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AbstractWe are concerned with temporal reasoning problems where there is uncer-tainty about the order in which events occur. The task of temporal reasoningis to derive an event sequence consistent with a given set of ordering con-straints immediately following which a goal is achieved. Previous researchshows that the associated decision problems are hard even for very restrictedcases. In this paper, we present a localized temporal reasoning algorithmwhich uses subgoals and abstraction to exploit structure in temporal order-ing and causal interaction. We investigate (1) locality regarding orderingconstraints that group events hierarchically into sets called regions, and (2)locality regarding causal interactions among regions, which is characterizedby subsets of the set of conditions. The complexity for a problem instanceof temporal reasoning is quanti�ed by the inherent locality in the instance.We theoretically demonstrate the substantial improvements in performanceby exploiting locality.Key words: Temporal Reasoning about Events, Planning, Sub-goals, Abstraction
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1 IntroductionWe are interested in reasoning about a dynamical system whose state ismodeled by a set of conditions P. Each condition has a status, true orfalse, at a given point in time and the evolution of the system correspondsto a sequence of state changes. The evolution of the system depends on theinteractions among a set of events E. An event e in E changes the systemstate according to a set of causal rules associated with e. A causal ruleassociated with an event e is a STRIPS-like operator describing the causale�ects of e when the antecedent requirements of the rule are satis�ed. Byassociating multiple rules with an event, we can model the conditional e�ectsof the events. In this way, each event determines a state-transition relationon the state space determined by P [LD93]. The ordering of the eventsis uncertain. The possible event sequences are determined by a given setof ordering constraints on the events. Generally, many event orderings arepossible, each of which may result in a di�erent evolution of the system.Given the initial state and a set of goal conditions G, the task of temporalprojection is to (1) detect the existence of a possible event sequence imme-diately following which the conditions in G have speci�ed statuses, and (2)generate one such event sequence if one exists. In other words, the task oftemporal projection is to predict the possibility of reaching the goal stateswhere the conditions in G have the speci�ed statuses, and report one possi-ble event sequence which ends in the goal states. For example, consider apartial plan where the ordering of the components is constrained by somepartial order. Using temporal projection, we can coordinate the componentevents to reach the goal states in a way consistent with the inherent orderingconstraints. On the other hand, we can also apply temporal projection tovalidate the partial plan by (1) specifying the undesirable states as goal stateswhere the set of goal conditions have the speci�ed statuses, (2) detecting thepossibility of reaching undesirable states, and (3) reporting such a possibleevent sequence as evidence.Temporal projection can be considered as a special kind of planning.For temporal projection, the planner does not have full control over theevents. Instead, the reasoner need to achieve the goal under the restrictionsthat (1) the number of events is �xed, and (2) the event ordering must beconsistent with the inherent ordering constraints. Dean and Boddy [DB88]study a variant of temporal projection. Their investigation focuses on the4



numbers of preconditions and postconditions in causal rules, and the numberof causal rules associated with events. They show that temporal projectionis NP-Complete even if we severely restrict the forms of causal rules andthe numbers of rules associated with events. Nebel and B�ackstr�om [NB92]prove the NP-Completeness of a special case of temporal projection, whichis previously conjectured to be tractable in [DB88]. For this special case,the corresponding planning problem turns out to be solvable in polynomialtime [NB92]. This happens because in the corresponding planning problem,the planner is free to select an arbitrary set of event instances from a �xedset of event types with no ordering constraints on events, while in temporalprojection, the reasoner does not have full control over events and theirordering. It indicates that ordering constraints play an important role in thecomputation complexity.The associated decision problems for temporal projection [DB88] [NB92][LD93] and planning [BK91] [Byl91] [Cha87] [DB88] [GN91] are hard evenfor very restricted cases. We have been trying to understand why temporalprojection are so di�cult and what, if any, structure might be extracted fromsuch problems to expedite decision making and inference [LD93]. We �ndthat the size of the state space is also an important factor of complexity.We depict the complexity trade-o�s involving (1) the ordering constraints onevents, (2) the size of the state space, and (3) the number of causal rulesassociated with individual events. Our results indicate that it is necessary toexploit structure to expedite temporal projection. Our investigations havefocused on the notions of locality in event ordering and the structure of thesearch spaces.In this paper, temporal projection is viewed as search. To expedite search,we develop a localized-reasoning algorithm to exploit structure in probleminstances. The use of event-based localized reasoning in planning has beenadvocated by Lansky in GEM [Lan88]. Localized reasoning exploit local-ity to improve performance. In GEM, locality regarding domain behavioris modeled by \regions". \Regions" in GEM are composed of sets of inter-related events whose behaviors are delimited by event-based temporal logicconstraints. In this paper, we investigate the corresponding notion of re-gions in the temporal projection problem, which models locality in time. Inaddition, we study the dependencies between conditions and regions, whichmodels locality in search spaces. Our localized-reasoning algorithm expeditessearch by subdividing a global search space into local search spaces. Instead5



of a global search, we conduct local searches and propagate the e�ects oflocal searches to derive a solution.Locality in time in a particular problem instance is modeled by a hier-archy of regions. A region is a subset of closely related events which occuras an atomic group. The events outside a region must occur either before orafter the events in the region. Given a hierarchy of regions, we can identifysubsets of the conditions which characterize locality in the search space. Thecoupling conditions of a region R are the media for inter-regional interactionsbetween the events in di�erent child regions of R. The abstract conditions ofa region R are the media for the interactions between the events in region Rand the events not in R. The knowledge of abstract conditions and couplingconditions enables us to construct local search spaces for individual regions.Locality in a problem instance can be measured by the sizes of the sets ofcoupling conditions and the numbers of child regions in individual regions.The computation complexity of our algorithm is quanti�ed by the localitymeasure of the problem instance. Our theoretical results demonstrate thedramatic performance improvement by exploiting locality in temporal pro-jection.The notions of subgoals and abstract events play important roles in ourlocalized-reasoning algorithm. Our approach of subgoal and abstraction isdi�erent from previous work of using subgoal [Kor87] and abstraction [Chr90][Kno91] [YT90] in reducing the search e�ort in planning. In this paper, sub-goals and abstract events are derived according to the structure in eventordering and search space inherent from the individual problem instances.Given an instance of the temporal projection problem, the goal can be de-composed into subgoals in individual regions. Starting from the bottom levelof the region hierarchy, we construct and search the local search spaces ofindividual regions level by level until we reach the root. In a region R, weconduct local search to achieve the regional subgoal. We also identify theantecedent requirements and the causal e�ects to achieve the regional sub-goal. These requirements and e�ects are summarized as a set of causal rulesregarding the abstract conditions of region R. We refer to this set of causalrules as the abstract event eR of the region R, and propagate this informationto the R's parent region in the region hierarchy. The local search space ofregion R is constructed according to (1) the information of all the abstractevents propagated to R, and (2) the coupling conditions of R. In this way,typically only a small number of abstract events and a small subset of the6



conditions are involved in the local search of a region. This is the reason whyour localized-reasoning algorithm can substantially improve the computatione�ciency.The remainder of the paper is organized as follows. In Section 2, we usean example to illustrate the perspectives and applications of reasoning aboutthe consequences of events. Section 3 starts with the de�nitions and nota-tions to describe the temporal projection problem and its variants. We theninvestigate the complexity trade-o�s involving the numbers of rules of events,the ordering constraints on events, and the sizes of state spaces. Section 4illustrates the notions of regions, region hierarchy, and locality in event or-dering. Section 5 depicts the locality in causal interaction among regions,and identi�es the characteristic subsets of conditions of individual regions.This allows us to de�ne regional subgoals and abstract events of individualregions. In Section 6, we propose our localized-reasoning algorithm to exploitlocality in temporal projection. We analyze the complexity of the algorithmand theoretically demonstrate the substantial performance improvement.2 Reasoning about the Consequences of Events2.1 A Bathroom ExampleConsider the following example. In Figure 1-a, six tenants, e1; e2; e3; e4; e5; e6share the bathroom of their apartment. e1 and e2 are a couple (couple X).e3 and e4 are a couple (couple Y ). e5 and e6 are a couple (couple Z). Werefer to these six tenants as a group W . In the bathroom, there are eightswitches a; b; c; d; e; f; g; h.All these six persons work late at night. When they arrive at home,each person use the bathroom once before they go to sleep. While using thebathroom, they may turn on or turn o� the switches. Figure 1-b depictstheir individual behaviors in the bathroom. For example, e1 likes to turn onswitches a and b and turn o� switch c if switches a and b are both o� whenhe enters the bathroom; otherwise, e1 just let all the switches intact.Figure 1-c displays ordering constraints regarding the use of bathroom.For each couple, they use the bathroom in a row. In other words, immedi-ately after one uses the bathroom, the other one will use the bathroom. Inaddition, couple X always uses the bathroom sometime after couple Y uses7
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Figure 1: Temporal reasoning about sharing a bathroom8



