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1 IntroductionWe are concerned with solving planning problems posed as Markov decisionprocesses. Speci�cally, given a dynamical model described as a stochastic pro-cess (e.g., Markov chain) with a large, discrete state space and a performancecriterion (e.g., minimize the expected time or cost to reach a goal), construct apolicy (plan) mapping states to actions that realizes the speci�ed performancecriterion or approximates it to within some speci�ed tolerance.1.1 Factoring Large State SpacesLarge state spaces present a number of challenges. To begin with, the prob-lem has to be e�ciently encoded. A factored state-space representation usesstate variables to represent di�erent aspects of the overall state of the system.2Compact encodings for stochastic processes can be achieved for many appli-cations using factored state-space representations, where the size of the modelis usually logarithmic in the size of the state space [6]. Similarly, policies forlarge factored state spaces can often be e�ciently encoded using decision treesthat branch on state variables. Assuming that both the problem (a stochasticprocess) and the solution (a policy) can be encoded in a compact form, wewould like to generate solutions in time bounded by some small factor of theproblem and solution size.A factored state-space representation with n boolean state variables repre-sents an n-dimensional state space with O(2n) states. We assume that all ofthe state variables are relevant in at least some portion of the state space andso the dimensionality of the problem cannot be reduced without su�ering someloss in performance. However, it is very likely that not all state variables arerelevant in all portions of the state space (e.g., when you are planning to takea walk in southern Florida you can neglect the possibility of snow). Figure 1illustrates three views of a multi-dimensional state space. The bottom view inwhich the state space is partitioned into aggregate states is the view we aremost interested in.1.2 Decomposing High-Dimensional State SpacesIn this paper, we assume that a domain expert has partitioned the state spaceinto m regions such that in each region only a small subset (of size no morethan r, r � n) of the set of all state variables is relevant for decision making. Inother words, for each region, we are concerned with an abstract subspace of sizeno more than 2r. The size of the union of these abstract subspaces is no more2In arti�cial intelligence, such factored representations are often called intensional rep-resentations. Propositions representing 
uents in STRIPS operators [9] correspond to statevariables in a factored state-space representation.4



Figure 1: Three views of a three-dimensional state space with the correspond-ing local structure of space shown to the right. The top view represents theunstructured state space, the middle view represents an abstraction obtainedby projection, and the bottom view represents a decomposition obtained bypartitioning the states into aggregate states.
Figure 2: Region-by-region dimensionality reduction. A three-dimensionalspace is represented as the union of two-dimensional abstract subspaces shadeddark gray. 5



than m2r. The problem of automatically constructing such a partition is notaddressed in this paper, but see [17] for some relevant techniques. Figure 2illustrates how a three-dimensional state space might be represented as theunion of two-dimensional abstract subspaces.There exist methods for computing policies that are polynomial in the sizeof the state and action spaces [20] [21], but these methods are impracticalfor large state spaces (e.g., > 106 states, given 20 state variables). Instead ofconsidering the large state space as a whole, we are interested in decompositionmethods that deal with the smaller subspaces of individual regions.1.3 Combining Local SolutionsOur framework is a special case of divide and conquer: given a Markov decisionprocess and a partition of the state space into regions, (i) reformulate theproblem in terms of smaller Markov decision processes over the subspaces ofthe individual regions, (ii) solve each of these subproblems, and then (iii)combine the solutions to obtain a solution to the original problem.In the best case, all of the subproblems are independent and combination istrivial (e.g., a manufacturing task that involves assembling and testing severalcomponents each of which is assembled independently). In such cases, it doesnot matter how you enter a region of the partition or how you leave; the onlything that matters is the costs accrued while in that portion of the state space.In the more likely case, the subproblems are weakly coupled to one anotherso that, for example, what you do in one region only a�ects what you do in afew neighboring regions. Examples of weakly-coupled systems include stagedmanufacturing and military planning problems and various robot navigationproblems.We associate a set of topologically motivated parameters with each R.These parameters summarize the interactions between R and the other regionsin the partition. A speci�c estimate of the parameter values associated withregion R allows us to construct a Markov decision process over the subspaceassociated with R. By solving such a Markov decision process, we determine alocal policy on the region R, which is a solution to the subproblem associatedwith R. In this paper, we describe two basic methods for combining solutionsto subproblems in order to generate a solution to the global problem.The �rst combination method is illustrated in an algorithm called hierar-chical policy construction, which considers particular sets of parameter valuesthat have an intuitive topological interpretation. These sets of parameter val-ues give us a set of candidate local policies associated with each region. Wethen construct an abstract Markov decision process by considering individ-ual regions as abstract states and their candidate local policies as abstractactions. The solution to this abstract Markov decision process assigns a par-ticular candidate policy to each region, thus yielding a policy on the entire6



state space. Hierarchical policy construction produces an optimal policy onlyin special cases; however, it does so relatively e�ciently and has an intuitiveinterpretation that makes it particularly suitable for robot navigation domains.The second method of combining solutions involves iterative approximationof the optimal parameter values, i.e., those values associated with optimal so-lutions to the global problem. On each iteration of the iterative approximationmethod, we consider for each region R, a speci�c estimate of the parametervalues of region R, and solve the resulting Markov decision process to obtaina local policy. By examining the resulting local policies, we obtain informa-tion to generate a new estimate of the parameter values that is guaranteed toimprove the global solution. This information about local policies also tells uswhen the current solution is optimal or within some speci�ed tolerance, and itis therefore appropriate to terminate the iterative procedure.1.4 Overview of the PaperIn Section 2, we provide a brief introduction to Markov decision processes.Section 3 describes the parameters modeling the inter-regional interactions,and the construction of a Markov decision process on a region R given a spe-ci�c estimate of the parameter values of R. Section 4 presents the hierarchicalconstruction algorithm. We describe the construction of abstract decision pro-cesses from a base-level process, and the use of such abstract decision processesto construct policies for the base-level process. Section 5 sketches the methodof the iterative approximation and brie
y addresses issues concerning conver-gence, optimality, and complexity. Section 6 draws the connection betweenthe iterative approximation method and the Dantzig-Wolfe decomposition forsolving linear programs. Section 7 provides the details of the iterative approx-imation method sketched in Section 5. In Section 8, we describe the use ofdecomposition techniques in robot navigation domains through an example.In Section 9, we theoretically analyze the computation complexity of the useof decomposition techniques in robot navigation domains, and indicates whenit is advantageous to use decomposition techniques.2 Markov Decision ProcessesLet M = (
X ;
A; p; c) be a Markov decision process with �nite state space
X , actions 
A, state transition matrix p, and cost matrix c. For convenience,let 
X = f1; 2; : : : ; Ng. Xt (At) is a variable indicating the state (action) attime t. pij(a) = Pr(Xt = jjXt�1 = i; At�1 = a) i; j 2 
X a 2 
Acij(a) = C(Xt = jjXt�1 = i; At�1 = a) i; j 2 
X a 2 
A7



where Pr(:j:) is a conditional probability distribution and C(:j:) is a real-valuedcost function. A policy � is a function mapping states to actions � : 
X ! 
A.To completely de�ne a Markov decision process we also need a performancecriterion. Two criteria that we consider are expected discounted cumulative costand expected cost to reach a speci�ed goal. In the former, the task is to �nd apolicy minimizing the expected cumulative cost function,E�(�
 ji) =Pj2
X pij(�(i)) [cij(�(i)) + 
E�(�
 jj)]for all i 2 
X where 0 < 
 < 1 is the discount rate, �
 represents thediscounted cumulative cost, and E�(:j:) denotes an expectation with respectto the policy �. For the criterion of expected cost to reach a speci�ed goal,a subset of 
X is designated as a target and performance is measured as theexpected cost until arriving in some target state. Informally, we can model eachtarget state as a sink (all transitions out have probability zero, pij 6=i(a) = 0)and proceed as in the case of expected discounted cumulative cost but with
 = 1.We mention two standard methods for solving Markov decision processes.Bellman's value iteration method [1] iterates by computing the optimal ex-pected cumulative cost function accounting for n steps of lookahead usingthe optimal expected cumulative cost function accounting for n � 1 steps oflookahead. Value iteration is guaranteed to converge in the limit to the op-timal expected cumulative cost function accounting for an in�nite lookahead.Howard's policy iteration [10] iterates by �rst computing the expected cumula-tive cost function for the current policy and then improving the policy by usingthis cost function. Policy iteration is guaranteed to converge to the optimalpolicy in O(N3) iterations. Puterman [21] provides an up-to-date overview ofalgorithms for solving Markov decision processes.In iterative methods, it is often useful to be able to compute a bound onthe di�erence between the value of the current solution and the optimum. Let�� denote an optimal policy for M. Suppose �i is the probability of startingout in state i and � is the current policy then Pi2
X �iE�(�
 ji) is the valueof the current solution and Pi2
X �iE��(�
ji) is the optimum. The algorithmdescribed in Section 5 relies on computing such a bound.3 Decomposing Markov Decision ProcessesIn this section, we describe a general method of decomposing a Markov decisionprocess de�ned on a large state space into smaller Markov decision processesde�ned on local regions. Based on this regional decomposition framework, wedevelop two approaches in the following two sections that combine the solutions8



