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1
Chapter 1Introduction We should all be concerned about the future becausewe will have to spend the rest of our lives there.|Charles F. Kettering (1949)Computer systems often deal with streams of events and make decisions with each eventthat a�ect system performance. These decisions are made online: an online algorithm onlyuses past knowledge to make its decisions. To make optimal decisions, a system oftenneeds to estimate or predict the future. Typical scenarios involving such decisions requirea prediction of what is going to happen, or when a speci�c event will take place, or howmuch of something is going to happen.In this thesis, we investigate important decision problems in typical systems scenariosand develop techniques for predicting the future that aid in optimal decision making. We usethree motivating systems problems that exemplify the three prediction scenarios mentioned.In each scenario, predictions are used to make decisions that improve the response-timeperformance of the system. Apart from being accurate, online predictors for computersystems (e.g., databases and operating systems) must be e�cient in the time and spacethey use to make their predictions.1.1 PrefetchingThe question of predicting what is going to happen in the future is best illustrated by theproblem of prefetching. Most computer memories are organized as a hierarchy. A typicaltwo-level memory consists of a relatively small but fast cache (such as internal memory)and a relatively large but slow memory (such as disk storage). Two-level memories canalso model on-chip versus o�-chip memory in VLSI systems, or a client-server model ofcomputation. The pages requested by an application must be in cache before computationcan proceed. In the event that a requested page is not in cache, a page fault occurs andthe application has to wait while the page is fetched from slow memory to cache. Thismethod of fetching pages into cache only when a fault occurs is called demand fetching.The problem of cache replacement or caching is to decide which pages to remove fromcache to accommodate the incoming pages.In many systems and database applications, users spend a signi�cant amount of timeprocessing a page, and the computer and the I/O system are typically idle during that



2 CHAPTER 1. INTRODUCTIONperiod. If the computer can predict which page the user will request next, it can fetch thatpage into cache (if it is not already in cache) before the user asks for it. When the userrequests the page, it is available in cache, and the user perceives a faster response time.This method of getting pages into cache in the background before they are requested iscalled prefetching. The primary action in prefetching is predicting which page will be nextrequested by the user.1.2 Disk Spindown via Rent-to-BuyThe problem of predicting when an event is going to happen in the future is well illustratedby the problem of rent-to-buy. The single rent-to-buy decision problem is described asfollows: we need a resource for an unknown amount of time, and we have the option to rentit for $1 per unit time, or to buy it once and for all for $c. For how long do we rent theresource before buying it? Clearly, we should buy the resource if we expect to use it for cmore time units. With full knowledge of the future, we will buy the resource immediatelyif the resource will be used for more than c time units, otherwise, we will rent the resource.Deciding when to buy is closely related to estimating for how long a resource will be used.Many interesting systems problems can be modeled well by a sequence of single rent-to-buy problems. To solve the tth single rent-to-buy problem (or the tth round), the onlinealgorithm can use its experience from the previous t� 1 rounds.A real-life systems scenario that motivates us to study the rent-to-buy framework is thedisk spindown problem. Energy conservation is an important issue in mobile computing.Portable computers run on battery power and can function for only a few hours beforedraining their batteries. Current techniques for conserving power are based on shuttingdown components of the system after reasonably long periods of inactivity. Recent studiesshow that the disk sub-system on notebook computers is a major consumer of power [DKM,LKH, MDK]. Most disks used for portable computers (e.g., the small, light-weight Kitty-hawk from Hewlett Packard [Pac]) have multiple energy states. Conceptually, the disk canbe thought of as having two states: the spinning state in which the disk can access data butconsumes a lot of power and a spundown state in which the disk consumes e�ectively nopower but cannot access data. Spinning down a disk and spinning it up consumes a �xedamount of energy and time (and also produces wear and tear on the disk). During periods ofinactivity, the disk can be spundown to conserve energy at the expense of increased latencyfor the next request. The disk spindown problem is to decide when to spindown the disk soas to conserve energy, while keeping latency acceptable.The disk spindown problem can be modeled as a rent-to-buy problem as follows. Around is the time between any two requests for data on the disk. For each round, weneed to solve the disk spindown problem. Keeping the disk spinning is viewed as renting,since energy is continuously expended to keep the disk spinning. Spinning down the disk isviewed as a buy, since the energy to spindown the disk and spin it back up upon the nextrequest is independent of the remaining amount of time until the next disk access. The costof the increased latency in serving the next disk access is also an important considerationin deciding when to spindown, and can be merged into the buy cost c. If we can predictin each round when the next access at disk is going to happen, we can make an optimalspindown decision.



1.3. SELECTIVITY 31.3 SelectivityThe question of predicting how much is going to happen in the future is well illustratedby the problem of predicting selectivity in relational databases. Query optimization is animportant part of database management systems [Dat, Ull]. The size of databases is growingrapidly and decisions support is an important component of databases. A typical query toa database is to return all records of the database satisfying predicate P . To answer suchqueries, the database performs query optimization to develop a search strategy. It is criticalto be able to predict selectivity, i.e., the fraction of rows in the database that satisfy thepredicate. The prediction is used by the query optimizer, for example, to determine whetherto use a �le scan to access all rows of the table, evaluate the predicate against each row, andreturn qualifying rows to the user, or to use indices (if present) to access only those rowsthat qualify. Index access costs and �le scan costs are quite di�erent. Query optimizers havecost models that estimate the access cost as a function of the predicted number of qualifyingrows, and thus determine the cheaper alternative. Finding a good search strategy dependson the query optimizer's ability to predict or estimate the percentage of rows that satisfythe predicate.A particularly di�cult prediction scenario involves estimating non-numeric selectivity inrelational databases in the presence of wildcards [Iye]. The problem here is to preprocess therelational database (during o�-hours, e.g., during the weekend) and come up with a compactstructure that will allow online estimation of non-numeric queries involving wildcards. Forexample, given a relational database specifying the inventory of a department store, howmany rows of the database have the color column entry matching the pattern \�green�",where \�" represents a wildcard, and matches any string of 0 or more characters. The maindi�culty in this scenario is that the space and time available to the estimator are oftenparticularly stringent.1.4 Our ThesisWe have observed three important problems that are typical in systems applications. Ifwe have good predictors for these types of problems, we can signi�cantly improve theresponse-time performance of systems. But there is more to making the predictions thanjust outputting what is going to happen in the future. While it is non-trivial to developgood predictors, it is imperative that such predictors be e�cient in the time required tomake the predictions and the space used in making the predictions, since the use of thesepredictors is made online in systems with strict limits on available resources.Our thesis is that space- and time-e�cient predictors can be developed for such typicalprediction problems via techniques based on data compressors. Although we use the speci�cproblems described above to develop our predictors, the prediction techniques we use are notlimited to these speci�c problems, but are applicable across the gamut of computer systems.Our work on these problems as described in the following chapters suggests a very intriguingfact: Although the three scenarios seem di�erent, there is an intuitive similarity betweengood prediction techniques for these scenarios. We have proposed and investigated the novelapproach of using data compression techniques for certain types of prediction (especially the\what" type), and studied the generalizability of this approach towards developing e�cientprediction algorithms for the other prediction scenarios. We show how to incorporate therestrictions imposed by the system environment to develop practical predictors.



4 CHAPTER 1. INTRODUCTIONIn Chapters 2{5, we study the problem of prefetching in detail, and describe our novelapproach of using data compression techniques for prefetching. We study the disk spindownproblem and the rent-to-buy framework in Chapters 6{9. In Chapters 10 and 11, we studythe problem of predicting selectivity of speci�c types of queries towards query optimization.We conclude in Chapter 12 with a synopsis of the similarities and di�erences between thedi�erent prediction scenarios, and the important intuition gained from our study.
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Chapter 2Prefetching: Predicting the WhatWho's on �rst, What's on second, : : :|Bud Abbott and Lou Costello (1945)Most computer memories are hierarchical. A typical two-level memory consists of a rela-tively small but fast cache (such as internal memory) and a relatively large but slow memory(such as disk storage). A two-level memory also models the client-server paradigm of com-puting in which the client is the database user (or application) and the server manages thedatabase; we can think of the client workstation as a cache, and the server as slow memory.The pages requested by an application must be in cache before computation can proceed. Inthe event that a requested page is not in cache, a page fault occurs and the application hasto wait while the page is fetched from slow memory to cache. The method of fetching pagesinto cache only when a page fault occurs is called demand fetching. The problem of cachereplacement or caching is to decide which pages to remove from cache to accommodate theincoming pages.In many systems and database applications, the user spends a signi�cant amount oftime processing a page, and the computer and the I/O system are typically idle during thatperiod. The computer can use this time to predict which page the user will request next,and fetch that page into cache (if it is not already in cache) in the background. When theuser requests the page, it is available in cache, and the user perceives a faster response time.Prefetching is a method of improving response time performance by anticipating future userrequests, and getting the necessary data into cache in the background before an explicitrequest is made by the application. The primary action in prefetching is predicting whichpage will be next requested by the user. In this chapter, and Chapters 3{5, we denote thecache size by k, and the database size by �, where �� k.The UNIX system uses a simple scheme for prefetching that is optimized for sequen-tial �le access; it anticipates and prefetches page i + 1 when a request is made for page i.Current database systems perform prefetching using such sequential prefetching techniquesderived from older virtual memory prefetchers. The I/O bottleneck is seriously impedingperformance in large-scale databases, and the demand for improving response time perfor-mance is growing [Bra]. The older virtual memory-based prefetchers are inadequate fornewer object-oriented and hypertext applications, and this has stimulated renewed inter-est in developing improved algorithms for prefetching [ChB, Lai, MLG, PaZb, RoL]. Ourwork [CKV, KrV, ViK] described in Chapters 3{5 develops provably optimal and prac-tical prefetchers by understanding and exploiting the intimate relationship between datacompressors and predictors.



6 CHAPTER 2. PREFETCHING: THE WHAT2.1 Background and Related WorkAt a high level, recent work in prefetching can be divided into three categories: transparentinformed prefetching, compiler-based techniques for prefetching, and automatic predictionfor prefetching.In Transparent Informed Prefetching (or TIP) [PGS], the application gives explicit hintsfor prefetching; i.e., application levels of the system disclose future access patterns ratherthan advise lower-level policies. This information is used for converting the high throughputof new technologies such as disk-arrays and log-structured �le systems into low latency forapplications. The idea of giving hints has been proposed in many contexts; Trivedi [Tri] sug-gested using programmer or compiler generated hints for prefetching. Database researchershave studied prefetching based on application level knowledge [Stoa].Compiler-based techniques for prefetching lie at a lower level of abstraction. Under thisparadigm, the compiler reorders instructions in application code and introduces explicitprefetching instructions to reduce the e�ect of cache misses [MLG]. These schemes have beenapplied to scienti�c programs, by having the compiler perform locality analysis to selectivelyprefetch only those references that are likely to cause cache misses. Hardware schemes ofnon-blocking and prefetching caches that let processing continue when a cache miss occurs,blocking only when the missed data is actually needed have also been proposed [ChB].In [RoL], a combined hardware and software approach has been studied where an optimizingcompiler and speculative loads are used to issue read requests in anticipation of a demandrequest.Interesting approaches have been proposed for prefetching based on predicting futurepage requests by monitoring past user behavior [Lai, PaZb, Sal]. Palmer and Zdonik [PaZb]use a pattern matching approach to prediction. Based on previous user sessions, they builda model in a training phase; this model is frozen, and in the prediction phase the modelis used for prefetching. Salem computes various �rst-order statistics for prediction [Sal],and Laird uses a growing Markov predictor [Lai]. Song et al. study prefetching based onpage fault history [SoC]. Alexander et al. consider hardware prefetching schemes betweenprocessor and main memory by extracting tables of �xed length contexts from past userrequests [AlK]. Our approach to prefetching as described in Section 2.2 is also based onmonitoring past user behavior; we develop a systematic approach to prefetching based ondata compression principles.Prefetching has also been studied in other systems environments. Prefetching in a par-allel environment is studied in [KoE]. More recently, the possibility of predictive prefetchingin mobile computing has been studied by Kuenning et al. [KPR]. Cao et al. study integratedprefetching and caching strategies [CFK] in �le systems assuming full knowledge of futurerequests; the concern in this case is to decide when to prefetch so as to minimize the totaltime consumed to satisfy a page request sequence.2.2 Our ApproachIn Chapter 3, we explore the idea of using data compression techniques for prefetching.The intuition is that data compressors typically operate by postulating (either implicitly orexplicitly) a dynamic probability distribution on the data to be compressed. Data expectedwith high probability are encoded with few bits, and unexpected data with many bits. Thus,if a data compressor successfully compresses the data, then its probability distribution on the



2.2. OUR APPROACH 7data must be realistic and can be used for e�ective prediction. We formalize this intuitionand develop prefetchers that are provably optimal by modeling the user generating the pagerequests by powerful models such as general Markov sources andmth order Markov sources.In Chapter 4, we extend our theoretical understanding of the problem by developingan algorithm that is provably optimal for worst-case user page requests, when comparedagainst the best �nite state prefetcher. This algorithm is randomized and di�erent fromthe algorithm presented in Chapter 3; however, the underlying structure of the predictor isclosely related to the prefetcher from Chapter 3. This strengthens our intuition about therelationship between data compression and prefetching.For the theoretical study of prefetching discussed in Chapters 3 and 4, we use the modelof pure prefetching. In pure prefetching, which is valid in many hypertext and iterativedatabase systems, there is su�cient time between user requests to prefetch as many pagesas desired limited only by the cache size k. Pure prefetching is an important theoretical andpractical model that helps in understanding the bene�ts of fetching pages in the background,by isolating the prediction component of prefetching from cache replacement. We shall seein subsequent chapters that pure prefetchers can be converted into e�cient and practicalnon-pure prefetchers by melding them with good cache replacement strategies.In Chapter 5, we investigate the practical issues of doing prefetching via our techniquesbased on data compressors, and develop strategies to cope with non-pure prefetching, andstrict memory and time limitations on prefetching. We investigate prefetchers derivedfrom popular data compressors and show their practical merit via simulations on tracesobtained from CAD applications and the OO1 and OO7 benchmarks. We observe signi�cantimprovements in the page fault rate with respect to the least recently used cache replacementheuristic.Our model of prefetching presented in Chapters 3{5 is motivated by hypertext anditerative database applications, and concentrates on prefetching for the next page request.This is di�erent from the compiler-based methods described in Section 2.1 that are orientedtowards prefetching much in advance of an anticipated page request. Techniques derivedfrom compiler-based prefetching could potentially be used with our online strategies toperform online prefetching many time steps in advance of an expected page request.
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Chapter 3Optimal Prefetching via DataCompressionAs described in Chapter 2, the intuition for using data compressors for prefetching is simple:in order to compress data e�ectively, we have to be able to predict future data well, andthus good data compressors should be able to predict well for purposes of prefetching. Inthis chapter, we present our method of using data compression techniques for prefetching,and prove the optimality of our techniques analytically.The �rst di�culty in an analytical study of prefetching is developing a technique forproving the goodness of prefetchers. An algorithm is online if it must make its decisionsbased only on past history. An o�ine algorithm can use knowledge of the future. Anyimplementable algorithm for cache replacement or prefetching must clearly be online. Thenotion of competitiveness introduced by Sleator and Tarjan [SlT] determines the goodnessof an online algorithm by comparing its performance to that of o�ine algorithms. An onlinecache replacement or prefetching algorithm is c-competitive if there exists a constant b suchthat for any sequence of page requests �, the number of page faults NumFaultsX(�) thatthe online algorithm X incurs is at most b more than c times the number of page faultsNumFaultsopt (�) incurred by an optimal o�ine algorithm; i.e.,NumFaultsX(�) � c � NumFaultsopt (�) + b: (3.1)(In general, the cost of the algorithm replaces NumFaults in (3.1).). Competitive algorithmsfor cache replacement are well examined in the literature [BIR, FKL, IKP, KPR, McS, SlT].It is unreasonable to expect algorithms to be competitive in this sense for prefetching.An optimal o�ine algorithm for prefetching would never fault, if it can prefetch at leastone page every time. In order to be competitive, an online algorithm would have to be analmost perfect predictor for any sequence, which seems intuitively impossible.We resolve this matter by considering powerful probabilistic models. In our main model,the sequence of page requests is assumed to be generated by a labeled deterministic �nitestate automaton with probabilities on the transitions (a probabilistic FSA orMarkov source).In the second model, we consider the special case of mth order Markov sources, in whichthe states correspond to the contexts of the previous m page requests. We evaluate ourprefetching algorithm relative to the best online algorithm that has complete knowledge ofthe structure and transition probabilities of the Markov source.Prefetching is a learning problem that involves predicting the page requests of the user.Work in computational learning theory [BEHa, BEHb, BoP] has shown that prediction is



3.1. PAGE REQUEST MODELS AND MAIN RESULTS 9synonymous with generalization and data compression. If a data compressor expects acertain character to be next with a very high probability, it will assign that character arelatively small code. In the end, if the net code length is small, then the predictions of thedata compressor must have been good.In this chapter, we adapt an optimal data compression method to get an optimal pureprefetching algorithm for each of our models. In pure prefetching, as described in Section 2.2,there is su�cient time to prefetch as many pages as wanted, limited only by the cache size k.In general, prefetching requests would be interrupted by the user's actual read requests; weconsider non-pure prefetching in Chapter 5.Our models and results are summarized in Section 3.1. In Section 3.2, for our mainMarkov source model we apply a character-by-character version of the Ziv-Lempel datacompression algorithm [ZiLb] upon which the UNIX compress program is based. In Sec-tion 3.3, we compare our online algorithm to the best algorithm that has full knowledge ofthe Markov source. We show that the page fault rate of our algorithm converges for almostall page request sequences to this best algorithm's page fault rate. The trick is to show thatgood compression results in good prefetching. In the process of showing the fault rate con-vergence, we extend results in data compression related to the optimality of the Ziv-Lempeldata compressor [ZiLb]. In Section 3.4 we show faster convergence to optimality for mthorder Markov sources. Other related issues are discussed in Section 3.5.3.1 Page Request Models and Main ResultsIn keeping with the analogy between prefetching and text compression, we use the terms\page" and \character" interchangeably. We denote the cache size by k and the totalnumber of di�erent pages (or alphabet size) by �. The logarithm to the base two is denotedby \lg," the natural logarithm by \ln," and the empty string by �.De�nition 3.1 [Gal] We de�ne a probabilistic �nite state automaton (probabilistic FSA)as a quintuple (S;A; g; p; z0), where S is a �nite set of states with jSj = s, A is a �nitealphabet of size �, g is a deterministic \next state" function that maps S � A into S, p isa \probability assignment function" that maps S � A into [0; 1] with the restriction thatPi2A p(z; i) = 1 for all z 2 S, and z0 2 S is the start state. A probabilistic FSA whenused to generate strings is called a Markov source. A Markov source M is ergodic if it isirreducible and aperiodic, meaning that each state can reach every other state, and the gcdof the possible recurrence times for each state is 1.Our main model assumes the source to be a Markov source. For such a source Mwe introduce the notion of minimum expected fault rate FM , a concept intuitively similarto entropy in data compression. More speci�cally, FM is the best possible expected faultrate achievable by any online prefetching algorithm, even one with full knowledge of the\next state" function and the transition probabilities of the Markov source M . With aslight abuse of notation, we denote by M the best possible prefetching algorithm (whichhas full knowledge of the Markov source M). When the source is in state z, the optimalprefetcher M puts into cache the k pages having the k maximum probabilities, whichminimizes the probability of page fault during the next page request. This minimum faultprobability, weighted by the probability of being in state z, summed over all states z, givesus FM . This is formalized later in De�nition 3.4.



10 CHAPTER 3. OPTIMAL PREFETCHING VIA DATA COMPRESSIONWe adapt a character-by-character version of the Ziv-Lempel [ZiLb] data compressor toget our optimal prefetcher P. Theorems 3.1 and 3.2 below are our main results.Theorem 3.1 Let M be a Markov source. The expected page fault rate achieved by Papproaches FM , as the page request sequence length n ! 1. If M is ergodic, we get notonly convergence of the mean but also the much stronger convergence almost everywhere:for a �nite size dictionary data structure, P's page fault rate approaches FM arbitrarilyclosely for almost all page request sequences � of length n, as n!1.We can also show that P is optimal in the limit, even if we compare P to the bestprobabilistic FSA prefetcher tuned individually for each page request sequence � of length n.Theorem 3.2 Let M be an ergodic Markov source. For any page request sequence � oflength n, let F� be the best fault rate achievable by a probabilistic FSA with at most s statesapplied to �. For a �nite size dictionary data structure, P's page fault rate approaches F�arbitrarily closely for almost all page request sequences �, as n!1.The convergences in Theorems 1 and 2 also hold when we let the number of states s andthe alphabet size � get arbitrarily large, as long as n, s, and � tend to 1 in that relativeorder.An interesting case is when the Markov source is stationary, and the start state ischosen randomly according to steady state probabilities of the states. In this case, sincethe start state is random, it is unclear how a \best algorithm" M (with full knowledge ofthe source M) would operate! However, since our prefetcher P is optimal when M knowsthe start state (which makes M \stronger"), P is still optimal even when the start state israndom.Corollary 3.1 Theorems 3.1 and 3.2 hold even when the Markov source M is stationary.Our bound on convergence rate is slow, but the Ziv-Lempel encoder works well inpractice for data compression. To get a faster provable convergence of fault rate, we considera second model, in which the source is assumed to be mth order Markov. In such sources,the probability of the next character is dependent only on the past m characters. We cantherefore build a �nite state machine for the source, the states labeled by m-contexts andthe transitions denoting the unique change from one m-context to the next. The statestructure of the source is hence known. In this situation, we develop a simple algorithmMthat collects statistics on the transitions that converge exponentially fast to the actualtransition probabilities.Theorem 3.3 If the source is an mth order Markov source, for any page request sequence,the page fault rate of M converges exponentially fast to the fault rate of the source.The di�culty of the main model (Theorems 3.1 and 3.2) as opposed to the mth ordermodel (Theorem 3.3) is that the state structure of the source is unknown in the main modeland the problem of prefetching is thus signi�cantly harder than simply estimating transitionprobabilities.3.2 A Prefetching Algorithm Based on Ziv-LempelIn this section we develop our prefetching algorithm P based on a character-based version Eof the Ziv-Lempel algorithm for data compression. The original Ziv-Lempel algorithm [ZiLb]
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Figure 3.1: The parse tree constructed by the character-based encoder E for the text\aaaababaabbbabaa", as described in Example 3.1.is a word-based data compression algorithm. The Ziv-Lempel encoder breaks the inputstring into blocks of relatively large length n, and it encodes these blocks using a block-to-variable code in the following way: It parses each block of size n into distinct substringsx0 = �, x1, x2, : : :, xc such that for all j � 1 substring xj without its last character is equalto some xi, for 0 � i < j. It encodes the substring xj by the value i, using dlg je bits,followed by the ascii encoding of the last character of xj, using dlg�e bits.Arithmetic coding [HoV, Lanb, WNC] is a coding technique that achieves a codinglength equal to the entropy of the data model. Sequences of probability p are encoded usinglg(1=p) bits. Arithmetic coding can be thought of as using \fractional" bits, as opposed tothe suboptimal Hu�man coding in which all code lengths must be integral. The Ziv-Lempelencoder can be converted from a word-based method to a character-based algorithm E bybuilding a probabilistic model that feeds probability information to an arithmetic coder[BCW, Lana], as explained in the example below. It has been shown that the coding lengthobtained in this character-based approach is at least as good as that obtained using theword-based approach [BCW, HoV, Lana]. Hence, the optimality results in [ZiLb] holdwithout change for the character-based approach.Example 3.1 Assume for simplicity that our alphabet is fa; bg. We consider the page re-quest sequence \aaaababaabbbabaa: : :". The Ziv-Lempel encoder parses this string as\(a)(aa)(ab)(aba)(abb)(b)(abaa): : :". Each substring in the parse is encoded as apointer followed by an ascii character. In particular, the match \aba" of the seventh sub-string \abaa" is encoded using dlg 6e bits with a value 4, since the match \aba" is the fourthsubstring, and the last character \a" is encoded using dlg 2e bits, since the alphabet size �is 2.In the character-based version E of the Ziv-Lempel encoder, a probabilistic model (orparse tree) is built for each substring when the previous substring ends. The parse treeat the start of the seventh substring is pictured in Figure 3.1. There are �ve previoussubstrings beginning with an \a" and one beginning with a \b". The page \a" is therefore



12 CHAPTER 3. OPTIMAL PREFETCHING VIA DATA COMPRESSIONassigned a probability of 5/6 at the root, and \b" is assigned a probability of 1/6 at theroot. Similarly, of the 5 substrings that begin with an \a", one begins with an \aa" andthree begin with an \ab", accounting for the probabilities of 1/5 for \a" and 3/5 for \b" atnode x, and so on. Any sequence that leads from the root of the model to a leaf traverses asequence of probabilities p1, p2, p3, : : : whose productQi pi equals 1=6. The arithmetic coderencodes the sequence with Pi lg(1=pi) = lg(1=Qi pi) = lg 6 bits. Note that the unnamedtransition with probability 1/5 at node x will never be traversed, and having this arc canonly increase the code length (since this probability of 1/5 could otherwise be distributedat node x between \a" and \b" increasing their respective probabilities and reducing theircode lengths). Hence, the encoding length using the character-based approach E will be atleast as good as that obtained using the word-based Ziv-Lempel algorithm. 2Our prefetcher P is based on the character-based version E of the Ziv-Lempel encoderas follows: At the start of each substring, P's current node is set to be the root of E 's parsetree. (See Figure 3.1.) Before each page request, P prefetches the pages with the top kestimated probabilities as speci�ed by the transitions out of its current node. On seeingthe actual page requested, P resets its current node by walking down the transition labeledby that page and gets ready to prefetch again. In addition, if the page is not in memory, apage fault is generated. When P reaches a leaf, it fetches in k pages at random. The nextpage request ends the substring, and P resets its current node to be the root. At the end ofn page requests, for some appropriately large n, P throws away its model and starts afresh.Notice that instead of storing the probability associated with a transition, we can storethe count corresponding to the number of times the transition was traversed. Updating themodel, which corresponds to incrementing the count of each traversed transition by one,can be done dynamically while P traverses it.3.3 Analysis of our Prefetching AlgorithmOur analysis of the fault rate achieved by our prefetcher P builds on an analysis of thecompression achieved by the Ziv-Lempel character-based encoder E that P is based on.In Section 3.3.1 we show that E is optimal in terms of compression for almost all stringsemitted by a Markov source. In Section 3.3.2, we build on Section 3.3.1 and show P isoptimal in terms of prefetching for almost all strings emitted by a Markov source.3.3.1 Bounds on CompressionWe let � denote a (possibly in�nite) sequence from the alphabet A, and we use the notation�ji to denote the subsequence of � starting at the ith character up to and including thejth character; in particular �n1 denotes the �rst n characters of �. For convenience, weuse pz;i to denote p(z; i), g(z; �n1 ) to denote the state reached by a probabilistic FSA whenprocessing string �n1 starting in state z, and Pr(z; `) to denote the probability that thesource M is in state z after emitting ` characters.De�nition 3.2 [Gal] Let M be a Markov source. The minimum average encoding lengthper character of M for input sequences of length n is given byHM (n) = 1n Xz2S n�1X̀=0 Pr(z; `)! Xi pz;i lg 1pz;i! :