it, while e6 always uses the bathroom sometime before e5. The landlord ofthe apartment uses the bathroom once and goes to sleep before the tenantscome back. After using the bathroom, the landlord turns o� all the switches.The following four scenarios describe various tasks in reasoning about thepossible consequences of using the bathroom.Scenario 1: The landlord is informed that due to a design fault the wholeelectrical system may burn out if the switches a; b; d; e; g; h are all turned onovernight. The landlord would like to(1) determine whether the switches a; b; d; e; g; h may be turned on overnightafter all of the tenants use the bathroom, and if this is possible,(2) come up with a total order on the tenants which ends in the undesirablesituation if the tenants use the bathroom in this order, and(3) explain why the total order and the individual behaviors will result inthe undesirable situation.Scenario 2: To save electricity, the landlord would like to derive a total orderon the tenants such that all the switches are automatically turned o� afterthe six tenants use the bathroom in this order.Scenario 3: The landlord is informed that the whole electrical system mayburn out as soon as the switches a; b; d; e; g; h are on at a time. The land-lord would like to determine whether such an undesirable situation can occurwhile one of the tenants is using the bathroom.Scenario 4: The tenant e5 is informed that the whole electrical system mayburn out as soon as the switches a; b; d; e; g; h are on at a time. The tenante5 would like to determine whether such an undesirable situation can occurwhile e5 himself is using the bathroom.2.2 Perspectives and ApplicationsIn this bathroom example, we have a description of a dynamical system, andour task is to reason about the consequences of events in this system. Thisis the essence of the kind of temporal reasoning problem considered in thispaper. The following is the description of the underlying dynamical system9



in the bathroom example.States: The statuses of the eight switches determine the state of the dynam-ical system. In the initial state (i.e. the state at the time immediatelybefore the tenants use the bathroom), all the switches are o�.Events: The use of bathroom by a tenant is an event, which can changethe system state according to the tenant's behavior described in Fig-ure 1-b. Therefore the six tenants corresponds to six events that a�ectthe system state. In this example, the e�ects of an event are describedby a if-then sentence while in general an event may be associated withmultiple causal rules to describe its conditional e�ects.Uncertainty in System Evolution: Events occur as a sequence while thereis uncertainty in event ordering. Many total orders on the six eventsare consistent with the ordering constraints depicted in Figure 1-c.The actual order in which the events occur critically a�ects the systemevolution.We are interested in reasoning about the consequences of the events insuch a dynamical system. This is important in a wide variety of applicationslike planning, plan debugging, scheduling, coordinating multiple agents.Planning and Plan Debugging: Events together with the ordering constraintson events de�ne a partial plan. Given a partial plan, it is important to detectthe potential faults in this partial plan. We would also like to come up witha possible execution in which a fault occurs. This can serve as an evidenceand an explanation for the bugs in the plan. For example in Scenarios 1, 3and 4, we have a partial plan about using the bathroom. A fault is a statewhere the switches a; b; d; e; h are at the same time. Our task is to predictthe possibility of entering a fault state at speci�c points in time in a possibleexecution of the plan. In addition, as described in Scenario 1, we also like toderive a trace and explanation of how and why a fault may occur. For thispurpose, we can consider fault states as goal states and our task is to derivea total order on events such that we can enter a goal state if the events occur10



in this order. This task is a special kind of planning.Scheduling: Given the knowledge about a set of events and their cause-and-e�ect relationships, it is important to schedule these events so that the systemevolution meets our need. For example in Scenario 2, our goal is to save elec-tricity. The goal state is the state in which all the switches are o�. Thereforeour task is to derive a schedule regarding the uses of the bathroom that endsin the goal state.Coordinating Multiple Agents: Multiple agents can induce multiple events.The behaviors of the agents can be encoded as causal rules associated with thecorresponding events. It is important to coordinate the interactions amongmultiple agents to achieve a goal. For example in Scenario 2, our task is tocoordinate the six tenants to save electricity.2.3 De�nitions and RepresentationsBefore we de�ne the temporal reasoning problem considered in this paper,we �rst introduce de�nitions and representation to be used through out thispaper.De�nition 1 ( Conditions and States ) A condition p is a state variablewhose status is either true or false at a point in time. A set of conditionsP of size m determines a state space SP . The statuses of the conditions inP at a point in time determines the state at that time. A state u in SPis represented as (x1; x2; : : : ; xm) in ftrue; falsegm where xi indicates thestatus of condition pi.Remark. In the following, we implicitly assume that the state at a point intime is described by a set condition P, and refer to the state space as SP.De�nition 2 ( Expression ) An expression is a set of condition/status pairsof the form hp; statusi where p is a condition and status is either true or false.An expression � is true in a state u if and only if for each condition/statuspair hp; truei (hq; falsei) p is true in u ( q is false in u). An empty expressionis true in every state. 11



De�nition 3 ( Causal Rules ) A causal rule r is represented as � ! � where� and � are expressions. A rule r = � ! � is applicable in state u if andonly if � is true in state u. Rule r can cause a state transition from state uto state v where (1) rule r is applicable in state u, (2) � is true in state v,and (3) the statuses of the conditions not appearing in � remain the same inv as they are in u.Remark. A rule r = � ! � represents a STRIPS-like operator. � is theantecedent requirement of rule r and � is the causal e�ect of rule r. Theconditions appearing in � (�) are the preconditions (postconditions) of ruler.De�nition 4 ( Events ) An event is represented as a set of causal rules.Each event occurs at a distinct point in time. Given the state u immediatelybefore an event e occurs, event e can trigger a state transition from state uto another state v if and only if one of event e's causal rules can cause a statetransition from u to v. If two or more rules of event e are applicable in stateu, event e triggers state transition nondeterministically according to one ofthe applicable rules.Remark. If an event e cause a state transition from state u to state v dueto a causal rule r, we say that the rule r is applied by the event e in stateu. An event precipitates change of system state. The e�ects of an event isconditional on (1) the state immediately before the event occurs, and (2) theset of causal rules associated with the event. In this way, an event determinesa state-transition relation on SP � SP.De�nition 5 ( Event Sequences ) An event sequence q of length h over aset of events E (h � E) is a sequence he1; e2; : : : ; ehi where for 1 � i � hei 2 E and ei 6= ej if i 6= j. eh is the tail of q. A pre�x of an event sequenceq = he1; e2; : : : ; ehi is an event sequence q0 = he1; e2; : : : ; eh0i where h0 � h.Remark. When a set of events occur as a sequence, it causes a sequenceof state transitions. This corresponds to the evolution of system, whichcritically depends on (1) the ordering of the events and (2) the choices ofapplicable rules for individual events.12



De�nition 6 ( Trajectory ) A state sequence hs0; s1; s2; : : : ; shi is a trajec-tory of an event sequence q = he1; e2; : : : ; ehi if and only if each event ei cantrigger a state transition from state si�1 to state si for 1 � i � h.Remark. A trajectory of an event sequence records a possible system evolu-tion triggered by the event sequence.De�nition 7 ( Sets of Event Sequences ) Given a set of ordering constraintsO on a set of events E, QEOis composed of the event sequences over E whichare (1) of length jEj and (2) consistent with the ordering constraints in O.QEO=fq0 j q0 is a pre�x of an event sequence q 2 QEOg.QEO;e=fq0 j q0 2 QEOand event e is the tail of q0g.Remark. QEOis composed of all the total orders on E which are consistentwith the ordering constraints O. QEOis composed of the pre�x of the eventsequences in QEO. QEO;eis composed of the event sequences in QEOwhose tailevent is e.3 Temporal Projection3.1 The Temporal Projection ProblemTemporal projection is the process of inferring the consequences of events.An instance of the temporal projection problem is de�ned by hP; s0;G; E;Oi,where� P is a set of conditions that model the system states;� s0 is the initial state;� G is the goal, which is an expression;� E is a set of events;� O is a set of ordering constraints on E.De�nition 8 ( Goal States ) A state u in SP is a goal state if and only ifthe goal G is true in state u. 13
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Figure 2: The events and causal rules in the bathroom exampleDe�nition 9 ( Temporal Projection ) Given an instance of the temporalprojection problem, the PRJ task of temporal projection is to (1) determinethe existence of event sequences in QEOimmediately following which we mayenter goal states, (2) generate such an event sequence q if one exists, and(3) determine the rules applied in the individual events of q to enter a goalstate.Example 1 The following is a problem instance and its associated task oftemporal projection, which corresponds to Scenario 1 in the bathroom ex-ample.� P = fa; b; c; d; e; f; g; hg, which corresponds to the eight switches in thebathroom. A condition is true if and only if the corresponding switchis o�.� In the initial state s0, all the conditions are initially true, since thelandlord turns o� all switches before the tenants use the bathroom.� G = (ha; falsei; hb; falsei; hd; falsei; he; falsei; hg; falsei; hh; falsei).� E = fe1; e2; e3; e4; e5; e6g, which corresponds to the uses of bathroomby the six tenants. Figure 2 display the causal rules associated withthe individual events. 14