RFigure 3: Boundary (light gray) and periphery (darker gray) states of regionR
R SFigure 4: R is adjacent to S (R;S)to the smaller Markov decision processes into a solution to the original Markovdecision process.Let P be any partition of 
X , P = fR1; : : : ; Rmg such that 
X = Smi=1Riand Ri \ Rj = ; for all i 6= j. We refer to a region R 2 P as an aggregatestate. We refer to a state in 
X as a base-level state.The periphery of an aggregate state R (denoted Periphery(R)) is the setof all base-level states not in R but reachable in a single transition from abase-level state in R.Periphery(R) = fjjj 62 R ^ 9i 2 R; a 2 
A; pij(a) > 0gThe boundary of an aggregate state R (denoted Boundary(R)) is the set ofall base-level states in R from which you can reach a base-level state not in Rin a single transition.Boundary(R) = fiji 2 R ^ 9j 62 R; a 2 
A; pij(a) > 0gIn Figure 3, the boundary states are shaded light gray and the periphery statesare shaded darker gray.We say that aggregate state R in P is adjacent to aggregate state S in P(denoted R;S) just in case Periphery(R) \ S 6= ; (see Figure 4).Next, we introduce a set of parameters that we will use to model inter-actions among regions. Let U = SR2P Periphery(R), and �i for each i 2 Udenote a real-valued parameter. Let �� 2 RjU j denote a vector of all such �i9



parameters, and ��jR denote a subvector of �� composed of �i where i is inPeriphery(R). U is the medium for inter-regional interactions; a region R canonly communicate with the other regions through the states in U . Parameter�i serves as a measure of the expected cumulative cost of starting from a pe-riphery state, and ��jR provides an abstract summary of how the other regionsa�ect R.Given a particular ��, the original Markov decision process can be decom-posed into smaller Markov decision processes, each of which determines a localpolicy on a local region. For a region R and the subvector ��jR of ��, we de-�ne a Markov decision process M��jR = (R [ Periphery(R);
A; q; k) and thecorresponding local policy ���jR as follows.1. R [ Periphery(R) is the (local) state space for M��jR.2. qij is the (local) state transition matrix for M��jR, where� qij = pij for i 2 R� qii = 1 for i 2 Periphery(R)3. kij is the (local) cost matrix for M��jR, where� kij = cij for i; j 2 R� kij = �j + cij for i 2 R and j 2 Periphery(R)� kii = 0 for i 2 Periphery(R)4. ���jR corresponds to the local policy that is optimal for M��jR with per-formance criterion expected cost to goal and target set Periphery(R).M��jR is the subproblem we associate with region R given ��jR as an abstractsummary of R's interaction with the other regions. ���jR is the solution to thesubproblem M��jR. A particular �� determines a set of local policies (abstractactions) which in turn determines a policy on the entire state space. Let ��denote an optimal policy for M. If �i = E��(�
ji), then the resulting localpolicies as de�ned above de�ne an optimal policy on the entire state space.The algorithms considered in the following two sections o�er various methodsfor either guessing or successively approximating E��(�
 ji) for all i 2 U .4 Abstraction and Hierarchical Policy Con-structionIn this section, we �rst describe a general method for constructing an abstractdecision process from a base-level process given a �xed partition of the statespace. We then present a hierarchical policy construction method for using anabstract decision process to construct policies for the base-level process.10



4.1 Abstract Decision ProcessesLet P = fR1; : : : ; Rmg be any partition of 
X . Each region R 2 P can beconsidered as an abstract state. A particular local policy ���jR on region Rcan be considered as an abstract action on R, which re
ects our bias towarddi�erent periphery states described by ��jR. Abstract actions for stochasticdomains are the rough equivalent of macro operators for deterministic domains.The abstract action ���jR indicates how to act optimally in region R if theinteractions with the other regions are captured in ��jR. For example, a largevalue for �j naturally discourages us from entering the periphery state j sinceit induces a large cost in kij . The family of all abstract actions is denotedF = f���jRjR 2 P; �� 2 RjU jg.The probability of ending up in S starting inR and following an abstraction���jR is de�ned byp0RS(���jR) = 1jBoundary(R)j 264 Xi2Boundary(R)'i375'i = 264 Xj2S\Periphery(R)pij375+Xj2Rpij'jwhere pij = pij(���jR(i)). Note that we assume here that there is an equalprobability of starting in any state in the boundary of R.The cost of ending up in S starting in R and following ���jR is de�ned byc0RS(���jR) = 1jBoundary(R)j 264 Xi2Boundary(R)#i375#i = 264 Xj2S\Periphery(R)pijcij375+Xj2R pij [cij + #j]where cij = cij(���jR(i)).The resulting abstract decision process is then de�ned byM�� = (P;F ; p0; c0).It is important to note that M�� need not be Markov; in some cases, we maysimply accept this as one of the inevitable consequences of abstraction andproceed as if the process is Markov; in other cases, we may attempt to ame-liorate this condition (at some increase in computational cost) by using one ofseveral standard techniques.4.2 Hierarchical Policy ConstructionIn the following algorithm, called hierarchical policy construction, we restrictour attention to a �nite subset of F . For each R and each S adjacent to R, we11
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jiFigure 6: Abstract action for moving fromR to S. Base-level action for movingfrom i to j.construct a local policy �R!S by setting �i = 0 for i 2 S \ Periphery(R) andsetting �i = � for i 2 Periphery(R)�S, where � is some �xed constant. If theperformance criterion for the base-level process is expected cost to goal, thenfor each R containing one or more goal states, we add an additional action inwhich all the peripheral states get �i = � and all of the goal states are madeinto sinks with kii = 0. The abstract decision process is (P;F;; p0; c0) whereF; = f�R!SjR;S 2 P ^ R;Sg and the performance criterion is expecteddiscounted cumulative reward for a discount rate 
.The local policies have the interpretation that �R!S is the policy to takestarting in R if you want to get to S. The larger � is, the more incentive thereis to get to S and avoid the rest of the periphery of R. Figure 5 illustrates anexample in which p0RS(���jR) = 0:7 and p0RT (���jR) = 0:3. The abstract policyhas the interpretation of providing a global perspective and indicating for eachregion the best local policy to use. Generally, it is best to set 
 very close toone or use an alternative performance criterion such as average expected costper step [8].The following is an algorithm to construct a global policy using the abstractdecision process (P;F;; p0; c0). 12



1. Set � and compute �R!S for R;S 2 P .2. Calculate the abstract transition probabilities p0 and abstract costs c0.3. Set 
 and solve the abstract decision process to obtain an abstract policy� : P ! F;.4. To determine the action to take in base-level state i, determine R 2 Psuch that i 2 R and take action �(R)(i).Figure 6 illustrates the di�erence between abstract actions de�ned as localpolicies (���jR 2 F) and base-level actions (���jR(i) 2 A). The above algorithmfor constructing and solving abstract processes can be applied recursively andhence applies to hierarchical partitions.Hierarchical policy construction does not guarantee to produce an optimalpolicy; however, it does so relatively e�ciently and has an intuitive interpreta-tion that makes it suitable for robot navigation domains. For a simple partitionof the state space with no aggregation within regions, standard algorithms [21]on the base-level state space would be dominated by a factor quadratic in thesize of the state space (j
X j), while hierarchical policy construction would bedominated by the number of regions in the partition (jP j) times the maximumnumber of neighbors for any region (maxR2P jfSjS 2 P ^ R;Sgj) times thesquare of the size of the largest region (maxR2P jRj).5 The Iterative Approximation ApproachGiven a particular ��, the base-level process is decomposed into local processes,fM��jRg. By solving these local processes, we derive the corresponding localpolicies (abstract actions) f���jRg. A global policy, �, to the base-level processis then derived by directly gluing these local policies together. The qualityof � critically depends on the choice of ��. Instead of relying on a particular��, we can successively modify �� and proceed through multiple iterations ofdecomposition and localized computation. Let �(i) denote the global policydetermined by a particular �� adopted on the ith iteration of computation.Rather than simply using one of the global policy �(i) as the �nal solutionpolicy, we may also cleverly combine these global polcies, f�(i)g, to generatean even better solution policy. There are several issues in realizing this iterativeapproximation framework:� how to e�ciently maintain useful information about the global policies,f�(i)g, derived on previous iterations,� how to combine f�(i)g to generate a solution policy if we need to termi-nate the computation at the end of a speci�c iteration,13
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Kernel T( )Kernel R( )Figure 7: Relationship between the partitions P and Q� how to modify �� iteratively so that the solution quality can be improvedon each iteration and is guaranteed to converge to an optimal solutionin a �nite number of iterations, and� how to determine it is time to terminate the computation when thesolution is optimal or within some speci�ed tolerance of the optimum.In this paper, we focus on a particular iterative method that resolves theseissues. This iterative method is based on a reduction to the methods of Kush-ner and Chen [15] that demonstrate how to solve Markov decision processesas linear programs using the Dantzig-Wolfe decomposition principle [4]. Thedetails of the material presented in this section depend on some understand-ing of linear programming [3] and methods for decomposing and solving largesystems [16]. We sketch the iterative method in the following, and refer thereaders to the following two sections for more details.1. Given an arbitrary partition P = fR1; : : : ; Rhg of size h, we �rst trans-form P into a new partition Q = fU;K1; : : : ;Khg of size h+1 as follows.� U is SRi2P Periphery(Ri), which represents the peripheries of theregions Ri's.� For each region Ri, we have Ki = Kernel(Ri) = Ri � U , whichrepresents the kernel of region Ri.This resulting partition Q induces a star topology that is critical in ap-plying the techniques in [15]. U is the coupling region in the new partitionQ; removing the states in U separates the state space into isolated re-gions, each of which corresponds to a Ki, 1 � i � h. In other words, thekernels of the regions Ri's in P are encapsulated and separated from oneanother by their peripheries, whose union is U . Figure 7 illustrates therelationship between the partitions P and Q.14