3.3. ANALYSIS OF OUR PREFETCHING ALGORITHM 13If we take the limit of HM (n) as n!1, we get the entropy HM of M .We now examine the performance of the Ziv-Lempel character-based encoder E underour probabilistic model of sources and coders. Note that an arithmetic coder can use aprobabilistic FSA as a model to perform data compression, and hence probabilistic FSAscan be considered as encoders.De�nition 3.3 Given an encoder C, we de�ne C's compression (or number of output bitsper character) of �n1 by CompressionC;n(�n1 ) = L(yn1 )n ; (3.2)where L(yn1 ) is the length of C's encoding of �n1 . Let M(s) be the set of all probabilis-tic FSAs with jAj = � and jSj � s. We denote minC2M(s)fCompressionC;n(�n1 )g byCompressionM(s);n(�n1 ).In particular, if we use a Markov source M to generate the sequence �n1 and also toencode �n1 (via arithmetic coding), the average compression achieved is equal to the entropyof M ; that is, E(CompressionM;n) = HM(n): (3.3)The compression de�nitions in De�nition 3.3 above are similar to those of Ziv andLempel [ZiLb], except that they de�ne M(s) to be a class of \information lossless" non-probabilistic FSA encoders, use � in place of Compression , and use n lg� in place of n in(3.2) to get a ratio of output length to input length.We generalize Ziv and Lempel's main result [ZiLb] to our model M(s) of probabilisticFSAs, using an iterative analysis based on arithmetic coding, to get the following theorem:Theorem 3.4 The compression of E on �n1 is no worse than the best probabilistic FSA inthe limit as n!1. In particular,CompressionE ;n(�n1 ) � CompressionM(s);n(�n1 ) + �s(n); limn!1 �s(n) = 0:To prove Theorem 3.4, we �rst prove some facts about arithmetic coding and the way thecharacter-based encoder E works. The �rst step is to lowerbound CompressionM(s);n(�n1 ),for which we need the following lemmas.Lemma 3.1 Suppose that �n1 can be parsed into c substrings, such that no substring is apre�x of another. We have CompressionM(s);n(�n1 ) � cn lg cs2 ;Proof : The working of an arithmetic coder using a probabilistic FSA as its model canbe explained in the following way: The arithmetic coder associates a unit interval [0; 1]with each state of the model. This interval is partitioned into distinct subintervals, oneper character, the size of the subinterval associated with a character proportional to theprobability of its transition out of the state. Any string that takes the coder from state x tostate x0 of the model de�nes implicitly a subinterval of the original [0; 1] interval at x; also,this subinterval uniquely characterizes the string. The size of this subinterval is clearly theproduct of the probabilities of the transitions taken by the arithmetic coder while processingthe string and all the arithmetic coder's output has to do is to identify this subinterval. To



14 CHAPTER 3. OPTIMAL PREFETCHING VIA DATA COMPRESSIONidentify a subinterval of length u, an arithmetic coder has to output at least lg(1=u) bits;for more details refer [HoV, Lanb, WNC]. As an example, consider the probabilistic FSAof Figure 3.1 being used as a model by an arithmetic coder. Starting at node x, the string\ba" would cause the interval to shrink by a factor of 3=5 from [0; 1] to [0:2; 0:8] and thenby a factor of 1=3 from [0:2; 0:8] to [0:2; 0:4]. To identify \ba", the arithmetic coder needsto output at least � lg(0:4� 0:2) bits (which is the same as lg((3=5)(1=3))).It is clear that if there are c0 distinct substrings processed in which M starts fromstate x and ends in state x0, these c0 substrings de�ne c0 distinct subintervals of the original[0; 1] interval at x. If these c0 substrings are such that no one is a pre�x of another, thesubintervals corresponding to them are non-overlapping, and the sum of the lengths of thesesubintervals is at most 1. By convexity arguments, for these c0 substrings, the arithmeticcoder has to output an average of at least lg c0 bits per substring, giving a total outputlength of at least c0 lg c0 bits for these substrings.To calculate the output length of M on �n1 , we can trace �n1 through M and sum up theoutput lengths for each substring in the parsing of �n1 . If �n1 can be parsed into c distinctsubstrings, no one being a pre�x of another, by convexity arguments the code length isminimized when the c substrings are distributed equally over the s2 state pairs (x; x0),where x is the state of M when the substring is about to be processed and x0 is the stateofM after the substring is processed. Substituting c0 = c=s2 gives us the desired bound. 2When the Ziv-Lempel encoder parses a string �n1 , it breaks up this string into distinctsubstrings that are closed under the pre�x operation; that is, if �0 is one of the substrings inthe parse, then every pre�x of �0 is also one of the substrings in the parse. The substringsin the parse can be denoted by a parse tree, like the one pictured in Figure 3.1. The nodesof the parse tree correspond to the substrings in the parse and node i is a child of node jvia the edge labeled \a" if substring j appended with character \a" gives substring i. Fortwo nodes in a parse tree, if neither is an ancestor of the other, then neither can be apre�x of the other; in particular, the set of leaves of a parse tree is a maximal set of such\pre�x-closed" substrings.The internal path length of a tree is de�ned as the sum over all nodes of the length ofthe path from the root to that node. For a parse tree, the internal path length is the lengthof the original string. The branch factor of a tree is the maximum number of children thatany node of the tree can have. For a parse tree, the branch factor is the alphabet size �.We now show a lower bound on the number of leaves in a general tree.Lemma 3.2 Any tree with c nodes and internal path length n has at least c2=20n leaves.Proof : Let the branch factor of the tree be denoted by �. The case � = 1 is trivial, so letus assume that � � 2. We call the number v feasible if there exists a tree with v leaves thathas at least c nodes and internal path length at most n. For any feasible v, if we create atree T with at least c nodes and v leaves and with minimum internal path length, then T 'sinternal path length must be at most n. This tree T must accommodate as many nodes aspossible close to its root so as to minimize its internal path length. Hence T must consistof a \full tree part" T 0 sitting above a \strand part" S0.The full tree part T 0 has c0 nodes and v leaves, where every internal node, except possiblyone, has � children. It follows that T 0 has at most c0 � v�=(�� 1) � 2v nodes. The strandpart S0 has the remaining c� c0 nodes distributed as v strands, each strand of length u or



3.3. ANALYSIS OF OUR PREFETCHING ALGORITHM 15u+1 and hanging from a leaf of T 0. The number c of nodes in T is the sum of the numberof nodes in T 0 and S0, which is bounded by 2v + v(u+ 1) � vu+ 3v. Hence, we havevu+ 3v � c: (3.4)The contribution of S0 to the internal path length of T is at least vu2=2, so we havevu2=2 � n, which implies that vu � p2nv. Since v � n, we have 3v � 3pnv. Substitutingthese bounds into (3.4), we get pnv(p2+3) � c, from which it follows that v � c2=20n. 2We now use Lemmas 3.1 and 3.2 to get a lower bound on the compression of �n1 by any�nite state encoder.Lemma 3.3 For any string �n1 , we haveCompressionM(s);n(�n1 ) � 1n �2c(�n1 ) lg c(�n1 )� c(�n1 ) lg n� c(�n1 ) lg s2 � c(�n1 ) lg (20(2� + 2)4)� ;where c(�n1 ) is the maximum number of nodes in any parse tree for �n1 .Proof : Consider a parse of �n1 into c distinct pre�x-closed substrings. The correspondingparse tree for �n1 has c nodes. Recall that the v leaves of this tree (which are substrings of�n1 ) are such that no one substring is a pre�x of another, and by Lemma 3.1, any encoderrequires at least v lg(v=s2) bits to encode these leaves (substrings). We can strip o� this layerof leaves from the tree and recursively lowerbound the encoding length for the remainingnodes of the tree.To analyze this recursive process, we consider the stripping procedure to work in phases.Each phase involves the stripping of one or more complete layers of leaves. For 1 � i � r,the ith phase ends when the number of nodes remaining in the tree is ci � ci�1=2. Byde�nition, we have c0 = c and cr = 0. Let the number of leaves at the end of the ith phasebe vi. If we denote by vi;j the number of leaves removed in the jth layer of stripping withinphase i, then by Lemma 3.1 the encoding length by any �nite state encoder of the nodesstripped o� in the ith phase is at leastXj vi;j lg vi;js2 �Xj vi;j lg vis2 = (ci�1 � ci) lg vis2 :By Lemma 3.2, we have vi � c2i =20n. Hence,CompressionM(s);n(�n1 ) � 1n rXi=1(ci�1 � ci) lg vis2� 1n rXi=1(ci�1 � ci) lg c2i � lg 20ns2n rXi=1(ci�1 � ci): (3.5)By the de�nition of when a phase ends, we have ci�1 � ci � ci�1=2. Since the branchfactor of the parse tree is the alphabet size �, we get the upper bound ci�1�ci � ci�1=2+ci�.This gives us ci � c0(2� + 2)i :



16 CHAPTER 3. OPTIMAL PREFETCHING VIA DATA COMPRESSIONHence, we haverXi=1(ci�1 � ci) lg c2i � 2 rXi=1(ci�1 � ci) lg c0 � 2 lg(2�+ 2) rXi=1 i(ci�1 � ci): (3.6)Applying simple telescoping to (3.6) and substituting the result in (3.5) we getCompressionM(s);n(�n1 ) � 1n �2c lg c� c lgn� c lg s2 � c lg (20(2� + 2)4)� : (3.7)Since (3.7) is true for any c, it is true when c = c(�n1 ), the maximum number of nodes inany parse tree for �n1 . 2We are now ready to present the proof of Theorem 3.4.Proof of Theorem 3.4: It has been shown in [ZiLb] thatCompressionE ;n(�n1 ) � c(�n1 ) + 1n lg(2�(c(�n1 ) + 1)); (3.8)where c(�n1 ) is the maximum number of nodes in any parse tree1 for �n1 . It is shown in [LeZ]that 0 � c(�n1 ) < n lg�(1� �n) lg n; limn!1 �n = 0: (3.9)Theorem 3.4 is clearly true when c(�n1 ) = o(n= lg n) since CompressionE ;n(�n1 ) � 0 asn ! 1. When c(�n1 ) = O(n= lgn), using the lower bound for CompressionM(s);n(�n1 )from Lemma 3.3 and the upper bound for CompressionE(�n1 ) from (3.8), we get by simplearithmetic that limn!1�CompressionE ;n(�n1 )�CompressionM(s);n(�n1 )� = 0:By (3.9), no more possibilities exist for c(�n1 ) and the theorem stands proved. 2If our Markov source M has � states, it clearly belongs to the set M(�), and M com-presses no better than the best automaton inM(s), s � � , for all sequences �n1 produced byit. Using this fact in Theorem 3.4, taking the expected value of both sides of the inequality,and using expression (3.3) we get the following corollary that the encoder E compresses aswell as possible, achieving the entropy of the source M in the limit.Corollary 3.2 Let M be a Markov source with s states. Then we haveE �CompressionE ;n� � HM (n) + �0s(n); limn!1 �0s(n) = 0:1This is not the de�nition of c(�n1 ) in [ZiLb] but it is easy to verify that the proofs in [ZiLb] also holdunder this de�nition of c(�n1 ).



3.3. ANALYSIS OF OUR PREFETCHING ALGORITHM 173.3.2 Bounds on Fault RateAlong the lines of entropy in De�nition 3.2, we introduce the corresponding notion of theminimum expected fault rate FM of a Markov source M . It is the expected fault rateachieved in prefetching by the best algorithm that fully knows the source. As mentionedbefore, with a slight abuse of notation, we denote this best algorithm also by M . Whenthe source is in some state z, M puts into the cache those k pages having the maximumprobabilities for state z.De�nition 3.4 LetM be a Markov source. LetKz(M) be a set of pages with the maximumk probabilities at state z. Then the minimum expected fault rate ofM on inputs of length nis de�ned by FM (n) = 1nXz2S0@n�1Xv=0Pr(z; v)1A0@ Xi=2Kz(M) pz;i1A :If we take the limit of FM (n) as n!1, we get the minimum expected fault rate FM of M .We now come to our goal: to show optimality of our prefetcher P. The challenge isto show the correspondence between converging to the entropy and converging to the pagefault rate.De�nition 3.5 Given a Markov source M and a sequence � generated by M , we de�nethe fault rate FaultP;n(�n1 ) of prefetcher P to be the number of page faults incurred by Pon �n1 , divided by n.It is easy to prove the following lemma that M (considered as a prefetcher) has the bestexpected fault rate (namely, FM ) among all prefetchers when the source is M (consideredas a Markov source).Lemma 3.4 Let M be a Markov source. The expected fault rate of any (deterministic orrandomized) online algorithm P on sequences of length n satis�esE(FaultP;n) � FM (n):Our �rst task is to show the following important theorem that the expected fault rateof P is no worse than the best possible expected fault rate FM on sequences of length n, asn!1. This restates in detail the �rst part of our �rst main theorem (Theorem 3.1).Theorem 3.5 Let M be a Markov source with s states. We haveE (FaultP;n) � FM (n) + �s(n); limn!1 �s(n) = 0:To prove the above theorem, we use the following lemmas. The �rst gives a bound onthe probability of page fault by P that is independent of the cache size k.Lemma 3.5 Suppose that at time instant � the Markov source M is at state z and thenext page request is i with probability pi. We can think of M as a prefetching algorithmwith request to the probabilities pi. Suppose that our prefetcher P thinks that the next pagerequest will be i with probability ri. Let us denote the probability of page fault by M and Pon the next page request by fM and fP respectively. We have, independently of the cachesize k, fP � fM � �Xi=1 jpi � rij:



18 CHAPTER 3. OPTIMAL PREFETCHING VIA DATA COMPRESSIONProof : Let A be the set of k pages thatM chooses to put in cache, let B be the set of k pagesthat P chooses to put in cache, and let C = ATB. For any set X of pages, let pX =Pi2X piand let rX =Pi2X ri. Then fP � fM = (1� pB)� (1� pA) = pA� pB = pA�C � pB�C . LetP�i=1 jpi � rij = �: Then pA�C = rA�C + �1 and pB�C = rB�C + �2, where j�1j + j�2j � �.Since P chooses those k pages that have the top k probabilities amongst the ri, 1 � i � �,we have rB�C � rA�C . Hence fP � fM = pA�C � pB�C � �1 + �2 � j�1j+ j�2j � �: 2The summation on the right-hand side of the next lemma is the Kullback-Leibler diver-gence of (r1; : : : ; r�) with respect to (p1; : : : ; p�).Lemma 3.6 Given two probability vectors (p1; : : : ; p�) and (r1; : : : ; r�), we have �Xi=1 jpi � rij!2 � 2 �Xi=1 pi ln piri :Proof : The above lemma is well known; however, we reproduce the proof from [AmM] herefor the sake of completeness. From the fact that x lnx � x + 1 � 0 and that 3(x � 1)2 �(4x+2)(x lnx� x+1), we get jx� 1j � p(4x+ 2)=3px lnx� x+ 1. Using this inequalityat each term of the the left hand side of the inequality to be proved, and applying theCauchy Schwartz inequality, we obtain �Xi=1 jpi � rij!2 =  �Xi=1 ri ����piri � 1����!2� 13  �Xi=1�4piri + 2� ri! �  �Xi=1 �p1ri lg piri � piri + 1� ri!= 2 �Xi=1 pi ln piri :The last step above follows from the fact that P�i=1 pi =P�i=1 ri = 1: 2Lemma 3.7 Let Pui=1 
ixi be a convex linear combination of the nonnegative quantities xi;that is, 
i � 0 and Pui=1 
i = 1. Then uXi=1 
ipxi!2 � uXi=1 
ixi:Proof : The lemma follows from the square root function being concave. 2We are now ready to prove Theorem 3.5.Proof of Theorem 3.5: The basic idea of the proof is to examine the behavior of theprefetcher P whenever the Markov source M is in a particular state z. One big di�cultyis coping with the fact that the optimal prefetcher M always prefetches the same k pagesat state z, whereas our prefetcher P's probabilities may di�er signi�cantly each time M isin state z, since it is context-dependent. To get over this problem, we map the di�erencesover contexts to the state z and weight by the probability of being in state z.



3.3. ANALYSIS OF OUR PREFETCHING ALGORITHM 19Let z0 be the start state and S be the set of states of the source M . In the de�nition ofHM (n) (De�nition 3.2), note that Pr(z; `) is just the sum of the probabilities of all length `strings that bring M from z0 to z. Hence2HM (n) = 1nXz2S n�1X̀=0 Xall �1̀Pr(�1̀) � [g(z0; �1̀) = z] �HM (z)= 1nXz2S n�1X̀=0 Xall �1̀Pr(�1̀) � [g(z0; �1̀) = z] � �Xi=1 pz;i lg 1pz;i ; (3.10)where Pr(�01) = 1, g(z0; �01) = z0, and HM(z) is the minimum average encoding length ofthe source at state z and is equal to P�i=1 pz;i lg(1=pz;i).Let Compression `+1E (�1̀; z; �`+1`+1) be E 's encoding length for the (`+1)st character �`+1`+1 ,given that M is in state z after emitting the �rst ` characters �1̀. We haveCompressionE ;n(�n1 ) = 1n n�1X̀=0 Compression `+1E (�1̀; z; �`+1`+1):We would like to express E(CompressionE ;n) in a form similar to (3.10). If we specify the�rst ` characters and leave the (` + 1)st character �`+1`+1 unspeci�ed, we get the randomvariable Compression `+1E (�1̀; z) with mean P�i=1 pz;i lg(1=r�1̀ ;i), where r�1̀;i > 0 is the prob-ability with which E expects to see character i next after having processed �1̀ in which Mends up in state z. We haveE(Compression `+1E ) = Xz2S Xall �1̀Pr(�1̀) � [g(z0; �1̀) = z] �E(Compression `+1E (�1̀; z))= Xz2S Xall �1̀Pr(�1̀) � [g(z0; �1̀) = z] � �Xi=1 pz;i lg 1r�1̀;i : (3.11)Summing on ` in (3.11), we getE(CompressionE ;n) = 1n n�1X̀=0 E(Compression `+1E )= 1nXz2S n�1X̀=0 Xall �1̀Pr(�1̀) � [g(z0; �1̀) = z] � �Xi=1 pz;i lg 1r�1̀;i : (3.12)Combining (3.12) and (3.10), we getE(CompressionE ;n)�HM (n) =1n Xz2S n�1X̀=0 Xall �1̀Pr(�1̀) � [g(z0; �1̀) = z] � �Xi=1 pz;i lg pz;ir�1̀;i : (3.13)2We use the notation [relation ] to denote 1 if relation is true and 0 if relation is false.



20 CHAPTER 3. OPTIMAL PREFETCHING VIA DATA COMPRESSIONOur goal is to express the quantity E(FaultP;n)�FM (n) in a way similar to (3.13). Byanalogy to the expression (3.10) for HM (n), we haveFM (n) = 1nXz2S n�1X̀=0 Xall �1̀Pr(�1̀) � [g(z0; �1̀) = z] � FM (z)= 1nXz2S n�1X̀=0 Xall �1̀Pr(�1̀) � [g(z0; �1̀) = z] � Xi 62Kz(M) pz;i; (3.14)where FM (z) is the expected page fault rate at state z of M , and Kz(M) is a set of pageswith the maximum k probabilities at state z.By further analogy, we de�ne Fault `+1P (�1̀; z; �`+1`+1) be the 0{1 quantity denoting whetherprefetcher P faults on the (`+1)st page request �`+1`+1 , given thatM is in state z after emittingthe �rst ` page requests �1̀. We have FaultP;n(�n1 ) = (1=n)Pn�1`=0 Fault `+1P (�1̀; z; �`+1`+1). Ifwe specify the �rst ` page requests and leave the (`+1)st page request �`+1`+1 unspeci�ed, weget the random variable Fault `+1P (�1̀; z) with mean Pi 62Kz(P;�1̀) pz;i, where Kz(P; �1̀) is theset of k pages that P puts into its cache after processing �1̀ in which M ends up in state z.We have E(Fault `+1P ) = Xz2S Xall �1̀Pr(�1̀) � [g(z0; �1̀) = z] �E(Fault `+1P (�1̀; z))= Xz2S Xall �1̀Pr(�1̀) � [g(z0; �1̀) = z] � Xi 62Kz(P;�1̀) pz;i: (3.15)Summing on ` in (3.15), we getE(FaultP;n) = 1n n�1X̀=0 E(Fault `+1P )= 1nXz2S n�1X̀=0 Xall �1̀Pr(�1̀) � [g(z0; �1̀) = z] � Xi 62Kz(P;�1̀) pz;i: (3.16)Combining (3.14) and (3.16), we getE(FaultP;n)� FM (n) =1n Xz2S n�1X̀=0 Xall �1̀Pr(�1̀) � [g(z0; �1̀) = z] �0B@ Xi 62Kz(P;�1̀) pz;i � Xi 62Kz(M) pz;i1CA : (3.17)From Lemma 3.5 and (3.17) we getE(FaultP;n)� FM (n) �1n Xz2S n�1X̀=0 Xall �1̀Pr(�1̀) � [g(z0; �1̀) = z] � �Xi=1 jpz;i � r�1̀;ij: (3.18)Let us denote the term P�i=1 jpz;i � r�1̀;ij in (3.18) by �(z; `; �1̀), and let us denotethe term P�i=1 pz;i lg(pz;i=r�1̀;i) in (3.13) by �(z; `; �1̀). Lemma 3.6 bounds �(z; `; �1̀) byp(ln 4)�(z; `; �1̀). By three applications of Lemma 3.7 to (3.13) and (3.18) and by thebound on E(CompressionE ;n)�HM (n) from Corollary 3.2, we get our result. The quan-tity �s(n) is bounded from above by p(ln 4)�0s(n). 2



3.3. ANALYSIS OF OUR PREFETCHING ALGORITHM 21The following theorem is the detailed version of the second part of our �rst main theorem(Theorem 3.1):Theorem 3.6 Let the page request sequence � of length bn be generated by an ergodicMarkov source M . We haveFaultP;nb ! E (FaultP;n) for almost all sequences �, as b!1where, by Theorem 3.5, limn!1E (FaultP;n) = FM :Proof : Given a sequence �bn1 , we divide it into b blocks each of length n. The net fault rateFaultP;nb(�) isPbi=1 FaultP;n(�in(i�1)n+1)=b. Since we throw away our data structures at theend of each block, each of the b random variables FaultP;n, for 1 � i � b, depends only onthe start state for each block, and our result follows by the ergodic theorem [Gal]. 2The proof of Theorem 3.2 essentially deals with showing that F� converges to FM foralmost all � as n ! 1. We call two prefetchers M1 and M2 distinct if there exists sometime instant � and some page request sequence � such that M1 and M2 prefetch di�erentsets of pages at time � on �. Let Mopt(s) be a maximal set of probabilistic FSAs with sstates that are distinct when considered as prefetchers and that are each optimal for somepage request sequence. We now see that jMopt(s)j is �nite.Lemma 3.8 The cardinality of set Mopt(s) is dependent only on s, �; and k, and is inde-pendent of n.Proof : Let M 0 2Mopt(s) be the best prefetcher for some page request sequence �n1 . Let ustrace �n1 through M 0, counting the number of times each transition is traversed. It is clearthat the strategy of M 0 would be to prefetch at each state those k pages corresponding tothe k maximum count transitions out of that state. Hence M 0 could be considered as a�nite state predictor with at most s states and k transitions out of each state correspondingto the k pages it prefetches at that state. The number of distinct FSAs with at most sstates and k transitions out of each state is clearly dependent only on s, �, and k. 2To prove Theorem 3.2, we �rst show that F� approaches FM for almost all page requestsequences �. By Theorem 3.1, we know that the fault rate by P approaches FM for almostall page request sequences. Theorem 3.2 then follows by transitivity.Proof of Theorem 3.2: Let M = (Sm; A; gm; pm; zm) be the Markov source, and let M 0 =(Sm0 ; A; gm0 ; pm0 ; zm0) 2Mopt(s). Let us de�ne prefetcher X = (Sx; A; gx; px; zx) to be a typeof \cross product" ofM andM 0, where Sx = Sm�Sm0 , gx((zi; zj); a) = (gm(zi; a); gm0(zj ; a)),and px((zi; zj); a) = pm(zi; a). At state (zi; zj) 2 Sx, X prefetches those k pages that Mprefetches at zi 2 Sm, that is, the pages with the top k probabilities at (zi; zj).Let us consider a state z 2 Sx. Given a sequence � of length n, let fz be the number oftimes � reaches state z, divided by n, and let fz;i be the number of times � takes transition iout of state z, divided by the total number of transitions taken by � out of state z. Theprobability of sequences of length n for whichXz2Sx;i2A fz fz;i ln fz;ipz;i � �



22 CHAPTER 3. OPTIMAL PREFETCHING VIA DATA COMPRESSIONis exponentially small in n [Nat, Theorem 2], for � > 0. By Lemmas 3.5 and 3.6, we haveE(FaultX;n)� F� � p2�with exponentially small probability. By the de�nition of fault rate and Lemma 3.4, itfollows that E(FaultX;n) = FM (n) � E(FaultM 0;n). Since by Lemma 3.8 jMopt(s)j is �nite,it follows that for any � > 0, FM (n)� F� � �with exponentially small probability. Thus, F� converges to FM for almost all page requestsequences �.From Theorem 3.1, P's fault rate converges to FM for almost all page request se-quences �. By transitivity, P's fault rate converges to F� for almost all page requestsequences �. 23.4 The mth order Markov Source ModelIt is easier to prefetch optimally under the second model (when M is an mth order Markovsource) because we implicitly know the transitions between the states of M . The onlyproblem that remains is to estimate the probabilities on the transitions. The probabilityof the next character is dependent only on the past m characters. Our online algorithmfor prefetching M builds the �nite state machine of the source, the states labeled withm-contexts and the transitions denoting the unique transitions from one m-context to thenext. The prefetcher estimates the probability of each transition to be the frequency thatit is taken. These frequencies converge to the actual probabilities exponentially fast [Nat].Since the state structure of the source is known, M is always in the same state thatthe source M is in. Let the algorithm M prefetch the pages with the top k estimatedprobabilities. The convergence of the fault rate of M to the fault rate of the source isrelated to the convergence of the estimated probabilities on all transitions to the actualprobabilities, as given in Lemma 3.5. Hence the fault rate convergence also takes placeexponentially fast. Theorem 3.3 follows. Knowing the structure of the source thus allowsus to prove a faster rate of convergence.3.5 DiscussionIn this chapter, we started with the intuition that prediction is closely related to data com-pression, and that a good data compressor should be able to predict well for prefetchingpurposes. We then constructed a universal prefetcher P, based on the Ziv-Lempel datacompression algorithm, that prefetches optimally in the limit for almost all sequences emit-ted by a Markov source. An interesting feature of the proof of optimality is that is notderived from �rst principles; for proving fault rate convergence, we explicitly use the datacompression convergence results. The proofs provide a direct intuition into the close rela-tionship between data compression and prefetching. We shall see in Chapter 5 that thisintuition provides us with several practical prefetchers.Our prefetching algorithms are adaptive and based only on the page request sequence.They do not attempt to take advantage of possible knowledge of the application that isissuing the requests. In practice, when such knowledge is available [PGS], we could combine