� Figure 1-c depicts the ordering constraints O on E. (For notationalconvenience, we useW as an alias name for E.) The events in the threeevent subsets X, Y , and Z must occur as three atomic groups, whereX = fe1; e2g, Y = fe3; e4g,Z = fe5; e6g. The events in Y must occurbefore the events in X. Event e6 must occur before event e5.� Our task is to (1) determine the existence of a schedule q inQEOregardingthe uses of bathroom by the tenants such that the switches a; b; d; e; g; hare on (i.e. G is true) immediately after schedule q is executed, (2) gen-erate such a schedule q if one exists, and (3) determine the rules appliedby the individual tenants in schedule q which make G true.De�nition 10 ( Variants of Temporal Projection ) Given an instance of thetemporal projection problem, the PRJ1 task 2 and the PRJ2 task 3 are todetermine the existence of event sequences in QEOand QEO;erespectively (e isa speci�ed event) immediately following which we may enter goal states.Theorem 1 The three variants of the temporal temporal projection prob-lem, namely PRJ, PRJ1, and PRJ2, can be reduced to one another in poly-nomial time. 43.1.1 Standard Form of Temporal ProjectionTemporal projection as de�ned in De�nition 9 obviously covers the kind ofdecision task described in Scenarios 1 and 2 in Section 2.1, which is referredto as the PRJ task. The two variants of temporal projection, the PRJ1 taskand PRJ2 task, correspond to the reasoning tasks described in Scenarios 3and 4 in Section 2.1 respectively. Theorem 1 shows that these three variants,PRJ, PRJ1, PRJ2 are computationally equivalent. In the remainder of thispaper, we adopt De�nition 9 for the PRJ task as the standard form of allthe reasoning tasks considered through out this paper.2PRJ1 is a variant of the temporal projection problem which is considered by Lin andDean in [LD93].3PRJ2 is a variant of the temporal projection problem which is considered by Deanand Boddy in [DB88] and Nebel and B�ackstr�om in [NB92].4The proofs for all the theorems stated in this paper are provided in Appendix A atthe end of this document. 15



3.2 Temporal Projection as SearchIn this paper, we consider temporal projection as search. Given an instanceof the temporal projection problem I = hP; s0;G; E;Oi, the search graph isa directed graph GI = (V;A) that encodes the information of time, state,and occurrences of events in its the vertices and arcs. Temporal projectionis reduced to a graph reachability problem in the search graph.Time and State: The set of vertices V represents possible system states atdi�erent points in time. Therefore each vertex contains two components: (1)a system state, which is speci�ed by the statuses of the conditions in P, and(2) a time point, which is determined by whether the individual events in Ehave occurred or not.Occurrences of Events: The set of arcs A represents the possible occurrencesof events at di�erent points in time. We construct an arc (u; v) in A if (1)by applying a causal rule r, event e can cause a state transition from thestate in vertex u to the state in vertex v, (2) e can occur immediately afterthose events that are marked as occurred in vertex u without violating theordering constraints in O, and (3) in vertex u, e has not yet occurred whilein vertex v e has occurred. A rule-tag (e; r) on such an arc (u; v) to indicatethat by applying rule r, event e can cause a state transition from the statein vertex u to the state in vertex v.Root Vertex and Goal Vertices: The root vertex u0 is the vertex in which noevents have occurred yet, and the state in u0 is the initial state s0. A vertext is a goal vertex if all events have occurred in vertex t and the state in t isa goal state.Temporal Projection as Search: The task of temporal projection can beviewed as search for a path from the root vertex u0 to any goal vertex t.Since an arc in GI = (V;A) models the occurrence of an event, such a pathcorresponds to a possible event sequence immediately following which wereach a goal state. The rule-tags on the arcs tell us the rules applied byindividual events to enter the goal state.The following procedure TemporalSearch provides more details of tem-16



poral projection as search 5.Procedure TemporalSearchinput: an instance of temporal projection problem I = hP ; s0;G; E ;Oi.output: (1) a set F of the goal states reachable immediately after the eventsequences in QEO;(2) an event sequence q in QEOthat ends in a goal state f in F ;(3) the rules applied by individual events in q to enter the goal state f ;(4) a trajectory tq of q that ends in the goal state f .1. Partition the set of events E into m chains where the ith (1 � i � m) chainis composed of li events that are totally ordered as a chain according to theordering constraints in O. Construct a directed acyclic graph GI = (V;E)in step 2 and step 3.2. Construct the vertex set V ofGI : Each state s in SP is mapped toQ1�i�m(1+li) nodes, each of which maps state s to a speci�c point in time. A vertex t inV is of the form (s; x1; x2; : : : ; xm). s (s 2 SP) indicates the correspondingstate in vertex t. xi (0 � xi � li, 1 � i � m) is a time counter for the ithchain; xi indicates that the �rst xi events in the ith chain have occurredwhile the remaining events in the ith chain have not occurred yet. Thesevertices comprise the vertex set V of GI .3. Construct the arc set A of GI : Add an arc from (s; x1; x2; : : : ; xk�1; : : : ; xm)to(t; x1; x2; : : : ; xk; : : : ; xm) if (1) e is the xkth event in the kth chain, (2) ecan trigger a state transition from s to t by applying a causal rule r, and (3)e can occur immediately after the �rst xk � 1 events in the kth chain andthe �rst xi events in the ith chain (1 � i � m; i 6= k) without violating theordering constraints in O.We add a rule-tag (e; r) to indicates that event e can trigger such a statetransition by applying causal rule r. In other words, each arc models thepossible occurrence. These arcs comprise the arc set V of GI .4. In the following, we reduce the task of temporal projection to graph reach-ability. We can apply standard graph-reachability algorithms to derive thesolutions.� Search the graph GI . A goal state t can be reached immediate afteran event sequence in QEOif and only if the goal vertex (t; l1; l2; : : : ; lm)5In Section 6, this procedure is adapted for local reasoning in local search spaces.17
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De�nition 11 ( One-rule Events and Two-rule Events ) A one-rule eventis associated with a single rule which is applicable in exactly one state andmap the state to some other state. A two-rule event is associated with tworules, each of which is applicable in exactly one state and map the state tosome other state.Remark. A one-rule event is applicable in only one state. A two-rule eventis applicable in two states. A general event can have multiple rules, each ofwhich can be applicable in many states.De�nition 12 ( Partially Ordered as Chains ) We say that events are par-tially ordered as m chains if the events can be partitioned into m disjointevent subsets such that the events in each subset are totally ordered.Figure 3 displays the complexity trade-o�s regarding events, orderingconstraints, and state spaces, where� events are categorized as one-rule, two-rule or general according to howthey trigger state transitions;� ordering constraints on events are classi�ed as one of (1) partially or-dered as a constant number of chains, (2) totally unordered (no orderingconstraints), or (3) arbitrarily ordered;� the sizes of the state spaces are categorized as one of constant, poly-nomial, or exponential, in the size of the event set E ( In other words,jPj = O(1), jPj = O(log jEj), jPj = O(jEj) respectively);Given an instance of the temporal projection problem, we can �rst guessa solution event sequence q and the rules applied by the individual events.We can then verify whether a goal state is reached immediately following qin polynomial time. Therefore we have the following lemma.Lemma 1 The temporal projection problem is in NP.The following theorems indicate that we have very limited ability to dealwith primitive events in a state space of polynomial size if the events canoccur in arbitrary order. 19