2. On the ith iteration, we consider a particular �� determined at the endof last iteration. We decompose the original base-level process into localprocesses fM��jRjR 2 Qg, and derive the corresponding local policiesf���jRjR 2 Qg. Let �(i) denote the global policy formed by gluing to-gether these local policies.3. We need to maintain a policy repository of at most jU j + 1 previouslygenerated global policies, f�(i)g, at a time. As soon as policy �(i) isgenerated, it replaces some policy �(j), j < i, in the repository. Theinformation associated with the current policy repository also allows usto determine an upper bound on the gap between the value of the currentsolution and the optimum. This bound allows us to decide whether wehave reached the optimum or within a speci�ed range of the optimum,or we should continue for another iteration of computation.4. If we decide to terminate the computation, we are able to generate a �nalsolution policy by properly combining the policies, f�(i)g, in the currentpolicy repository using its associated information; otherwise, we are ableto determine a new �� to go through another iteration of computation.Proposition 1 The iterative method described above improves the solutionquality on each iteration, and converges to an optimal solution in a �nite num-ber of iterations.Proof. The iterative method is equivalent to (i) adopting the partition Q, andthen (ii) applying the methods of Kushner and Chen [15] that solve Markovdecision processes as large linear programs using the Dantzig-Wolfe decompo-sition principle, which have the properties described above. A more detaileddescription of the algorithm and its correspondence to the methods of Kushnerand Chen [15] is provided in the next two sections. 2In the following, we brie
y discuss the convergence rate and the time andspace complexity of this iterative method.� Empirical experience suggests that the Dantzig-Wolfe decomposition prin-ciple, which the analysis of the iterative method is based on, allows con-vergence to within 1{5% of the optimum fairly quickly, although the tailconvergence rate can be very slow (see page 325 in [19]). In other words,it is likely that after a few number of iterations in the iterative methodwe are able to produce a solution of good quality, but it may not beworthwhile to continue after reaching 1{5% of the optimum.� The computational task in an iteration is decomposed into two subtasks:(i) deriving and solving local Markov decision processes over local regionsas subproblems, and (ii) maintaining a policy repository of up to jU j+1previously generated policies, where U is the union of Periphery(R) forthe regions R in the original partition P .15



The computation e�ciency of each iteration is critically a�ected by thestructure of the given partition P : (i) jKernel(Ri)j, the number of base-level states in the kernel of each region Ri in the partition P , and (ii)jU j, the total number of base-level states in the peripheries of the regionsin the partition P .� Compared with solving the original base-level process as a whole, the�rst subtask can be achieved more e�ciently by applying the standardtechniques for Markov decision processes over individual regions. Thisis a natural advantage of decomposition techniques, which divide largeproblems into subproblems of tractable sizes.The second subtask can be achieved by maintaining a (jU j+ 1) � (jU j+ 1)matrix, whose computational e�ciency critically depends on the topol-ogy of the given partition P . The second subtask can be performede�ciently if the size of U is relatively small. This is the additional costto pay for decomposition techniques since we need to combine the solu-tions to subproblems.� In other words, this iterative method is promising if the given partitionP divides the whole state space into many small regions, and the numberof the states in the peripheries of the regions in P is also small.6 Iterative Approximation and Linear Pro-grammingIn this section, we explore the relationship between the iterative approximationframework described in Section 5 and the use of the Dantzig-Wolfe decompo-sition principle in solving Markov decision processes as linear programs. Thisrelationship then provides interesting insight into the iterative approximationframework. In the remainder of this paper, we abbreviate the Dantzig-Wolfedecomposition principle as the DW decomposition, and refer to the work ofKunshner and Chen [15] as the DW approach for Markov decision processes.6.1 Linear Programming and the Dantzig-Wolfe De-composition PrincipleTo cope with linear programs of very large sizes, decomposition principles[16] that divide a large linear program into many correlated linear programs ofsmaller sizes have been well studied, among which the DW decomposition maybe the most well known. In the following, we describe the general form of theDW decomposition without assuming additional structure in linear programs.16



We refer the readers to [16] [19] for more details about linear programmingand the DW decomposition.Consider a linear program of standard formmin z = cXAX = bX � 0 9>=>; : : : (1);where X is a N �1 column vector composed of N variables x1; x2; : : : ; xN ; c isa 1�N row vector of N scalar values representing a cost function of X; A is aM �N constraint matrix representing M linear constraints on X; and X � 0represents sign constraints enforcing x1; x2; : : : ; xN to be nonnegative.Using the DW decomposition, we can arbitrarily partition the set of Mlinear constraints AX = b into two smaller sets of linear constraints A1X = b1and A2X = b2. Let m be the number of linear constraints in A1X = b1.Rather than directly solving the linear program in (1), the DW decompositionimplicitly reformulate the linear program in (1) as a master problem concerningthe m linear constraints in A1X = b1, and iteratively generate a series ofsubproblems concerning the M �m linear constraints in A2X = b2 to attainan optimal solution of the linear program in (1).6.1.1 The Master Problem in the DW DecompositionNote that all feasible solutions to AX = b also satisfy A2X = b2. Thereforeeach feasible solution X to AX = b can be properly represented asX = X1�i�r �iX(i) + X1�j�t ��j �X(j);where� X i's, 1 � i � r, and �Xj 's, 1 � j � t are N � 1 column vectors repre-senting the �nite number of extreme points and extreme rays 3 [16] [19]respectively of the set fxjA2X = b2g, and� �i's and ��j 's must satisfy the following constraintsA1(P1�i�r �iX i +P1�j�t ��j �Xj) = b1P1�i�r �i = 1�i � 0; 8i = 1 : : : r��j � 0; 8j = 1 : : : t: 9>>>=>>>; : : : (2):3The set of extreme rays f �X1; : : : ; �Xtg is any maximal set of linearly independent solu-tions to A2X = 0. 17



We can factor A1 into the summations in the �rst equation in (2), whichrenders (2) as a set of linear constraints on �i's and ��j 's. Similarly, for thecost function z = cX over X we can rewrite it ascX = c( X1�i�r �iX(i) + X1�j�t ��j �X(j));which renders a cost function over �i's and ��i's when we factor c into thesummations in the above equation. Let m be the number of linear constraintsin A1X = b1. We denote A1X(i) as qi, A1 �X(j) as �qj, cX(i) as di and c �X(j) as�dj , where qi and �qj are m column vectors while di and �dj are scalar values.This allows us to rewrite the linear program in (1) as a linear program overthe nonnegative variables �i's and ��j's in the following formmin z = P1�i�r �idi +P1�j�t ��j �djP1�i�r �iqi +P1�j�t ��j �qj = b1P1�i�r �i = 1�i � 0; 8i = 1 : : : r��j � 0; 8j = 1 : : : t: 9>>>>>>=>>>>>>; : : : (3):We refer to the linear program in (3) as the master problem in the DWdecomposition in solving the linear program in (1). Let m be the number oflinear constraints in A1X = b1. Note that we have m + 1 linear constraintsin the master problem in addition to those sign constraints that enforce �i'sand ��j's to be nonnegative. Theoretically, we can directly apply the simplexmethod to solve the master problem, where the simplex method iterativelyupdates a basis ofm+1 columns of the constraint matrix of the master problemin (3). On each iteration, a pro�table column is selected to enter the basis andreplace an old one in the current basis, which corresponds to an �i or an��j variable associated with an extreme point or an extreme ray of the setfXjA2X = b2g. In this way, the solution quality can be iteratively improveduntil an optimal solution is reached.6.1.2 The Subproblems in the DW DecompositionIn order to solve the master problem using the simplex method, we need todetermine a pro�table column corresponding to an extremepoint or an extremeray of the set fXjA2X = b2g to iteratively update the basis. However, it isinfeasible to exhaustively enumerate all these extreme points and extreme raysin general. To cope with this di�culty, a subproblem is devised according tothe current simplex multipliers 4 [16] [19] associated with the m + 1 linearconstraints in the master problem (3). By solving the subproblem, we can �nd4On each iteration of the simplex method, we can determine for each linear constraintan associated simplex multiplier. 18



an extreme point or an extreme ray that gives us a pro�table column to enterthe basis.Let �� denote a 1 � m row vector composed of the simplex multipliersassociated with the m linear constraintsX1�i�r �iqi + X1�j�t ��j �qj = b1:Let �0 denote the simplex multiplier associated with the linear constraintX1�i�r �i = 1:The corresponding subproblem ismin z = (c� �A1)XA2X = b2X � 0 9>=>; : : : (4):For such a subproblem, we use z�� to denote the optimum solution of thesubproblem, and �� to denote the quantity �0 � z��.6.1.3 Conducting an Iteration of the DW DecompositionOn each iteration, we conduct the following steps to either (i) derive an enter-ing column to enter the basis of the master problem and go through anotheriteration, or (ii) determine that the current solution for the master problem isoptimal or within a speci�ed tolerance � of the optimum, report the currentsolution, and terminate the computation.� Set up a subproblem according to the current simplex multipliers of themaster problem. Solve the subproblem to determine an optimal solutionz�� of the subproblem and �� = �0 � z��.� { If �� = 1, the cost function z = (c � �A1)X is unbounded alongan extreme ray �X(j) and we can �nd a corresponding column" A1 �X(j)0 # = " �q(j)0 #to enter the basis.{ If �� is �nite and greater than �, z� must be achieved by an extremepoint X(i) and we can �nd a corresponding column" A1X(i)1 # = " q(i)0 #19