3.5. DISCUSSION 23our prefetcher with a logical prefetcher based on the semantics of the application, so as toget the best of both worlds. Similar techniques for cache replacement appear in [FKL].The framework of Abe and Warmuth [AbW], who investigated a quite di�erent learningproblem related to FSAs, suggests a static PAC-learning framework for prefetching, in whichthe prefetcher is trained on several independently generated sequences of a particular length.A harder model is to assume that the prefetcher is trained on one su�ciently long sequencegenerated by a source. For certain special cases of sources, like mth order Markov sources,we expect that the optimal prefetcher is PAC-learnable. An interesting related model is thatof probabilistic concepts [KeS]. We can modify the model so that page requests are labeledby whether or not the optimal machine M faulted. (In real life, though, we wouldn't havethis feedback.) The requests are generated by a Markov source rather than independently;the distance measure corresponds to the di�erence between the expected fault rate and theoptimal fault rate.It is important to note that the type of analysis presented in this chapter is similar to,but not exactly the same as, competitive analysis. Similar types of analysis should proveuseful in establishing the goodness of online algorithms for problems that intuitively cannotadmit a competitive online algorithm.
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Chapter 4Optimal Prefetching in the WorstCaseIn Chapter 3, we looked at the relationship between data compression and prefetching. Weproved the optimality of our pure prefetcher P derived from the Ziv-Lempel data compressorby assuming that the user can be modeled by powerful probabilistics models. In this chapter,we look at the much stronger form of worst-case analysis and derive a randomized pureprefetching algorithm that we prove analytically converges almost surely to the optimal faultrate in the worst case for every sequence of page requests with respect to the important classof �nite state prefetchers. In particular, we make no assumption about how the sequence ofpage requests is generated. As mentioned in Chapter 3, any implementable algorithm forcache-replacement or prefetching must clearly be online. The analysis model we study in thispaper can be looked upon as a generalization of the competitive framework, di�erent fromthe analysis strategy in Chapter 3, in that it compares an online algorithm in a worst-casemanner over all sequences against a powerful yet non-clairvoyant opponent.An important computational requirement of prefetching (and demand fetching) algo-rithms is that the time spent deciding which pages to fetch into (or evict from) cache mustbe minimal. We show that apart from our prefetcher achieving optimality in terms of faultrate, we simultaneously achieve the computational goal of implementing our prefetcher inoptimal constant expected time per prefetched page, using the optimal dynamic discreterandom variate generator of [MVN].Cache replacement has been studied by Karlin, Phillips, and Raghavan [KPR] under adi�erent stochastic version of the competitive framework; the sequence of page requests isassumed to be generated by a Markov chain (a subset of Markov sources). A PAC learningframework incorporating Markov sources of examples is developed in [AlV].Pure prefetching can be looked upon as the following prediction problem: Given anarbitrary alphabet of size � (the set of � pages in the database) and a sequence of (page)requests drawn from this alphabet, at each time instant we have to predict the best k choicesfor the k pages to prefetch into cache. Randomness is required in order for a predictor orprefetcher to be optimal [Cov]. In information theory and in statistics [Bla, CoS, FMG,Han] interesting algorithms for binary sequences (corresponding to an alphabet size of � = 2pages) that make one prediction for the next page (corresponding to cache size k = 1) havebeen developed, but the � = 2, k = 1 case is clearly unsuitable for our prefetching scenario.The procedure in [Han] may be generalizable to the arbitrary alphabet case � � 2 for cache



4.1. ANALYSIS MODEL AND MAIN RESULTS 25size k = 1, but it cannot possibly make a prediction in constant time independent of �,and the k > 1 case is open. In [MeF], predictors are developed for various continuousloss functions, but they are not relevant to the harder-to-analyze discontinuous 0{1 lossfunctions associated with cache replacement and prefetching.In the light of binary predictors, our algorithm for prefetching can be looked upon asa predictor that achieves the optimal fault rate almost surely in the limit against the classof �nite-state prefetchers and that is simultaneously optimal in terms of running time, forthe general case of � � 2 pages and cache size k � 1. (\Almost surely" means that theprobability that convergence does not occur for an arbitrary sequence converges to 0 as thesequence length n gets larger.)Our analysis model and main results are summarized in Section 4.1. In Section 4.2, wepresent our core prefetcher algorithm P1, which makes use of sampling without replacement,and we analyze it in Section 4.3 by comparing it against the best one-state prefetcher. InSection 4.4 we draw on ideas from information theory [CoT] applied to predicting [CoS,FMG, MeF] and generalize P1 to get a universal prefetcher P that is optimal in the limitagainst a general �nite state prefetcher. The resulting optimal prefetcher P is a blend of P1and the prefetcher P from Chapter 3 based on the Ziv-Lempel data compressor [HoV, Lana,ZiLb] (on which the UNIX compress program is based). We show in Section 4.5 how toimplement the prefetcher in constant expected time per prefetched page, independent ofalphabet size � and cache size k, by use of the newly developed optimal dynamic algorithmfor generating discrete random variates of Matias, Vitter, and Ni [MVN], which uses a tablelookup method of Hagerup, Mehlhorn, and Munro [HMM]. In Section 4.6, we look at aninteresting proof technique that shows the optimality of predictor P 01, an algorithm closelyrelated to P1, for general �, when k = 1. Other related issues are discussed in Section 4.7.4.1 Analysis Model and Main ResultsWe denote the cache size by k and the total number of di�erent pages (or alphabet size)by �. We use the notation �ji to denote the subsequence of a (possibly in�nite) sequence �starting at the ith page request up to and including the jth page request; in particular, �n1denotes the �rst n page requests of �. Given a parsing of �n1 into subsequences, we willdenote the jth subsequence by �j .De�nition 4.1 A �nite state prefetcher (FSP) is represented as a quintuple (S;A; g;D; z0),where S is �nite set of states, A = f0; 1; 2; : : : ; �� 1g is a �nite alphabet with jAj = �, g isa deterministic \next state" function that maps S�A into S, D is a (possibly randomized)decision strategy function that maps S into a k-tuple Ak, and z0 2 S is the start state. TheFSP prefetches at state z 2 S the k pages speci�ed by D(z), and upon seeing the next pagerequest i, it changes state from z to g(z; i). We denote the set of all FSPs with at most sstates by F(s).We next de�ne the best fault rate achieved on a sequence by the class of FSPs:De�nition 4.2 Given a FSP F and a sequence �n1 , we denote by FaultF (�n1 ) the faultrate of F on �n1 , that is, the number of faults of F on �n1 (expected number of faults if Fhas a randomized decision strategy), divided by the length n of the sequence. We de�neFaultF(s)(�n1 ) to be infF2F(s) FaultF (�n1 ). With a little abuse of notation we also denote byFaultB(�n1 ) the fault rate of a non-�nite-state prefetcher B.



26 CHAPTER 4. OPTIMAL PREFETCHING IN THE WORST CASEIntuitively, we can think of FaultF(s)(�n1 ) as being given by an optimal o�ine algorithmrestricted by the �nite state requirement. This means that although a FSP does not knowthe sequence �n1 beforehand, it knows exactly how many times each of its transitions will betraversed when it is used to prefetch on the sequence �n1 . By simple convexity argumentsit can be veri�ed that the optimal FSP F for �n1 will, when at state z, deterministicallyprefetch the k pages corresponding to the k transitions out of z that are traversed themaximum number of times. (Hence FaultF(s)(�n1 ) = minF2F(s) FaultF (�n1 ), the minimumfault rate achieved by any FSP with at most s states on �n1 .) For example, FaultF(1)(�n1 ) isattained by the following one-state (zero-order) prefetcher F1: Count the number of timespage i, 0 � i � � � 1 appears in �n1 . Let C1(�n1 ) = fi1; i2; : : : ; ikg be k pages with themaximum k counts. At every time t, 1 � t � n, predict the next page to be one of the kpages in C1(�n1 ) (that is, we always keep the same k pages in cache).We develop an online randomized prefetcher P1 that achieves on the average the bestsingle-state (zero-order) prefetching fault rate FaultF(1)(�n1 ) on every sequence �n1 of length n,in the limit as n!1.Theorem 4.1 For every sequence �n1 of length n drawn from A, the fault rate of prefetcher P1on �n1 converges almost surely to FaultF(1)(�n1 ) as n!1. In particular,FaultP1(�n1 ) � FaultF(1)(�n1 ) +O(log n=pn ): (4.1)The main di�culty in developing P1 and its proof of optimality is that the alphabetsize � and the cache size k are arbitrary. We note that even for the � = 2; k = 1 case, theconvergence rate cannot be faster than O(1=pn ) [Cov].The importance of the above theorem lies in its generalization to higher order usingtechniques from information theory [CoT]. The approach of [FMG] allows us to combine P1with a prefetcher [ViK] based on the Ziv-Lempel data compressor [HoV, Lana, ZiLb] to geta prefetcher P that is optimal in the limit against the class of �nite state prefetchers.Theorem 4.2 For every sequence �n1 of length n drawn from A, and any s � 0, the faultrate of prefetcher P on �n1 converges almost surely to FaultF(s)(�n1 ) as n!1.The expected running time for prefetcher P can be made optimal, by use of the optimaldynamic random variate generator of [MVN]:Theorem 4.3 The prefetcher P runs in constant expected time (independent of � and k)for each page prefetched; that is, it requires an average of O(k) time to determine which kpages to prefetch.The rate of convergence of Theorems 1 and 2 depends on the alphabet size �. Forexample, the error term is O(�k2 logn=pn ) in Theorem 4.1; for simplicity we suppress the�k2 term in our discussion since it is insigni�cant with respect to n in the limit. (Notethat in general k � �.) However, the constant time bound for each prediction is entirelyindependent of � and k, which is important from a computational point of view.4.2 The Prefetching Algorithm P1In this section, we give the algorithm P1 that matches the best one-state prefetcher inthe limit. Before introducing P1, we present the more intuitive algorithm P 01 upon whichalgorithm P1 is based.



4.2. THE PREFETCHING ALGORITHM P1 27Let t be the current time and let �t1 be the sequence of t pages requested until now.Let fi(�t1); 0 � i � �� 1, denote the number of times page i appears in �t1. De�ne rt = 2j ,when 4j�1 < t � 4j . That is, the integer rt is \close to" pt; it doubles at discrete timesteps (when t is one greater than a power of 4).The key idea that prefetcher P 01 (and prefetcher P1) uses is to reduce the problem ofprediction to the problem of generating random variates. Intuitively P 01 should choose forthe cache the page i with the highest or nearly highest frequency count fi(�t1). (Randomnessin the picking is required, so it does not su�ce to simply pick the page with the highestfrequency count.) In P 01 we get a similar e�ect by \boosting" the frequency counts ofthe page by a large power and then choosing a page with probability proportional to itsboosted count. (The boosted counts will be very large, but can be represented with O(log n)bits, using the scheme discussed in Section 4.5.) E�cient random variate generation withdynamically changing weights can be done using [MVN], as discussed in Section 4.5.The algorithm P 01 is a simple randomized weighting algorithm that makes k predictionsat each time step for the next page request. At each time t and 0 � i � � � 1, P 01 assignsto page i a probability pi;t proportional to the boosted frequency count�fi(�t1)�rt : (4.2)It predicts k items for the next request by choosing without replacement from the distribu-tion p0;t, p1;t, : : : , p��1;t.Example 4.1 Let � = 3, k = 2. If the sequence of t = 9 pages �t1 seen until now is210011102, we have f0(�91) = 3, f1(�91) = 4, f2(�91) = 2, and rt = 22 = 4. AlgorithmP 01 assigns probabilities to the pages as p0;9 = 34=(34 + 44 + 24), p1;9 = 44=(34 + 44 + 24),and p2;9 = 24=(34 + 44 + 24). It predicts two pages out of these three by choosing withoutreplacement based on the above probability distribution. 2We can show that algorithm P 01 is optimal against the best one-state machine for general� � 2, but only when k = 1. (A sketch of this proof appears in Section 4.6.) We can modifyalgorithm P 01 to get algorithm P1 that is optimal against the best one-state machine forgeneral � � 2; k � 1.De�nition 4.3 We de�ne �j = �21 for j = 0 and �j = �4j+14j�1+2 for j � 1. We call �j thejth r-subsequence of �n1 .Notice from the de�nition of rt that P 01 predicts each page in an r-subsequence usingthe same value for rt in (4.2), when t > 2.Algorithm P1 works like algorithm P 01, except that the frequency counts for the pagesare reset to 0 at the start of each r-subsequence. That is, at time t > 1, 4j�1 < t � 4j ,algorithm P1 assigns to page i a probability pi;t proportional to(fi(�t4j�1+2))rt :Example 4.2 As in Example 4.1, let � = 3, k = 2, and the sequence of t = 9 pages �t1 seenuntil now be 210011102. We have �0 = 21, �1 = 001, and the portion of �2 seen until nowis 1102. The counts of the pages in the current r-subsequence are 1, 2, and 1 respectivelyfor the pages 0, 1, and 2, and r = 22 = 4. Algorithm P1 assigns probabilities to the pages asp0;9 = 14=(14+24+14), p1;9 = 24=(14+24+14), and p2;9 = 14=(14+24+14). It predicts twopages out of these three by choosing without replacement based on the above probabilitydistribution. 2



28 CHAPTER 4. OPTIMAL PREFETCHING IN THE WORST CASEThis regular throwing away of past information by algorithm P1 makes the proof ofoptimality more elegant. Algorithm P1 may also perform better than algorithm P 01 inpractice, since it captures the e�ect of locality of reference found in page request sequences[Bel, BIR, Den, IKP, KPR, ShT].4.3 One-State Case: Optimality of P1 vs. F(1)In this section we prove an important special case of Theorem 4.1, namely, that the expectedvalue of P1's fault rate FaultP1(�n1 ) converges to FaultF(1)(�n1 ); the almost-sure convergencefollows by using the Borel-Cantelli lemma. As pointed out in Section 4.1, given a se-quence �n1 , the following prefetcher F1 2 F(1) attains the minimum fault rate: Count thenumber of times page request i, 0 � i � �� 1 appears in �n1 . Let C1(�n1 ) = fi1; i2; : : : ; ikgbe the pages with the maximum k counts. For each time instant t, 1 � t � n, F1 prefetchesthe k pages in C1(�n1 ). We haveFaultF(1)(�n1 ) = 1� fi1(�n1 ) + fi2(�n1 ) + � � �+ fik;n(�n1 )n : (4.3)We now de�ne a balanced form of a subsequence, and an approximately balanced formof a sequence. This is useful in showing the optimality of P1.De�nition 4.4 A subsequence b�ba is a balanced form of �ba if1. b�ba has the same composition of pages as �ba, that is, for all 0 � i � � � 1, page iappears the same number of times in b�ba as it does in �ba.2. For each a � t � b, page b�tt occurs the maximum number of times in b�ta.For example, if �101 = 1111211321, a balanced form is b�101 = 123121211.De�nition 4.5 A sequence e�n1 is an approximately or piecewise balanced form of �n1 ife�n1 = b�0b�1b�2 � � � ;where b�j is a balanced form of �j , and �j is the jth r-subsequence of �n1 as de�ned inDe�nition 4.3.By (4.3) and the �rst condition in De�nition 4.4, we have FaultF(1)(�n1 ) = FaultF(1)(e�n1 ).Our strategy to show optimality of P1 (Theorem 4.1) is a two-step process described by thefollowing two theorems. First, we show that the fault rate of P1 on �n1 is never more thanthe fault rate of P1 on the approximately balanced e�n1 .Theorem 4.4 For every sequence �n1 , we haveFaultP1(�n1 ) � FaultP1(e�n1 ): (4.4)We then compute the fault rate of P1 on the approximately balanced e�n1 and show thatit is close to the fault rate of the best one-state machine for �n1 .Theorem 4.5 For every sequence �n1 , we haveFaultP1(e�n1 )� FaultF(1)(�n1 ) = O(log n=pn ): (4.5)The proofs of the above two theorems are dealt with in the next two subsections.



4.3. ONE-STATE CASE: OPTIMALITY OF P1 VS. F(1) 294.3.1 The Approximately Balanced Sequence is Su�ciently Worst-CaseIn this subsection we prove Theorem 4.4 using an interesting extension of the switch anal-ysis of [FMG] in conjunction with the important notion of boosted frequency counts (4.2).We denote the jth r-subsequence �j by ��1 , where � = 4j � 4j�1 is the length of �j .The sequence ��1 can be converted to a balanced form b��1 by an iterative balancing strategy.Without loss of generality, let the (� + 2)nd page request in ��1 be 1, and let the (� + 1)stpage request of the balanced sequence b��+11 be 0. We use f0 to denote the number of 0sin b��1 , and f1 to denote the number of 1s in b��1 . We consider the following iterative balancingstrategy to convert b��+11 to b��+21 :Balancing Strategy: Since b��+11 is balanced, f1 � f0+1. If f1 � f0, then b��+11 appendedwith a 1 gives b��+21 . If f1 < f0, we perform a \01" ! \10" switch at position (� +1; � + 2) by moving the 1 in front of the 0. We continue this process of \bubbling"the 1 forward through b��1 by performing similar switches, until the subsequence of the�rst � + 2 page requests of ��1 is balanced.Our proof of Theorem 4.4 consists in showing that each switch in the balancing strategydoes not lower the page fault rate of the entire sequence.A similar but simpler idea worked in the binary case for a di�erent algorithm [FMG], inwhich the sequence did not need to be broken up into subsequences, and the sequence b�n1could be shown to be strictly worst-case. We break �n1 into subsequences as part of ourmethod for achieving optimal computational e�ciency (as discussed in Section 4.5).We now show that a switch within an r-subsequence can only increase the fault rate foralgorithm P1. The fact that we allow k � 1 predictions before each page request makes theprobability terms in the analysis to be conditional on the previous prefetches at that timestep, and that complicates the analysis.Lemma 4.1 Each switch involved in converting ��1 to b��1 creates a subsequence on whichP1 has a larger fault rate (that is, switches within an r-subsequence increase the fault rate).Proof : Let us denote by A and B respectively the probabilities of predicting the 0 andthe 1 in ��101���+3, where the 01 are in the same r-subsequence. Similarly, denote by Cand D the probabilities of predicting the 1 and the 0 in ��110���+3. The number of faultsalgorithm P1 makes on the portions ��1 and ���+3 will be the same before and after theswitch, since the probability of fault by P1 at position (� + 1) of ��1 depends only on thecomposition of pages in ��1 . (Recall that P1 throws away all previous counts for pages atthe beginning of an r-subsequence.) To show that a switch increases the fault rate, wemust show that the increase in the number of faults caused by moving the 0 to later inthe sequence overshadows the decrease in the number of faults caused by moving the 1 toearlier in the sequence; that is, we need show that (1�A) + (1� B) � (1� C) + (1�D).This is equivalent to showing that A�D � C �B: (4.6)If P1 makes only one prediction at each step, the proof of (4.6) is easy. (The proof followsdirectly from (4.7) for the special case k = 1.) However, P1 makes k � 1 predictions at eachtime instant.



30 CHAPTER 4. OPTIMAL PREFETCHING IN THE WORST CASELet A = A1 +A2 + � � � + Ak, where Ai is the probability of predicting a 0 in ��101���+3in the ith prediction. The probabilities B;C;D are similarly partitioned. Each Ai can befurther broken up into a \good part" GAi and a \bad part" RAi . The good part GAi isthe probability of predicting a 0 in ��101���+3 in the ith prediction given that none of theprevious i � 1 predictions was a 1. The bad part RAi is the probability of predicting a 0in ��101���+3 in the ith prediction given that a 1 was predicted in one of the previous i� 1predictions. The quantities GBi ; RBi ; GCi ; RCi ; GDi ; RDi are similarly de�ned. We now showthe following:Fact 1: GAi �GDi � GCi �GBi , for 1 � i � k;Fact 2: (GAi � GDi ) + (RAi+1 � RDi+1) = 0, and (GCi � GBi ) + (RCi+1 � RBi+1) = 0, for1 � i � k � 1.In other words, the good parts of the ith prediction maintain the relationship we want. Thebad parts of the ith prediction exactly cancel the gain from the good parts of the (i � 1)stprediction. By de�nition, RA1 = RD1 , and RC1 = RB1 . The lemma follows from the abovetwo facts: A�D = X1�i�kAi �Di = X1�i�k(GAi �GDi ) + (RAi �RDi ) = GAk �GDk ;by repeated application of Fact 2. Similarly, C � B = GCk � GBk . By Fact 1, GAk � GDk �GCk �GBk , which implies A�D � C �B.We now prove Facts 1 and 2 by induction. Let d = P��10 f ri , d1 = d � f r1 + (f1 + 1)r,and d0 = d � f r0 + (f0 + 1)r. These quantities are involved in the denominators of therational expressions for the predictions. Let uAi = uAi (x1; : : : ; xi�1) be the term in GAi thatcorresponds to predicting x1; : : : ; xi�1, none of them a 0 or a 1 as the �rst i� 1 predictionsand 0 as the ith prediction. (The order of the �rst i � 1 predictions is important. Forexample, when i = 3, the probability of predicting a 0 following x1; x2 is di�erent fromthe probability of predicting a 0 following x2; x1.) The quantities uBi ; uCi ; uDi are similarlyde�ned. The expressions in Fact 1 can be expressed in terms of the u's; for example,GAi �GDi = Xx1;:::;xi�1distinct, 6= 0; 1 uAi � uDi :Let vAi = vAi (x1; x2; : : : ; xi�1) be the term in RAi that corresponds to predicting a 0 inthe ith prediction given that a 1 was one of the �rst i � 1 predictions and the other i � 2predictions were x1; : : : ; xi�2, none of them a 0 or a 1. (The order of these i� 1 predictionsare important, as they are with ui, but the relative point at which the 1 is predicted isarbitrary. In other words, vAi is the sum of i � 1 probability terms corresponding to thei � 1 positions at which a 1 can be predicted given that the other i � 2 predictions werex1; : : : ; xi�2.) The quantities vBi ; vCi ; vDi are similarly de�ned. The expressions in Fact 2can be expressed in terms of the u's and the v's; for example,(GAi �GDi ) + (RAi+1 �RDi+1) = Xx1;:::;xi�1distinct, 6= 0; 1(uAi � uDi ) + (vAi+1 � vDi+1):Let den(d; i � 1) be the i� 1-term falling product d(d� f rx1) � � � (d� f rx1 � � � � � f rxi�2).



4.3. ONE-STATE CASE: OPTIMALITY OF P1 VS. F(1) 31Proof of Fact 1: It su�ces to show by induction that uAi � uDi � uCi � uBi . For the basecase when i = 1, uA1 � uD1 = f r0=d� f r0=d1, and uC1 � uD1 = f r1=d� f r1=d0. Hence,uA1 � uD1uC1 � uB1 = f r0f r1 � (f1 + 1)r � f r1(f0 + 1)r � f r0 � d0d1 = (1 + 1=f1)r � 1(1 + 1=f0)r � 1 � d0d1 : (4.7)Since the function g(x) = xr is convex and f0 � f1, the above quantity is at least 1. Fromthe induction hypothesis that uAi�1 � uDi�1 � uCi�1 � uBi�1 we get(fx1fx2 � � � fxi�2f0)r � 1den(d; i� 1) � 1den(d1; i� 1)�� (fx1fx2 � � � fxi�2f1)r � 1den(d; i � 1) � 1den(d0; i� 1)� : (4.8)By a technique similar to the one used to verify (4.7) we can show(fx1fx2 � � � fxi�1f0)rden(d1; i� 1)  1(d� f rx1 � � � � � f rxi�1) � 1(d1 � f rx1 � � � � � f rxi�1)!� (fx1fx2 � � � fxi�1f1)rden(d0; i� 1)  1(d� f rx1 � � � � � f rxi�1) � 1(d0 � f rx1 � � � � � f rxi�1)! : (4.9)Multiplying (4.8) by f rxi�1=(d � f rx1 � � � � � f rxi�1) and adding to (4.9) gives us uAi � uDi �uCi � uBi .Proof of Fact 2: To prove that (GAi � GDi ) + (RAi+1 � RDi+1) = 0, it su�ces to show that(uAi � uDi ) + (vAi+1 � vDi+1) = 0. For the base case when i = 1, uA1 � uD1 = f r0 (1=d � 1=d1),and vA2 � vD2 = f r1f r0d(d� f r1 ) � (f1 + 1)rf r0d1(d1 � (f1 + 1)r) :Using the facts that d � f r1 = d1 � (f1 + 1)r, and that d1 � d = (f1 + 1)r � f r1 , it followsfrom simple algebra that vA2 � vD2 + (uA1 � uD1 ) = 0.For the inductive step, recall that vAi+1 is a sum of i probability terms. (The terms areeach rational expressions with di�erent denominators.) By carefully combining terms invAi+1 � vDi+1, we get that vAi+1 � vDi+1 equals(fx1fx2 � � � fxi�1f0)r(d� f rx1 � � � � � f rxi�1 � f r1 )  f r1den(d; i) � (f1 + 1)rden(d1; i) + vAi � vDi(fx1fx2 � � � fxi�2f0)r! : (4.10)By the induction hypothesis, vAi � vDi = �(uAi�1 � uDi�1). The value for uAi�1 � uDi�1 isthe expression on the left hand side of (4.8). Substituting for uAi�1 � uDi�1 in (4.10) we getthat vAi+1 � vDi+1 = (fx1fx2 � � � fxi�1f0)r(d� f rx1 � � � � � f rxi�1 � f r1 ) � U; (4.11)whereU = f r1den(d; i) � (f1 + 1)rden(d1; i) � (d� f rx1 � � � � � f rxi�1)den(d; i) + (d1 � f rx1 � � � � � f rxi�1)den(d1; i) :



32 CHAPTER 4. OPTIMAL PREFETCHING IN THE WORST CASEThe quantity uAi � uDi can be expressed asuAi � uDi = (fx1fx2 � � � fxi�1f0)r � 1den(d; i) � 1den(d1; i)� :Adding the above expression to (4.11) and simplifyingwe �nd that (uAi �uDi )+(vAi+1�vDi+1) =0. A similar analysis shows that (GCi �GBi ) + (RCi+1 �RBi+1) = 0. 24.3.2 FaultP1(e�n1 ) is Close to FaultF(1)(�n1 )In this subsection we prove Theorem 4.5. Let F1 2 F(1) be the best one-state prefetcherfor �n1 . Let F j1 2 F(1) be the best one-state prefetcher tuned for the jth r-subsequence �j .Let NumFaultsB(�ba) be the number of faults incurred by algorithm B on subsequence �ba.It is clear by de�nition that prefetcher F j1 incurs fewer faults on �j than F1 does on �j .In other words,NumFaultsF1(b�j) = NumFaultsF1(�j) � NumFaultsF j1 (�j) = NumFaultsF j1 (b�j): (4.12)Equation 4.12 directly implies the following lemma:Lemma 4.2 The fault rate incurred for �n1 by using prefetcher F j1 to prefetch for the jthr-subsequence �j, for each j � 0, is no greater than FaultF(1)(�n1 ). That is,FaultF(1)(�n1 ) = FaultF(1)(e�n1 ) = NumFaultsF1(b�n1 )n � Pj�0NumFaultsF j1 (b�j)n :The above lemma is useful since it is easier to compare algorithm P1 to algorithm F j1on page request sequence b�j than it is to compare P1 against F1.Lemma 4.3 The number of faults that algorithm P1 incurs on b�j is close to the number offaults of the optimal one-state machine tuned for b�j. In particular,NumFaultsP1(b�j)�NumFaultsF ji (b�j) = O((�k2)j2j):From Lemmas 4.2 and 4.3, we getFaultP1(e�n1 )� FaultF(1)(e�n1 ) � Xj NumFaultsP1(b�j)�NumFaultsF j1 (e�j)n= O �k2Pj j2jn != O(�k2 log n=pn ): (4.13)Theorem 4.5 follows from (4.13) and the observation following De�nition 4.5.We now give the proof of Lemma 4.3.Proof of Lemma 4.3: For simplicity, we denote by ��1 the balanced jth r-subsequence b�j ,where � = 4j�4j�1 is the length of b�j . Divide ��1 into � subsequences �0; �1; : : : ; ���1, whereexactly �� i di�erent pages appear in �i. (Some of the �i's may be empty.) We compute



4.3. ONE-STATE CASE: OPTIMALITY OF P1 VS. F(1) 33explicitly the di�erence between the expected number of faults of P1 and the number offaults of F j1 , for each subsequence �i. We need to be careful with the asymptotics involved,since the counts for the pages are small in the earlier part of ��1 , but rt = O(p� ) is relativelylarger. For simplicity, we drop the subscript t from rt in the following discussion.Let j�ij be the length of subsequence �i. Algorithm F j1 incurs j�ij�maxf0; 1�k=(��i)gfaults on �i. De�ne Li asLi = ( j�0j� + j�1j��1 + � � �+ j�i�1j��(i�1) if i � 10 if i = 0:The expected number of faults incurred by algorithm P1 on �i isNumFaultsP1(�i) = j�ij � ��i�1Xv=0 j�ij=(��i)Xu=1 minfk;��igXk1=1 Pr(u; v; k1); (4.14)where Pr(u; v; k1) is the probability of predicting the ((u � 1) � (� � i) + v + 1)st pagerequest of �i in the k1th prediction. It can be veri�ed thatPr(u; v; k1) � (�� i� 1)k1�1 k1�1Yw=0 (Li + u� 1)r(�� i� w)(Li + u)r +Pi�1q=0 Lrq+1 ; (4.15)where the expression xy stands for the \falling power" x(x� 1) � � � (x� y + 1). The boundin (4.15) is conservative since the terms involving the i pages not appearing in �i aredisregarded. With some manipulations to (4.15), we getPr(u; v; k1) � (�� i� 1)k1�1(�� i)k1 (1� (�1(u; i) + �2(u; i)))k1 ; (4.16)where �1(u; i) = (Li + u)r � (Li + u� 1)r(Li + u)r ; and �2(u; i) = i�� i � (Li)r(Li + u)r :With the expression for Pr(u; v; k1) from (4.16) it is easy to verify that the leading termof NumFaultsP1(�i) is j�ij �maxf0; 1 � k=(� � i)g, which is the number of faults incurredby F j1 on �i. The error term � = NumFaultsP1(�i)�NumFaultsF j1 (�i) equals1�� i ��i�1Xv=0 j�ij=(��i)Xu=1 minfk;��igXk1=1 �(u; i; k1) (4.17)where �(u; i; k1) = (1� �1(u; i) � �2(u; i))k1 � 1:The following facts can be veri�ed by using the asymptotic techniques from [GKP, Chap-ter 9]:1. �1(u; i) � r=(Li + u� 1) if Li + u� 1 � r.2. �2(u; i) � (i=(� � i)) � exp(�ru=2Li) if u � Li; and �2(u; i) � (i=(� � i)) � 2�r ifu � Li.