Theorem 3 Temporal projection regarding two-rule events, totally unordered,in a state space of polynomial size is NP-Complete.Theorem 4 Temporal projection regarding one-rule events, totally unordered,in a polynomial-size state space is solvable in polynomial time.Theorem 5 Temporal projection regarding one-rule events, arbitrarily or-dered, in a polynomial-size state space is NP-Complete. 6Corollary 1 Temporal projection regarding general events with an arbitrarypartial order on events, in an exponential-size state space is NP-Complete.The following two theorems indicate that small state space and structurein event ordering can expedite temporal projection.Theorem 6 Temporal projection regarding events partially ordered as O(1)number of chains of length O(jEj) and O(log jEj) number of chains of O(1)length in a polynomial-size state space can be solved in polynomial time.Theorem 7 Temporal projection regarding general events, arbitrarily or-dered, in a constant-size state space is solvable in polynomial time.4 Locality in Event OrderingTheorem 3 and Theorem 5 show that temporal projection is NP-Completeif events can occur in arbitrary order even in a polynomial-size state space.On the other hand, Theorem 6 and Theorem 7 demonstrate that structure inevent ordering and a small state space can reduce the complexity of temporalprojection. These complexity results motivate our e�ort to exploit inherentlocality in event ordering and the dependencies among conditions and events.When totally unordered, events can occur in arbitrary order. However,there is locality in event ordering if the occurrences of events or subsets ofevents closely relate to one another. A subset of events may always occur asan atomic unit; all the other events either occur before or after the subset of6Nebel and B�ackstr�om [NB92] proves the NP-Completeness of a special case of thetemporal projection problem, which is adapted here to prove Theorem 5.20



events. Similarly, several atomic units may always occur as an atomic unit.In this way, temporal locality can be introduced at many levels. For example,the events corresponding to the three couples, X, Y and Z respectively inthe bathroom example exhibit such kind of temporal locality. In this paper,we investigate locality in event ordering that can be modeled by a regionhierarchy and regional ordering constraints.De�nition 13 ( Regions ) Given a set of events E and a set of orderingconstraints O on E, an event subset X of E is a region in E if and only if theevents in X occur as an atomic group while the events not in X occurringeither before or after the events in X. The sets E and feg for an event e inE are regions by themselves.Example 2 In the bathroom example depicted in Figure 1, X = fe1; e2g,Y = fe3; e4g,Z = fe5; e6g, W = X SY SZ and all feig are regions.De�nition 14 ( Child Regions ) A region X is a child region of a regionY and Y is the parent region of X if and only if Y is the smallest regionthat contains X as a proper subset. A region X is a descendant (ancestor)region of a region Y if and only if X is a child (parent) region of Y or Y 'sdescendant (parent) region.De�nition 15 ( A Region Hierarchy ) A region hierarchy is a set of regionsin which for any two regions either they are disjoint or one is a descendantregion of the other.Example 3 In the bathroom example depicted in Figure 1, X = fe1; e2g,Y = fe3; e4g,Z = fe5; e6g, are the child regions ofW = X SY SZ. fe1g; fe2g are the childregions of X. fe3g; fe4g are the child regions of Y . fe5g; fe6g are the childregions of Z. Together, they form a region hierarchy, which is depicted inFigure 1-c as a tree.De�nition 16 ( Regional Ordering Constraints ) The set of regional order-ing constraint OR on a region R is a two-tuple h�;�i, where � = fR1; R2; : : :gis the set of child regions of R, and � is a partial order on �. The events inRi must occur before the events in Rj if Ri � Rj.21



Example 4 In the bathroom example depicted in Figure 1, the possibleevent sequences are determined by the region hierarchy and the following re-gional ordering constraints: OX = hffe1g; fe2gg; ;i, OY = hffe3g; fe4gg; ;i,OZ = hffe5g; fe6gg; ffe6g � fe5ggi, and OW = hfX;Y;Zg; fY � Xgi.4.1 Describing Temporal Locality in Task NetworksA region hierarchy and regional ordering constraints can describe the possibleexecutions of the following kind of task networks:� Tasks are organized as a hierarchy, where an individual task can berecursively decomposed into subtasks. The subtasks of an individualtask may be constrained by a partial order. A primitive task in the tasknetwork has conditional e�ects on the system state, which is modeledby a set of STRIPS-like operators.� For a given task, we can execute its subtasks in any order consistentwith the inherent partial order on these subtasks. Once we begin asubtask of the task, we commit to completing all of the primitive tasksassociated with that subtask before switching to any other subtasks.The notions of primitive tasks, tasks, subtasks, task networks, and partialorders on subtasks here correspond to the notions of events, regions, childregions, region hierarchies, and regional ordering constraints respectively. Forexample, Figure 1-c displays a three-level task network. The root task Wis decomposed into three subtasks X, Y , and Z, each of which is furtherdecomposed into two primitive tasks. Task X is constrained to precede taskY , and task e6 is constrained to precede e5.5 Locality in Causal Interactions5.1 Causal Dependency and Problem Decomposition5.1.1 Causal DependencyEvents a�ecting all conditions are rare. Instead, events tend to a�ect or bea�ected by a subset of the set of conditions P. If a condition p is irrelevant22



to the events in a region R, we do not need to directly concern ourselveswith p in reasoning about the changes caused in region R. This can result insigni�cant computational savings. In the following, our investigation focuseson the causal dependencies among regions and subsets of conditions.De�nition 17 ( Causal Dependency ) A condition p is dependent on acausal rule � ! � if p appears in � or in �. A condition p is dependenton an event e if p is dependent on a causal rule associated with e. A condi-tion p is dependent on a region e if p is dependent on an event in R.5.1.2 Problem DecompositionIn the bathroom example (Figure 1-b and Figure 1-c), the conditions a, b, andc are dependent on region X, but independent of region Y ; the conditionsd, e, and f are dependent on region Y , but independent of region X. Ifregion Z were absent, we could decomposed the problem instance into twoindependent parts: one with region X and conditions a, b, and c; the otherone with region Y and conditions d, e, and f . However, through conditionsa and d respectively, region Z interacts with regions X and Y respectively.This complicates the causal interactions among these three regions, since thereasoning tasks in regions X, Y , and Z are not fully independent.In general, the reasoning tasks in disjoint regions are not fully indepen-dent. In these cases, problem decomposition must be achieved by carefullyexploiting structure in the causal interactions among regions. In the remain-der of this section, we investigate the regional subgoals and the abstractionsof individual regions. Using subgoals and abstractions, temporal projectionas search can be decomposed into a sequence of local searches in individualregions. This yields the localized-reasoning algorithm in Section 6.5.2 Regional Subgoals and Problem DecompositionGiven a region hierarchy, we can identify the local conditions and the subgoalconditions of each individual region. Based on this knowledge, we depictsthe regional subgoals of individual regions.23
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Lemma 2 If p is a local condition of a region R, the status of p can onlybe locally a�ected by the events in R. The status of p immediately beforethe events in R occur is the same as p's initial status. Immediately after allevents in R have occurred, the status of p will not be changed any more.Lemma 3 If p is a subgoal condition of a region R, R is the smallest regioncontaining p as a local condition. The sets of subgoal conditions of regionsare mutually disjoint and together they form a partition of the whole set ofconditions of P.In the following, we de�ne the regional subgoals and the incrementalsubgoals of individual regions.De�nition 20 ( Regional Subgoals ) Given a goal G, the regional subgoal GRof a region R is composed of the condition/status pairs in G whose conditioncomponents are the local conditions of region R. The incremental subgoal ~GRof region R is composed of the condition/status pairs in G whose conditioncomponents are the subgoal conditions of region R.Since the local conditions of a region R is the union of the local conditionsof R's child regions and the subgoal conditions of R, we have the followinglemma.Lemma 4 The regional subgoal GR of a region R is the union of the regionalsubgoals of R's child regions and the incremental subgoal ~GR of region R.Theorem 8 The goal G is true after all events occur if and only if for eachregion R, the regional subgoal GR of R is true immediately after the eventsin R have all occurred.By Theorem 8 and Lemma 4, we have the following corollary.Corollary 2 In order to achieve the regional subgoal GR, the regional sub-goals of R's child regions should be achieved respectively as soon as theevents in the individual child regions have all occurred; the incremental sub-goal ~GR should then be achieved immediate after the events in region R haveall occurred. Otherwise, the goal G cannot be achieved.25