to enter the basis.In both situations, we determine an entering column to enter the basis.We then (i) update the current basis through an pivot operation accord-ing to the selected entering column, (ii) determine a new solution toand new simplex multipliers of the master problem, and (iii) go throughanother iteration of the DW decomposition.� If �� is no more than �, we can terminate the computation and reportthe current solution of the master problem as the �nal solution. In thissituation, the current solution is no greater than � plus the optimumof the master problem. In particular, if �� is zero or negative, we havereached an optimal solution of the master problem.Both the master problem and the subproblems center around the use ofsimplex method in solving the linear program in (3). We refer the readers to[19] for more details about (i) cycling prevention and (ii) the initialization ofthe simplex method using big-M method. We brie
y summarize two impor-tant properties about the DW decomposition that are useful in the remainderof this paper.Proposition 2 Using the DW decomposition, the solution quality is improvediteratively and converge to an optimum solution in a �nite number of iterations.Proposition 3 For a subproblem in the DW decomposition, the value of thecurrent solution is less than or equal to the value of an optimal solution plus�� where �� = �0 � z��.6.2 The DWDecomposition and Markov Decision Pro-cessesIt is well known that we can solve Markov decision processes as linear programs[7] [8] [14] [21] using standard techniques like the simplex method. Kushnerand Chen [15] investigate the use of the DW decomposition in solving Markovdecision processes as linear programs. In the following, we brie
y introducetheir results, which provide interesting insight into the iterative approximationframework described in Section 5.6.2.1 Formulating Markov Decision Processes as Linear ProgramsLet M = (
X ;
A; p; c) be a Markov decision process with �nite state space
X , �nite action space 
A, state transition matrix p, and cost matrix c. For20



convenience, let 
X = f1; 2; : : : ; Ng. Xt (At) is a variable indicating the state(action) at time t.pij(a) = Pr(Xt = jjXt�1 = i; At�1 = a) i; j 2 
X a 2 
Acij(a) = C(Xt = jjXt�1 = i; At�1 = a) i 2 
X a 2 
Awhere Pr(:j:) is a conditional probability distribution and C(:j:) is a real-valuedcost function. A policy � is a function mapping states to actions � : 
X ! 
A.We consider two kinds of performance criteria, namely (i) expected cumulativecost to reach a speci�ed goal and (ii) expected discounted cumulative cost.We further de�ne Cost(i; a) =Pj pij(a)cij(a). For the criterion of expectedcumulative cost to reach a speci�ed goal, a subset of 
X is designated as atarget and performance is measured as the expected cost until arriving at sometarget states. Assuming that the target can be reached with probability 1 fromany other state, we can reformulateM = (
X ;
A; p; c) as the following linearprogram [7] [14]:min z = Pi;aCost(i; a)Ei;aPaEi;a = �i +Pj;a Pji(a)Ej;a; 8i 2 
XEi;a � 0; 8i 2 
X ;8a 2 
A 9>=>; : : : (5);where Ei;a denote the average number of time that action a is taken in statei, and �i is the probability that state i is the initial state.Similarly, we have the following linear program for the criterion of expecteddiscounted cumulative cost [7] [14].minz = Pi;aCost(i; a)Ei;aPaEi;a = �i + 
Pj;a Pji(a)Ej;a; 8i 2 
XEi;a � 0 8i 2 
X ;8a 2 
A 9>=>; : : : (6);where Ei;a denote the discounted average number of time that action a is takenin state i, and �i is the probability that state i is the initial state.Given a solution to (5) or (6), we can determine a nondeterministic policywhere Ei;a=PaEi;a is the probability of mapping state i to action a.6.2.2 The DW Approach in Solving Markov Decision ProcessesKushner and Chen [15] investigate the use of the DW decomposition in solvingMarkov decision processes formulated as the linear programs in (5) and (6).Given a Markov decision process M = (
X ;
A; p; c), the following kind ofpartition Q = fU;K1; : : : ;Khg is required in applying their techniques:� For any two states i and j in two di�erent Kl's, 1 � l � h, both pij(a)and pji(a) are zero for any action a in 
A.21



� The states in two di�erent Kl's, 1 � l � h, can only communicate withone another through the states in U . 
X divides into isolated piecesKl's, l � 1 when we remove U from 
X .Note that each state in 
X contributes a linear constraint to the linearprograms in (5) or (6). Given a partition Q = fU;K1; : : : ;Khg as required,we can partition the set of linear constraints into A1X = b1 and A2X = b2,where (i) A1X = b1 composed of the constraints contributed by the states inU and (ii) A2X = b2 composed of the constraints contributed by the states inKl; 1 � l � h. This gives us a master problem involving the states in U andsubproblems involving the states in Kl's.Instead of solving subproblems directly, their dual linear programs are con-sidered. Due to the special structure of the partition Q and the linear programsin (5) or (6), the dual linear program of a given subproblem can be reducedto the local Markov decision processes over individual regions Kl's, 1 � l � hrather than the entire state space 
X . We brie
y summarize the use of DW ap-proach in solving Markov decision processes as linear programs in the followingand refer the readers to [15] for more details.1. Choose a partition Q = fU;K1; : : : ;Khg such that 
X divides into iso-lated pieces Kl's, 1 � l � h when we remove U from 
X .2. Derive the simplex multipliers associated with the master problem thatis concerned with U , and determine the corresponding subproblem.3. Reduce the subproblem to local Markov decision processes over Kl's,1 � l � h, and solve these Markov decision processes.4. Manipulate the solutions to the local Markov decision processes derivedin step 3 to generate an entering column for the master problem. Thenupdate the basis and the simplex multipliers accordingly.5. Check the stopping criteria. If the stopping criteria are met, stop andreport a solution; otherwise, go to step 2.7 The Details of the Iterative ApproximationMethodIn this section, we provide the details of the iterative method sketched inSection 5. We establish the relationship between the iterative method andthe use of the DW decomposition in solving Markov decision processes aslinear programs. This relationship then provides interesting insight into theiterative approximation framework, and also demonstrate the convergence ofthe iterative method described in Section 5.22



7.1 Relationship between the DW Approach and Iter-ative ApproximationConsider the steps sketched in Section 6.2 about the DW approach that solvesMarkov decision processes as linear programs using the DW decomposition.They can be well interpreted as an iterative method as we sketched in Section 5.This demonstrates that the iterative method converges to the optimum in a�nite number of iterations.� Given a Markov decision process M = (
X ;
A; p; c) and an arbitrarypartition P = fR1; : : : ; Rhg of the state space 
X , there is always aclosely related partition that allows the use the DW approach. As de-picted in Figure 7, U = SRl Periphery(Rl), which is the union of theperipheries of the regions Ri's, and each Kl = Kernel(Rl), which is thekernel of each individual region Rl, 1 � l � h, naturally yield such apartition Q = fU;K1 : : : ;Khg. When we remove U from 
X , 
X dividesinto disjoint pieces Kl's, 1 � l � h.� Using such a partition Q = fU;K1 : : : ;Khg in the DW approach, thenumber of linear constraints in the master problem is jU j+1. The simplexmultipliers associated with this master problem can be interpreted as the�i's assigned to each state i in the peripheries of the regions in P , whichdetermine the the �� vector described in Section 3. On each iteration,such a �� vector determine a subproblem. that is further reduced tosmaller Markov decision processes over Kl's, 1 � l � h. Each of thesesmaller Markov decision processes can be interpreted as the kind of localMarkov decision process M��jKl, 1 � l � h, described in Section 3.� In Step 2 and Step 3 of the DW approach, local Markov decision pro-cesses overKl's, 1 � l � h are derived and solved according to the currentsimplex multipliers. In Step 4 the solutions to these local Markov de-cision processes in turn allow us to update the simplex multipliers andthen reiterate Step 2 and Step 3. In this way, the DW approach pro-vides a control mechanism to iteratively solve the local Markov decisionprocesses and update the �� vector to improve the solution quality.� In other words, the DW approach that solves Markov decision processesas linear programs can be interpreted as a particular iterative method.According to Proposition 2 and Proposition 3 in Section 6.1, the DW de-composition iteratively improves the solution quality of a linear programand converges to an optimal solution in a �nite number of iterations.Therefore the corresponding iterative method also converges to an op-timal solution of the corresponding Markov decision process in a �nitenumber iterations. 23