34 CHAPTER 4. OPTIMAL PREFETCHING IN THE WORST CASEThe lower order terms arising from the binomial expansion of (1 � (�1(u; i) + �2(u; i))k1from (4.17) (i.e., terms of degree 2 or greater) can be disregarded if Li + u � 1 � kr andu � p3� log�k. When Li + u � 1 < kr or u < p3� log�k, we can bound �(u; i; k1) by 1;the net contribution of this to � is O(�r ln�k). Disregarding lower order terms in (4.17),and using the expressions from Facts 1 and 2 above, we get � = O(�k2r ln � + �k2�=r) =O(�k2p� log �) = O(�k2j2j). 24.4 Generalizing P1 to Get PIn this section we prove Theorem 4.2 by constructing our optimal prefetcher P . We obtainprefetcher P by combining prefetcher P1 and the character-based version of the Ziv-Lempelalgorithm for data compression. As we saw in Section 3.2, the original Ziv-Lempel algorithmis a word-based data compression algorithm that parses the input string xn1 into distinctsubstrings x0, x1, x2, : : :, xc such that, for all j � 1, substring xj without its last character isequal to some xi, for 0 � i < j. (We use the convention that x0 = �, the empty substring.)It encodes the string one substring at a time. Since the substrings are pre�x-closed, theycan be represented by a dynamically growing tree (the \LZ tree"), with the nodes of thetree representing the substrings, and node xi being an ancestor of node xj if substring xiis a pre�x of substring xj ; � is the root of the tree. An example of the LZ tree is given inFigure 4.1a.Let x(z) be the sequence of pages seen until now by P when at state z. At the end of aparse, prefetcher P positions itself at the root of the LZ tree. It looks at the subsequence x(z)at its current state z, and simulates P1 on x(z) to prefetch for the next page. (Algorithm P1breaks x(z) into r-subsequences and prefetches based on the current r-subsequence at state zas described in Section 4.2. Note that P1 does not have to maintain x(z) explicitly; it onlyhas to maintain counts for the di�erent pages.) On observing the next page request j,it updates x(z), moves down the transition labeled by j, and prefetches the next pagesimilarly by simulating P1 on the sequence of pages seen at the new current state. Onreaching a leaf state, it prefetches k pages at random, and the next request ends a parse.The important point is that although the counts for some or all of the transitions canbe 0 (since algorithm P1 resets the counts for all pages to 0 at the beginning of an r-subsequence), the transitions themselves are retained in the tree. An example snapshot ofthe data structure of P is given in Figure 4.1b.We now brie
y explain why P is optimal against an arbitrary s-state machine (Theo-rem 4.2), using the interesting approach of [FMG]. Anmth-order Markov prefetcher predictsits k choices for the next page based solely on the previousm page requests of the sequence.The prefetcher P can be looked upon as a Markov prefetcher of growing order. If we letm be large, an mth-order Markov prefetcher achieves, for every sequence �n1 and any s,a fault rate close to the fault rate of the best s-state prefetcher. In the limit as n ! 1,prefetcher P performs, for any m, as well as the best mth-order Markov prefetcher. Henceit achieves the fault rate of the best s-state prefetcher for any s. Given that P1 is opti-mal against F(1) (Theorem 4.1), to show optimality of P against F(s) by the approachdescribed above, we need to extend some results of [FMG] to hold for the prefetching prob-lem. These extensions are simple as described below in Section 4.4.1. The intuition whythese extensions are simple is because the comparisons are primarily between two \o�ine"algorithms, and the online algorithm is not much involved, as opposed to the more complexanalysis of Section 4.3.
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Figure 4.1: Snapshot of data structure for Algorithm P . Assume for simplicity that ouralphabet is f0; 1g. We consider the page request sequence xt1 = \00001010011110: : :".The Ziv-Lempel encoder parses this string as \(0)(00)(01)(010)(011)(1)(10): : :". Thetree that is built at the end of the seventh parse is pictured above in (a). In (b), nextto each node/state z of the tree we give the sequence of page requests x(z) seen at thatstate. For example, for any page request sequence xt1 that is parsed by the Ziv-Lempel datacompressor into distinct substrings �, x1, x2, : : :, xc, the �rst page of each substring xi,1 � i � c, forms x(�), the sequence of pages requested when the current state is the rootof the tree. In (b), x(�) = 0000011. The dotted vertical lines in the sequences delimit ther-subsequences, and the underlined portion is the current r-subsequence. The counts (givenin italics) on the transitions out of each state z are the counts obtained by simulating P1on x(z).



36 CHAPTER 4. OPTIMAL PREFETCHING IN THE WORST CASE4.4.1 Proof of Theorem 4.2In this section we give the required extensions to the results of [FMG] to prove optimalityof prefetcher P .De�nition 4.6 Given an �-probability vector ~p = (p0; : : : ; p��1), we denote by min��k(~p)the sum of the minimum �� k elements of ~p.In other words if p0 � p1 � � � � � p��1, min��k(~p) =P��1i=k pi. We now prove the followingtwo lemmas:Lemma 4.4 Given two �-probability vectors ~p and ~q, we havemin��k(~p)�min��k(~q) � ��1Xi=0 jpi � qij:Proof : Without loss of generality assume p0 � p1 � � � � � p��1. Let X = f0; 1; : : : ; k � 1g,and let Y = fk; k + 1; : : : ; � � 1g. Hence, min��k(~p) = Pi2Y pi. Let Z = fi1; i2; : : : ; i��kgbe the ��k pages with minimum count in ~q. Let U = Z\Y , and V = Z\X. By de�nition,min��k(~p) �min��k(~q) = Pi2Y pi �Pi2Z qi. Since by assumption p0 � p1 � � � � � p��1,we have min��k(~p)�min��k(~q) �Xi2U(pi � qi) +Xi2V (pi � qi) �Xi2A jpi � qij;where A is the alphabet as given in De�nition 4.1. 2De�nition 4.7 An m-th order Markov prefetcher prefetches for its next page based solelyon the previousm page requests of the sequence. Using the notation from De�nition 4.1, anm-th order Markov prefetcher has �m states, where each state is (represents) an m-context(x1; x2; : : : ; xm), and g((x1; : : : ; xm); u) = (x2; : : : ; xm; u). We denote the fault rate of anm-th order prefetcher by FaultM(�m)(�n1 ), where M(�m) � F(�m).To verify Theorem 4.2, we need to show that Lemma 1, Theorem 2, and Theorem 4from [FMG] hold for prefetching. We make the following observations:1. In [FMG, Lemma 1, Theorems 2, 4 ], uniformly replace minfp0; p1g, where p0 and p1are the probabilities of a 0 and a 1, by min��k(~p), where ~p is the corresponding�-probability vector for prefetching. Also, replace summations over f0; 1g by summa-tions over the alphabet A.2. Lemmas 4.4 and 3.6 replace the utility of [FMG,(B.1)]in the proof of [FMG, Lemma 1].It can be veri�ed now that [FMG,Theorem 2 ] holds for the prefetching problem; inparticular, FaultM(�m)(�n1 ) � FaultF(s)(�n1 ) +O s log s(m+ 1) ! : (4.18)3. Although P1 (the online algorithm for prefetching described in Section 4.2) is verydi�erent from the algorithm for prediction of binary sequences in [FMG], algorithm Phas the properties used in the proof of [FMG, Theorem 4 ]. In particular, the samearguments as in the proof of [FMG,Theorem 4] imply that for every page requestsequence �n1 , and any m � 0,FaultP (�n1 ) � FaultM(�m)(�n1 ) + �(n;m); (4.19)where for a �xed m, �(n;m) = O(log log n=plogn ).



4.5. CONSTANT-TIME PREDICTION 37Theorem 4.2 follows from (4.18) and (4.19).4.5 Constant-Time PredictionIn this section we prove Theorem 4.3 by showing that our prefetcher P runs in constanttime (independent of �; k) on the average for each of the pages it prefetches into cache.In Section 4.4, we show that it su�ces to consider one-state prefetchers; the prefetcherat each step uses the appropriate P1 to generate random variates according to a dynami-cally changing set of weights. We showed earlier that P1's prediction strategy is optimal,in which we successively pick a page at random (without replacement) with probabilitiesin proportion to the boosted frequency counts (f0)r, (f1)r, : : : , (f��1)r, where r � pt.(Actually, we use r = 2j , where 4j�1 < t � 4j , so that r seldom changes. The frequencycounts fi are reset to zero when r changes.)The general problem of generating a random variate with a value in the range f0, 1,2, : : : , � � 1g according to a set of � dynamically changing weights is solved optimallyby Matias, Vitter, and Ni [MVN, Section 5] using the table lookup procedure of Hagerup,Mehlhorn, and Munro [HMM]. The idea at an intuitive level is to group the weights intoranges according to their values. Range j stores weights with value in the range [2j ; 2j+1).Each range is said to have a weight equal to the sum of the weights it contains. Withhigh probability, the individual weight chosen during the generation will be within the�rst O(log�) ranges, so each successive group of O(log�) ranges should be processed in arecursive data structure according to the weights of the ranges. The use of the rejectionmethod [Knub] is used to adjust the probabilities of generation appropriately, since theweights in each bucket may vary by a factor of 2. After two recursive levels, the problemreduces to generating one of O(log log�) weights, each in the range [1; log�], which can bedone dynamically in constant time by the clever table lookup method of [HMM].There is also extensive concern in [MVN] about the choice of hashing parameters inthe universal hashing schemes used to get linear space, since no a priori bound on the keyvalues is known. (In fact, a constant-time solution to the general dictionary problem is pro-posed in [MVN].) The model of computation allows arithmetic computation and truncatedlogarithms of quantities up to value O(W ), where W is the maximum weight.In our application, the computation assumption of [MVN] is unreasonable. We makethe strong requirement that constant-time computations must operate on operands of atmost O(log n) bits, where n is the length of the sequence of page requests. However, theboosted weights (fi)r used in the random variate generation can be as large as npn invalue, which cannot be manipulated e�ciently. Fortunately, we can determine the bucket jthat contains (fi)r in constant time using operations on O(log n) bits by noting that j canbe represented with only about lg lg((fi)r) = lg r + lg lg fi � 2 lg n bits. (By de�nitionlg r is always an integer.) The range j can be computed therefore in constant time usingO(log n)-bit arithmetic.The rejection method needed for determining whether to accept (as opposed to reject)a choice of page i must be done with acceptance probability (fi)r=2j+1 � 1=2. This canbe done conceptually by generating a uniform random integer U in the range [1; 2j+1)and testing if U � (fi)r, but handling quantities of that magnitude is infeasible, as men-tioned above. It su�ces to determine if lgU � r lg fi. This can be done in constanttime by generating the exponentially distributed random variate lgU directly using �nite-precision [Knub, page 128]. The expected number of bits needed before the acceptance or



38 CHAPTER 4. OPTIMAL PREFETCHING IN THE WORST CASErejection is determined is a small constant, so �nite precision su�ces. This completes theproof of Theorem 4.3.4.6 Optimality of P 01 for � � 2; k = 1In this section we present a proof for the optimality of algorithm P 01; algorithm P 01 wasdescribed in Section 4.2. The optimality of P 01 can be shown by a two-step process. First,we show that for every sequence �, the fault rate of P1 on � is close to the fault rate of P1on b�. (The same notations as de�ned in Section 4.3 are used in this section.)Theorem 4.6 For every sequence �n1 , when � � 2; k = 1, we haveFaultP1(�n1 )� FaultP1(b�n1 ) = O(log n=pn ): (4.20)We then compute the fault rate of P1 on b�n1 and show that it is close to the fault rateof the best one-state machine for �n1 .Theorem 4.7 For every sequence �n1 ,FaultP1(b�n1 )� FaultF(1)(�n1 ) = O(1=pn ): (4.21)Without loss of generality, let the (t+2)nd page request �t+2t+2 be 1, and the (t+1)st pagerequest of the balanced sequence b�t+11 be 0. Let f0 be the number of 0s in b�t1, and f1 be thenumber of 1s in b�t1. An iterative balance strategy (like the one described in Section 4.3.1)would convert b�t+11 to b�t+21 . If we show that a switch produces a sequence on which P1 hasroughly the same fault rate, we know that the balanced sequence b�n1 is a near worst-casesequence. This is similar to the idea from Section 4.3.1.The important di�erence is that in this case switches can occur across an r-subsequenceor across an r-boundary. (Please see the discussion in Section 4.3.1.) From Lemma 4.1, aswitch in an r-subsequence increases the fault rate. We show in Lemma 4.6 that all theswitches that occur across an r-boundary cause a negligible decrease in fault rate. Thesetwo facts together prove Theorem 4.6. The proof of Theorem 4.7 is along the lines of theproof of Lemma 4.3 and is omitted.To show that all the switches that occur across an r-boundary cause a negligible decreasein fault rate (Lemma 4.6) we use the following lemma.Lemma 4.5 For any `, the number of switches at position (`; `+ 1) is � ` ln� .Proof : When a switch occurs at position (`; ` + 1), the sequence �1̀ is already balanced.The page i1 that occurs the maximum number of times in b�1̀ will never move to the leftinto the `th position. The page i2 that moves to the left into the `th position the maximumnumber of times has to end up after an i1; hence the number of times a switch at position(`; `+ 1) involves page i2 moving to the left into the `th position is at most `=2. Similarly,the page that moves to the left into the `th position the jth maximum number of timesdoes so at most `=j times. The total number of switches is bounded by the total numberof pages that move left into the `th position, which is bounded by P��1j=2 `=j � ` ln�. 2Lemma 4.6 The net decrease in fault rate caused by all switches across all r-boundaries,involved in converting �n1 to b�n1 is at most O(log n=pn ) when � � 2, k = 1.



4.6. OPTIMALITY OF P 01 FOR � � 2; K = 1 39Proof : Let ` = 4j . We consider the switches at position (`+1; `+2). That is, in �1̀01�ǹ+3,the prediction for 0 uses r` = r = 2j , and the prediction for 1 uses r`+1 = 2r = 2j+1.A crucial point to note is that in the balance strategy (mentioned in Section 4.3.1), whena switch occurs, the sequence �1̀ appended with a 0 is balanced. This implies for all1 � x � �� 1 that fx � f0 + 1.The important idea of the proof is to consider the ratio �x = fx=f0 for each page x.Intuitively, if this ratio is small or close to 1, the e�ect it has on the change of fault rateis negligible. If it is a constant fraction less than 1, the e�ect is important; however such asituation seldom happens.We say that page x is in Region A if �x � 1=r1=r, in Region C if �x � 1, and in the \bad"intermediate region B otherwise. When page x is in Regions A and B, the ratio �x = fx=f0for switches at position (` + 1; ` + 2) is non-decreasing with respect to time. Once page xenters region C, it remains in Region C, though �x may 
uctuate up or down between thevalues of 1 and 1 + 1=f0. The \width" of Region B is the length along the real line of thevalues �x can take in Region B; this is at most 1 � 1=r1=r = O(log r=r). We look at twodisjoint cases and bound the decrease in the number of faults in switches at an r-boundaryin both cases.Case 1. If there is some page x such that x is in Region B, we can bound the decrease inthe number of faults by 2 (the maximum it can ever go down by). This can happen at mostO(r log r) times at this r-boundary by the following reasoning: From the balance procedure,`=��1 � f0 � `. After � switches at this r-boundary, f0 has to decrease by at least 1. Theratio �x for page x goes up by at least fx=f0� fx=(f0� 1). Since fx � f0=r1=r, the increasein �x is ��x = 
(1=f0r1=r) = 
(1=`). The total number of switches when some fx is inRegion B is at most O(\width" of interval B/��x) = O((log r=r)=(1=`)) Since r = �(p` ),the net decrease in the number of faults is at most O(p` log `).Case 2. In the case when all pages x lie in Regions A and C, the average number of faultscan decrease by at most O(1=r) for each exchange when k = 1. The idea is that the decreasein the number of faults is a �nite sum of quantities of the form�fxf0�r � �fxf0�2r = O�1r� : (4.22)when k = 1. The above does not hold when k > 1. By Lemma 4.5, the number of switchesat this r boundary is O(`). By (4.22), each switch decreases the number of faults by O(1=r).The net decrease in the total number of faults at this r boundary in this case is thereforeO(`=r) = O(p` ).Cases 1 and 2 exhaust all possibilities. The net decrease in the number of faults at thisr-boundary is bounded by the sum of the decreases in Cases 1 and 2; this is O(p` log `).Summing over allO(log n) r-boundaries and normalizing by dividing by n to get the decreasein fault rate gives us our result; that is, the net decrease in fault rate is O(log n=pn ). 2Lemma 4.7 below gives us the motivation for converting algorithm P 01 to algorithm P1(i.e., to reset the frequency counts for all pages at the beginning of an r-subsequence).Lemma 4.7 When � > 2; k > 1, there exists a series of switches across an r-boundarythat decrease the fault rate by 
(1).



40 CHAPTER 4. OPTIMAL PREFETCHING IN THE WORST CASEProof : (Sketch) We give a brief idea of the proof. Let us use the notation from Lemma 4.6.We can create a situation where 0 is the only page in Region C, there are no pages inRegion B, and there are two pages x; y with non-zero counts of at least p` in Region A. Wecan ensure that fx > fy, and (fx=fy) = O(1=b1=r), b = O(1), for O(`) switches involving 0and y. In each of these switches, the number of faults decreases by 
(1=b). 24.7 DiscussionIn this chapter, we have continued our study from Chapter 3 of the problem of predictionof sequences (of pages requests, for example) drawn from a �nite but arbitrary alphabetof cardinality �, in which we can make, at each time step, k predictions for the nextitem (page). This corresponds to the problem of pure prefetching in databases. We havedeveloped a simple randomized weighting algorithm P1 and have combined it with theprefetcher P based on the Ziv-Lempel data compressor to get an e�cient prefetcher P . Wehave shown analytically that P 's fault rate converges almost surely to that of the best FSPfor every (worst-case) sequence of page requests. This extends our results from Chapter 3where we considered the sequence of pages requested as being generated by a general Markovsource. It has been shown in [Cov] that any optimal algorithm for the binary alphabet casehas to be necessarily randomized. By the way our algorithm is designed, we need spendat most constant expected time in making the random choices for each prediction, whichis optimal. Thus, the algorithm is simultaneously optimal with respect to fault rate andrunning time.An open problem is to study if there are stronger analysis models closer to the compet-itive model that would permit the study of prediction problems like prefetching. It wouldalso be interesting to improve the convergence bounds while maintaining optimal runningtime. We conjecture that algorithm P 01 is optimal in the limit for arbitrary k > 1.
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Chapter 5Practical Prefetching via DataCompression1
The idea of using data compression techniques for prefetching was presented in Chapters 3and 4. The intuition is that data compressors typically operate by postulating (eitherimplicitly or explicitly) a dynamic probability distribution on the data to be compressed.Data expected with high probability are encoded with few bits, and unexpected data withmany bits. Thus, if a data compressor successfully compresses the data, then its probabilitydistribution on the data must be realistic and can be used for e�ective prediction. Under thepure prefetching assumption, we saw theoretically that any optimal character-by-characterdata compressor (for example, one derived from the Ziv-Lempel compressor for sequencesof page requests generated by a �nite state Markov source) can be converted to a prefetcherthat has an optimal fault rate. This was extended to worst-case page request sequences inChapter 4.In this chapter we analyze the practical issues of using data compression techniques forprefetching. Although the pure prefetching assumption in Chapters 3 and 4 may be validin some hypertext applications, in general the time between consecutive user page requestswill not allow k prefetches at a time. It may actually be prudent in practice to prefetch lessthan k pages even if there is time (e.g., to avoid burning disk bandwidth). It is thereforeimperative to meld good cache replacement techniques with good pure prefetchers. Weaddress this problem in this chapter.In our study of practical prefetching using data compression techniques, we concentrateon prefetching for only the next page request. We do not consider the compiler-directedprefetching approach (that was described in Section 2.1) of trying to time the prefetches.We discuss possible generalizations to our model in Section 5.6.As we have seen in the previous chapters, the process of converting character-baseddata compressors to pure prefetchers is quite simple. However, the practical issues inprefetching are much di�erent from the ones in data compression; in prefetching, time andmemory issues are more signi�cant. In this chapter we look at these problems of practicalprefetching and develop solutions for them.We look at three data compressors that perform well in practice and build simple, de-terministic, universal prefetchers based on them. (A universal prefetcher makes no assump-tions about the application or data representation.) Older virtual memory prefetchers that1Some of the material described in this chapter is the subject of a pending patent application.



42 CHAPTER 5. PRACTICAL PREFETCHING VIA DATA COMPRESSIONprefetch pages in sequence, that is, prefetch page i+1 when page i was being requested, arenot universal. The usefulness of universality is extremely signi�cant in current databases[Sal]. Any speci�c knowledge about the sequence of page requests can be utilized to im-prove the performance further using the techniques of [FKL].) We simulate our prefetcherson page request sequences derived from the Object Operations (OO1) benchmark [CaS],the OO7 benchmark [CDN], and from CAD applications used at Digital Equipment Cor-poration (DEC). We �nd that the page fault rate (number of page faults divided by thelength of the request sequence) decreases signi�cantly compared to that of demand fetching,in which the cache is organized using the least-recently used (LRU) heuristic or using theoptimal o�ine algorithm, OPT for cache replacement [Bel] (in which the page evicted fromcache is the one whose next request is furthest in the future). The reduction in fault-rateis also better than that of recent proposed schemes for prefetching [PaZb].In Section 5.1 we describe the system environment. We describe our three prefetchersin Section 5.2. In Section 5.3 we look closely at problems stemming from memory andtime restrictions unique to prefetching in some systems. We propose solutions to theseproblems and bound their worst-case behavior. In Section 5.4 we present our simulationenvironment. In Section 5.5 we give a brief description of the page request traces andpresent our simulation results. Other related issues are discussed in Section 5.6.5.1 System EnvironmentThe model that we use is the client-server paradigm of computing in which the client isthe database user (or application) and the server manages the database. Clients makerequests for data from the server and the server ful�lls these requests. The client typicallyruns on a workstation with a modest amount of main memory (cache) and local secondarystorage. Data used by an application must be in cache to be accessible. Secondary storage,which can be accessed faster than server storage, is used to store the local operating system,application programs, and is used as swap space by the workstation. The client is connectedto the server over a network for communication.The server necessarily has to manage the database because of its size, its distributednature, and for consistency control. The server manages the database and handles requestsfrom a number of clients. The obvious bene�ts of such a distributed system are well known.Prefetching reduces the e�ect of network latency by anticipating the client's future requestsand making such requests when the network is idle. The client-server architecture is shownin Figure 5.1.The server has the ability to handle demand read requests from the application andprefetch read requests from the prefetcher. The server gives priority to the client's requests,
ushing prefetch requests in its queue when a demand request arrives. Such provisions aregenerally available in prefetching systems [GrR, PaZa].The prefetcher can be either part of the application or a separate entity distinct fromthe application. It works by processing the sequence of the client's previous page requestsand making requests for data from the server. If more speci�c information is available aboutthe client's pattern of page requests, prefetching performance can be improved further. Inthis chapter, though, we consider prefetching based only on previous page requests.Due to the diverse nature of user's request patterns, the improvement in fault rate willbe best when each instance of an application (i.e., each user) on the client runs a copy ofthe prefetcher which takes into account only its request sequence.
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Prefetcher

cache
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Figure 5.1: The client-server model5.2 Algorithms for PrefetchingLet � be the alphabet size (total number of pages in the database) and k be the cache size.In typical databases, � is large and k � �.In this section, we describe our three simple, deterministic prefetching algorithms basedon practical data compressors. (An elegant discussion of the data compressors appears in[BCW].) We describe our prefetchers in Sections 5.2.1{5.2.3 in their \generic" form, as pureprefetchers that can store their entire data structure in cache. These prefetchers make ksuggestions for prefetch ordered by their relative merit. To make these suggestions thealgorithms use O(k) time. Sometimes the algorithms may have information to make k1 < ksuggestions. In such cases, the remaining k � k1 locations of cache are left undisturbed.In Section 5.2.4 we look at the modi�cation to the generic algorithm in which we mustprefetch fewer than k pages at a time instant. This occurs when the time between pagerequests is small, or as mentioned earlier, when the prefetcher makes only k1 < k educatedchoices. This partial prefetching automatically introduces the problem of cache replacement;our decision strategy on which pages are evicted from cache becomes important. It isimplicit in our discussion that the page the application is working on is left undisturbed;hence the actual number of pages in cache is k+1. Other changes to the generic algorithmsin situations that arise in practice (for example, when the data structure cannot be storedentirely in cache) are discussed in Section 5.3.5.2.1 Algorithm LZAlgorithm LZ is almost exactly the same as prefetcher P described in Section 3.2, with onedi�erence: algorithm LZ uses a heuristic that parallels the Welsh implementation [BCW]of the Ziv-Lempel data compressor. While LZ is at a leaf, instead of fetching in k pages atrandom, it resets its current node to be the root (that is, it goes to the root one step early).However, it updates the transition counts for both the leaf node and the root.The data structure used for prediction is a tree with at most one pointer into eachnode. (See Figure 3.1.) Instead of maintaining explicit probabilities on each transition, weinstead maintain an (integer) count of the number of times the transition is \traversed." Forexample, in Figure 3.1, at node x we can store counts of 1, 3, and 1 at the three transitions(instead of the probabilities). The same comment holds for the PPM and FOM algorithmsdescribed below.