Example 6 Figure 5 depicts the incremental subgoals and the regional sub-goals in the problem instance about the bathroom example. For example,the regional subgoal of Y is (he; falsei), which indicates that the status ofcondition emust be false immediately after the events in Y have all occurred.The goal G is equal to the regional subgoal GW of the root region W , whichcontains all the events in the problem instance. To achieve the goal G (i.e.GW ), (1) the regional subgoals of regions X, Y , and Z must be achievedrespectively as soon as the individual regions are �nished, and then (2) theincremental subgoal for ~GW must be achieved immediately after all eventshave occurred.5.2.1 Localized Reasoning Using Regional SubgoalsBy Theorem 8 and Corollary 2, temporal projection can be decomposed intoa sequence of local reasoning tasks, in each of which we are concerned withachieving the incremental subgoal of an individual region. The followingis a localized-reasoning framework for temporal projection. The details areprovided in Section 6.1. Propagating Localized Reasoning: Starting from the bottom level of theregion hierarchy, we conduct localized reasoning described in step 2in the individual regions at the same level, and propagate the derivedinformation to their parent regions. We proceed level by level until we�nish the localized reasoning in the root region of the region hierarchy.2. Deriving Requirements to Achieve Regional Subgoal: According to theinformation propagated to region R, we reason about the causal re-quirements to achieve the regional subgoal GR of R. If the incrementalsubgoal ~GR can not be achieved, we stop and report failure; otherwise,the derived requirements is propagated to the parent region of R.3. Generate an Event Sequence to Achieve the Goal: Using the derivedcausal requirements to achieve regional subgoals, we can recursivelygenerate the ordering of the child regions of individual regions, whichdescribes an event sequence to achieve the goal G.26
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( )Figure 5: The regional subgoals and incremental subgoals of individual re-gions5.3 The Causal Abstraction of a RegionGiven a region hierarchy, we can identify the abstract conditions of eachindividual region. Based on this knowledge, we describe the abstractionsof individual regions, which encode the causal requirements to achieve theregional subgoals of individual regions. Figure 4 displays the abstract condi-tions of individual regions in the bathroom example.De�nition 21 ( Abstract Conditions ) A condition p is an abstract condi-tion of region R if p is (1) dependent on at least one event in R, and also (2)dependent on at least one event not in R.Remark. Both the events in R and the events outside R can a�ect and bea�ected by the statuses of the abstract conditions of R. Therefore the set ofabstract conditions of R is the media for inter-regional interactions betweenthe events in R and the events outside R. For example, in Figure 1 theevents e1, e2 in region X interact with the other events through the abstractcondition a of X.Remark. The number of the abstract conditions of a region R is a measureof the locality regarding the causal interactions between the events in R and27



the events not in R. If region R does not have any abstract conditions, all theconditions involved in the events of R are local conditions of R. In this case,the events in R together with their local conditions can be separated fromthe other events and conditions to form an independent problem instance.5.3.1 Abstract Conditions and Regional SubgoalsThe e�ects of the events in a region R can only a�ect and be a�ected by thethe local conditions and the abstract conditions of R. Since the statuses of thelocal conditions of R immediately before the events in R occur is the same astheir initial statuses, the system evolution triggered by the events in a regionR are determined by two factors: (1) the statuses of the abstract conditionsof R immediately before the events in R occur, and (2) the ordering of theevents in R. Therefore, to achieve the regional subgoals GR, (1) the set ofabstract conditions of R must have appropriate statuses immediately beforethe events in R occur, and (2) the events in R must be properly ordered. Inturn, these two factors also a�ect the statuses of the abstract conditions of Rafter achieving the regional subgoals GR. These cause-and-e�ect relationshipsprovides an abstraction of region R.De�nition 22 ( Abstract States ) Given a subset A of the set of conditionsP,A determines an abstract state space SA. The statuses of the conditions inA at a speci�c point in time determines an abstract state in SA. An abstractstate u of A is represented as an expression � where � =fhp; statusi j p 2 A,status is the status of pg.De�nition 23 ( Abstraction of a region ) Consider a region R where A isthe set of abstract conditions of R, and O is the set ordering constraints. Anabstraction of a region R is a relation �R on SA � SA where (u; v) 2 �R ifand only if there exists an event sequence q in QRO such that given u as theabstract state of A immediately before the events in R occur, immediatelyfollowing q the regional subgoal GR can be achieved and the abstract stateof A is v.De�nition 24 ( Abstract Events ) An abstract event eR of a region R isa set of causal rules where (1) the preconditions and postconditions of therules in eR are abstract conditions of R, and (2) eR determines the abstractionrelation �R of R. 28
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Figure 6: The abstract events of individual regionsRemark. The abstraction relation �R provides the information regarding theantecedent requirements and consequent e�ects on the abstract conditions ofR to achieve the regional subgoals GR. An abstract event eR is a represen-tation of �R. The abstract event eR is what we need to reason about theinter-regional interactions between the events in R and the events outside R.An algorithm to derive abstract events is provided in Section 6.Example 7 Figure 6 displays the abstract events of the regions in the regionhierarchy in the bathroom example. At the top level, the global regionW hasno abstract conditions. Therefore (hi ! hi) is the only rule in the abstractevent of the root region. At the second level, it is not hard to see that a(d) must be true immediately before the events in region X (Y ) to achievethe regional subgoal that b (e) is false, and consequently a (d) must be falseimmediately after region X (Y ) is �nished. This gives us the abstract eventseX and eY described in Figure 6. Similarly, we can derive the abstract eventeZ for region Z as described in Figure 6.At the bottom level, except for regions fe5g and fe6g each region hasan empty regional subgoal, in which the only requirements to achieve theregional subgoal is inherent from the causal rules associated with the singleevent in the region. Therefore the abstract events for fe1g, fe2g, fe3g andfe4g are equal to e1, e2, e3 and e4 respectively.29



For region R = fe6g, the set of ordering constraints O in R is empty. Theonly event sequence in q 2 QRO is he6i. A = fa; dg is the set of abstract condi-tions of R. Condition h is the local condition and also the subgoal condition ofR. The regional subgoal GR is (hh; falsei), and our task in regionR is to makeh false immediately after e6 occurs. Note that h is true in the initial state.Therefore a must be true and d must be false immediately before e6 occurs inorder to apply the rule (ha; truei; hd; falsei) ! (ha; falsei; hd; truei) to makeh false. Consequently, a must become false and d must become true immedi-ately after e6 occurs. Therefore, the abstract state of A = fa; dg immediatelybefore the event sequence he6i occur must be fha; truei; hd; falseig, while theabstract state of A = fa; dg immediately after the event sequence he6i oc-cur must be fha; falsei; hd; trueig. This gives us the abstract event efe6g=f(ha; truei; hd; falsei)! (ha; falsei; hd; truei)g, which summarizes the un-derlying causal interactions as a causal rule. Similarly, we can derive efe5gfor region fe5g as described in Figure 6.6 Localized Temporal Reasoning Using Sub-goals and AbstractionsIn this section, we exploit the structure in a region hierarchy to expeditetemporal projection. Using the notions of regional subgoals and abstractionsof regions, temporal projection as search is reduced to a sequence of localsearches in individual regions.6.1 Coupling Conditions and Local ReasoningDe�nition 25 ( Coupling Conditions ) A condition p is a coupling conditionof region R if and only if (1) region R is composed of two or more events andp is an abstract condition of a child region of R, or (2) region R is composedof a single event e and p is dependent on event e.Example 8 Figure 4 depicts the coupling conditions of the individual re-gions in the bath room example. For example, the three child regions X, Y ,and Z of regionW interact with one another through the coupling conditionsa, d of region W . 30



Theorem 9 The set of coupling conditions of a region R is the union of twodisjoint subsets: the set of abstract conditions of R and the set of subgoalconditions of R.Remark. The set of coupling conditions of a region R plays an importantrole about the local reasoning in R. Instead of reasoning about the entirestate space, we only need to focus on the abstract state space determined bythe coupling conditions of R, which results in signi�cant search reduction.� The child regions of a region R is coupled together through the cou-pling conditions of R. The interactions among these child regions areprecisely described by the interactions among the abstract events ofthese child regions, whose union is the set of coupling conditions of R.Therefore the coupling conditions are the media for the inter-regionalinteractions among the child regions of R.� In order to derive an abstraction of region R, we need to reason aboutthe statuses of the set of abstract conditions and the set of subgoalconditions, whose union is the set of coupling conditions according toTheorem 9. speci�ed in the regional subgoal.6.2 A Localized Temporal Reasoning AlgorithmIn the following, we present a localized temporal reasoning algorithm fortemporal projection. Procedure Localized-Reasoning control the propagationof local reasoning in individual regions. Procedure Region-Abstraction andprocedure Generate-Sequence handle the local reasoning tasks in a region,both of which employ the procedure TemporalSearch described in Section 3.3to conduct local search. Procedure Localized-Reasoning guarantees that thefollowing causal knowledge hAR;UR; CR; s0; ~GR;XR;ORi is available when weperform the local reasoning tasks in a region R where� AR is the set of abstract conditions of R;� UR is the set of subgoal conditions of R;� CR = AR [ UR is the set of coupling conditions of R;� s0 is the initial state of the problem instance;31