7.2 Overview of the Iterative MethodBy appropriately interpreting the DW approach in [15] under the iterativeapproximation framework, it yields the following iterative method.1. Given a Markov decision process M = (
X ;
A; p; c), we choose an ar-bitrary (but �xed) partition P of the state space 
X in advance whichdivides the state space into disjoint regions.2. On the tth iteration, we decompose the original Markov decision processinto smaller Markov decision processes over the kernels of the regionsin P , and derive a policy �(t) by gluing together the policies of thesesmaller Markov decision processes.3. The information associated with �(t) also tells us (i) a bound on the valueof the current solution, and (ii) whether we should go through anotheriteration of Step 2.4. Let m be the number of the states in the peripheries of the regions inpartition P . We need to keep a policy repository of at most m+ 1 such�(t)'s at a time. As soon as policy �(t) is generated, it properly replacesone of the policy �(i); i < t, in the repository. The current solution is acombination of such policies �(t)'s stored in the current policy repository.5. If we need to go through another iteration, the information associatedwith the current policy repository tells us how to go through anotheriteration of step 2. The solution quality is improved iteratively, andconverge to optimum.In the following, we (i) provide the entire picture of the iterative method,and (ii) indicate its equivalence to the DW approach that uses the DW de-composition to solve Markov decision processes as linear programs [15]. In theremainder of this paper, we focus on the criterion of expected cumulative costto reach target states. For the expected discounted cumulative cost criterion,it is all the same except that the transition probability pij(a) is multiplied bya discount factor 
 and the set of target states is empty. This is true becausethe linear programming formulations in (5) and (6) for these two performancecriteria are basically the same except for the presence of the discount factor inthe linear program in (6).7.3 Partitioning a State Space into Local Regions� We adopt an arbitrary but �xed partition P = fR1; : : : ; Rhg of the statespace throughout all iterations of the iterative method. In particular, theunion of the peripheries of the regions Rl's, U = SRl2P Periphery(Rl),24



and the kernel of each region Rl, Kl = Rl � U , play important roles inthe iterative method.� Letm be the number of the states in U . We number thesem states in thecoupling region U from 1 to m, and number the other states in Ki; i > 0from m+ 1 to N . Using such a �xed numbering on states, we can moreconveniently name the elements of the matrices and the vectors that arerelated to these states.7.4 The Abstract Action SpaceAn abstract action is a local strategy imposed on a region R to encouragecertain pattern of system evolution when leaving region R to enterR's adjacentregions. An abstract action of a region R is parameterized by a set of biasvalues assigned to the states in U .� �i; 1 � i � m denotes the bias value assigned to a state i in U asdescribed in Section 3. In addition, we de�ne �0 to be a measure of thecurrent solution quality. Let� = [�1; : : : ; �m] and �� = [�1; : : : ; �m; �0]:� Intuitively, we can interpret �i as a measure of the expected cumulativecost since the �rst time of leaving region R from state i. A big �i hasthe e�ect of discouraging the use of state i as an exit to leave R to enterR's adjacent regions.� Refer to Section 7.8 for the initialization of �� and refer to Section 7.9for the iterative modi�cations of ��. In the remainder of this paper, weuse ��(t), �(t)i , and �(t)0 respectively to denote the speci�c ��, �i, and �0appearing on the tth iteration of the computation.Remark The �� vector is composed of the simplex multipliers on a speci�citeration of the master problem in the DW decomposition. Consider the m+1constraints in the master problem, the �rst m of which concern with the statesin U . On each iteration, the simplex multipliers associated with these mconstraints then provide these bias values �i's, 1 � i � m. The simplexmultipliers associated with the (m + 1)th constraint in the master problemprovides the �0 value.7.5 Deriving Local Policies7.5.1 Deriving the Local Policies over the KernelsGiven a Markov decision process M = (
X ;
A; p; c), and a particular ��vector, we can derive local Markov decision processes over the kernels Kl's.25



For each region Rl in the partition P , we de�ne a Markov decision processM��jKl = (KlSU;
A; ~p; ~c).1. Kl [U is the (local) state space with respect to M��jKl, where the statesoutside the kernel Kl are considered as additional target states. In otherwords, the union of U and the set original target states of M forms theset of target states of M��jKl.2. ~pij is the (local) conditional probability distributions about action out-comes. Let ~pij(a) and pij(a) denote the probabilities of ending up instate j if we take action a when we are in state i with respect to M��jkland M respectively. We de�ne� ~pii(a) = 1 if i is a target state of M��jKl, and� ~pij(a) = pij(a) for for a non-target state i in Kl.3. ~cij speci�es the biased action costs with respect toM��jKl, which is prop-erly biased according to ��. Let ~cij(a) and cij(a) denote the action costsof ending up in state j if we take action a when we are in state i withrespect to M��jkl and M respectively. We de�ne� ~cij(a) = 0 where i is a target state of M��jKl,� ~cij(a) = cij(a) where i is a non-target state and j is in Kl, and� ~cij(a) = cij(a) + �j where i is a non-target state and j is in U .4. In the following, we use� Cost(i; a) =Pj pij(a)cij(a) to denote the cost of taking action a instate i with respect to M,� ActionBias(i; a) = Pj2U ~pij(a)�j to denote the bias regarding tak-ing action a in state i, and� BiasCost(i; a) = Pj ~pij(a)~cij(a) to denote the biased cost of takingaction a in state i with respect to M��jKl.We then have:� For a target state i of M��jR, BiasCost(i; a) = 0.� For a non-target state i in Kl,BiasCost(i; a) = Xj ~pij(a)~cij(a) =Xj pij(a)~cij(a)= Xj 62U pij(a)cij(a) +Xj2U pij(a)(cij(a) + �j)= Xj pij(a)cij(a) +Xj2U pij(a)�j= Cost(i; a) +ActionBias(i; a):26
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β2 β1Figure 8: The relationship between actual and biased action costFigure 8 depicts three states 1, 2 and 3. State 1 and state 2 are in theperipheries of regions while state 3 is in the kernel of a region. When takingaction a in state 3, we end in state 1 (2) with a cost of 6 (4) and with probability0.4 (0.6). The bias associated with state 1 (2) is 1.2 (4.2). The biased actioncost of taking action a in state 3 is then determined byBiasCost(3; a) = Cost(3; a) +Bias(3; a)= (0:6� 4 + 0:4 � 6) + (0:6� 4:2 + 0:4 � 1:2)= 7:8:GivenM��jKl, we can derive the optimal local policy and the resulting localvalues as follows.� ���jKl is a local policy that is optimal with respect toM��jKl, which mapsthe non-target states in Kl to actions 5.� We use the term LocalV alue(i) to denote the value of a state i in Kl withrespect to the local policy ���jKl, which are determined by the followingsystem of equations: For each i in Kl,LocalV alue(i) = BiasCost(i; ���jkl(i))+Xj2KlPij(���jkl(i))�LocalV alue(j):Remark The biased action costs actually correspond to the coe�cients in thethe cost function (c��A1)X of the subproblem on a particular iteration of theDW approach, where c is the vector of actual action costs; A1 is the constraintsubmatrix that gives rise to the master problem; and � are the simplex mul-tipliers concerning those m states in U . ActionBias(i; a)'s corresponds to thecomponents of ��A1. The dual linear program of the subproblem is reducedto the local Markov decision processes described above.5The actions taken in the target states ofM��jKl are not important since are modeled asabsorbing states with zero action cost. 27



7.5.2 Deriving the Local Policies over the PeripheriesA local policy ���jKl maps the states in Kl, the kernel of region Rl, to actions.Given the set of local policies f���jKlg, we can also determine a local policy���jU that maps the states in U , the union of the peripheries, into actions asfollows.� We �rst determine the biased cost of taking an action a in a state i in Uas follows: ActionBias(i; a) = ��i +Xj2U Pij(a)�j;and BiasCost(i; a) = Cost(i; a) +ActionBias(i; a):� We then determineMinStay = mini;a BiasCost(i; a)+Xj 62U Pij(a)LocalV alue(j):� { Let(i�; a�) = argmini;a [BiasCost(i; a)+Xj 62U Pij(a)� LocalV alue(j)]:{ If MinStay is negative, let ���jU map the state i� to action a�(���jU (i�) = a�) and arbitrarily map the other states in U to ac-tions.{ If MinStay is positive or zero, let ���jU arbitrarily map the statesin U to actions.Remark The dual linear program associated with the subproblem on an it-eration of the DW decomposition is reduced to the local Markov decisionprocesses. MinStay measures the feasibility of the dual linear program. IfMinStay is negative, the dual linear program is infeasible and the optimalsolution of the subproblem is unbounded; otherwise, the dual linear programis bounded. Deriving these local policies corresponds to solving the dual linearprogram, which allows us to �nd an entering column for the master problem.7.6 Further Information Associated with Local Poli-ciesOn the tth iteration, we can derive a global policy �(t) by gluing together (i)the set of local policies f���jKlg over the kernels Kl's, and (ii) the local policy���jU over the peripheries. �(t) can provide the following information:28



� A weight vectorWeight(t), which allows us to combine the policies in thepolicy repository to generate a solution policy if we decide to terminateat this moment.� A feedback vector Feedback(t), which is a feedback on current solutionquality that guides us to update the policy repository and conduct an-other iteration of computation.� A value �(t), which indicates the rate of the improvement in solutionquality if �(t) is incorporated to generate a new solution policy.Again, letMinStay = mini;a BiasCost(i; a) +Xj 62U Pij(a)LocalV alue(j); and(i�; a�) = argmini;a (BiasCost(i; a)+Xj 62U Pij(a)� LocalV alue(j)):We can derive Weight(t), Feedback(t), and �(t) in following way.� Weight(t) is a N � 1 column vector, where Weight(t)(i) is a measure ofthe utility of taking action �(t)(i) in state i.{ First for each state i in U , we determineWeight(t)(i) as follows:� If MinStay is negative,set Weight(t)(i�) to be 1 and Weight(t)(i) to be 0 for the otherstates i's in U .� If MinStay is positive or zero,set Weight(t)(i) to be zero for each state i in U .{ Second for the kernel Kl of a region Rl,� if MinStay is negative,we determineWeight(t)(i) for the states in Kl according to thefollowing equations:8i 2 Kl; Weight(t)(i) = pi�i(a�) +Pj2Kl Pji(�(t)(j))Weight(t)(j);� if MinStay is positive or zero,we determineWeight(t)(i) for the states in Kl according to thefollowing equations:8i 2 Kl; Weight(t)(i) = �i +Pj2Kl Pji(�(t)(j))Weight(t)(j):� Feedback(t) is a (m+ 1) � 1 column vector. For each state i in U (1 �i � m), we can determine Feedback(t)(i)'s in the following way:Feedback(t)(i) = Weight(t)(i)� Xj2
X Pji(�(t)(j))�Weight(t)(j):29