44 CHAPTER 5. PRACTICAL PREFETCHING VIA DATA COMPRESSION5.2.2 Algorithm PPMAlthough the prefetcher P on which the LZ prefetcher is based is theoretically optimal inthe limit, convergence to optimality is slow. This motivates us to adapt for prefetching theprediction-by-partial-match (PPM) data compressors, which perform better in practice forcompression of text than the Ziv-Lempel algorithm. The motivation for algorithm PPMcomes from Theorem 3.3. Although we cannot be sure that the user is anmth order Markovsource, we expect that an mth order Markov source will approximate the user well.A jth-order Markov predictor on page request sequence � uses statistics of contexts oflength j from the sequence to make its predictions for the next page request.Example 5.1 Let j = 2, and let the page request sequence � encountered so far be\abbababab". The next character is predicted based on the current context, that is, onthe last j = 2 characters \ab" of �. In �, an \a" follows an \ab" twice, and a \b" followsan \ab" once. Hence \a" is predicted with a probability of 2/3, and \b" is predicted witha probability of 1/3. Note that if j = 0, each character is predicted based on the relativenumber of times it appears in the request sequence. 2A PPM prefetcher of order m (which we also denote as PPM-m) maintains jth-orderMarkov predictors (on the page request sequence seen till now) for all j, 0 � j � m.It prefetches the k pages with the maximum k probabilities giving preference to pagespredicted by higher order contexts. Formally, it executes the following loop:for j = m down to 0 dobeginlet nj be the number of pages in the current jth-ordercontext not selected in an earlier loop;tj := min(nj; k � nm � nm�1 � � � � � nj+1);tj := max(tj ; 0);select the tj pages not selected in an earlier loop that havethe highest probabilities in the current jth-order context;prefetch the selected pages not already in cache;endThe above technique is based on the prediction by partial match algorithm for data com-pression using exclusion [BCW]. In our simulations we use PPM of order 3 and order 1.The various jth-order Markov predictors, j = 0; 1; : : : ;m, can be represented and up-dated simultaneously in an e�cient manner using a forward tree with vine pointers [BCW].An example of a forward tree with vine pointers is given in Figure 5.2. The data structureis \almost" a tree; there can be more than one edge into a node because of vine pointers.5.2.3 Algorithm FOMAlgorithm FOM is a limited memory prefetcher designed so it can always �t in a smallcache. It takes as parameter a quantity w, the window size. Algorithm FOM with windowsize w maintains a 1st-order Markov predictor on the page request sequence formed by thelast w page requests. (The 1st-order Markov predictor is explained in Section 5.2.2.) Itprefetches the k pages with the maximum k probabilities as given by this 1st-order Markovpredictor. We use w = 5000 in our experiments reported in Section 5.5.2. We would expect
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Figure 5.2: Snapshot of the data structure for PPM of order 2 when the request sequenceis \abbababab". The vine pointer from node \ab" to node \b" indicates that if the current2-character context is \ab", then the current one-character context is \b".FOM with w =1 to be \close to" PPM of order 1 in performance. (Note that unlike FOM,algorithm PPM of order 1 uses an additional order-0 context for prediction.)5.2.4 Cache Replacement IssuesCache replacement issues automatically arise when we prefetch less than k pages; we needto decide which pages to evict from cache to make space for incoming pages. Any cachereplacement algorithm can be suitably modi�ed to work with the \generic" prefetchersdescribed earlier. In particular, we can use the probabilities of the generic prefetcher todetermine what to evict from cache, or adapt strategies like the MLP replacement strategyfrom [PaZb], or adapt well-known cache replacement algorithms like FIFO or LRU. Inour simulations, we use a version of LRU suitably modi�ed to handle prefetched pages.Prefetched items are put into cache as if they were demand fetched. They are markedas most recently used items, with more probable pages marked as more recently used.Prefetched data replace the least recently used pages which, if modi�ed, are written backto disk.5.3 Restricted Memory EnvironmentOur descriptions of the algorithms in Section 5.2 assume that the data structures of theprefetcher �t in cache. In some applications this is justi�ed. However, we cannot expect allsystems to have this facility.Several techniques are known for limiting data structure size in data compressors [Stob].An explicit upper bound M is placed on the size of the data structure. The data structureis either frozen when its size reaches M , 
ushed and rebuilt when its size reaches M , orfrozen when its size reaches M=2 and a new one is built while the old one is used forprefetching. There are also more sophisticated techniques that use an LRU-type strategyon the data structure to maintain its size [BuB]. Our ongoing work studies these techniques



46 CHAPTER 5. PRACTICAL PREFETCHING VIA DATA COMPRESSIONin the prefetching context. (We shall see later in Section 5.5 though that PPM of order 1performs better than FOM; this suggests that placing explicit bounds on the data structuresize degrades performance.)We present the following new scheme to prefetch in a restricted memory environment.5.3.1 Paging the Data StructureThe data structures used by our prefetchers are essentially trees (see Figure 3.1 and 5.2).Each node of the tree maintains information about its children (their counts, addresses,etc.). This information is required to make predictions for the next request. It is reasonableto assume that every node of the tree (except maybe the root) �ts in at most one page ofmemory. (This can be ensured by simple schemes.)We maintain some of the nodes of the tree in cache using one of many heuristics (likeLRU) to decide what to evict from cache. In particular, the root is always maintained incache. We page in a node of the tree when it is required. This scheme works smoothly ifeach node is given its own page and at least two extra I/Os can be performed between tworequests (to write out the evicted node and read in the desired node).It is more space-e�cient to compact several \small" nodes into a single page and toallocate only \big" nodes to a page by themselves. In such cases, nodes may have to bemoved when they threaten to over
ow a page. For a pure tree data structure as in LZ(Figure 3.1), it can be veri�ed that nodes can be reallocated to \less crowded" pages ina lazy fashion using one extra I/O for the movement, and no subsequent extra I/Os. InPPM, the node of the data structure can have many (vine) pointers into it. (See Figure 5.2.)In this case, when a node moves, it leaves back a \forwarding address," and when a vinepointer is traversed, this forwarding address pointer is \short-circuited." In the worst casethere may be one extra I/O per vine pointer per reallocation (although in practice we seefew reallocations and few short-circuiting of pointers). Simulations show that this techniquesigni�cantly reduces paging for the data structure.5.3.2 Sequence of Fast Page RequestsThe scheme explained in Section 5.3.1 solves the limited memory problem by using diskspace e�ciently but creates a new \timing" problem of fast page requests (page requests thatarrive quickly so that no I/O can be performed between them). When the data structureis always in cache, it can be updated every time even when there is no time to prefetchbetween page requests. If the data structure is paged, a sequence of fast page requests �can force us to disregard important sequence information.We have proposed and investigated the following strategy to cope with this problem: Inboth LZ and PPM, the counts for the pages requested in the fast sequence � are incrementedat the current node (that is, the node used for prediction just before � started). We explainour scheme with an example for the LZ algorithm. (A similar scheme is used with the PPMalgorithm.)Example 5.2 Consider a subsequence \abba: : : " of a request sequence. Let the relevantnodes in the subtree for the LZ data structure be as shown in Figure 5.3a. If the subsequenceof page requests is \slow" (i.e., if there is su�cient time to prefetch between requests), thedata structure would look as in Figure 5.3b after this subsequence.
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Figure 5.3: E�ect of updating the LZ data structure for the subsequence \abba: : : ". Thetransition between nodes is labeled with the page identi�er and the reference count. (a)Before the subsequence. (b) After the subsequence assuming slow page requests. (c) Afterthe subsequence assuming fast page requests.Consider now the case where the page requests in the subsequence are fast. The currentnode does not change during the subsequence of fast requests. The reference counts for aand b are incremented at the current node, which is accessible to the prefetcher in cache.By assumption, a node �ts on a page, so no page faults are required to update the datastructure. The updated data structure is shown in Figure 5.3c. 2The intuition behind this scheme is that if the sequence of fast requests is context-dependent, accumulating statistics at the current node will aid in prefetching the correctpages in the future before the start of a fast request subsequence. By this updating strategywe encapsulate information at a node about not just the next page request but a sequenceof future fast page requests.5.4 Simulation EnvironmentIn this section we describe the simulation environment we developed to evaluate our prefetch-ers. We �rst look at the assumptions we make for our simulation and then describe themethod used for simulations.5.4.1 Simplifying AssumptionsWe bound the complexity of the simulator with the following assumptions about the appli-cation being analyzed: We assume that pages do not change their identity during a run andthat they are of �xed size. As a rule of thumb, the cache size is chosen to be about 1=100 to1=1000 of the number of distinct pages in the trace. Most of our simulations are performed



48 CHAPTER 5. PRACTICAL PREFETCHING VIA DATA COMPRESSIONon page request traces. We also perform one set of simulations on object reference tracesto aid in comparison with other prefetchers.5.4.2 Simulation MethodEach trace (described in more detail in Section 5.5.1) is a sequence � of page numbers re-quested by a database. We perform two types of simulations on each page request sequence:Uniform Prefetching. For each page request sequence �, we simulate each of our prefetch-ers from Section 5.2 on �, prefetching d pages at each prefetch step. From Section 5.2.4it follows that when d = 0 the prefetcher works as an LRU cache. This provides a basisfor comparison against our prefetcher. For the FOM algorithm, we used a window size ofw = 5000.We measure the page fault rate for a request sequence using each of the predictionalgorithms and for each value of d from 0 up to k. Statistics about the number of faults andthe size of the prefetch data structure when it is allowed to grow unbounded are reported.To analyze the situation when the data structure is paged using our strategy fromSection 5.3.1, we associate with each node of the data structure a logical page number usedfor caching the nodes of the tree. We page the data structure just as we page the actualdatabase, evicting (and writing out) the least-recently-used page and replacing it with thepage containing the node needed by the prefetcher. The fault rate statistics are the same aswithout paging. We additionally report the number of data structure page I/Os. (Strictlyspeaking, when we page the data structure, prefetching d pages at each time step impliesthat we prefetch d pages and do any required data structure I/Os.)Fast Page Request Prefetching. Fast page requests preempt any prefetching at a stepin the execution of the simulator. We use our strategy from Section 5.3.2 to deal withfast requests. In order to simulate fast requests, we need either traces with detailed timinginformation or, alternatively, a probabilistic approach to decide when and if prefetching canoccur, and if it can occur, how much data can be prefetched. Reliable timing information forpurposes of prefetching is di�cult to obtain. A probabilistic approach is simpler and morewidely applicable and was our method of choice. Unfortunately, it removes the relationshipbetween the previous context and the occurrence of fast requests we expect in practice andthus it provides a conservative estimate of prefetching performance. In practice, we expectthat our prefetching algorithms will perform even better.We supply our simulator with the (raw) page request sequence � (used in the uniformprefetching case) and two probability parameters p, q, 0 � p; q � 1. The parameters p and qare used to simulate a workload in a computer system. At each request, the simulator tossesa (biased) coin that lands a \head" with probability p. A \head" signi�es that prefetchingcan be done. If the �rst coin lands a \head," the second (biased) coin (that lands a \head"with probability q) is repeatedly tossed until we get a \tail" or get k � 1 \heads." Thenumber of \heads" from the second coin plus one gives the number of pages we can prefetchat this time instance. Setting p and q to a real number close to zero simulates fast pagerequests while setting p and q to a real number close to one simulates a lightly loadedsystem. (It can be veri�ed that (The expected number of pages prefetched at each timestep is p(kqk +P1�t�k tqt�1(1� q)).)In this context we simulate only the LZ and the PPM algorithms. (The FOM datastructure can always be updated since its data structure is always in cache.)



5.5. EXPERIMENTAL RESULTS 495.5 Experimental ResultsThis section presents the results of simulating our prefetcher on request traces generatedby a CAD application, the Object Operations Benchmark (OO1), and the OO7 benchmarkwritten at the University of Wisconsin [CDN]. We �rst describe the request traces and thenpresent our results. In Section 5.5.4 we analyze the results; this also gives the intuition forthe particular format in which the results are presented.5.5.1 Description of the TracesWe used CAD and database traces2 to test our prefetching algorithms. Statistics are givenin Table 5.1.CAD1 and CAD2 are object ID (UID) traces from a CAD tool written at Digital'sCAD/CAM Technology Center in Chelmsford MA. We include them here as a comparisonto the Fido [PaZb] algorithm that analyzed prefetching on the same traces.The OO1 database benchmark, also known as the \Sun Benchmark," was run on theDEC Object/DB product3 to generate page fault information for all phases of the bench-mark. The more interesting phases include traversal of the structure in both the forwardand reverse directions. The OO1 benchmark tests aspects of a DBMS that are critical incomputer-aided software engineering (CASE) and computer-aided design (CAD) applica-tions [CaS].The OO7 benchmark, developed at the University of Wisconsin [CDN], tests criticalaspects of object-oriented database systems not covered by other benchmarks. This suite oftests was also run on the DEC Object/DB product used for the OO1 tests. This benchmarkincludes tests and reports the performance of an object oriented database in the followingkey areas: pointer traversal, application-DBMS coupling, complex object support and longdata items, updates and recovery, path indexing, caching and clustering, queries and opti-mization, concurrency control, and relationships and versioning. The benchmark performstraversals, associative queries, insert/delete operations, and multiuser tests [CDN]. Wetested our prefetcher running with traces from the traversal query portion of the benchmark.5.5.2 Prefetch Results for Uniform Prefetching4The simulation method for uniform prefetching was described in Section 5.4.2. We depictgraphically the performance of our prefetchers on trace CAD1 in Figure 5.4 and on traceOO7 T1 in Figure 5.5. The y-axis denotes the fault rate and the x-axis denotes the param-eter d (the number of pages prefetched at each time step) that varies from 0 to k. Whend = 0, the fault rate generated is exactly the fault rate of an LRU cache and is a basis forcomparison with our prefetcher.In the CAD1 trace, any prefetcher that predicts only pages previously requested musthave a fault rate of at least 15; 430=73; 768 � 21%, by Table 5.1. The PPM-3 fault rateof 26.7% is therefore close to best possible. The graphs look similar for the other traces(except OO7 T4) and the performance numbers are given in Table 5.2. Our prefetchers'data structure size (when the data structure is allowed to grow unbounded) is given in2The traces were provided as part of the DEC-ERP grant 1139.3DEC Object/DB is a trademark of Digital Equipment Corporation, Maynard MA.4The results reported here use slightly di�erent parameters from the ones reported in [CKV].



50 CHAPTER 5. PRACTICAL PREFETCHING VIA DATA COMPRESSION
Pages UniqueTrace name requested pages LRU OPTCAD1 73,768 15,430 .853 .809CAD2 147,344 15,430 .833 .825OO1 F 11,700 526 .941 .891OO1 R 11,700 534 .952 .911OO7 T1 28,103 6,033 .999 .994OO7 T3A 30,127 6,260 .999 .994OO7 T4 1,529 1,521 .994 .994Table 5.1: Trace �les and fault rates for LRU and OPT demand caching for cache sizek = 10.

Trace name LRU FOM LZ PPM-1 PPM-3CAD1 .853 .378 .397 .328 .225CAD2 .833 .464 .358 .316 .160OO1 F .941 .791 .805 .781 .768OO1 R .952 .842 .837 .823 .784OO7 T1 .999 .702 .682 .492 .408OO7 T3A .999 .723 .689 .505 .418OO7 T4 .994 .994 .994 .994 .994Table 5.2: Fault rates of LRU and our prefetchers for uniform prefetching with d = 1 (i.e.,prefetching one user page between any two page requests). The cache size k = 10. Thefault rate column for LRU is reproduced from Table 5.1 for ease of comparison.
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Figure 5.4: The fault rate for prefetching d objects (0 � d < k) for a �xed cache size k = 10for the trace CAD1. There are 73768 object references and 15430 distinct objects in traceCAD1.
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Figure 5.5: The fault rate for prefetching d objects (0 � d < k) for a �xed cache size k = 10for the trace OO7 T1.



52 CHAPTER 5. PRACTICAL PREFETCHING VIA DATA COMPRESSIONTrace name LZ PPM-1 PPM-3CAD1 28,513 32,871 69,986CAD2 44,000 35,886 85,440OO1 F 1,792 8,807 28,127OO1 R 1,902 8,842 28,837OO7 T1 13,479 17,462 45,486OO7 T3A 14,161 18,695 49,650OO7 T4 1,525 3,048 6,108Table 5.3: Uniform prefetching memory use in terms of number of nodes for AlgorithmsLZ, PPM-1, and PPM-3, when the data structure is allowed to grow without bound.Trace name LZ PPM-1 PPM-3CAD1 28151 42410 69838CAD2 35470 68575 92499OO1 F 1430 15254 34362OO1 R 1540 15900 35332OO7 T1 13117 23611 48933OO7 T3A 13799 26128 54136OO7 T4 1163 491 3551Table 5.4: Data structure page I/Os for Algorithms LZ, PPM-1, and PPM-3 when 10 outof 20 pages in cache store the prefetch data structure. No optimizations for node size weredone.Table 5.3.In Table 5.4 we give the number of data structure I/Os performed when 10 out of k = 20cache pages are used for storing the prefetch data structure. (The numbers reported areconservative, since no optimizations were done for storing each node with the minimumnumber of bits.)5.5.3 Prefetch Results with Fast Page RequestsOur method for simulating with fast page requests was described in Section 5.4.2. Multiplesimulation runs, using di�erent seeds in the random number generator, produced little vari-ation in the results. We present our results of running algorithm PPM-3 on trace OO7 T1in Figure 5.6. The cache size used is 10 pages. The x-axis denotes the probability q (thatranges from 0:0 to 1:0) and the y-axis denotes the fault rate. The lines represent the faultrate curves for di�erent values of p; one of the lines gives the fault rate performance of LRU(our comparison base).5.5.4 Analyzing the ResultsImprovements in Fault Rate. For each of our traces, our prefetchers achieve a signif-icantly reduced fault rate than that of a pure LRU cache and even of the OPT caching
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Figure 5.6: The fault rate for prefetching with the fast page request model for a cache sizek = 10 on the trace OO7 T1 using algorithm PPM of order 3.strategy. As seen from Tables 5.1 and 5.2, the fault rates reduce by about 60{70% for theCAD application traces, by about 15%{20% for the OO1 traces, and by about 50%{60%for the OO7 traces.Number of Predictions. In most cases it takes only a small number of predictions (one ortwo) to greatly reduce the fault rate of the application. This is easily seen from Figures 5.4and 5.5, and is true for other traces as well; this is the reason we give numbers for onlyd = 1 in Table 5.2.Relative Performance of the Algorithms. In general, we �nd that the algorithms'prefetching performance relative to one another parallels their relative performance for datacompression in general: FPPM < FLZ < FFOM (where FA is the fault rate for algorithm A).For traces CAD1 and OO1 F, the FOM algorithm has a lower fault rate than LZ.Cache Size and Data Structure I/Os. Increasing the cache size by a signi�cant factorof 5 (from say, 10 to 50) or a factor of 10 (from 10 to 100) does not lower the fault ratemuch. (See Table 5.5.) Although it is shown for only trace CAD1 in Table 5.5, it is true forother traces also. Hence LRU with a larger cache can be compared to our prefetcher witha smaller cache (with the remaining cache space used for storing the in-core prefetch datastructures), and the gains in fault rate still hold. In addition, the number of data structureI/Os is not much (see Table 5.4); for LZ and PPM-1, for example, that is typically a fractionof a data structure I/O per page request.Other Observations from Uniform Prefetching. The true test of a prefetcher is whenthe cache size is small. We have simulated using a cache size that is roughly 1/100{1/1000of the number of distinct pages in the trace.



54 CHAPTER 5. PRACTICAL PREFETCHING VIA DATA COMPRESSIONk LRU LZ PPM-310 .853 .398 .22550 .817 .391 .222100 .760 .383 .221Table 5.5: The e�ect of di�erent cache sizes on prefetching performance for trace CAD1.The LZ and PPM-3 algorithms prefetch d = 1 page between any two user page requests.The cache replacement strategy used in conjunction with the uniform prefetcher is ex-tremely relevant. Our cache replacement scheme performs very well as seen. Some othercache replacement strategy may give even better improvements.For comparison with Fido [PaZb], we simulated our algorithms on the same trace(CAD2) with the same cache sizes for LRU (2,000) and the prefetcher (1,500) as usedin [PaZb]. Fido decreased the fault rate from 45.8% to about 23.5%. Our improvement(for PPM of order 1) was better; from 45.8% to 18.2%. (In Fido, the predictor is trainedon a request sequence, the model is frozen, and it is used for prefetching on request tracesfrom similar applications. This is in contrast to our adaptive approach which continuouslylearns and predicts for each request sequence. The MLP cache replacement strategy in Fidouses prediction information to both \promote" and \demote" cached pages; this idea canbe used in our approach also.)For comparison with popular heuristics, we analyzed the OO1 traces using sequentialprefetching (that is prefetching page i + 1 after a request to page i). We found that suchan approach decreases the cache fault rate only minimally (by 5%). Some traces (e.g.,OO7 T4) are entirely sequential with almost all pages seen only once. In such cases simpleheuristics would work well. We observe that heuristics can be melded with our prefetchersto get added performance bene�ts.Fast Page Request Prefetching. The fast page request prefetching results (see Fig-ure 5.6) suggest that the load on the system is inversely proportional to the improvementgained by prefetching and that, even under heavy load, a system with prefetching outper-forms one without. These results con�rm the validity of our methods for modeling fast pagerequests in the algorithms. The negative slope of the lines suggest that making more thanone prefetch at each time step (if possible) has added bene�ts. This justi�es the argumentpresented at the end of Section 5.3.2.5.6 DiscussionWe started with the theoretical results from Chapters 3 and 4 that predictors based oncertain data compressors are optimal in the limit for prefetching. We observed that thepractical issues involved in prefetching in databases are much di�erent from the practicalissues in data compression, and that the pure prefetching assumption, although valid forsome hypertext systems, needs to be relaxed while looking at general databases. Motivatedthus, we converted three practical data compressors to get three practical prefetchers. Wesimulated our prefetchers on page request traces generated from the OO1 and OO7 bench-marks and from CAD applications used in the industry. (The traces were obtained from



5.6. DISCUSSION 55DEC.) We observed signi�cant improvements in fault rate in comparison to using an LRUcache, and in comparison to other good prefetchers.General predictors (except the simplest ones) can be expected to require nontrivialdata structures, and these may not �t in cache for some applications. We looked at thedata structures used by our algorithms, and suggested techniques for paging in the datastructures e�ciently with a minimum number of I/Os. We also proposed a solution to theproblem of fast requests (when there is insu�cient time between requests to update thepaged data structures in a normal way).An interesting result of our simulations is that the prefetching performance of ourprefetchers is directly related to the compression ability of the data compressors they arederived from; in particular, algorithm PPM performs better than LZ for both compressionand for prefetching. This suggests strongly that the vast research being done in developinggood data compressors can be used to develop good prefetchers. Chapters 3{5 also attemptto unite two seemingly di�erent practical �elds of research. There is a note of cautionrequired since the issues in data compression are di�erent from the ones in prefetching;signi�cant work is required to convert a data compressor to a prefetcher and vice-versa. Weexpect that the problems encountered in this task are similar to the ones addressed in thischapter.One implementation issue we have not discussed in detail in this chapter is how tooptimize for the space used by each node of the data structure. There are two promisingheuristics that we experimented with prior to [CKV] which reduce the number of bitsrequired to store the count associated with a node (or transition): the regular halving andthe move-to-front heuristics.In the regular halving heuristic, we �x the maximum count of a transition (or a node),thereby �xing the number of bits used to store the count of a transition. When the countof a transition out of node x threatens to exceed its limit, the count of each transition outof node x is halved, and the ceiling of the resulting value is taken to obtain the new countfor the transition. The maximum count can be di�erent for di�erent levels of the tree.(Although not explicitly stated, some of the results reported in [CKV] used the regularhalving heuristic; without the regular halving heursitic, the fault rates were slightly lesserthan what was reported in [CKV].) In the move-to-front heuristic, instead of prefetching thepages with the maximum k counts out of the current node, we prefetch the k pages that wereaccessed most recently while at the node. (Notice that the move-to-front heuristic whenprefetching one page between any two user page requests is related to the regular halvingheuristic if we set the maximum count of each node to 1, and if, like in algorithm P fromChapter 4, we retain transitions of zero count in the model; the count of a node is de�ned tobe the sum of the counts of transitions out of the node.) These heuristics have the intuitiveadvantage of exploiting locality by giving more weight to recent events while simultaneouslykeeping track of the contextual dependence of requests as encapsulated by the nodes of thedata structure. Our observation from this chapter that the �rst prefetch is most importantstrongly suggests that it is likely that one prediction out of a node is su�ciently morelikely than the others, and hence these heuristics will work well in practice. It will also beinteresting from a theoretical point of view to analyze the e�ect of these heuristics using anappropriate model of locality as in [KPR, SlT, ViK].As described earlier, the approach from [PaZb] is based on training the predictor on apage request sequence, �xing the predictor, and using it for subsequent user sessions. Noticethat the predictors developed in this paper can also be used from session to session, by saving



56 CHAPTER 5. PRACTICAL PREFETCHING VIA DATA COMPRESSIONthe model built in earlier sessions. Independently to our work, Alexander et al. proposean interesting architecture for hardware prefetching [AlK]. Their algorithm for hardwareprefetching of memory addresses into cache is closely related to the FOM algorithm usingthe move-to-front heuristic. For the domain of hardware prefetching, the authors also needto consider low-level timing issues; they ignore lower-order bits of the memory addressand hash the address to an entry in a table that stores the predictions. Alexander et al.also study higher-order Markov models for prediction; however the necessity of having asmall �xed amount of memory for hardware prefetching and the restrictions imposed by thehashing schemes make it di�cult for them to gain extra performance improvements withhigher-order models [Ale].Our model of prefetching described in this chapter concentrates on prefetching for thenext page request. Like in compiler-based techniques for prefetching, our model couldbe generalized to prefetching much in advance of an anticipated page request, by looking\down" into the model. To a certain extent, our fast page request model by accumulatingstatistics at the current node of the data structure tries to predict further into the futurethan for just the next page request.Another important way to achieve better response time is to use clustering. Clustering isin a way dual to prefetching. Clustering algorithms attempt to improve the performance ofdatabase systems by placing related sets of objects on the same page in the hope of reducingthe average number of I/Os needed to retrieve objects. There has been extensive work inclustering (e.g., [TsN] and references therein). It would be interesting to see the e�ect ofthe combination of clustering and our prefetching techniques on response-time performance.Using prefetch data structures for clustering could also be considered.There are many open problems that this work motivates, both theoretical and practical.Can our strategy of using LRU with prefetching be shown to be optimal in some reasonablemodels? Otherwise, is there some other provably optimal cache replacement strategy thatcan be blended with prefetchers? We expect that recent work on caching models in [KPR]may be relevant. We observed that the �rst prefetch is almost always the most signi�cantin terms of performance improvement. This suggests a simple theoretical model of uniformprefetching, where exactly one prefetch can be made between any two page requests. Thismodel lies strictly between caching and pure prefetching. It would be interesting to de-velop provably optimal algorithms for this model of limited prefetching. Finally, can ourtechniques be extended for prefetching in parallel environments?
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Chapter 6Disk Spindown and Rent-to-Buy:Predicting the When When shall we three meet againIn thunder, lightning, or in rain?|William Shakespeare, Macbeth, (1606)Recently, there has been an explosion in the use of battery-operated portable computers.Energy conservation is critical in these mobile systems. This has motivated both hardwareand software approaches for reducing power consumption in these systems. Recent studiesshow that the disk sub-system on notebook computers is a major consumer of power [DKM,LKH, MDK]. Disk manufacturers are developing special types of drives especially designedfor the portable market. These disks have small size, high density, high shock tolerance,and multiple energy states; in a sleep or spundown state, the disks consume comparativelyno energy, but need to be spunup before data can be accessed [Cor, Pac, Qua]. The spinuptakes on the order of seconds, as opposed to accessing data from a spinning disk which takeson the order of milliseconds. The disk manager needs to make online decisions on when tospin down the disk to conserve energy, while keeping latency (caused by the time taken tospinup a disk) acceptable.Most if not all current mobile computers use a �xed threshold to determine when to spindown the disk: if the disk has been idle for some (predetermined) amount of time, the disk isspun down. The disk is spun up again upon the next access. The �xed threshold is typicallyon the order of many seconds or minutes to minimize the delay from on-demand diskspinups. The Hewlett-Packard Kittyhawk C3014A takes about three seconds to spindownand spin back up; its manufacturer recommends spinning it down after about �ve secondsof inactivity [Hewb]; most other disks take several seconds for spindown/spinup and arerecommended to spindown only after a period of minutes [Del, Zen].The main intuition underlying the variations among disk spindown policies is identifyingperiods of inactivity at disk that are \su�ciently large." Fixed threshold policies wait a�xed period of time to be sure that the period of inactivity is large enough. Spinning a diskfor just a few seconds without accessing it can consume more power than spinning it downand spinning it up again upon the next access. Spinning down the disk more aggressivelymay therefore reduce the power consumption of the disk, in exchange for higher latencyupon the �rst access after the disk has been spun down. If we can accurately predict when