� ~GR is the incremental subgoal of R;� if R contains more than one event, XR is the set of abstract events XRof R's child regions; otherwise XR is composed of the single event inregion R;� OR is the set of regional ordering constraints on R.Algorithm Localized-Reasoninginput: a problem instance hP ; s0;G; E ;Oi.output: Report an event sequence q in QEOand the rules applied by the eventsin q such that we enter a goal state immediately following q if such an event se-quences exists;otherwise, report failure in �nding such a sequence.1. Derive the following causal knowledge by examining the problem instance:(i) the regions, the region hierarchy, and the regional ordering constraints,(ii) the local conditions, the subgoal conditions, the abstract conditions andthe coupling conditions of individual regions, (iii) the regional subgoals andincremental subgoals of individual regions depicted Figure 5.2. Starting from the bottom level of the region hierarchy, we call procedureRegion-Abstraction for the regions at the same level respectively, and thenproceed in the same way level by level until we reach the root region of theregion hierarchy.3. For each region R, the procedure Region-Abstraction derives the abstractevent eR as the causal requirements to achieve the regional subgoal of R. Ifthe regional subgoal can not be achieved, abort and report failure to achievethe goal G; otherwise, propagate the knowledge of the abstract event eR toR's parent region.4. After �nish the local reasoning in the root region of the region hierarchy,call procedure Generate-Sequence to generate a solution event sequence qand the rules applied by the events in q such that immediately following qwe enter a goal state.Procedure Region-Abstraction derives an abstract event of a region, whichdetermines the causal requirements to achieve the incremental subgoal of the32



region.Procedure Region-AbstractionInput: the causal knowledge hAR;UR; CR; s0; ~GR;XR;ORi.Output: if the incremental subgoal of R can be achieved, report an abstract eventeR;otherwise, stop and report failure in achieving the regional subgoal.1. Determine the set S of the possible abstract states of CR immediately beforethe events in R occur, whose statuses of the subgoal conditions in UR arethe same as those in the initial state s0.2. For each abstract state s in S, we construct a new instance of the temporalprojection problem hCR; s; ~GR;XR;ORi regarding the set of coupling condi-tions CR, the possible abstract state s, the incremental subgoal ~GR, the setof abstract events XR, and the set of regional ordering constraints OR.3. For each new instance hCR; s; ~GR;XR;ORi, we call procedure Temporal-Search to derive the set of reachable goal states F of this new instance.Add the pairs (s; f) for each f in F into a set �R.4. If the set �R is empty, we report failure to achieve the incremental subgoal.Otherwise, for each pair of abstract states (s; f) in �R, we associate a causalrule � ! � with the abstract event eR where � (�) is the abstract state ofAR in s (f).Procedure Generate-Sequence generates an event sequence to achieve theregional subgoal of a region.Procedure Generate-SequenceInput: (1) the causal knowledge hAR;UR; CR; s0; ~GR;XR;ORi;(2) a pair of abstract states (s0; f 0) of AR where s0 (f 0) is the abstract state of ARimmediately before (after) the events in R occur.Output: an event sequence q in QRO and the rules applied by the events such thatif the abstract state s0 is true immediately before q, immediately following q theregional subgoals GR and the abstract state f 0 is true.33



1. Determine an abstract states s of the coupling conditions CR where (i) thestatuses of the conditions in AR in s are the same as those in abstract states0, and (ii) the statuses of the conditions in UR in s are the same as those inthe initial state s0.2. Construct a new instance of the temporal projection problem hCR; s; ~GR;XR;ORiregarding the set of coupling conditions CR, the possible abstract state s im-mediately before the events in R occur, the incremental subgoal ~GR, the setof abstract events XR, and the set of regional ordering constraints OR.3. For the new instance hCR; s; ~GR;XR;ORi, call procedure Temporal-Search toderive an event sequence q0 in QXROR that ends in a reachable goal state fwhere (i) the incremental subgoal ~GR is true in f , and (ii) the abstract statef 0 of AR is true in f .Call procedure Temporal-Search to derive (i) a trajectory tq0 of q0 that startsin s and ends in f , and (ii) the rules applied by the events in q0 to result inthe trajectory tq0 .4. Consider the abstract event of a child region R0 as the representative of R0.Determine the total order on the child regions of R according to the sequenceq0.For each child region R0 of R, according to the trajectory tq0 of q0 derivedin Step 3 determine the pair of abstract states (~s; ~f) of the set of abstractconditions of R0 where ~s ( ~f) is true immediately before (after) the abstractevent of R0 occurs in q0.5. For each child region R0 of R, (i) prepare the pair of abstract states (~s; ~f)derived in Step 4 as input, and (ii) call procedure Generate-Sequence to de-rive an event sequence over R0.Concatenate these event sequences over the child regions of R' into an eventsequence q according to the total order on R's child regions derived in Step 4.Determine the rule applied by an event e in q according to the rule appliedby e in Step 3 when procedure Generate-Sequence is recursively called tohandle the region feg.Theorem 10 Procedure Localized-Reasoning is sound and complete.34



Example 9 We illustrate the use of the localized reasoning algorithm insolving our example problem instance in Figure 1. First, we derive the follow-ing knowledge by examining the problem instance: (1) the region hierarchyas depicted in Figure 4-c; (2) the local conditions, the subgoal conditions,the abstract conditions and the coupling conditions as depicted in Figure 4;and (3) the regional subgoals and incremental subgoals of individual regionsdepicted Figure 5.Second, starting from the bottom level of the region hierarchy, we callprocedure Region-Abstraction to derive the abstractions of individual regionsas depicted in Figure 6. We proceed level by level until we reach the rootregion W at the top level. Since we can successfully derive the abstractionfor every region, there exists an event sequence q in QEOto achieve the goal.Finally, we call procedure Generate-Sequence to recursively derive anevent sequence q inQEOto achieve the goal. The procedure Generate-Sequencerecursively generates the following orderings hY;Z;Xi, hfe3g; fe4gi, hfe6g; fe5gi,and hfe1g; fe2gi for the child regions of regions W , Y , Z, and X respectively.This gives us an event sequence q = he3; e4; e6; e5; e1; e2i as an event sequencein QEOto achieve the goal. The causal rules applied by the events in q as asequence are the �rst, the second, the �rst, the �rst, the �rst, and the secondrule of the events respectively.6.3 Quantifying the Computation E�ciencyAs indicated in Figure 3, temporal projection is NP-Complete even if thenumber of rules in an event and the size of the state space are severely re-stricted. Our localized-reasoning algorithm exploits useful structure embed-ded in individual problem instances to expedite temporal projection. In thefollowing, we de�ne the interaction measure of a problem instance, whichdetermines the computational e�ciency of procedure Localized-Reasoning.This allows us to theoretically demonstrate the dramatic improvements inperformance by exploiting locality.De�nition 26 (Measure of Causal Interactions ) Given the region hierarchydetermined by an instance of the temporal projection problem, we de�ne thebranching factor bR of a region R to be the number of child regions of R, thecoupling factor cR of a region R to be the number of coupling conditions of R,and the interaction measure L of the problem instance to be maxR(bR+ cR).35