If MinStay is negative,Feedback(t) = 266664 Feedback(t)(1)...Feedback(t)(m)1 377775 ;otherwise, Feedback(t) = 266664 Feedback(t)(1)...Feedback(t)(m)0 377775 :� We can determine the unit pro�t associated with this policy by :�(t) = Xi2
X Cost(i;�(t)(i))�Weight(t)(i):Remark Weight(t) is a solution to the subproblem that is determined by thesimplex multipliers ��(t). Feedback(t) is the corresponding entering column forthe master problem. �(t) is the unit cost of this entering column. WhenMinStay is negative, the subproblem is unbounded and the entering columnFeedback(t) is related to an extreme ray; otherwise, the subproblem is boundedand the entering column Feedback(t) is related to an extreme point.7.7 Updating the Policy RepositoryWe keep a policy repository that is an array of up to m + 1 di�erent globalpolicies �(i)'s generated on the previous iterations. We denote the rth policystored in the policy repository as ~�(r).On the tth iteration, we maintain the following information in the policyrepository:� B is a (m + 1) � (m + 1) basis matrix. The rth column of B is thefeedback vector of ~�(r), the rth policy stored in the policy repository.� CB is a 1�(m+1) row vector. The ith element in CB represents the rateof improvement in solution quality regarding ~�(i), the ith policy storedin the policy repository.� Note that �(t) and Weight(t) can be reproduced from ��(t) by solving thecorresponding local Markov decision processes when needed. Instead ofexplicitly storing �(t) and Weight(t), we can just store ��(t) in the policyrepository to compactly represent �(t) and Weight(t).30



On the tth iteration, we update the information in the policy repository inthe following way:� Let Y = B�1�� and Z = B�1Feedback(t), andr = arg mini;Zi>0(Yi=Zi);where �� = f�1; : : : ; �m; 1g, �i is the probability that the state i in U isthe initial state, and Yi (Zi) is the ith element of Y (Z).� On the tth iteration, we bring in the newly generated �(t) to replace ~�(r),the rth policy stored in the policy repository. We store ��(t) as the rthelement in the repository to represent �(t).� We update B by replacing the rth column of B by Feedback(t). Similarly,we update CB by replacing the rth element of CB by �(t).Remark The policy repository corresponds to the simplex tableau when wecarry out the simplexmethod on the master problem of the DW decomposition.On the tth iteration, �(t) generates an entering column Feedback(t) to enterthe basis. The rule of deciding the leaving policy ~�(r) actually corresponds tothe ratio test in the simplex method. In other words, an update on the policyrepository actually corresponds to an pivot operation on the simplex tableau.7.8 Bounds, Stopping Criteria, and New Abstract Ac-tionsAt the end of the tth iteration, we can determine (i) a bound on the qualityof the current solution, and (ii) whether we should terminate the computationor go through another iteration of computation.Bounds on the solution quality :Let �(t)� = �(t)0 � Xi2
X BiasCost(i;�(t)(i))Weight(t)(i);and �� = min1�i�t �(i)� :The value of the current solution is better than or equal to the optimumplus ��.Stopping Criteria :If �� is no more than �, we have reached an �-optimal solution. In par-ticular if �� is less than or equal to zero, we have reached an optimal31



solution. In both situations, we should generate a solution policy of therequired quality in the way described in Section 7.9.2; otherwise, we canderive new abstract actions of local regions as follows and go through anew iteration.New Abstract Actions and Convergence :If we determine to go through one more iteration, we derive a new biasvector by ��(t+1) = CBB�1:This gives us the new abstract actions for individual regions for the nextiteration. The solution quality are guaranteed to be improved from iter-ation to iteration. �� converges to 0 as we approach an optimal solution.RemarkThe bounds on solution quality and the convergence property directlycome from Proposition 2 and Proposition 3 in Section 6.1 about the DWdecomposition. The stopping criteria actually corresponds to the optimalitycriteria of the master problem in the DW approach. The new bias vectorcorresponds to the new simplex multipliers derived by a pivot operation onthe simplex tableau of the master problem.7.9 The Initialization and Termination of the IterativeMethod7.9.1 Initializing the Policy Repository and Abstract Actions� At the beginning, we let the policy repository contain m + 1 dummypolices and set CB = [M;M; : : : ;M ]; andB = Iwhere I is an identity matrix and M is a large positive value 6.� Consequently we have ��(0) = CBB�1 = [M;M; : : : ;M ], which determinesthe initial abstract actions for individual regions. We then iterativelyconduct the computation steps described in Section 7.5 to Section 7.8until all the dummy policies are replaced with actual policies.Remark Such an initialization corresponds to the derivation of an initial so-lution for the master problem using big-M method.6M is exactly the value used in big-M method to initiate the simplex method. We referthe readers to [19] about the choice of an appropriate M .32



� The m+1 dummy policies correspond to m+1 arti�cial variables addedinto the master problem. The basis matrix B is initialized as the them+ 1 columns associated with these m+ 1 arti�cial variables, which isan identity matrix. Every arti�cial variable is associated the cost M ,which is a large positive value. M is exactly the value used in big-Mmethod to initiate the simplex method. We refer the readers to [19] forthe details of the big-M method and the issue of choosing an appropriateM .� When applying the big-M method, some of the arti�cial variables mayleave and enter the basis more than one time. Similarly, we allow the ithdummy policy to reenter the policy repository after it has been excludedfrom the policy repository. This happens when (i) on the rth iterationthe stopping criteria ��(r) < 0 is satis�ed but (ii)M��(r)i is also negative,which indicates the possibility of quality improvement by bringing backthe dummy policy to kick o� some actual policy stored in the currentrepository.7.9.2 Generating a Solution Policy from the Policy RepositoryWhen we meet the stopping criteria, we can properly combine the policies inthe policy repository to produce an optimal or � optimal policy in the followingway.� Let �� denote the column vector (�1; �2; : : : ; �m; 1)T , where �i is the prob-ability that a state i in U is the initial state. Let Ratio = B�1�� andRatioj be the jth component of Ratio. ~�(j) denote the jth policy storedin the current policy repository. We determineFrequency(i; a) = X1�j�m+1;~�(j)(i)=aRatioj �Weight(t)(i):We then derive a random policy ~� where Frequency(i; a)=Pa Frequency(i; a)is the conditional probability that we take action a when we are in statei.� ~� can be improved into a deterministic policy �� by (i) �rst determiningthe values of states given the policy ~�, and (ii) then conducting aniteration of policy improvement :��(i) = arg mina [Cost(i; a) +X(Pij(a)� value(j))];where value(j) is the value of state j according to ~�. Output the policy�� as the solution policy. 33
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Figure 9: A building of three 
oors and two elevatorsRemark The Frequency vector corresponds to a �nal solution for the masterproblem and actually Frequency(i; a) corresponds to the variable Ei;a. Notethat Ei;a and thus Frequency(i; a) also is the expected number of times whenwe are in state i and we take action a. Therefore Frequency(i; a)=Pa Frequency(i; a)is the probability that we map state i to action a.8 A Robot Navigation ExampleIn the following, we use a robot navigation example to illustrate the basicprinciple of the decomposition techniques described in this paper.8.1 Modeling a Robot Navigation Problem as a MarkovDecision ProcessFigure 9 displays a building of three 
oors. Two elevators in the buildingtransport people from one 
oor to another. Each 
oor is tessellated into onethousand squares that can be entered, two of which correspond to the stairwellsfor the two elevators.A robot moves around this building by taking actions to (i) reach squaresadjacent to its current position in the same 
oor, and (ii) use an elevator toenter another 
oor. All these actions take time and involve uncertainty in theiroutcomes:Moving in di�erent directions: As long as there is no obstacle blockingits way, the robot can move in four directions, namely east, west, northand south. To move in a speci�c direction, the robot �rst orients itselftoward that direction, and then move one square forward. The expectedamount of time spending in such an action depends on the orientation ofthe robot immediately prior to taking the action. When the robot takean action to move forward, it ends in the adjacent square in front of itmost of the time with some chances that it may end in the square tothe right or the left of the target square. The probability distribution34
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Figure 10: Uncertainty in action outcomesover the possible outcomes is conditional on the position of the robotimmediately prior to taking the action.Entering an elevator: When standing in a square adjacent to a , the robotcan take an action to (i) turn itself toward the entrance to the elevator,(ii) push the button to call for the elevator, (iii) wait until the elevatorcomes up, and (iv) enter the elevator and turn around. The expectedamount of time spending in such an action depends on (i) the 
oorwhere the robot is before entering the elevator, and (ii) the orientationof the robot immediately prior to taking the action. The robot entersthe elevator in the long with probability one.Heading toward another 
oor: When the robot enters an elevator, it cantake an action to (i) push a button to close the door, (ii) choose a speci�c
oor to enter, and (iii) steps out of the elevator when the elevator stops.The robot may end in a 
oor di�erent from the target 
oor in its mind,since people in the other 
oor may push the button to stop the elevatorbefore the elevator actually reaches the target 
oor. Both the probabilitydistribution over the possible outcomes and the expected amount of timespending in such an action depend on (i) the 
oor where the robot isbefore entering the elevator, and (ii) the target 
oor in the action.In Figure 10, the robot is in position s and is oriented toward the north.Both the east side and the west ride of s are blocked by obstacles. If the robot35