58 CHAPTER 6. DISK SPINDOWN AND RENT-TO-BUY: THE WHENthe next access at disk is going to happen, we can make an optimal spindown decision.Alternatively, if we can learn a distribution of inter-arrival times at disk by observing pastinter-arrival times, we can adaptively vary our spindown threshold.Our work [DKM, KLV] described in Chapters 7{9 analyzes di�erent methods for diskspindown: simple �xed threshold policies, predictive techniques, and adaptive methodsderived from modeling the disk spindown problem by the rent-to-buy framework.6.1 The Rent-to-Buy FrameworkThe disk spindown problem can be well-modeled by the the rent-to-buy framework. Inthe single rent-to-buy decision problem, without a priori knowledge of the amount of timea resource will be used, we need to decide when to buy the resource, given that we canrent the resource for $1 per unit time or buy it once and for all for $c. In the sequentialrent-to-buy problem, or just the rent-to-buy problem, we are presented with a sequence ofsingle rent-to-buy decision problems. To solve the tth single rent-to-buy problem (or thetth round), the online algorithm can use what it has learned from the previous t�1 rounds.The disk spindown scenario can be modeled by the rent-to-buy framework as follows.A round is the time between any two requests for data on the disk. For each round, weneed to solve the disk spindown problem. Keeping the disk spinning is viewed as renting,since energy is continuously expended to keep the disk spinning. Spinning down the disk isviewed as a buy, since the energy to spindown the disk and spin it back up upon the nextrequest is independent of the remaining amount of time until the next disk access. Thecost of the increased latency in serving the next disk access can also be integrated into thecost of the buy, if the algorithm is given as an input the relative importance of conservingenergy and responding quickly to disk accesses.It is easy to verify that an online algorithm that buys after waiting c units of timeincurs a cost that is within a factor of two of the cost of the optimal o�ine algorithm; thisis optimal in the worst case under the competitive model of analysis [KMM]. (Competitiveanalysis was de�ned in Chapter 3.) For a �xed c, this 2-competitive algorithm correspondsto a �xed threshold algorithm than spins down the disk after waiting c seconds.The rent-to-buy framework is also useful in studying other related systems problemslike the spin/block problem from multiprocessor applications [KLM] and deciding virtualcircuit holding times in IP-over-ATM networks [SaK]. We elaborate on this in Chapter 8.6.2 Background and Related WorkThe area of disk spindown and device management has attracted a lot of attention recently.Li et al. have also investigated the issue of disk drive power management [LKH]. They usedtrace-driven simulation to look at a �xed threshold policy for disk spin-control, and studiedbu�er cache parameters. Wilkes hypothesized that it would be e�ective to use a weightedaverage of a few previous interarrival times at disk to decide when to spindown the disk ona mobile computer [Wil].Adaptive spindown policies that continually change the spindown threshold based onthe perceived inconvenience to the user are studied in [DKB]. Golding et al. [GBS] havestudied idle-time detection and prediction, and proposed a taxonomy of idle-time detection



6.3. OUR APPROACH 59algorithms; they report the e�ect of their di�erent methods in the context of the TickerTAIPsimulation system [RuWb].Greenawalt [Gre] did an analytical study of disk management strategies, assuming aPoisson process for request arrival. The single rent-to-buy problem has been studied inthe worst-case setting and e�cient deterministic and randomized algorithms have beendeveloped for the problem by Karlin et al. [KMM].Some commercial products have recently begun to address the disk spindown issue. Forexample, while the standard Apple Powerbook control panel only allows the user to choosebroadly between \maximum conservation" and \maximum performance," the ConnectixPowerbook Utilities (CPU) [Con] provide �ne-grained control over such details as the diskspindown threshold and processor speed, as well as feedback on the current state of the disk(such as a count-down to when the disk will spin down).6.3 Our ApproachIn Chapter 7, we study �xed threshold algorithms for the disk spindown problem. In-tuitively, we can think of a �xed threshold algorithm that spins down the disk after Tseconds as a coarse predictor that predicts a \large idle time" if the idle time is greaterthan T seconds. We also describe our experiences with predictive disk spindown strategies;these predictive strategies are based on intuition developed from Chapters 3{5.In Chapter 8, we consider the rent-to-buy framework in detail and develop a computa-tionally e�cient rent-to-buy algorithm whose expected cost for the tth resource use (i.e.,the tth idle time at disk) converges to optimal for any bounded probability distribution onthe resource use times, under the assumption that the resource use times are independentlydrawn from an unknown probability distribution. In Chapter 9, we formalize our notionof adaptive spindown. We describe exactly how a rent-to-buy algorithm will be used forthe disk spindown problem, and present the results of simulating our theoretically optimalrent-to-buy algorithm for the disk spindown problem.
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Chapter 7Fixed Threshold and PredictiveDisk Spindown PoliciesMinimizing power consumption is important for mobile computers, and disks consume asigni�cant portion of system-wide power. As described in [DKM], disk densities are in-creasing, making it possible to carry more data. Even though disk densities have increased,the power used by the largest disks has stayed about the same, around 1 Watt for an idlespinning disk. With more e�cient management of the other components of the system (e.g.,the CPU and the display), the overall system power cost is dropping; the result is that therelative amount of power consumed by the disk sub-system on notebook computers hasincreased from 9% to 31%. With the exception of the smallest and lightest computers, suchas the Hewlett-Packard Omnibook [Hewa], the trend seems to be to carry a larger disk withthe same mass rather than a smaller disk with the same number of bytes.Proper disk management can improve battery life. If the disk drive is used with anyfrequency, it will have a signi�cant impact on the length of time the computer can operateon a single battery charge. Measurements of power consumed by notebook computers asdescribed in [DKM] suggest that battery life for the Dell 320 could be improved 20{31%,the amount that would be saved if the disk were o� all the time. Put another way, a batterythat lasts 5 hours could last from 6 to 6.5 hours instead. Since there is a large di�erencein power consumption between a disk that is spinning and one that is not, systems try tokeep the disk spinning only when it must. The system must trade o� between the powerthat can be saved by spinning the disk down quickly after each access and the impact onresponse time from spinning it up again too often.To understand this tradeo�, we use trace-driven simulations to evaluate di�erent diskspindown policies for reducing power consumption. In this chapter, we consider thresholdpolicies which are practical to implement, o�ine algorithms that are optimal in terms ofpower consumption, and predictive online algorithms that take past history into account.We �nd that threshold policies that spindown the disk after 1{10 seconds come close to thepower consumption of the optimal o�ine algorithm, which reduces the power consumptionusing manufacturers' recommended thresholds by about half. However, in some cases thethreshold algorithms substantially increase the delays incurred by the user. These delayscan be avoided if access times could be predicted accurately enough.In Section 7.1 we describe a model of the energy states of the disk. In Section 7.2 wediscuss various spindown policies. In Section 7.3 we describe the input traces and simulator
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Figure 7.1: Disk state transition diagram.used in our experiments, and in Section 7.4 we report the results of our simulations. Wepresent our experiences with predictive disk spindown in Section 7.5. Other related issuesare discussed in Section 7.6.7.1 Disk Energy StatesAs mentioned before, disk drive manufacturers have developed disks with multiple energystates, especially targeted to the portable computer market. Figure 7.1 shows the energystates and transitions of a typical disk. (The \spundown" state is sometimes also called the\standby" state; some manufacturers refer to the \spundown" state as the \sleep" state,and the \sleep" state as the \o�" state.)The disk has to be in the active state to read and write data. In the idle state the disk isspinning, but the heads are parked. In the spundown state, the disk platter is not spinning.The disk has to be powered up from the sleep state.Typically, the disk consumes a very small amount of power in the spundown state,and little or no energy in the sleep state. Table 7.1 lists the main characteristics of twodisk drives for mobile computers, the Hewlett-Packard Kittyhawk C3014A [Pac] and theQuantum Go�Drive 120 [Qua]. (The quantity Td in Table 7.1 is explained in Section 7.2.1.)7.2 PoliciesIn this chapter, we investigate two types of algorithms for spinning a disk up and down: of-
ine, which can use future knowledge, and online, which can use only past behavior. O�inealgorithms are useful as a baseline for comparing di�erent online algorithms, and for identi-fying where there is room for potential improvement. Online algorithms are implementable.Typically mobile computers spindown their disk based on a simple heuristic; for instance,when it has not been accessed in a predetermined period of time (such as 5 minutes). Theyspinup the disk when the �rst access after a spindown occurs.7.2.1 O�ine PoliciesSpinup and spindown policies should minimize both power consumption and response time.Power and time are not always optimized by the same policy. It is easy to see that theoptimal policy with respect to response time is not necessarily optimal with respect to



62 CHAPTER 7. FIXED THRESHOLD AND PREDICTIVE POLICIESCharacteristic HP KittyhawkC3014A QuantumGo�Drive 120Capacity (Mbytes) 40 120Power consumed, active, (W) 1.50 1.65Power consumed, idle, (W) 0.63 1.00Power consumed, spundown, (W) 0.28 0.20Power consumed, sleep, (W) 0.02 0.20Power consumed, spinup (W) 2.17 5.50Normal time to spinup (s) 1.10 2.50Normal time to spindown (s) 0.55 6.00Avg time to read 1 Kbyte (ms) 22.5 26.7Break-even interarrival time Td (s) 5.0 14.9Table 7.1: Disk characteristics of the Kittyhawk C3014A and Quantum Go�Drive 120. TheKittyhawk has less capacity than the Go�Drive, but it has signi�cantly lower operatingcosts, especially the power drawn during disk spinup and the average spinup duration. Asa result, the break-even point for the Kittyhawk is about a fourth that of the Go�Drive,making a short spindown threshold much more important for the Kittyhawk. Also, theKittyhawk spins down in a half a second, while the Go�Drive takes \< 6s" [Qua].power consumption. Leaving the disk spinning all the time will produce the minimal impacton response time, but will waste power if the disk isn't accessed for long periods of time.Likewise, the optimal policy with respect to power may result in a delay when a new requeststalls waiting for the disk to spinup.An o�ine policy for spinning down the disk is based on the relative costs of spinningor starting it up. The o�ine policy will spindown the disk if the inter-arrival time is suchthat spinning down the disk and spinning it back up would consume lesser energy thankeeping the disk spinning. It is easy to verify that, given a disk, there is a breakeveninterarrival time Td depending only on the disk characteristics, such that the o�ine policywill spindown the disk immediately if the interarrival time is greater than Td. There are,of course, complications beyond this simple threshold; for instance as seen from Figure 7.1and Table 7.1, a disk usually has multiple states that consume decreasing amounts of powerbut from which it is increasingly costly (in time and power) to return to the active state.Table 7.1 lists the values for Td for the Kittyhawk and Go�Drive disks.The time to spinup the disk once a new request arrives has a substantial impact onresponse time. An online algorithm that spins up the disk when a request arrives if thedisk is spun down will cause the request to wait until the disk is ready, typically at least1{2 seconds. This latency is up to a couple of orders of magnitude greater than normaldisk access times, and should be avoided whenever possible. The high spinup overhead isthe reason why typical thresholds for spinning down a hard disk are often on the orderof several minutes even if Td is just a few seconds: if the disk has not been accessed forseveral minutes then the overhead of a couple of extra seconds before a new request canbe serviced is neither unexpected nor unreasonable. In contrast to the online approach, ano�ine algorithm can not only spindown the disk when that would save power, it can spinupthe disk again just in time for the next request to arrive.



7.2. POLICIES 637.2.2 Threshold-based PoliciesThreshold-based policies are the standard timeout-based algorithms used in most presentsystems. If the disk is not accessed within a �xed period of time it is spun down. That time-out value may vary depending on environmental characteristics (e.g., running o� batteryrather than A/C power) or input from the user, but is normally not modi�ed dynamicallyby the system. The disk is spun up again upon the next access, and the request must waitfor spinup to complete.7.2.3 Predictive PoliciesThe predictive policies store historical information and interpret it to predict the interarrivaltime at disk. There are many possible heuristics for interpreting this data. For instance,Wilkes hypothesized that it would be e�ective to use a weighted average of a few previousinterarrival times to decide when to spindown the disk on a mobile computer. He notedas well that if inactive intervals were of roughly �xed duration, the disk could be spunup in advance of the expected time of the next operation [Wil]. If access patterns arenot so consistent, however, these techniques may not prove to be helpful. We use Markovmodel-based predictors, and discuss more about our predictive policies in Section 7.57.2.4 TaxonomyHere we describe a taxonomy of disk spindown policies, considering both the policy usedto decide when to spindown the disk and the one used to spin it up again. The namingscheme indicates the most salient feature of the particular algorithm; the �rst part of thename denotes the spindown policy, while the second part denotes the spinup policy.optimal optimal. This is the o�ine algorithm described in Section 7.2.1, which usesfuture knowledge to spindown the disk and to spin it up again prior to the nextaccess. It provides the lowest power consumption among policies that have minimumresponse time. Other o�ine algorithms with slightly lower power consumption mayexist, but they will su�er increased response times.optimal demand. An alternative o�ine approach is to assume future knowledge of accesstimes when deciding whether to spin down the disk but to delay the �rst requestupon spinup. This algorithm will consume about the same amount of power as opti-mal optimal, but will have poorer response time. This algorithm is relevant becausean online algorithm may be better at predicting that the next request will occur morethan Td seconds in the future than predicting exactly when the request will occur;i.e., predicting the correct time to spindown the disk may be easier than predictingwhen to spin it up again.threshold demand. The disk is spun down after a �xed period of inactivity and is spunup upon the next access. This is the policy used on most systems at present.threshold optimal. The disk is spun down after a �xed period of inactivity but is spunup just before the next access. If the next access occurs too soon (there is not enoughtime to spinup the disk before the access) then the access will be delayed. Thisalgorithm is primarily for purposes of comparison and completeness.



64 CHAPTER 7. FIXED THRESHOLD AND PREDICTIVE POLICIESpredictive demand. Spindown is based on a heuristic that uses information about previ-ous accesses to determine when to spindown the disk. Spinup is performed upon thenext access.predictive predictive. Spindown uses the same heuristic as predictive demand, andspinup is based on a predictive heuristic as well.7.3 Methodology7.3.1 TracesTo evaluate the e�ect of the disk spindown policy on power consumption and response time,we used traces from two execution environments: an Apple Macintosh Powerbook Duo 230and a Hewlett-Packard 9000/845 personal workstation running HP-UX.The Powerbook traces were gathered at MITL. There were two traces of approximatelytwo hours of activity and one trace of approximately four hours of activity. One of the two-hour traces has characteristics very similar to the four-hour trace, while the other showsmore constant use of the disk. In this chapter we report results of simulating the four-hourtrace, during which time mostly Microsoft Word, an editor, and Eudora, an electronic mailapplication, were running.Disk management on the Macintosh is unusual in several respects. First, its cachebehavior is dependent on the size of the cache: a larger disk cache not only increases thenumber of blocks that can be cached but also increases the maximum size of any given reador write that can be cached. Even with a cache size of 256 Kbytes, the maximum transferthat can be cached is only 8176 bytes [App]. Second, writes that are cached in the bu�ercache are later passed to the disk in 512-byte units, which can degrade performance relativeto transferring larger �les as a unit. Third, a Macintosh may be con�gured with a \RAMdisk" that behaves like a magnetic disk drive but is stored in DRAM. On the PowerbookDuo the RAM disk is not persistent, so it is useful only for storage of temporary �les, othernoncritical �les that can be copied to disk later, or copies of read-only �les such as theSystem folder. The RAM disk thus allows users to get around the de�ciencies of the bu�ercache, but only for a speci�c subset of �les.Our Powerbook trace records re
ected access at the �le-system level (i.e., above thedisk cache). Rather than simulating the Macintosh bu�er cache as it is implemented,we simulated a simple LRU write-through bu�er cache with each 1-Kbyte block handledseparately and no maximum per-�le limit. The Macintosh enforces a minimum cache size of32 Kbytes; we varied the cache size from having no cache at all to a maximum of 1 Mbyte.Because a relatively large cache is essential to eliminating enough disk accesses to makespinning down the disk worthwhile [LKH], in this chapter we report results for the 1-Mbytecache. Also, in our Powerbook traces, about 2% of accesses went to �les on the RAM disk,and we ignored these accesses in the simulator. More experienced Powerbook users mighthave di�erent access patterns, with more accesses to a RAM disk, but in fact one mayconsider the 1-Mbyte disk cache to be equivalent to a RAM disk of the same size.In addition, we used traces from an HP-UX workstation, documented by Ruemmler andWilkes [RuWa]. We used the HP-UX traces for a couple of reasons: �rst, because there area number of UNIX-based mobile platforms available, so a UNIX trace might be indicativeof actual mobile usage patterns; and second, because UNIX does the sort of aggressive



7.3. METHODOLOGY 65Powerbook HP-UXDuration 4.1 hours 63 daysMean interarrival time (s) 0.4 13.1Standard deviation of interarrival time (s) 1.9 130.3Maximum interarrival time (s) 269.2 1770.4Table 7.2: Summary of trace characteristics. An important distinction between the Power-book and HP-UX traces is that the statistics for the Powerbook trace report the interarrivaltimes as seen by the bu�er cache while the ones for the HP-UX trace are as seen by thedisk.caching that is essential for eliminating disk accesses. The HP-UX traces are at the disklevel; they represent requests from the HP-UX bu�er cache to the disk. As a result, we didnot simulate a bu�er cache for these traces.We believe the HP-UX traces should be representative of a mobile environment becausethe sorts of activities mobile users perform|such as word processing, electronic mail, andspreadsheets|are the same activities as the user in the HP-UX trace would perform in theo�ce. Nevertheless, the HP-UX and Powerbook traces do vary considerably in some re-spects. Most notably, the HP-UX trace is over a prolonged period of time (about 2 months),with about the same number of accesses as the Powerbook trace had over four hours spreadout instead over a week's time. (The simulations in [DKM] were done using only the �rstweek's worth of data; our results in this chapter use the whole trace. The results are qual-itatively similar; quantitatively, they are away by roughly a factor of 8{10, suggesting thatthe distribution of inter-arrival times is similar throughout the trace.) Table 7.2 summarizessome characteristics of the two traces.7.3.2 SimulatorThe simulator is a general storage management simulator that models three levels of a stor-age hierarchy, nominally DRAM, 
ash memory, and magnetic disk; for these experimentsthe size of 
ash was always set to 0. For the HP-UX trace, the size of the DRAM cachewas also set to 0, as described above, so all disk requests from the original trace resulted indisk requests in the simulations.Each disk is represented by a �le specifying a number of parameters, one for each statein which the disk might be (reading, writing, active, idling, spundown, or sleeping), and onefor each state transition. The con�guration �les specify how long the disk stays in a givenstate or transition and how much power, in Watts, is consumed during that time. Severalof these parameters are shown in Table 7.1.We made a number of simplifying assumptions in the simulator. First, a disk accessis assumed to take the average time for seek and rotational latency, unless it involves adisk block with a numerical identi�er within � of the previous block accessed. Second, alloperations and state transitions are assumed to take the average or \typical" time speci�edby the manufacturer, if one is speci�ed, or else the maximum time. While these assumptionsmay a�ect the speci�c values of energy and response time produced by the simulator, wedo not believe they a�ect the relative di�erences in energy consumption and response timefrom using di�erent spindown policies.
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(a) Energy consumption as a function of spindown time.
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(b) Delays due to spinup on read accesses, as a function of spindown time.Figure 7.2: Results of simulating the 4-hour Powerbook trace on the Kittyhawk andGo�Drive 120 disks.
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(a) Energy consumption as a function of spindown time.
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(b) Delays due to spinup on read accesses, as a function of spindown time.Figure 7.3: Results of simulating the HP-UX trace on the Kittyhawk and Go�Drive 120disks.



68 CHAPTER 7. FIXED THRESHOLD AND PREDICTIVE POLICIES7.4 ResultsWe simulated a number of threshold-based policies as well as the optimal optimal andoptimal demand policies, running on both the Powerbook and HP-UX traces, and usingboth the Kittyhawk and Go�Drive speci�cations. (Results of using predictive algorithmsare discussed in Section 7.5.) In this chapter we consider two metrics:Energy Consumption The energy (in Joules) consumed by the disk over the course ofthe simulation.Read-Spinup Delays The number of times a read operation was delayed to spinup thedisk.Another metric for the impact on read response time might be the average response timeacross all reads, but that metric is less satisfying: it considers average delay but not thegreat discrepancy between operations that have no spinup delay and those that are delayed.In fact, the actual delay from spinup varies from about 1 second on the Kittyhawk to2.5 seconds on the Go�Drive, so the penalty from these undesirable spinup delays is muchgreater for the Go�Drive. A third possible metric is the number of operations delayed.The metrics of number of reads delayed and number of operations delayed are very close;intuitively, if writes (including synchronous writes) can be decoupled from disk latency witha small amount of nonvolatile memory [BAD, RuWa], then the number of writes delayedcan be ignored.Figure 7.2 shows the energy consumption and read-spinup delays for the Powerbooktraces, with a 1-Mbyte cache, and Figure 7.3 shows the same for the HP-UX traces (whichhas an implicit bu�er cache, as discussed above). Both �gures show, for both types of disk,several threshold demand policies, optimal optimal, and optimal demand. For thethreshold-based policies, the disk always goes to the idle state after two seconds if it has notalready spundown by then, and always goes from the \spundown" state to the \sleep" stateimmediately. On the Kittyhawk there is marginal overhead in going from \sleep" to \active"relative to going from \spundown" to \active," and on the Go�Drive the \spundown" and\sleep" states are identical.The most important conclusions one may reach from these �gures are:� The o�ine optimal optimal algorithm can reduce disk power consumption by 30{60%, compared to the �xed threshold suggested by manufacturers, without adverselya�ecting response time. (This compares optimal optimal to the 5-second spindownof the Kittyhawk and the 5-minute spindown of the Go�Drive 120.)� Online threshold demand algorithms with shorter than recommended thresholdsapproach the power consumption of optimal optimal but may increase the numberof read-spinup delays substantially.� The best compromise between power consumption and response time is workload-dependent. For the HP-UX trace on the Kittyhawk, a spindown threshold of 1sconsumes 23% less power than the recommended threshold of 5s, and increases delaysby 19%, a fair tradeo�. The Powerbook trace on the same hardware shows a 15%improvement in energy with the 1-second threshold but a 50% increase in delays.



7.4. RESULTS 69� Lastly, the characteristics of the disk make an enormous di�erence in the appropriate-ness of an aggressive spindown policy. The high latency to spindown and spinup theGo�Drive 120, compared to the Kittyhawk, results in a higher value for Td and, forthe Powerbook trace, minimal power consumption for a threshold of 5s rather than1s for the Kittyhawk.We discuss each type of algorithm in turn, as well as the impact of disk characteristics.7.4.1 O�ine AlgorithmsWith future knowledge of disk activity, one can both reduce energy consumption and delaysdue to disk spinup. optimal optimal uses 64% of the energy consumed by the 5-secondthreshold demand policy for the HP-UX trace running on the Kittyhawk; it uses 52% ofthe energy consumed by the 5-minute policy running on the Go�Drive. For the Powerbooktrace, optimal optimal used 69% and 39% of the energy of the recommended thresholdsfor the Kittyhawk and Go�Drive, respectively. In each case, because the disk was alwaysspinning at the time of the next request, response time would improve as well.optimal demand considers the hypothetical case where one could predict the futurewell enough to spindown immediately if that would save power, but would not be able topredict the time of the next access precisely. It uses about the same amount of energy asoptimal optimal but has a much larger number of read-spinup delays than the 5-minutethreshold demand policy, since many more read operations result in the disk spinningup. The number of read-spinup delays incurred by this algorithm is a lower bound on thenumber of delays that a threshold demand algorithm with a spindown threshold lessthan Td would incur, and an upper bound on the number that a threshold demandalgorithm with a spindown threshold greater than Td would incur.7.4.2 Threshold-Demand AlgorithmsThe set of threshold demand algorithms reported above demonstrate the tradeo�s be-tween energy and delay that arise with any simple threshold-based technique. The di�er-ences between the Powerbook and HP-UX traces show how important the workload is inthis regard: for the HP-UX trace on the Go�Drive disk, a 1-second threshold performedbest out of this class of algorithms, reducing power consumption 45% (within 7% of op-timal) compared to the 5-minute threshold, while for the Powerbook traces the 5-secondand 10-second thresholds performed comparably, reducing power by about 53%. This is notsurprising given the di�erence in mean interarrival times described in Section 7.3.1.Regardless of the subtle di�erences in energy consumption between relatively shortthresholds of 1, 2, or 10 seconds, it is clear that any of these short thresholds is muchmore energy e�cient than the manufacturers' commonly recommended spindown thresholdof 5 minutes. However, the shorter thresholds introduce more spinup delays. As a result, themost energy e�cient threshold may not be the most desirable one. For example, with thePowerbook trace running on the Kittyhawk, moving from a threshold of 1s to 5s increasesenergy consumption by 18% but reduces the read spinup delays by 33%.7.4.3 The Impact of Disk CharacteristicsFigures 7.2 and 7.3 show the simulation results of using the Kittyhawk and the Go�Drivedrives using the same sets of traces and spindown parameters. The lower operating costs



70 CHAPTER 7. FIXED THRESHOLD AND PREDICTIVE POLICIESBucket Range (seconds)0 [0.00, 0.10)1 [0.10, 0.25)2 [0.25, 0.50)3 [0.50, 1.00)4 [1.00, 2.00)5 [2.00, 3.00)6 [3.00, 5.00)7 [5.00, 100.00)8 [100.00, 1)Table 7.3: One of the de�nitions for buckets used to study predictive spindown.for the Kittyhawk result in less power consumed for the same policies, and the faster andless power-intensive spinup for the Kittyhawk makes it more feasible to quickly spindownthe disk.Since the Go�Drive consumes more power than the Kittyhawk when operating, and takesmuch longer to spinup and spindown, its overall power consumption is far greater than forthe Kittyhawk on the same workload. The impact of varying the spindown threshold is lessthan for the Kittyhawk as well. Of course, operations on larger disk drives are expected toconsume more power than those on small ones, and spinning them up is especially costly|both in terms of power and response time|by comparison.7.5 Predictive Algorithms1The gap between the threshold-based policies and the o�ine policies suggests that predictivealgorithms can improve upon existing techniques. We experimented with heuristics forpredicting when to spindown based on past history rather than just the time since the lastaccess. The goal of the predictive approach is to predict interarrival times between diskaccesses so that the disk is spundown immediately when the next disk access is likely to befar enough in the future to make spinning down the disk worthwhile (i.e., if the idle timeat disk is predicted to be greater than Td).Our heuristics for predictive disk spindown were suggested from our observations fromChapter 5 of the intimate relationship between data compression and prediction. Ourapproach was to use a Markov model-based approach to anticipate when the next accesswill arrive at disk. (Markov models are de�ned in Section 5.2.2.)We implemented the Markov model for predictive spindown by mapping ranges of inter-arrival times into buckets, and de�ning the buckets to be our alphabet; in other words,we discretized our domain. Table 7.3 gives an example of the buckets we used in one ofour simulations. An inter-arrival time naturally maps on to a bucket. We build an mthorder Markov model on the alphabet de�ned by the buckets. (We studied Markov modelsof order 1, 2, and 3.) The past m bucket values as de�ned by the past m inter-arrival timesuniquely de�ne the current state s of the Markov model. Like in the prefetching problem1Some of the material described in this section is the subject of a pending patent application.