Remark. The interaction measure L indicates the magnitude of the causalinteractions among regions. A large interaction measure L indicates theexistence of regions with many child regions or large sets of coupling condi-tions, which implies complicated causal interactions among regions. Instead,a small interaction measure L indicates that the causal interactions are wellstructured and localized in individual regions. In other words, small interac-tion measure L implies strong locality in the problem instance.Theorem 11 Given an instance of the temporal projection problem, proce-dure Localized-Reasoning runs in O(n � 8L) time, where n is the size of theevent set E, and L is the interaction measure of the problem instance.Remark. By Theorem 11, the worst-case performance degrades to be expo-nential in n when the branching factor or the coupling factor is of O(n) size,where n is the size of the event set E. This is under our expectation, because(1) a set of totally unordered events E corresponds to a single region con-taining the individual events as child regions, where the branching factor isof O(n) size, and (2) temporal projection regarding totally unordered eventsis NP-complete even in very restricted case as shown in Theorem 3.Remark. Our localized reasoning algorithm exploit locality inherent in prob-lem instances to bring in computation e�ciency. When there is strong lo-cality in a problem instance, the interaction measure L is small. In thissituation, our localized reasoning algorithm can dramatically expedite tem-poral projection. The following two corollaries of Theorem 11 demonstratethe computation savings by exploiting locality.Corollary 3 When the interaction measure L is of O(1) magnitude, thetemporal projection problem can be solved by procedure Localized-Reasoningin O(n) time, where n is the size of the event set E.Corollary 4 When the interaction measure is of O(log n) magnitude, thetemporal projection problem can be solved by procedure Localized-Reasoningin time polynomial in n, where n is the size of the event set E.36



Remark. Consider the situation that (1) every region has O(1) ( O(log n) )number of child regions and O(1) ( O(log n) ) number of abstract conditionsand (2) for each region the child regions of the region are totally unordered.In this case, there are 
(n(logn)=2) ( 
(log n(logn�log logn)=2) ) possible totalorders on events, where n is size of the event set E. It is hard to examinethis super-polynomial number of total orders one by one for a solution.However, the interaction measure calL in this case is of O(1) ( O(log n)) magnitude. This is because the coupling factor of a region is no more thanthe sum over the numbers of the abstract conditions of R's child regionsaccording to Theorem 9. Therefore procedure Localized-Reasoning can derivea solution in linear ( polynomial ) time, which is a dramatic computationalsaving.7 ConclusionWe investigate the locality in (1) the ordering constraints that group eventshierarchically into sets called regions, and (2) the dependencies among con-ditions and regions. This enables us to describe subgoals and abstractionsfor individual regions. We develop a localized temporal reasoning algorithmto exploit locality, in which temporal projection as search is reduced to a se-quence of local searches in local search spaces. We theoretically demonstratethe dramatic improvements in performance by exploiting locality.A ProofsTheorem 1 The decision versions of the three variants of the temporal pro-jection problem, namely PRJ, PRJ1, and PRJ2, can be reduced to one an-other in polynomial time.Proof. Given an instance I for the PRJ variant, we can construct the fol-lowing instance I 0 for the PRJ2 variant. We add a new condition p and anew event e into I such that the only e�ect of event e is to make p trueunconditionally. Condition p is constrained to be false initially. Event e isconstrained to happen after the other events. We add hp; truei into the goal.It is obvious that the goal in instance I can be true immediately after all37



events occur if and only if the new goal in instance I 0 can be true immediatelyafter event e occur.Given an instance I for the PRJ2 variant, we can construct the followinginstance I 0 for the PRJ1 variant. Suppose e is the speci�ed event in thePRJ2 variant. We add a new condition p and add a new event e0. Evente0 makes p true if the goal in instance I is true immediate before e0 occurs.Condition p is constrained to be false initially. Event e0 is constrained tohappen immediately following e. (hp; truei) is the new goal. It is obviousthat the goal of instance I can be true immediately after the speci�ed evente occurs if and only if the new goal in instance I 0 can be true immediatelyafter an arbitrary event occurs.Given an instance I for the PRJ1 variant, we can construct the followinginstance I 0 for the PRJ variant. We add a new condition p. All the eventsremain the same except that in addition every event makes p true if thegoal in instance I is true immediate before the event occurs. Condition pis constrained to be false initially. (hp; truei) is the new goal. It is obviousthat the goal of instance I can be true immediately after an arbitrary eventoccurs if and only if the new goal in instance I 0 can be true after all eventsoccur.Theorem 2 The search graph GI = (V;E) constructed in procedure Tempo-ralSearch is a directed acyclic graph. If we adopt a trivial partition that con-siders each individual event as a chain, the search graph GI contains 2jPj+jEjvertices. In this case, the procedure TemporalSearch runs in O(22(jPj+jEj))time.Proof. When we follow a directed arc (u; v) in E, exactly one of the timecounters is increased by one in v compared with the counters in u, and theother time counters remain the same. There is no directed path from u to uwhere the time counters are the same in the head and the tail, since at leastone of the time counters is increased by following a directed path. ThereforeGI = (V;E) is a directed acyclic graph, and the single-source shortest pathsproblem and thus the graph reachability problem can be solved inO(jV j+jEj)time [CLR91]. If we adopt the trivial partition, we have jEj chains, andthe length li equals one for each chain. This gives us jScalP � Q1�i�m(1 +li)= 2jPj+jEj vertices, and at most 22(jPj+jEj) arcs. Therefore the procedureTemporalSearch can run in O(22(jPj+jEj)) time.38



Theorem 3 Temporal projection regarding two-rule events, totally unordered,in a state space of polynomial size is NP-Complete.Proof. Given a directed graph with a set of forbidden pairs of arcs, theforbidden pairs of arcs problem [GJ79] determines whether there is a pathbetween two nodes without using both arcs in any forbidden pair of arcs. Itis NP-Complete even if all the forbidden pairs are disjoint.In the following, we reduce an instance of the disjoint forbidden pairs ofarcs problem to an instance of the temporal projection problem PRJ1. (1)Each non-isolated vertex in the directed graph is mapped to a distinct statein a state space. In particular, the starting vertex s and the target vertext are mapped to the initial state and a unique goal state respectively. (2)Each directed arc (u; v) in the graph is mapped to a distinct causal rule thatis only applicable at state u and cause a state transition from u to v. (3)Each forbidden pair of arcs are mapped to a distinct two-rule event which isassociated with the two causal rules corresponding to the two arcs. Eventsare allowed to occur in arbitrary order.Since an event corresponds to a forbidden pair of arcs, the event cantrigger a state transition along one of the two arcs. Therefore an eventsequence with a trajectory starting from s and ending in t corresponds toa solution directed path in the forbidden pairs of arc problem instance. Onthe other hand, each arc in the directed graph is uniquely associated with atwo-rule event. Therefore a directed path from s to t in the directed graphcorresponds to an event sequence starting from s and ending in t. Thisreduction together with Lemma 1 prove the NP-Completeness of this specialcase.Theorem 4 Temporal projection regarding one-rule events, totally unordered,in a polynomial-size state space is solvable in polynomial time.Proof. For this special case, the task in the PRJ1 variant of temporal pro-jection can be accomplished in the following way. We construct a directedgraph G in the following way. We map each state to a distinct vertex in G.A one-rule event that uniquely triggers a state transition from a state u to astate v is mapped to an arc (u; v) in G. Finding an event sequence that endsin a goal state is equivalent to �nding a path from s to t in graph G wheres and t correspond to the initial state and a goal state respectively.39



Theorem 5 Temporal projection regarding one-rule events, arbitrarily or-dered, in a polynomial-size state space is NP-Complete.Proof. Given a directed graph with a set of forbidden pairs of arcs, theforbidden pairs of arcs problem [GJ79] determines whether there is a pathbetween two nodes without using both arcs in any forbidden pair of arcs.This problem is NP-Complete even for directed acyclic graphs.In the following, we reduce an instance of the forbidden pairs of arcsproblem on directed acyclic graphs to an instance of the temporal projectionproblem PRJ1. (1) Each non-isolated vertex in the directed graph is mappedto a distinct state in a state space. In particular, the starting vertex s andthe target vertex t are mapped to the initial state and a unique goal staterespectively. (2) Each directed arc (u; v) in the graph is mapped to a distinctcausal rule that is only applicable at state u and cause a state transition fromu to v. Each causal rule is then uniquely associated with a one-rule event. Inother words, each arc is uniquely mapped to a one-rule event. (3) For eachforbidden pair of arcs (e; e0) where e and e0 correspond to one-rule events e1and e2 respectively, we impose an ordering constraint e1 � e2 (e2 � e1) ifthere is a directed path with arc e0 preceding arc e (e preceding arc e0). Sincethe graph is acyclic, these ordering constraints de�ne a partial order on theevents.For a forbidden pair of arcs (e; e0) where e and e0 correspond to one-ruleevents e1 and e2 respectively, the imposed ordering constraint on the events e1and e2 prevents arcs e and e0 from appearing in the trajectory of any possibleevent sequence. Note that each arc is uniquely mapped to a one-rule event.Given the ordering constraints, event e1 must precede event e2 if there is adirected path in the graph with arc e0 preceding arc e. However, event e1precedes event e2 implies that a transition along the arc e must precede atransition along arc e0 if both transitions are contained in the trajectory ofan event sequence. However, this is impossible, since in a directed acyclicgraph the existence of a directed path with arc e0 preceding arc e impliesthe nonexistence of a path with arc e preceding arc e0. This proves thatarcs e and e0 can not both appear in the trajectory of any possible eventsequence if (e; e0) is a forbidden pair of arcs. Note that each arc is uniquelymapped to a one-rule event. Therefore a possible event sequence with atrajectory starting from s and ending in t gives us a solution directed path40