decides to go north (south), it takes �ve (ten) seconds on average to reach oneof the positions p, q and r (t, u and v ) with probability 0.3, 0.6 and 0.1 (0.1,0.8 and 0.1) respectively. This is because the robot need to spend �ve extraseconds to orient itself toward the south before it can actually move to thesouth.In each 
oor, there is a site to recharge the battery of the robot. As soonas the voltage of the battery is below certain level, the robot enters a panicmode to head for one of the site to be recharged. We would like to determinea policy that maps each given pair of the position and orientation of the robotinto an action to take. In particular, we would like to determine an optimalpolicy that minimizes the expected amount of time for the robot to reachone of the charging sites. This can be modeled as a Markov decision processM = (
X ;
A; p; c) as follows:The state space: Each state (s; o) in 
X models a speci�c position s and aspeci�c orientation o of the robot. This gives us a state space of 12,000(3 � 1000 � 4) states, since (i) we have three 
oors, (ii) each 
oor istessellated into one thousand squares, and (iii) there are four possibleorientations when the robot is in a speci�c square.The action Space: 
X is the action space composed of the actions of (i)moving in four directions when staying in a 
oor, (ii) getting into anelevator, and (iii) moving to a speci�c 
oor by elevator. The robotis enabled to move in a speci�c direction only if there is no obstaclesblocking its way.Cost functions and conditional probabilities: c and p speci�es the costfunctions and conditional probability distributions associated with ac-tions and possible action outcomes. cij(a) is the expected amount oftime when the robot takes action a in a state i = (s; o) and ends inanother state j = (s0; o0). pij(a) is the probability of ending in anotherstate j = (s0; o0) when the robot takes action a in a state i = (s; o).The performance criteria: fi = (s; o)js is the position of a charging site.gis the set of target states. We would like to minimize the expectedcumulative cost to reach the target states.8.2 Exploiting the Locality StructureIn the following, we describe the locality structure in this robot navigationexample.Local regions: Since the elevators are accessible only in a small fraction ofthe entire state space 
X , the robot tends to walk around the same 
oor36



for quiet a while before it either (i) enters the elevator to leave for another
oor or (ii) reaches one of the charging sites. Therefore, the activities ofthe robot are highly localized in the individual 
oors. In the remainderof this section, we partition the state space into three regions R, S andT , which are composed of the states in the three 
oors respectively.Loose coupling among regions: The connections among the three 
oorsare also highly localized. Only if the robot is in a stairwell positionon a 
oor, it can (i) transfer by elevator to another 
oor and (ii) onlyend in a correspond stairwell position on that 
oor. In other words,the peripheries of the three regions are very thin. The union of theperipheries, U , is composed of only twenty four states that correspond tothe combination of six stairwell positions and four possible orientations.Local interactions: Standing in a speci�c position beyond the stairwells,the robot can only move to the adjacent positions on the same 
oor.Therefore, each state in the kernels of the regions R, S, and T can onlytransition to no more than thirty two other states that correspond to thecombinations of eight adjacent positions and four possible orientations.We exploit this property in the theoretical analysis of the feasibility ofthe decomposition techniques.8.3 Using the Hierarchical Construction ApproachUsing the hierarchical construction approach, we �rst construct the abstractdecision process (fR;S; Tg;F;; p0; c0).1. Determine the nine abstract actions in F;: �S!S , �S!T , �S!R, �T!S,�T!T , �T!R, �R!S , �R!T , and �R!R. Each abstract action correspondsto a local policy to be used on a 
oor that intends to increase the possi-bility of ending up in a speci�c 
oor in the long run. In other words, theabstract actions specify the most preferred next 
oors to go for individual
oors.2. To derive these abstract actions, we �rst choose an appropriate value �to parameterize the pace the robot should take to transfer from one 
oorto the most preferred next 
oor to go. Second, for each 
oor F , we (i)uniformly assign zero to �i's for those periphery states i's of F that are inthe preferred 
oor, and (ii) uniformly assign � to �i for those peripherystates i's of F that are not in the preferred 
oor. Third, we construct andsolve these local Markov decision processes, each of which is concernedwith 4,000 states instead of 12,000 states. The optimal policies for theselocal Markov decision processes are the abstract actions to be consideredin individual 
oors. 37



3. Calculate the abstract transition probabilities p0 and abstract costs c0,which represent the estimates of the probabilities and costs of ending inanother region when we adopt an abstract action (i.e. a local policy) in aspeci�c region. For example, p0ST (�S!R) is an estimate of the probabilityof entering region T from region S when we adopt the abstract action(the local policy) �S!R. Similarly, c0ST (�S!R) is an estimate of the costof entering region T from region S when we adopt the abstract action(the local policy) �S!R.4. Solve the abstract decision process (fR;S; Tg;F;; p0; c0) to obtain anabstract policy � : P ! F;. � indicates which abstract action in F;to take (i.e. which 
oor the robot should head for) when the robot is ona speci�c 
oor.5. The robot takes the action �(F )(i), when (i) the robot is in a speci�cregion F and (ii) i is its current state, which is determined by its currentposition and orientation.Remark: In the hierarchical construction approach, our underlying intuitionis to, for each 
oor, (i) �rst choose a speci�c 
oor (maybe the same 
oor)as the most preferred next 
oor to go, and (ii) second minimize the expectedcumulative cost in achieving (i). We accomplish the �rst task by solving theabstract decision process that heuristically choose the most preferred next
oor to go among all 
oors. We accomplish the second task by solving thelocal Markov decision processes associated with the state subspaces concerningindividual 
oors.8.4 Using the Iterative Approximation Approach1. Using the iterative approximation approach, we �rst initialize the policyrepository and the �� vector as we describe in Section 7, and then reiteratethe following steps.2. Since there are only twenty four (m=24) states in the peripheries, weonly need to store twenty �ve (m+1=25) global policies at a time, each ofwhich is compactly represented as a 25�1 column vector. Compared withthe state space of size 12,000, the space taken by the policy repositoryis negligible.3. �� vector represents our current estimate of how valuable it is to enter astairwell position. On each iteration, we solve the local Markov decisionprocesses according to the current �� vector. These solutions are thelocal policies on each 
oor, which are then glued together to yield aglobal policy. We then store this global policy in the policy repositoryto replace an old one there. 38



Figure 11: An N �N area tessellated into N2 squares and M2 regions whereN = 8 and M = 44. If the optimum or �-optimum is not yet achieved, we (i) update thepolicy repository, (ii) determine a new �� vector, and (iii) go back toStep 2. Otherwise, we combine the twenty �ve polices stored in thepolicy repository to generate the �nal policy.Remark: Two major simpli�cations or assumptions in the hierarchical ap-proach are (i) that each 
oor is restricted to have a unique most preferrednext 
oor to go, and (ii) that each state in the peripheries is assigned eitherthe value zero or the value �. In the iterative approximation approach, werelax these restrictions. We allow each state in the peripheries to have arbi-trary bias value. In other words, we numerically specify our preference overthe states in the peripheries, rather than choosing the most preferred 
oor togo. In addition, we do not rely on a speci�c �� vector and its resulting globalpolicy. Instead, we (i) repeatedly modify �� to generate a sequence of globalpolicies, (ii) keep a policy repository of 25 such global policies at a time, and(iii) combine the policies stored in the policy repository to generate a solutionpolicy when we decide to terminate the computation.9 More Theoretical Analysis in Robot Navi-gation DomainsIn the following, we provide more theoretical analysis to compare the computa-tional e�ciency of the decomposition techniques in deriving an optimal policyor a near optimal policy. We focus on the kind of robot navigation problemdescribed in this section, where (i) a state is determined by the position andorientation of a robot and (ii) only a small set of actions are enabled in a39



state. We assume and exploit the general property that a robot can only movefrom one position to geometrically neighboring positions. Rather than assum-ing additional structure like 
oors loosely coupled by elevators, we consider arobot moving around an N �N area that is tessellated into N2 square unitsas depicted in Figure 11.Suppose we adopt a partition that divides the area into M2 regions, eachof which is a NM � NM local area as displayed in Figure 11. Therefore each regionhas no more than 4NM neighboring squares. In summary, we have the followingproperties regarding the partitioning of state space:� We assume a robot can be oriented in four di�erent ways, namely east,west, south, and north. This yields a state space of size 4N2, giventhe N2 squares there. Each region R is composed of 4N2M2 states and isadjacent to no more than 16NM states in other regions.� For each region R, Kernel(R) is of size �(N2M2 ). The size of U , the unionof the peripheries of regions, is M2�(NM ) = �(MN).In the following, we (i) compare the computational e�ciency of di�erentapproaches, and (ii) indicate when we should apply the decomposition tech-niques.9.1 Modeling the Computation Complexity of the Stan-dard TechniquesNote that� Standard techniques like the policy iteration method and the value iter-ation method converge to optimal policies in linear and quadratic con-vergence rate respectively [21], and� Each iteration of the policy iteration method and the value iterationmethod takes time cubic and quadratic respectively in the size of thestate space [8] [21].� We model the computational complexity of directly applying the stan-dard techniques to the state space as cnk, where (i) both c and k areconstants and (ii) n is the size of the state space. k is 3 and 2 respec-tively when applying the policy iteration method and the value iterationmethod respectively, while in applying the value iteration method c ismuch greater than that in applying the policy iteration method.� Therefore, the overall computation complexity of directly applying thestandard techniques in this robot navigation domain is �(N2k), since wehave a state space of size 4N2 . 40



