to incor-porate learning of models into our framework, as model speci�cation can impose aconsiderable burden on users. This is a wide open area, including simply learningfact duration and event occurrence statistics, learning statistics from cases, learn-ing appropriate graph structure [Pearl and Verma, 1991; Glymour et al., 1987], andinduction of logical theories.In decision-making applications, it may be equally important to bypass inference,and learn the right actions in di�erent situations directly. Current work in this areaincludes work in reinforcement learning [Sutton, 1990; Kaelbling, 1990].



168 CHAPTER 7. CONCLUSIONS7.3.7 ApplicationsLast but not least, we must further explore the application of the ideas in this thesis inreal applications. Domains of particular interest are medicine, distributed networks,transportation, and robotics and vision. In medicine, it is important to be able tomake inferences about the likely progression of conditions in patients over time, andthe e�ects of therapy actions over time. There is a lot of uncertainty involved inthe inference and therapy planning, and the approach developed here seems ideallysuited. Intelligent agents in distributed networks, or softbots [Etzioni and Segal, 1992],need to reason about network conditions, and the e�ects of actions by it and otheragents over time. Because of the expected growth of the use of computer networks,such agents are promising domains for investigating planning and temporal reasoning.Transportation, both air and ground, are large scale domains in which reasoning aboutduration of actions is important, and because of its importance to the economy, it isanother promising area. Finally, mobile robots often need to reason about the e�ectsof their actions, what it is likely to observe over the course of time. We would liketo extend our preliminary investigations in application in mobile robots into highlydynamic situations.7.4 CodaWhat have we accomplished? Did we complete what we set out to do?The short answer to the �rst question is given in Chapter 1. What we have donein this thesis is to develop:� Ways to represent our knowledge about time, change, and chance.� Ways to e�ciently extrapolate from our knowledge in order to envision thefuture.In order to answer the second question, we need to have an idea of what it isthat we set out to do in the �rst place. We informally stated our problem as that ofdeducing what will be true in the future, and of selecting a good action in a mannerthat is timely and useful.Both problems are hard. It may be that they will never be \solved". The �rstproblem, of prediction, will probably keep philosophers and scientists happily em-ployed for many years to come. The second, of choice, is equally di�cult. Indeed, in



7.4. CODA 169our view, it is inextricably tied with the �rst problem; at some level, a smart choicecannot be made without some notion of what may occur. Therefore, where the �rstposes di�culties, so will the second.Thus, the short answer to the second question above is a resounding no. We didnot complete the task we set out for ourselves. But given the di�culty, the questionin that sense is almost meaningless. We may ask instead, \Did we contribute to anunderstanding of the problems or make some headway in tackling them?"The answer here must be a resounding yes. We have de�ned new useful mod-els, languages for describing them, and ways to e�ciently make inferences with themodels. We have implemented our ideas in many di�erent ways never before tried.Taken piece by piece, some of what we accomplished are extensions, or turned outto be similar to what had been accomplished elsewhere. However, we have made aunique contribution in answering to both representational and computational issues.The work that we develop in Chapter 3 is similar to work in commonsense reasoning.The work developed in Chapter 4 is similar to other work in graph models. However,whereas most work in commonsense reasoning focuses almost exclusively on represen-tational issues, most work in graph models fail to connect with ideas in commonsensereasoning. In our logics and in the time net models, we provide two languages thatanswer to the concerns of the two di�erent \camps". In our case, the two types oflanguages share the same commitment about what to model and how to model them.In Goo, we began to merge the two strains, demonstrating an essential conceptualbridge toward continuing the enterprise of representing and reasoning about time andprobability. In that regard, we have clearly contributed to understanding issues andin making headway in tackling them.In the words of the great Mel Blanc,That's All Folks!
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