in the forbidden pairs of arc problem instance and vice versa. This reductiontogether with Lemma 1 prove the NP-Completeness of this special case.Theorem 6 Temporal projection regarding general events, arbitrarily or-dered, in a state space of size O(1) is solvable in polynomial time.Proof. For this special case, the task in the PRJ1 variant of temporal projec-tion can be accomplished in the following way. First, we construct a directedgraph G by (1) mapping each state to a distinct vertex in G, and (2) addingan arc (u; v) to G if one of the events can trigger a state transition from uto v. G is a graph of O(1) size.Second, we enumerate all the simple directed paths which start from theinitial state and end in goal states. There is only a constant number of suchdirected paths since the graph is of constant size. For each of these directedpaths, we must determine whether there is an event sequence whose trajec-tory can correspond to the directed path. This task is equivalent to bipartitematching between the directed arcs in a simple directed path and the set ofevents. An event e can match a directed arc (u; v) if e can trigger a state tran-sition from u to v. If each directed arcs in the directed path can be matchedwith a distinct event, this gives us an event sequence whose trajectory is thedirected path. Finally, we examine the event sequence to determine whetherit is consistent with the ordering constraints. Since bipartite match problemcan be solved in polynomial time [PS82], we can solve this special case oftemporal projection problem in polynomial time.Theorem 7 Temporal projection regarding events partially ordered as O(1)number of chains of length O(jEj) and O(log jEj) number of chains of O(1)length in a polynomial-size state space can be solved in polynomial time.Proof. Given a problem instance hP; s0;G; E;Oi, the number of verticesin the graph constructed by the global search algorithm in Section 3 isjSP jQ1�i�m(1+ li), where jSP j is the size of the state space, m is the numberof chains, and li is the number of events in the ith chain. If li = O(jEj) andm is a constant, or li = O(1) and c = O(log jEj), in both cases the graph Gis polynomial in the size of the event set E. Therefore graph reachability andthus temporal projection is solvable in polynomial time for this special case.41



Theorem 8 The goal G is true after all events occur if and only if for eachregion R, the regional subgoal GR of R is true immediately after the eventsin R have all occurred.Proof. According to the de�nition, all the regional subgoals are subsets ofthe goal G. In particular, the goal G equals the regional subgoal of theroot region, since every condition is a local condition in this global region.Therefore the goal G is true after all events occur if and only if for each regionR, the regional subgoal GR is true after all events occur. By Lemma 2, a localcondition p of a region R is true after all events occur if and only if p is trueimmediately after the events in region R have all occurred. Therefore aregional subgoal GR is true after all events occur if and only if GR is trueimmediately after the events in region R have all occurred.Theorem 9 The set of coupling conditions of a region R is composed oftwo disjoint subsets: the set abstract conditions of R and the set of subgoalconditions of R.Proof. The set of abstract conditions of R and the set of subgoal conditionsof R are disjoint, since the abstract conditions is dependent on events notin R while the subgoal conditions of R are local conditions of R. In thefollowing, we consider a region R of two or more child regions. (For a regioncomposed of a single event, the proof directly follows from the de�nitions ofthese three sets of conditions.) Suppose p is an abstract condition of R. p isdependent on an event not in R and an event e in R. Since e is contained inone of R's child region R0, p is also an abstract condition of this child regionR0. Suppose p is a subgoal condition of R, p must be an abstract conditionof one of R's child regions. This is because p is dependent on R, but not alocal condition of any child regions of R. Therefore, if p is in the union ofthe set of abstract condition and the set of coupling condition of R, p mustbe an abstract condition of a child region R0 of R, which implies that p isalso a coupling condition of R.On the other hand, suppose p is a coupling condition of R. p must be anabstract condition of a child region R0 of R. If p is not an abstract conditionof R, p is a local condition of R which is only dependent on the events inR. Since p is an abstract condition of a child region R0 of R, p must be42



dependent on an event in R but not in R0. This implies that p is not a localcondition of any child regions of R. In other words, p is a subgoal conditionof R. Therefore if p is a coupling condition of R, p is either an abstractcondition of R or a subgoal condition of R.Theorem 10 Procedure Localized-Reasoning is sound and complete.Proof. By induction on the levels of the region hierarchy (from the bot-tom level up), we have the following two properties for procedure Region-Absrtaction by using Corollary 2. First, for each pair (s; f) in �R derived inprocedure Localized-Reasoning, (1) the incremental subgoal ~GR is true in f ,(2) there exists an event sequence in QRO whose trajectory starts in a statewhere s is true and ends in a state where f is true, and (3) the pair (s; f) isencoded as a causal rule �! � where � (�) is the abstract state of AR in s(f).Second, the regional subgoal GR of a region R can be achieved immediatelyafter the events in R occur if and only if (1) there exists a pair (s; f) in �Rderived by procedure Region-Absrtaction, and (2) the abstract state s of thecoupling conditions of R can be true immediate before the events in R occur.Third, given (�; �) as an input where �! � is a rule of the abstract event eR,procedure Generate-Sequence can (1) determines a pair (s; f) in �R whichis encoded as a causal rule (�; �), and (2) generate an event sequence in QROsuch that regional subgoals is true immediately after all events in R occur if� is true immediate before the events in R occur.Note that (1) (hi ! hi) is the only rule in the abstract event of the rootregion, since the root region has no abstract conditions, and (2) the emptyexpression hi is true immediately before any events occur. According to thethree properties above, procedure Localized-Reasoning derives an event se-quence in QEOthat ends in a goal state if and only there exist one.Theorem 11 Given an instance of the temporal projection problem, proce-dure Localized-Reasoning runs in O(n� 8L) time, where n is the size of theevent set E, and L is the interaction measure of the problem instance.Proof. In procedure Localized-Reasoning, procedure Region-Abstracion andprocedure Generate-Sequenc is (recursively) called once in each region, both43



of which use procedure Temporal-Search for local searches in individual re-gions. In particular, in each region procedure Temporal-Search is called for2jARj times by Step 2 of procedure Region-Abstracion. By Theorem 2, In aregion R, procedure Temporal-Search runs in O(22(bR+cR)) time according toTheorem 2, since there are bR child regions and cR coupling conditions inR. Therefore procedure Localized-Reasoning runs in PR 2jARj�O(22(bR+cR))time, which can be written as O((2n � 1) � 2L � 22L) according to the fol-lowing two observations. (1) In the region hierarchy, the number of distinctregions is no more than 2n� 1. This is because in a tree with n leaves, thereis at most n�1 internal vertices, which correspons to a region hierarchy withn events. (2) In each region, we also haveL � bR + cR � cR = jCRj = jUR [ ARj � jARj:The whole thing is then simpli�ed to the O(n � 8L) time bound.References[BK91] C. B�ackstr�om and I. Klein. Parallel non-binary planning in polyno-mial time. In Proceedings IJCAI 12, pages 268{273. IJCAII, 1991.[Byl91] Tom Bylander. Complexity results for planning. In ProceedingsIJCAI 12, pages 274{279. IJCAII, 1991.[Cha87] David Chapman. Planning for conjunctive goals. Arti�cial Intelli-gence, 32:333{377, 1987.[Chr90] J. Christensen. A hierarchical planner that generates its own ab-straction hierarchies. In Proceedings AAAI-90, pages 1004{1009.AAAI, 1990.[CLR91] T. H. Corman, C. E. Leiserson, and R. L. Rivest. Algorithms. MITPress, Cambridge, Massachusetts, 1991.[DB88] Thomas Dean and Mark Boddy. Reasoning about partially orderedevents. Arti�cial Intelligence, 36(3):375{399, 1988.[GJ79] Michael R. Garey and David S. Johnson. Computers and Intractibil-ity: A Guide to the Theory of NP-Completeness. W. H. Freemanand Company, New York, 1979.44
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