9.2 Computation E�ciency of the Hierarchical Con-struction Approach� The overall computation complexity is�(M2(NM )2k +M2k):The �rst term concerns with solving the M2 local Markov decision pro-cesses over the local regions, each of whose size is �(N2M2 ). The secondterm concerns with solving the abstract decision process of size M2.� When M = �(N1=2), the �rst term and the second term of the overallcomputation complexity are roughly balanced, which yields a �(Nk+1)time complexity.� Compared with the �(N2k) complexity of directly applying standardtechniques, the hierarchical construction method is always much moree�cient. However, there is no guarantee about the quality of the derivedpolicy.9.3 Computation E�ciency of the Iterative Approxi-mation Approach� The computation complexity of each iteration of the iterative approxi-mation method is �(M2(NM )2k) + (MN)3):The �rst term concerns with solving the M2 local Markov decision pro-cesses over the kernels of the local regions, each of whose size is �(N2M2 ).The second term concerns with deriving the local policy over U , the unionof the peripheries, by solving �(MN) linear equations that correspondto the �(MN) states in U .� When M = �(N (2k�3)=(2k+1)), the �rst term and the second term ofthe overall computation complexity are roughly balanced, which yieldsa �(N (12k�6)=(2k+1)) time complexity on each iteration. More precisely,we have �(N18=5) time complexity when k = 2, and �(N30=7) time com-plexity when k = 3.� Compared with the �(N2k) overall complexity in directly applying stan-dard techniques, the hierarchical construction approach is more e�cientif the computation converges to an optimal (or near optimal) solutionwithin (i) O(N2=5) number of iterations when k = 2 and (ii) O(N12=7)number of iterations when k = 3.41



10 Related workThe related work on abstraction and decomposition is extensive. In the areaplanning and search assuming deterministic action models, there is the work onmacro operators [13] and hierarchies of state-space operators [22] [12]. Closelyrelated is the work on decomposing discrete event systems modeled as (deter-ministic) �nite state machines [23] [2].In the area of reinforcement learning, there is work on deterministic actionmodels and continuous state spaces [18] and stochastic models and discretestate spaces [11]. The hierarchical policy construction method described inSection 4 provides an alternative formulation of Kaelbling's hierarchical learn-ing algorithm [11] and suggests how Moore and Atkeson's parti-game algorithmmight be extended to handle discrete state spaces.The analysis in this paper of the paper borrows heavily from the work inoperations research and combinatorial optimization for representing Markovdecision processes as linear programs [7] [8] and decomposing large systemsgenerally [4] [16] and Markov decision processes speci�cally [15]. The approachdescribed in [5] represents a special case of the framework presented here, inwhich the partition consists of singleton sets for all of the states in the envelopeand a set for all the states in the complement of the envelope.11 ConclusionThe bene�t of decomposition techniques is that we are able to deal with sub-problems of smaller size, the tradeo� is that often extra e�ort is required tocombine the solutions to these subproblems into a solution to the originalproblem. The leverage of decomposition techniques is orthogonal to that ofstandard techniques used to solve the original problem. In the case of a prob-lem instance of very large size, decomposition techniques are valuable evenif standard polynomial-time algorithms exist. It is always more e�cient toapply a standard technique to solve smaller subproblems than to solve theoriginal problem directly (unless the the standard technique provides a linear-time algorithm). The only question is whether we can e�ciently combine thesolutions to the subproblems into a solution to the original problem.There exist standard techniques that can solve Markov decision processes intime polynomial in the size of the given state space. However, given a factoredstate-space representation for a Markov decision process, the underlying statespace is exponential in the number of state variables mentioned in a probleminstance. This exponential state space makes it impractical to apply the stan-dard techniques to many AI planning problems that have factored state-spacerepresentations.Frequently, a domain expert may exploit the factored state-space represen-42



tation and partition the state space into regions, each of which has a abstractdescription of reduced dimensions. In this paper, we develop decompositiontechniques for Markov decision processes, given an arbitrary partition of thestate space into regions. Subproblems correspond to local Markov decision pro-cesses over regions associated with a �� parameter that provides an abstractsummary of the interactions among regions.In Sections 4 and 5, we develop two approaches to combining the solu-tions to subproblems: a hierarchical construction approach and an iterativeapproximation approach. The hierarchical construction approach provides aquick solution with an intuitive interpretation. The iterative approximationapproach, iteratively decomposes a problem instance into di�erent subprob-lems. On each iteration, we combine the solutions to the subproblems toobtain an improved solution and determine whether the current solution isoptimal or within some speci�ed tolerance. In particular, we relate the iter-ative approximation framework to the research on the use of Dantzig-Wolfedecomposition in solving Markov decision processes as linear programs, whichcan be interpreted as an iterative method. This iterative method is guaran-teed to converge to the optimum in a �nite number of iterations. For practicalpurposes, a few number of iterations may be su�cient for a solution of goodquality. AcknowledgmentsWe thank Craig Boutilier, Moises Goldszmidt, Steve Hanks, and DavidSmith for comments on the content and presentation of the ideas described inthis paper.References[1] Bellman, Richard, Adaptive Control Processes, (Princeton UniversityPress, Princeton, New Jersey, 1961).[2] Caines, Peter E. and Wang, S., COCOLOG: A Conditional Observer andController Logic for Finite Machines, Proceedings of the 29th IEEE Con-ference on Decision and Control, Hawaii, 1990.[3] Chvatal, Vasek, Linear Programming, (W. H. Freeman and Company,1980).[4] Dantzig, George and Wolfe, Philip, Decomposition Principle for DynamicPrograms, Operations Research, 8(1) (1960) 101{111.[5] Dean, Thomas, Kaelbling, Leslie, Kirman, Jak, and Nicholson, Ann, Plan-ning With Deadlines in Stochastic Domains, Proceedings AAAI-93, Wash-ington, D.C., AAAI, 1993, 574{579.43



[6] Dean, Thomas and Kanazawa, Keiji, A Model for Reasoning About Per-sistence and Causation, Computational Intelligence, 5(3) (1989) 142{150.[7] D'Epenoux, F., Sur un probl�eme de production et de stockage dansl'aleatoire, Management Science, 10 (1963) 98{108.[8] Derman, Cyrus, Finite State Markovian Decision Processes, (CambridgeUniversity Press, New York, 1970).[9] Fikes, Richard and Nilsson, Nils J., STRIPS: A new approach to theapplication of theorem proving to problem solving, Arti�cial Intelligence,2 (1971) 189{208.[10] Howard, Ronald A., Dynamic Programming and Markov Processes, (MITPress, Cambridge, Massachusetts, 1960).[11] Kaelbling, Leslie Pack, Hierarchical Learning in Stochastic Domains: APreliminary Report, Proceedings Tenth International Conference on Ma-chine Learning, 1993.[12] Knoblock, Craig A., Search Reduction in Hierarchical Problem Solving,Proceedings AAAI-91, Anaheim, California, AAAI, 1991, 686{691.[13] Korf, Richard, Macro-Operators: A Weak Method for Learning, Arti�cialIntelligence, 26 (1985) 35{77.[14] Kushner, H. J. and Kleinman, A. J., Mathematical Programming and thecontrol of Markov Chains, International Journal on Control, 13(5) (1971)801{820.[15] Kushner, Harold J. and Chen, Ching-Hui, Decomposition of systems gov-erned by Markov chains, IEEE Transactions on Automatic Control, AC-19(5) (1974) 501{507.[16] Lasdon, Leon S., Optimization Theory for Large Systems, (MacmillanCompany, 1970).[17] Lin, Shieu-Hong and Dean, Thomas, Exploiting Locality in TemporalReasoning, Sandewall, E. and Backstrom, C., (Eds.), Current Trends inAI Planning, Amsterdam, IOS Press, 1994.[18] Moore, Andrew W. and Atkeson, Christopher G., The Parti-game Al-gorithm for Variable Resolution Reinforcement Learning in Multidimen-sional State Spaces, To appear in Machine Learning, 1995.[19] M.S. Bazaraa, H. D. Sherali, J. J. Jarvis, Linear Programming and Net-work Flows, (John Wiley & Sons, New York, 1990).44



[20] Papadimitriou, Christos H. and Tsitsiklis, John N., The Complexity ofMarkov Chain Decision Processes, Mathematics of Operations Research,12(3) (1987) 441{450.[21] Puterman, Martin L., Markov Decision Processes, (John Wiley & Sons,New York, 1994).[22] Sacerdoti, Earl, Planning in a Hierarchy of Abstraction Spaces, Arti�cialIntelligence, 7 (1974) 231{272.[23] Zhong, H. and Wonham, W. M., On the Consistency of Hierarchical Su-pervision in Discrete-Event Systems, IEEE Transactions on AutomaticControl, 35(10) (1990) 1125{1134.

45