7.5. PREDICTIVE ALGORITHMS 71Bucket 0 1 2 3 4 5 6 7 80 4905 443 193 135 142 95 132 32 01 416 131 51 38 55 21 33 13 02 178 49 19 29 48 25 33 6 03 141 38 29 19 36 18 45 3 04 176 36 41 40 33 16 56 8 05 93 17 12 25 19 6 76 14 06 142 34 38 38 61 77 1140 47 07 26 10 5 5 11 4 62 35 08 0 0 0 0 0 0 0 0 0Table 7.4: Transition table corresponding to the buckets in Table 7.3, obtained by using a�rst order Markov predictor on the Powerbook trace.as described in Chapter 5, we predict the next interarrival time to lie in bucket j, wherethe transition labeled j has the maximum probability (or count) out of the current state s.(Recall that the Markov predictor is updated by incrementing the count of a traversedtransition by one.) If the predicted bucket corresponds to a range of interarrival times thatis \su�ciently large," we spindown the disk immediately. Table 7.4 gives a snapshot of a �rstorder Markov model obtained by running the Powerbook trace using the bucket de�nitionsfrom Table 7.3. For our experiments, we de�ned a predicted interarrival time range to be\su�ciently large" if the minimum of the range was greater than Td (an aggressive policy).We also looked at conservative strategies, where we spin down the disk only if the minimumof the predicted interarrival range was 2{3 times Td.The bucket de�nitions were chosen based on the level of granularity we desire for ourprediction. In other words, we could have had just two buckets, [0; Td), and [Td;1); therationale behind having more buckets is that the extra precision can increase the likelihoodof making an accurate prediction. We experimented with di�erent granularity of buckets;in general, the speci�c number of buckets and the ranges for each bucket must be tuned toa particular system.In predictive demand, we use the predictions obtained as described above to spin-down the disk. We spinup the disk upon the next access. One problem that must beaddressed is what happens if the prediction is incorrect. If the prediction indicates that thedisk should be spundown, and an access occurs within Td seconds (an eager prediction),the disk is spunup again. If the prediction causes the disk to remain spinning, yet no accessoccurs (a lazy prediction), leaving the disk spinning inde�nitely might consume too muchpower, rendering the whole procedure useless. To take care of lazy predictions, we augmentpredictive demand by using the threshold from the threshold demand algorithm: ifthe disk is not spundown by virtue of a prediction, and T seconds elapse without an ac-cess (where T is the threshold used by the threshold demand algorithm), the disk isspundown.In predictive predictive, we estimate the inter-arrival time to be the average valueof the range given by the bucket predicted by the Markov predictor. (We use �ner grainedbuckets in this case.) We spin the disk up based on the estimated value or upon demand,whichever is earlier.



72 CHAPTER 7. FIXED THRESHOLD AND PREDICTIVE POLICIES7.5.1 Experiences with Using predictive demandWe observed some interesting results by simulating predictive demand. When the Power-book trace was simulated with no bu�er cache, predictive demand saved 15% of thepower consumed without adverse a�ects (on the number of reads delayed). In this case,the energy consumption of predictive demand was roughly halfway between the optimalenergy consumption and the best threshold demand policy. However, by using a mod-erate size bu�er cache (i.e., upto 1-MByte cache), all the energy values dropped drastically.(The performance numbers reported in Section 7.4 assumed a bu�er cache of 1-MByte forthe Powerbook traces.) With a bu�er cache, the energy consumption and response timeperformance of the predictive algorithm was generally slightly worse than the correspondingthreshold demand algorithm. That is, there were almost no eager predictions and morelazy predictions when the bu�er cache was present.The predictability of the Markov predictor by itself was very good. That is, the fractionof times our model correctly predicted the bucket in which the interarrival time will fall washigh; roughly 70%. As illustrated by Table 7.4, some of these predictions were expected: ifthe previous interarrival time was small (corresponding to bucket 0), then the next interar-rival time is also expected to be small. However a signi�cant fraction of the predictions werenon-trivial; e.g., Table 7.4 suggests that if the previous interarrival time fell in bucket 6,then the current interarrival time will also be in bucket 6. Using the bucket de�nitionsfrom Table 7.3, this implies that if the last access came between 5 and 100 seconds afterthe preceding access, the next access is also likely to come in that range; so if the diskis a Kittyhawk, then based on the Td value from Table 7.1, we should spindown the diskimmediately.We did not experiment extensively with predictive predictive. Intuitively, predic-tive predictive requires a more accurate prediction as compared to predictive demand.Our impression from the study is that the bu�er cache tends to increase the entropy of in-terarrival times as seen by the disk; without a cache, access times are more predictable.Intuitively, having a large number of consecutive hits in cache increases the inter-arrivaltime at disk. When a bu�er cache is present, the predictor sees this e�ect of the cachehits in the inter-arrival time. Choosing the buckets more e�ciently, or developing strategiesthat better understand the e�ect of the bu�er cache on the inter-arrival times at disk andusing these strategies with our schemes might give better performance.7.6 DiscussionIn this chapter, we have studied our results of simulating various threshold-based and pre-dictive techniques for minimizing the power consumption of hard disks on mobile computersby spinning the disk only when necessary. Our o�ine policy, optimal optimal, demon-strates that signi�cant power savings are possible: there is a potential to reduce disk powerconsumption by 30{60%, compared to the �xed threshold suggested by manufacturers. Ourthreshold demand policy demonstrates that it is possible for practical policies to getpower savings close to that of the o�ine policy. Threshold policies that spindown the diskafter 1{10 seconds come within 7{23% of the o�ine policy, and consume only 47{85% of theenergy consumed by manufacturers' recommended thresholds (5 seconds for the Kittyhawk,and 5 minutes for the Go�Drive 120). In other words, the disk access patterns suggest thatan aggressive spindown policy is better with respect to conserving energy.



7.6. DISCUSSION 73Threshold policies with a small spindown threshold save energy but degrade responsetime performance. We do not yet have enough experience to know what the best metric ofdegradation might be; in this chapter we have compared algorithms based on the numberof times a read request is delayed, but as noted in Section 7.4, other metrics are possible.In Chapter 9, we consider the related metric of total number of operations delayed.As mentioned in Chapter 6, independently to our work, Li et al. have also investigatedthe issue of disk drive power management [LKH]. They used trace-driven simulation to lookat a threshold demand policy for disk spin-control, and studied bu�er cache parameters.While we considered multiple algorithms for determining when to spindown the disk (of-
ine optimal, threshold demand, and predictive), they focused on threshold demand.They did a more detailed analysis of the impact of the bu�er cache on power consumptionand performance. Their basic conclusion regarding threshold demand algorithms is thesame as ours: short timeouts on the order of a few seconds greatly reduce power consump-tion by the disk and do not signi�cantly degrade performance.As mentioned above in Section 7.2.3, Wilkes proposed a predictive algorithm for diskmanagement [Wil]. He suggested adjusting spindown timeouts based on a weighted averageof recent interarrival times. Picking the weights may be a di�cult task; we attemptedto implement this strategy but were unable to out-perform threshold demand with theparticular sets of weights we tried. To the best of our knowledge, no other implementationof this strategy has been attempted.The impact of hardware design on software parameters is signi�cant. The Kittyhawkwas designed to make the transition between the active and idle states much less prohibitivethan the Go�Drive or comparable disk drives. As a result, a shorter threshold is appropriatefor the Kittyhawk than for these other disks, although even the Kittyhawk is susceptibleto workloads that will result in too much overhead to make frequent spindowns feasible.A better approach than very short spindown timeouts may be better predictive algorithmsthat exploit past history. An alternative, adaptive spindown (de�ned in Chapter 9), is lessaggressive, and e�ectively exploits past interaccess times in a di�erent way to make betterspindown decisions. We study the rent-to-buy framework and adaptive disk spindown viarent-to-buy in the next two chapters.
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Chapter 8Optimal Rent-to-Buy inProbabilistic EnvironmentsIn Chapter 7, we studied �xed-threshold algorithms, and some predictive techniques for thedisk spindown problem. We concluded that adaptively adjusting the spindown thresholdbased on our experience from previous inter-arrival times might yield even better resultsthan the improvements observed via aggressive �xed threshold policies. In this chapter, westudy the rent-to-buy problem, and develop a provably optimal and computationally e�-cient algorithm for the rent-to-buy problem in probabilistic environments. The rent-to-buyframework models not only the disk spindown problem, but other interesting systems prob-lems as well, speci�cally, thread blocking decisions during lock acquisition in multiprocessorapplications [KLM], and virtual circuit holding times in IP-over-ATM networks [KLP, SaK].The rent-to-buy model, as we will see in this chapter and in Chapter 9, lies at the heart ofour strategy for adaptive disk spindown.8.1 Online Rent-to-BuyThe single rent-to-buy decision problem can be described as follows: we need a resource foran unknown amount of time, and we have the option to rent it for $1 per unit time, or tobuy it once and for all for $c. How long should we rent the resource before buying it? Thebest algorithm with full prior knowledge of how long the resource will be needed (an o�inealgorithm) buys the resource immediately if the resource will be needed for at least c timeunits and rent otherwise. An online algorithm (i.e., one without a priori knowledge of howlong the resource will be needed) that rents the resource for c units of time and then buysit incurs a cost of at most 2 times the cost of the best o�ine algorithm. This competitivefactor1 of 2 is the best possible (for deterministic algorithms) in the worst case [KMM]. Ifwe know of a probability distribution on the time the resource is needed, we can usually�nd a rent-to-buy strategy whose expected cost is substantially less than that of the onlinealgorithm that waits c time units before buying.In this chapter, we are interested in the rent-to-buy problem described above withtwo important additional features motivated by practical applications. Many interestingsystems problems can be modeled well by a sequence of single rent-to-buy problems. Tosolve the tth single rent-to-buy problem (or the tth round), the online algorithm can use1Competitive analysis was de�ned in Chapter 3.



8.1. ONLINE RENT-TO-BUY 75what it has learned from the previous t � 1 rounds. (The online algorithm that waits forc time units before buying in each round is still within a factor of 2 of the best possible.)We call this the sequential rent-to-buy problem, or just the rent-to-buy problem. In thesereal-life situations we can assume that the time for which the resource is needed in eachround is drawn from a probability distribution. However, it is unreasonable to assume thatthe distribution is known a priori. We now describe three interesting problems modeled bya sequence of rent-to-buy decisions.The disk spindown problem studied in Chapter 7 is our main motivating application tostudy the rent-to-buy problem. As mentioned in Chapter 6, the disk spindown scenario canbe modeled by the rent-to-buy framework as follows. A round is the time between any tworequests for data on the disk. For each round, we need to solve the disk spindown problem.Keeping the disk spinning is viewed as renting, since energy is continuously expended to keepthe disk spinning. Spinning down the disk is viewed as a buy, since the energy to spindownthe disk and spin it back up upon the next request is independent of the remaining amountof time until the next disk access. The cost of the increased latency in serving the next diskaccess can also be integrated into the cost of the buy, if the algorithm is given as an inputthe relative importance of conserving energy and responding quickly to disk accesses. (Thisis discussed in detail in Chapter 9, and forms an integral component of adaptive spindown.)Based on observations of disk access patterns in workstation environments [RuWa], thetimes between accesses to disk (which de�ne the rounds) can be assumed to be generatedby a probability distribution.The spin/block problem, another interesting and important problem from multiproces-sor applications, can be modeled by the rent-to-buy framework. The spin/block probleminvolves threads trying to acquire locks to protect access to shared data [KLM]. A round isde�ned by a thread requesting locked data and eventually acquiring the lock. In a round,the system can have the thread wait (or spin) until the lock is free, incurring a �xed costper unit time for wasted processor cycles, or block and incur a higher context switch over-head. The spinning can thus be viewed as renting, and a block can be viewed as a buy. Inthis situation too, practical studies suggest that lock-waiting times can be assumed to obeysome unknown but time-invariant probability distribution [KLM].Deciding virtual circuit holding times in IP-over-ATM networks is another scenariomodeled by the rent-to-buy framework [SaK]. When carrying Internet protocol (IP) tra�cover an Asynchronous Transfer Mode (ATM) network, a virtual circuit is opened upon thearrival of an IP datagram, and the ATM adaptation layer has to decide how long to holda virtual circuit open. There are many possible pricing policies for virtual circuit holdingtimes. As described in [SaK, Section 5], in future ATM networks, it is expected that a largenumber of virtual circuits could be held open by paying a charge per unit time to keep thecircuit open. Keeping the virtual circuit open can be thought of as a \rent" while closing itcan be considered a \buy." The inter-arrival time of packets on a circuit (i.e., the resourceuse times in the rent-to-buy model) can be modeled as being drawn independently from aprobability distribution [LPR, SaK].An algorithm for the sequential rent-to-buy problem can be visualized in two ways.In any round, the algorithm can be thought of as making sequential binary decisions of\Should I buy now?" Alternatively, we can think of the algorithm as setting a thresholdor cuto� on the cost it is willing to accrue before buying, and behaving according to thecuto�. These two views are trivially equivalent; we adopt the second for convenience.There are two important requirements of any good online algorithm for the rent-to-buy



76 CHAPTER 8. RENT-TO-BUY IN PROBABILISTIC ENVIRONMENTSproblem: the algorithm should produce good cuto�s, and it should use minimal spaceand time to output its cuto�s. In this chapter we develop online algorithms for the rent-to-buy problem in probabilistic environments, assuming that the resource use times areindependently randomly drawn from a �xed but unknown probability distribution.The most straightforward solution to the problem [KMM] is to store all past resourceuse times, and use that cuto� b for the current round which would have had the lowest totalcost had we used it in the past. Straightforward application of results of Vapnik [Vapb]implies that the expected rent-to-buy cost of this strategy converges to that of the best�xed cuto�. One can easily see that the cuto� b at any given time falls on (actually, near)one of the past resource use times; however, even taking this into account, this solutionis computationally expensive. For the tth round, this solution would need space and timeproportional to O(t), and this is unacceptable in system environments.In this chapter, we develop an algorithm L for the rent-to-buy problem which, for arbi-trary probability distributions with support on [0;M ], converges to optimal; i.e., the costof the algorithm converges to the cost of the best algorithm with full prior knowledge ofthe distribution. More importantly, for the tth round that lasts xt time, the algorithmuses O(cpt) space, generates its cuto�s in O(1) time, and uses O((minfxt; cg)pt+ log(ct))time to update its data structures. Alternatively, our algorithm can be adapted to workin a situation when the space it can use is limited. Presented with O(s) space, our algo-rithm Ls uses O(1) time to generate cuto�s, O((minfxt; cg)s + log(cs)) time to update itsstructures, and almost converges to optimal, being away from optimal by an additive factorof O(minfM; cg=s). The O(xt) component of the time used in updating the data structurecan be done \on the 
y" as the round is progressing. For example, in the disk spindownscenario, let the tth idle time at disk be z < c seconds. Before the idle period starts, al-gorithm Ls outputs its recommended spindown threshold using O(1) time, and updates itsdata structure in O(zs+log(ct)) time. The updates corresponding to the \zs" term can bedone while the disk is waiting for the next access.Most practical situations are well-modeled by bounded distributions. For example, inthe disk spindown scenario, any reasonable algorithm will spin down the disk after a fewminutes (say, 30 minutes) since the last access. Therefore, all idle times at disk greater than30 minutes are practically equivalent, and can be assumed to be 30 minutes without loss ofgenerality, resulting in a distribution with bounded support.In Section 8.2, we describe our main analytical results. We present algorithm A� inSection 8.3; algorithm A� lies at the heart of our optimal rent-to-buy algorithms, L and Ls.We analyze algorithm A� for space used, computational time, and convergence rate in Sec-tion 8.4. We describe how algorithm A� can be used to get algorithms L, Ls in Section 8.5.Other related issues are discussed in Section 8.6.8.2 De�nitions and Main Analytical ResultsWe denote the reals by IR, the nonnegative reals by IR+, and the positive integers by IN.An online rent-to-buy algorithm is given the relative cost c � 1 of buying. It works inrounds, where in the tth round, it �rst formulates a cuto� on the amount of time it willwait before buying, and then gets the tth resource use time. A rent-to-buy algorithm de�nesa mapping from [n2IN(IR+)n (the past resource use times) to IR+ (the cuto� generated). Inother words, A(x1; x2; : : : ; xt) is the cuto� generated by algorithm A in the (t+1)st round,when the previous resource use times were x1; x2; : : : ; xt. If the resource use time in any



8.2. DEFINITIONS AND MAIN ANALYTICAL RESULTS 77round is x, then the cost of choosing cuto� b iscostc(x; b) = ( x if x � bb+ c otherwise.For the disk spindown problem, the resource use time in round t corresponds to the tth idletime at disk, and a cuto� is a spindown threshold.Our �rst main result is an algorithm L that approaches optimal and is e�cient in termsof the space and time it uses.Theorem 8.1 For any c > 1, M > 1, there is a rent-to-buy algorithm L that on round twith resource use time xt,� uses O(cpt) space� outputs its choice of cuto� at the beginning of the round using O(1) time, and updatesits data structures in O((minfxt; cg)pt+ log(ct)) time, and� incurs a cost that approaches optimal: there exists k such that for any distribution Don [0;M ], for all large enough t 2 IN,E~x2Dt(costc(xt; L(x1; :::; xt�1))) � infa Ez2D(costc(z; a)) + ks ln tt :Note that in Theorem 8.1, the same k can used for any distribution with support on[0;M ]. Further, the time and space bounds are independent of D as well. It is easy toadapt algorithm L to get algorithm L0 that successively increases its estimate of M , andconverges to optimal for any distribution. However, the convergence rate of algorithm L0would depend on the distribution.In many practical situations, we would like to �x the amount of space and time used byour algorithm while converging approximately, rather than exactly, to optimal. AlgorithmLs, a restricted space version of Algorithm L, can be used in this scenario.Theorem 8.2 When presented with s > k ln2(M + c) ln ln(M + c) bytes of space, where kis a constant independent of M and c, for the tth round, algorithm Ls outputs its choice ofcuto� in O(1) time, updates its data structures in O((minfxt; cg)s+ log(cs)) time, and forany probability distribution D on [0;M ] for all large enough t 2 IN, converges approximatelyto optimal:E~x2Dt(costc(xt; Ls(x1; :::; xt�1))) � infa Ez2D(costc(z; a)) +O�minfc;Mgs � :One obvious approach to attack the rent-to-buy problem in probabilistic environmentsis to learn the distribution on times for the rounds, calculate the optimal cuto� for theestimated distribution, and output that cuto� for each round. This is unacceptable fromthe computational standpoint. In our algorithms, we bypass the estimation of the distribu-tion, directly estimating the e�cacy of di�erent cuto� points. The analysis is complicated,however, by the fact that there are in�nitely many cuto� points to evaluate at any giventime on the basis of a �nite number of samples from the distribution. We show for therent-to-buy problem that to get a good solution, it is su�cient to consider a small �nite set



78 CHAPTER 8. RENT-TO-BUY IN PROBABILISTIC ENVIRONMENTSof possible cuto� points. The appropriate choice of this set depends on the distribution,and is done using the information gained in early rounds. We call this basic strategy thatchooses the appropriate set of possible cuto�s and evaluates them to determine the bestcuto� to use in any round as algorithm A�.Our algorithm L is based on algorithm A�. It chooses from among successively larger�nite sets of possible cuto� points to converge to optimal. A tree data structure, whichis modi�ed dynamically, is used to store the estimated quality of each considered cuto�point. Algorithm Ls sets appropriate parameters based on the available space s, and usesalgorithm A� to converge approximately to optimal.We �rst describe algorithm A� which lies at the heart of our optimal algorithms Land Ls.8.3 The Main Idea: Algorithm A�Algorithm A� takes as parameters � and M , and attempts to achieve an expected cost ona given round which is at most � greater than the expected cost incurred by the optimalcuto�. In keeping with the terminology commonly used with learning algorithms, we alsocall a resource use time an \example." Our algorithms estimate optimal cuto�s based onpast resource use times; in other words, they estimate optimal cuto�s based on the examplesthey have seen.Algorithm A� works in two stages. In the �rst stage, it uses a small number of examplesto generate a small number of candidate cuto�s. (For the small number of rounds thatconstitute the �rst stage, the algorithm chooses an arbitrary cuto�, say buying immediately.)It �xes these candidate cuto�s and then starts its second stage. For the tth round in thesecond stage, it evaluates the candidate cuto�s on the past t � 1 examples, and choosesthe cuto� with minimum total cost. The important point is that these small number ofcandidate cuto�s when generated carefully are su�cient to achieve a small enough cost, asdescribed in Section 8.4.2. Also, updating these cuto�s can be done e�ciently, as describedin Section 8.4.3. We call an � such that 0 < � < 1=(ln2(M + c) ln ln(M + c)) a suitableepsilon; for technical reasons, we assume in our discussions that � is suitable.Note that the problem is trivial if c �M , since no reasonable algorithm would ever buyin this case; the case of interest is when c�M .8.3.1 First StageIn the �rst stage, algorithm A� generates candidate cuto�s b0; b1; : : : ; bv by partitioning[0;M ] into v intervals. Intuitively, to be accurate in its estimations in the second phase,algorithm A� wants these candidate cuto�s to be close in one of two senses: either thatthe probability of a point falling between them is not too large, or in absolute distance.However, for computational e�ciency, we do not want too many candidate cuto�s. Hence,algorithm A� attempts to partition [0;M ] into v � d4c=�e intervals, such that1. each interval is at least �=2 in length, and2. if an interval has length > �=2, then the interior of the interval has probability atmost �=2c.The endpoints of the intervals de�ne the candidate cuto�s.



8.3. THE MAIN IDEA: ALGORITHM A� 79We say that an interval satis�es the computational criterion if it is at least �=2 in length,and that it satis�es the density criterion if the probability of the interval is at most �=2c.(In other words, at the end of the �rst stage, algorithm A� ensures that every intervalsatis�es the computational criterion, and intervals of length greater than �=2 satisfy thedensity criterion.) Conceptually, we can think of algorithm A� as generating v0 intervalsthat each satisfy the density criterion, and then moving the potential cuto�s apart (dis-carding intervals of size 0) to get v � v0 intervals such that the computational criterionholds for each interval. As a result of the VC theory [BEHb, VaC], it is easy to parti-tion [0;M ] into v intervals satisfying the density criterion with high probability, by storing� = �(v ln v) examples, and calling a procedure generate cutoffs(w; �; �) on [0;M ]. Theprocedure generate cutoffs breaks a speci�ed interval into w intervals by taking a set �of � examples, and ensuring that in any interval we have �=w examples from �. (The pro-cedure generate cutoffs can be implemented by sorting � to get � and iteratively movingthrough �=w examples in � to de�ne the intervals.)Algorithm A� implements its �rst stage in a space e�cient manner by storing at mostO(v) examples at any time. It performs the �rst stage in three phases. In the �rst phase,algorithm A� partitions [0;M ] \roughly" into B big intervals, and in the second phase itre�nes these big intervals one by one into approximately v0=B intervals each. While re�ninga speci�c big interval, algorithm A� discards examples that do not fall in the big interval.In the third phase, algorithm A� moves potential candidate cuto�s apart to ensure that thecomputational criterion is met.Formally, algorithm A� works as follows. Let � = �=(4(c +M)), and let the array �store the examples being retained by algorithm A�. In the �rst phase, it divides the interval[0;M ] into B = k ln(1=�)=2 big intervals (where k is a constant independent of �, M ,and is as de�ned in Lemma 8.2). It does this by collecting �1 = 4kB ln(2B=�) examplesand calling generate cutoffs(B; �1; �) on interval [0;M ]. The second phase consists ofB subphases, where in the ith subphase, algorithm A� divides the ith big interval intod4c=(B�)e intervals. It does this by sampling at most �02 = 4B(�2 + ln(2B=�)) examples,where �2 = 4kc ln(4c=(��))=(�B), and storing the �rst �2 examples that fall within theith big interval. Let �2;i � �2 be the number of examples stored in the ith subphase.Algorithm A� calls generate cutoffs(d4c=(B�)e; �2;i; �) on the ith big interval. (We willsee in Section 8.4.1 that �2;i = �2 with high probability.) At the end of the second phase,we are left with the required v0 � d4c=�e intervals. In the third phase, algorithm A� ensuresthat the computational criterion is met. Let the ith interval at the end of the secondphase be [l0i; r0i). Algorithm A� sets l0 = 0, r0 = max(�=2; r00), and processes the intervalsiteratively by setting li = ri�1, and ri = max(r0i; li + �=2). The ith interval is de�ned to be[li; ri), and intervals such that �i = ri are discarded. The total number of resulting intervalsis v � d4c=�e.The candidate cuto�s are de�ned to be bi = li, 0 � i < v, bv =M .8.3.2 Second stageIn the second stage, algorithm A� repeatedly chooses the cuto� from among those infb0; b1; :::; bvg that performed the best in the past. Formally, it formulates its tth cut-o� in the second stage as follows. If x1; x2; :::; xt�1 are the resource use times previously



80 CHAPTER 8. RENT-TO-BUY IN PROBABILISTIC ENVIRONMENTSseen in the second stage, for all i 2 IN; 0 � i � v, algorithm A� setsqi = t�1Xj=1 costc(xj ; bi):It uses a bi for which qi � qk for all k 2 f0; :::; sg as its cuto� for the tth round.We now study the performance of algorithm A� in terms of space used, the convergencerate, and time required for updates.8.4 Goodness of Algorithm A�In Section 8.4.1, we see that algorithm A� can be implemented with O(v) space, and gener-ates good cuto�s with high probability. In Section 8.4.2 we see that the distance algorithmA� is away from optimal approaches � as t gets large, and in Section 8.4.3 we see that inthe second stage the strategies can be updated e�ciently with a tree-based data structure.8.4.1 Guarantees about the First StageLet � = �=(4(c +M)), B = k ln(1=�)=2, �1 = 4kB ln(2B=�), and �2 = 4kc ln(4c=(��))=(�B)be as de�ned in Section 8.3.1. From the discussion in Section 8.3.1, it follows that thespace used by Algorithm A� in the �rst stage is bounded by the number of examples weuse at any time plus the number of cuto�s we retain; i.e., the space used is bounded byB + v +maxf�1; �2g = O(v) = O(c=�).The operations in the third phase of the �rst stage ensure that every interval satis�esthe computational criterion. We say that the �rst stage fails if at the end of the �rst stagethere is an interval of length greater than �=2 not satisfying the density criterion. The eventthat the �rst stage fails is a subset of the event that at the end of the second phase, thereis some interval that does not satisfy the density criterion.Let `� be the total number of examples we see in the �rst stage; i.e., all examples,including the ones we discard. We now see that the �rst stage fails with low probability(i.e., probability 2�).Lemma 8.1 Let `� = lkc ln2 ((c+M)=�) =�m be the number of examples seen in the �rststage (where k is as de�ned in Lemma 8.2), let � = �=(4(c +M)), and let E1 be the eventthat the �rst stage fails. Then, for any � that is suitable, Pr(E1) � �=(2(c +M)).To prove the above lemma, we use a technique due to Kearns and Schapire [KeS].Lemma 8.2 below follows immediately from the results of Blumer et al. [BEHb] using thetechniques of Vapnik and Chervonenkis [VaC]. Informally, Lemma 8.2 says that m pointsare enough to simultaneously estimate the probabilities of every interval.Lemma 8.2 Choose 0 < �; � � 1=2; c � 1; and a probability distribution D on IR+. Thenthere exists k > 0 such that if m = l k�(ln 1� + ln 1� )m thenPr~x2Dm �9a; b s.t. PrD((a; b)) � 2� and 1m jfj : xj 2 (a; b)gj � �� � �and Pr~x2Dm �9a; b s.t. PrD((a; b)) � �=2 and 1m jfj : xj 2 (a; b)gj � �� � �:



8.4. GOODNESS OF ALGORITHM A� 81The standard Cherno� bounds will be helpful to prove Lemma 8.1.Lemma 8.3 (Cherno�) For t independent Bernoulli trials each of which has a probabilityof success at least p, let LE(p; t; r) denote the probability that there are at most r successesin the t trials. Then, for 0 < p < 1, and 0 � q � p,LE(p; t; qt) � e�(p�q)2t=2pWe now present the proof of Lemma 8.1.Proof of Lemma 8.1: The value for `� was obtained by assuming that the �rst phase requiresus to look at �1 = 4kB ln(2B=�) examples, and the ith subphase of the second phase requiresus to look at a total of �02 = 4B(�2 + ln(2B=�)) examples, where �2 = 4kc ln(4c=(��))=(�B),and B = k ln(1=�)=2. We bound the probability of the �rst stage failing by the probabilityof the event that at the end of the second phase there is some interval that does not satisfythe density criterion.We say that the �rst phase fails, if any big interval generated in the �rst phase hasprobability greater than 2=B or less than 1=2B. We say that the ith subphase fails ifany interval generated in the ith subphase has probability greater than �=2c; the secondphase fails if for any i, the ith subphase fails. The lemma is proved if we can bound theprobability of the �rst phase failing or any of the subphases failing by �=B, since the netfailure probability is then bounded by (�=B) � (B + 1) � �=(2(c +M)).From Lemma 8.2, by setting � = 1=B and � = �=(2B), we can easily verify that if welook at �1 examples, the �rst phase fails with probability at most �=B. We now assumethat the �rst phase did not fail; i.e., the probability of any big interval is between 1=2B and2=B. We could fail in the ith subphase if we either do not get �2 examples in the ith biginterval, or if after using the �2 examples we get an interval with probability > �=2c. FromLemma 8.3, by substituting p = 1=(2B), r = �2, and t = �02, we see that the probability thatthe number of examples that fall in the ith big interval is less than �2 is at most �=(2B).From Lemma 8.2, by setting � = �B=(4c) and � = �=(2B), we see that the probability thatthe �2 examples did not divide the ith big interval into subintervals with probability � �=2cis at most �=2B. Hence the probability of the ith subphase failing is at most �=B. 28.4.2 Convergence of Algorithm A�We have seen that the �rst stage works with high probability. The main result of thissubsection is to bound the performance of A�.Theorem 8.3 Choose M , c such that M > c � 1. Choose any � that is suitable, and let`� = lkc ln2 ((c+M)=�) =�m be the number of examples seen by algorithm A� in the �rststage, where k is de�ned as in Lemma 8.2. There exists k1 > 0 such that for su�cientlylarge t 2 IN, for any distribution D on [0;M ],E(~u;~x)2Dm�Dt(costc(xt; A�(u1; :::; um; x1; :::; xt�1)))� (infaEz2D(costc(z; a))) + �+ k1(c+M)r ln ((c+M)t=�)t :To prove the above theorem, we �rst show that if the �rst stage was successful, thenone of the possible cuto�s bj generated in the �rst stage is only �=2 away from optimal



82 CHAPTER 8. RENT-TO-BUY IN PROBABILISTIC ENVIRONMENTS(Lemma 8.4). Intuitively, by choosing the cuto� with minimal cost in the second stage, weare close to bj in cost. We then bound the error in expected cost resulting from the �rststage failing and prove Theorem 8.3.Lemma 8.4 Choose 0 < � � 1=2, c � 1, s 2 IN, and a probability distribution D on [0;M ].Choose 0 = b0 < b1 < ::: < bs = M: If for all j 2 f1; :::; sg, either PrD((bj�1; bj)) � �=2c,or bj � bj�1 = �=2, then there exists i� 2 f0; :::; sg such thatEz2D(costc(z; bi�)) � infa Ez2D(costc(z; a)) + �2 :Proof : Intuitively, if the optimal cuto� lies between bj�1 and bj , the way in which thecandidate cuto�s were chosen ensures that the interval (bj�1; bj) is \small enough" (inprobability or absolute size) so that one of bj�1 or bj is close to optimal.Assume without loss of generality that no bi is exactly optimal; i.e., for all � > 0, thereexists an a� 62 fb0; :::; bsg, such that costc(z; a�) = infaEz2D(costc(z; a)) + �. Choose � > 0and �x a�, bj�1 < a� < bj. We now show that one of i� = j � 1 or i� = j satis�es thelemma.Case 1. Pr(bj�1; bj) � �=2c. In this case, we show that the lemma holds with i� = j � 1.If a resource use time z lies outside of the interval [bj�1; a�), then the cuto� a� incurs atleast as much cost as the cuto� bj�1, since a� > bj�1. If the resource use time z 2 (bj�1; a�],then the expected extra cost of cuto� bj�1 is at most c �PrD((bj�1; a�)) � c � (�=2c) � �=2.Ez2D(costc(z; bj�1)) � Ez2D(costc(z; a�) j z 62 [bj�1; a�)) �Prz2D(z 62 [bj�1; a�))+Ez2D(costc(z; a�) + c j z 2 (bj�1; a�]) �PrD((bj�1; a�])� Ez2D(costc(z; a�)) + �=2 (since PrD((bj�1; bj)) � �=2c)� infa Ez2D(costc(z; a)) + � + �=2:Case 2. Pr(bj�1; bj) > �=2c. In this case, we show that the lemma holds with i� = j. Notethat bj � bj�1 = �=2. For all c > 1 and all distributions D, Ez2D(costc(z; a)) viewed as afunction of a is Lipschitz bounded in one direction in a sense. (This is in spite of the factthat this function of a has jump discontinuities in general.) That is, if 0 � a1 < a2, thenEz2D(costc(z; a2))�Ez2D(costc(z; a1)) � a2 � a1:Hence, Ez2D(costc(z; bj))�Ez2D(costc(z; a�)) � bj � a� � bj � bj�1 � �2 ;which implies thatEz2D(costc(z; bj�1)) � infa Ez2D(costc(z; a)) + � + �=2:Since � > 0 was chosen arbitrarily, this completes the proof. 2The standard Hoe�ding bounds will be useful to prove Theorem 8.3.Lemma 8.5 (see [Pol]) Choose M > 0, a probability distribution D on [0;M ], and m 2IN. Then Pr~x2Dm  ����� 1m mXi=1 xi �Eu2D(u)����� � �! � 2e�2�2m=M2 :



8.4. GOODNESS OF ALGORITHM A� 83We now present the proof of Theorem 8.3.Proof of Theorem 8.3: Regardless of what happens in the �rst stage, for all j � s and for allx 2 IR+, we have costc(x; bj) � c +M . Thus, applying Lemma 8.5, we get for each j � s,� > 0,Pr~x2Dm  ����� 1t� 1 t�1Xi=1 costc(xi; bj)�Ez2D(costc(z; bj))����� � �! � 2e�2�2(t�1)=(c+M)2 :Approximating s = d4c=�e by 8c=�, we getPr~x2Dm �9(j � s) s:t: ��� 1t�1Pt�1i=1 costc(xi; bj)�Ez2D(costc(z; bj))��� � ��� 16c� e�2�2(t�1)=(c+M)2 : (8.1)Let j� be such that bj� is the cuto� amongst the candidates with minimum cost; i.e.,Ez2D(costc(z; bj�)) = minj Ez2D(costc(z; bj));and let ĵ� be the index of the cuto� used by A� in the tth round. Recall that1t� 1 t�1Xi=1 costc(xi; bĵ�) = minj ( 1t� 1 t�1Xi=1 costc(xi; bj)) :Let E1 be the event that the �rst stage was successful, i.e., for all intervals (bj�1; bj)generated in the �rst stage, jbj � bj�1j = �=2, or PrD((bj�1; bj)) < �=2c. We haveE(~u;~x)2Dm�Dt(costc(xt; A�(u1; :::; um; x1; :::; xt�1)))= E(~u;~x)2Dm�Dt(costc(xt; A�(u1; :::; um; x1; :::; xt�1)) j E1) �Pr(E1)+E(~u;~x)2Dm�Dt(costc(xt; A�(u1; :::; um; x1; :::; xt�1)) j :E1) �Pr(:E1)� E(~u;~x)2Dm�Dt(costc(xt; A�(u1; :::; um; x1; :::; xt�1)) j E1) �Pr(E1)+ (c+M)� �2(c +M)� (Lemma 8.1)� E(~u;~x)2Dm�Dt(costc(xt; A�(u1; :::; um; x1; :::; xt�1)) j E1) + �2 : (8.2)
Now, assume u1; :::; um make E1 true. Fix � > 0. Let E2 be the event that all theestimates of Ez2D(costc(z; bj)) obtained through x1; :::; xt are accurate to within �. ThenE~x2Dt(costc(xt; A�(u1; :::; um; x1; :::; xt�1)))= E~x2Dt(costc(xt; A�(u1; :::; um; x1; :::; xt�1)) j E2) �Pr(E2)+E~x2Dt(costc(xt; A�(u1; :::; um; x1; :::; xt�1)) j :E2) �Pr(:E2)� E~x2Dt(costc(xt; A�(u1; :::; um; x1; :::; xt�1)) j E2)+16c(c +M)� exp��2�2(t� 1)(c+M)2 � ; (8.3)

by (8.1). By the triangle inequality, if Ez2D(costc(z; bĵ�)) � Ez2D(costc(z; bj�)) + 2�, thenfor either v = j� or v = ĵ�,�����Ez2D(costc(z; bv))� 1t� 1 t�1Xi=1 costc(xi; bv)����� � �:



84 CHAPTER 8. RENT-TO-BUY IN PROBABILISTIC ENVIRONMENTSThus, (8.3) and Lemma 8.4 imply that if E1 is true, thenE~x2Dt(costc(xt; A�(u1; :::; um; x1; :::; xt�1)))� (infaEz2D(costc(z; a))) + �2 + 2�+ 16c(c +M)� exp��2�2(t� 1)(c+M)2 � :Combining the above with (8.2) and setting � = 100(c +M)pln ((c+M)t=�) =t completesthe proof. 28.4.3 Computation Time of Algorithm A�We now describe how the predictions of A� are made e�ciently. Let �t = x1; x2; : : : ; xt�1be the sequence formed by the �rst t�1 rounds in the second stage, where xi, for 1 � i < t,is the resource use time seen in round i. Recall from Section 8.3 that for the tth round,algorithm A� needs to output a strategy bj that has minimum cost on the rounds in �t. Anyupdates to the data structures used by algorithm A� need to be made e�ciently. We nowdescribe a data structure maintained by algorithm A� that allows predictions to be outputin O(1) time and updates to be made in O(minfxt; cg=� + log(c=�)) time. (Note that inproblems of interest, c�M .)
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Figure 8.1: Snapshot of the data structure used by algorithm A�. In the situation depictedabove, there are 8 candidate cuto�s labeled b0; : : : ; b7, appearing as leaves of the tree. Thevalue xt falls between b1 and b2. The path P (b1) is shown with dotted lines. The di�values of all nodes marked with a \�" are increased by the value of the cuto� at the nodeplus c. The di� values of the nodes marked with a \#" are increased by xt. The min cuto�and min cost values of all marked nodes (whether marked with a \�" or \#" or \+") areupdated.Algorithm A� maintains the di�erent candidate cuto�s as leaves of a balanced tree T .(See Figure 8.1.) We label the root of the tree by �, and the leaves of the tree from left to



8.5. GETTING ALGORITHMS L AND LS FROM ALGORITHM A� 85right as 0 : : : v, such that the jth leaf corresponds to the cuto� bj. (For simplicity, we usethe name bj for leaf j.) Let T (x) be the subtree of T rooted at node x, and let P (x) be thepath from the root to (and including) node x. In particular, T is T (�).With each (leaf and internal) node x, algorithm A� maintains three variables, di� (x),min cost(x); and min cuto� (x). The algorithm maintains the following invariants forall t before the tth round. (These invariants de�ne the variables.) We refer to the to-tal cost of an algorithm that repeatedly uses a given cuto� over a sequence of resourceuse times as the cost of that cuto� on the sequence. The cost of using cuto� bj for �tis proportional to the sum of the di� values of the nodes in the path from the root tobj , i.e., the cost of using cuto� bj for �t is proportional to Px2P (bj) di� (x). The vari-able min cuto� (x) is the cuto� bj with minimum cost for �t amongst all cuto�s that areleaves of T (x). The variable min cost(x) is closely related to the cost of the best cuto�amongst the leaves of T (x); in particular, it is the cost of the best cuto� amongst theleaves of T (x) minus the sum of the di� values of the nodes in P (parent (x)). Formally,min cost(x) = minbl2T (x)fP1�i<t cost(xi; bl)g � Pi2P (parent(x)) di� (i): It is important tonote that since two siblings in T have the same parent, the min cost values at the twosiblings can be directly compared to get the min cuto� value at the parent.The tree is initialized appropriately. After round t�1 (i.e., at the beginning of round t),algorithm A� outputs min cuto� (�) as its cuto� for the tth round. Let bj � xt < bj+1. Forthe data structure to be consistent after request xt (the tth round), the algorithm needs toincrease the cost of each cuto� bi for 0 � i � j, by bi+c (which varies with i), and the cost ofeach cuto� bi for which i < m � s, by xt (which is independent of i). As shown in Figure 8.1,the data structure is kept consistent by adding bi + c to the di� value of each of the leaves0 : : : j, and by adding xt to the di� values of each right child of the nodes in P (bj) that isnot itself in P (bj). (Notice that exactly one di� value in the path from each leaf to the rootis updated.) Algorithm A� updates the min cuto� and min cost variables for the nodeswhose di� values were changed and their ancestors. The min cost values are updated usingthe relation min cost(x) = minfmin cost(left child(x));min cost(right child(x))g+di� (x).(The correctness of this update procedure follows by induction.) Also, min cuto� (x) isupdated to be the the min cuto� of the child of x that has the smaller min cost .The number of leaves in the tree is O(c=�). The time to update the di� values of thecuto�s bi, 0 � i � j is O(minfxt; cg=�), since each [bi; bi+1] is at least �=2 in size. Updatingthe other di� values takes time proportional to the height of the tree, which is O(log(c=�)).Hence, the amount of time to make the updates is O((minfxt; cg)=�+ log(c=�)). The leaves0 : : : j and (most of) their ancestors can be updated online as time passes, with an extraO(log(c=�)) processing required at the end.8.5 Getting Algorithms L and Ls from Algorithm A�In this section we prove Theorems 8.1 and 8.2 by developing our algorithms L and Ls.8.5.1 Algorithm LOur convergent algorithm L is obtained by running A� with continually decreasing �.Clearly, if we start A1=pt su�ciently far back in the past and use the cuto�s generatedby it for the tth round, we will have an algorithm that converges to optimal. For obvious



86 CHAPTER 8. RENT-TO-BUY IN PROBABILISTIC ENVIRONMENTScomputational reasons, we do not want to maintain too many A�'s with di�erent �'s at thesame time.Roughly speaking, algorithm L gets over this problem by starting a new A� with � �1=pt only in round j, such that j � 4i. It \warms up" A� through 4i+2, evaluating thestrategies but not using the cuto�s generated by A�. When A� is su�ciently warmed up,algorithm L uses the cuto�s generated by A� until the 4i+3rd round, and then discards A�.This continual learning helps algorithm L to converge to optimal, while maintaining only asmall number of A�'s at any one time.Let `�, the expected number of examples seen in the �rst stage by algorithm A�, be asde�ned in Lemma 8.1. Formally, algorithm L does the following.Algorithm Lbeginfor each round t with resource use time xt dobeginif there is no current A� then use a default thresholdelse use the threshold generated by the current A�endifif t = 4i � `1=2i+2 then start a copy of A1=2i+2 and call this an active A� endifif t = 4i and i > 2 thendiscard current A�, if one existsset current A� to be A1=2iendiffeed resource use time xt to each active A�endendAt any su�ciently large time t, there are at most three active A�'s; i.e., if 4i � t < 4i+1,the active A�'s are A1=2i , A1=2i+1 , and A1=2i+2 . Hence, the space used by algorithm L is atmost three times the space used by algorithm A1=2i+2 , which we know from Section 8.4.1 isO(c=2i) = O(cpt). In round t, 4i � t < 4i+1, algorithm A1=2i has seen at least 4i � 4i�2 =(15=16) � 4i examples in its second stage; from Theorem 8.3, algorithm A1=2i is away fromoptimal by at most 12i + k1(c+M)s ln(t(c +M)=2i)15 � 4i�2 = O0@s ln tt 1A :The update time bound follows from Section 8.4.3.8.5.2 Algorithm LsAlgorithm Ls is exactly A�, with � set appropriately such that s = B+v+maxf�1; �2;1g. (SeeSection 8.4.1.) Since � = �(c=s), Theorem 8.2 follows from the discussion in Section 8.4.The lower bound on s arises from � being suitable.



8.6. DISCUSSION 878.6 DiscussionIn this chapter we have looked at the problem of a sequence of single rent-to-buy choiceswhere the resource use times are independently drawn from an unknown probability distri-bution. We have looked at computationally e�cient strategies whose expected cost for thetth resource use converges to optimal as t ! 1 for any bounded probability distributionon the resource use times. We have also looked at a �xed-space algorithm which almostconverges to optimal. Our algorithm for the �rst stage described in Section 8.3.1 provides aspace e�cient way to partition an interval into approximately equal probability subintervalsby sampling, and could be used in other scenarios; speci�cally, it can be used for de�ningthe buckets required in our predictive strategies from Section 7.5.It would be interesting to model the resource use times as being generated by a HiddenMarkov Model (HMM). Markov models have been e�ectively used to analyze caching andprefetching algorithms, as discussed in Chapters 3 and 4, and in [KPR].The single rent-to-buy problem has been studied in the worst-case setting and e�cientdeterministic and randomized algorithms have been developed for the problem by Karlinet al. [KMM]. In particular, 2-competitive deterministic algorithms and e=(e�1)-competitiverandomized algorithms have been developed. In [KMM] it was claimed that there is anadaptive algorithm achieving a competitive ratio approaching e=(e� 1) on input sequencesgenerated according to any time invariant probability distribution. However, their techniqueas stated is computationally ine�cient.Karlin et al. [KLM]have studied the spin/block problem empirically, evaluating di�erentspin/block strategies including �xed-threshold and adaptive strategies. The virtual circuitproblem has been empirically studied by Saran et al. [SaK], where they propose a LeastRecently Used (LRU)-based holding time policy as performing well in their studies. The �rstLRU-based holding time policy they study is the 2-competitive algorithm described earlierin this chapter, and their second holding time policy involves estimating the mean inter-reference interval with exponential averaging. In [KLP], Keshav et al. empirically studyan adaptive policy for the virtual circuit problem that tries to estimate the distributionof inter-arrival times by keeping a histogram of observed inter-arrival times grouped into�xed size buckets. This heuristic does not take into account our concern of keeping theprobability of each bucket (i.e., interval) small.In the next chapter, we describe in detail the notion of adaptive spindown, and preciselymodel the tradeo� between reponse time and energy. We also study the performance of ouralgorithms L and Ls for the disk spindown problem.
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Chapter 9Adaptive Disk Spindown viaRent-to-BuyIn the previous chapter, we studied how the disk spindown scenario can be modeled as arent-to-buy problem, where spinning the disk is equivalent to renting, and a spindown isequivalent to a buy. If energy conservation were the sole consideration of a disk spindownalgorithm, the cost of a buy, c, is the ratio of the energy required to spindown the diskand spin it back up to the power (or energy per unit time) to keep the disk spinning. Inpractice, there are two con
icting goals of a disk spindown policy: conserving energy andpreserving response time performance. In adaptive disk spindown, the user speci�es therelative importance a of latency with respect to conserving energy, and the cost of theincreased latency is integrated into c, the cost of the buy. We now describe precisely howthis is done.Let Ps be the power consumed by a spinning disk. Typically, a spundown disk consumesPsd > 0 power, where Psd is much smaller than Ps. (See Figure 7.1 and Table 7.1.) Let T bethe net idle time at disk.1 This implies that the disk would consume at least T �Psd energyindependent of the disk spindown algorithm. While comparing disk spindown algorithmsfor how well they do in terms of energy consumed, it is instructive to compare the excessenergy, EX , consumed by a disk while using spindown algorithm X; we de�ne EX as thetotal energy consumed by algorithm X minus T � Psd. (This is essentially equivalent tosaying that the power for keeping the disk spinning is Ps � Psd, and the power consumedby a spundown disk is 0.)The response time delay incurred while waiting for a spinup is proportional to theamount of time required to spinup a spundown disk. A natural measure of the net responsetime delay is, therefore, the number of operations that are delayed by a spinup. (Anotherclosely related measure of response time delay, the number of read operations delayed, wasstudied in Chapter 7, and is discussed in Section 9.3.5, Item 4.)1We assume that operations are synchronous, and that every algorithm sees the same sequence of idletimes at disk. If this is not true, T can be de�ned as the minimum taken over all algorithms of the net idletime at disk.



9.1. ADAPTIVE DISK SPINDOWN 899.1 Adaptive Disk SpindownIn adaptive disk spindown, the user speci�es a parameter a, the relative importance oflatency w.r.t. conserving energy. Let OX be the number of operations delayed by a spinupfor algorithm X. Given a disk (spindown) management algorithm X, and a user speci�edparameter a, we de�ne ECX , the e�ective cost of algorithm X, asECX = EX + a �OX : (9.1)The goal of the disk spindown algorithm is to minimize the e�ective cost. The e�ective costmodels the tradeo� between energy and response time in a natural fashion. In particular,a small value of a implies that energy conservation is the more important activity, while alarger value of a implies that response time is more critical.Minimizing e�ective cost can be modeled in the rent-to-buy scenario thus. Given therelative importance a, we determine the buy cost c. By de�nition, the value of c is theratio of the e�ective cost for a spindown vs. the e�ective cost per unit time to keep the diskspinning. Since a spindown delays one operation, the e�ective cost of a spindown is Esd+a,where Esd is the total energy consumed by a spindown and a spinup. The e�ective cost perunit time to keep the disk spinning is Ps � Psd. Hence, c = (a + Esd)=(Ps � Psd). For agiven disk, the buy cost c is linearly related to the relative importance parameter a.We use the above framework to study our algorithm2 L from Chapter 8 for the diskspindown problem. We �rst present the methodology of our simulations in Section 9.2, andthen present our results in Section 9.3.9.2 MethodologyWe simulated algorithm L using a disk access trace from a Hewlett-Packard 9000/845personal workstation running HP-UX. This trace is described in [RuWa], and this tracewas also used in our experimental study described in Chapter 7. The trace was obtainedby Ruemmler and Wilkes by monitoring the disk for roughly two months; it consisted of416262 accesses to disk.We studied our algorithm for two disks, the Kittyhawk C3014A and the QuantumGo�Drive. (The characteristics of the two drives are given in Table 7.1.) For our studies asdescribed in this chapter, we merged the active and idle states of the disk into one activestate; notice that a disk can read and write data only in the active state. By merging thesetwo states we ensure that a \buy" corresponds to a spindown. As in Chapter 7, we assumedthat a disk access takes the average time for seek and rotational latency. We also assumedthat all operations and state transitions take the average or \typical" time speci�ed by themanufacturer, if one is speci�ed, or else the maximum time.It is di�cult to determine from a disk access trace why a speci�c access arrived at disk.We assumed that, if the disk is spundown, the application waits for the disk to spinupand complete the requested operation, and then performs the same sequence of operationsas in the original system. In other words, although our simulations used disks that weredi�erent from the one on which the trace was collected, in our simulator we maintained theinter-arrival time of events at disk as in the original trace: if, in the original trace, the tthaccess at disk arrived � seconds after the (t � 1)th access, in our simulation, we assumed2Instead of scheduling a new A� at t � 4i, in our simulations we scheduled a new A� at t � 2i.



90 CHAPTER 9. ADAPTIVE DISK SPINDOWN VIA RENT-TO-BUYthat the tth access arrived � seconds after the (t� 1)th access was completed by the disk.The basic problem with any strategy is that data dependency between di�erent operationscannot be derived from the trace.We performed simulations for di�erent values of a, the relative importance of responsetime to energy. For each a, we computed the buy cost c using the strategy describedin Section 9.1. We compared our algorithm L against the following online algorithms:the two-competitive algorithm, which spins down the disk after c seconds of inactivity, and�xed-threshold policies that spindown the disk after 5 seconds, 30 seconds, and 5 minutes ofinactivity; we also compared algorithm L against the optimal o�ine rent-to-buy algorithm,which knows the future and spins down the disk immediately if the next access is to takeplace more than c seconds in the future. For each algorithm X, we computed EX , the excessenergy consumed, OX , the number of operations delayed by a spinup; from these valueswe computed ECX , the e�ective cost of algorithm X, using (9.1). For the HP trace (seeChapter 7, Table 7.2), the maximum inter-arrival time was 1770.4 seconds; the maximum awe used corresponded to a c of 1770.4.9.3 ResultsIn this section we present the results of our simulations. We �rst see how the e�ective costvaries with parameter a, and then look at how excess energy and number of operationsdelayed vary with a. Recall that the parameter a is linearly related to the buy cost c.In particular, for the Kittyhawk disk, c = 2:54 + a=1:225, and for the Go�Drive, c =10:33 + a=1:45.The discussion from Section 9.1 implies that algorithm L and the 2-competitive algo-rithm try to optimize for e�ective cost as de�ned by (9.1). In particular, for really smallvalues of a, algorithm L will essentially try to reduce excess energy, and for really largevalues of a, algorithm L will essentially try to reduce number of operations delayed.9.3.1 E�ective Cost vs. aFigures 9.1 and 9.2 show how the e�ective cost varies with parameter a using the Kittyhawkand Go�Drive disks respectively. Each �gure plots the curves for all values of a, and a clearerview for when a is small.We observe that algorithm L performs best amongst the online algorithms for (almost)all values of a. (It is roughly 1% worse than the 5 second threshold for a lying between18 and 34 while using the Kittyhawk disk, and for a lying between 14 and 28 while usingthe Go�Drive.) In particular, the e�ective cost for algorithm L is 6{25% lesser than thee�ective cost of the 2-competitive algorithm (except for a small range of values of a between34 and 60 with the Kittyhawk disk and for a between 28 and 58 for the Go�Drive when thee�ective costs for the two algorithms are roughly the same).As should be expected, each �xed threshold algorithm performs well for a very limitedrange of values for a. Interestingly, the 5 second threshold for certain small values of a andthe 5 minute threshold for certain large values of a performs better than the 2-competitivealgorithm.
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(b) For small values of a.Figure 9.1: Variation of e�ective cost with a for the Kittyhawk disk. Figure (b) zooms theportion of the graph for small values of a. The e�ective cost of the 5 minute threshold iscomparatively high (the curve lies above 2240000), and is omitted from Figure (b).
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(b) For small values of a.Figure 9.2: Variation of e�ective cost with a for the Go�Drive disk. Figure (b) zooms theportion of the graph for small values of a. The e�ective cost of the 5 minute threshold iscomparatively high (the curve lies above 2700000), and is omitted from Figure (b); similarly,the curves for the 5 second and 30 second policies have been cropped at smaller values of ato show the details of the other three curves.



9.3. RESULTS 939.3.2 Excess Energy vs. aAs discussed in Section 9.1, when a is small, conserving energy is more important. Figure 9.3plots the variation of excess energy with a using the Kittyhawk and Go�Drive disks for thevarious algorithms.We observe that for small values of a, algorithm L has the smallest excess energy amongstall online algorithms. In fact, it does better than the 5 second threshold, and its curve isalmost parallel to the curve for the optimal o�ine algorithm. In particular, algorithm Lsaves 17{60% more excess energy as compared to the 2-competitive algorithm, and 6{42%more excess energy as compared to the 5 second spindown threshold for small values of a(i.e., a < 25).We also observe that for small values of a, the 5 second threshold does better than the2-competitive algorithm in terms of saving excess energy. (From Figures 9.1 and 9.2, weobserve that for most of these values of a, the 5 second threshold is also better than the2-competitive algorithm in terms of e�ective cost.)9.3.3 Operations Delayed vs. aAs discussed in Section 9.1, when a is large, we want to reduce the number of operationsdelayed. Figure 9.4 plots the variation of number of operations delayed with a using theKittyhawk and Go�Drive disks for the various algorithms.We observe two interesting phenomenon: �rst, the curves for the 2-competitive algo-rithm and the optimal o�ine algorithm coincide for a large range of values for a. Second,algorithm L reduces number of operations delayed over both these algorithms for su�cientlylarge a.9.3.4 Adaptability and Rent-to-BuyA di�erent way of viewing the tradeo� between excess energy and response time is presentedin Figure 9.5. In this �gure, excess energy is plotted as a function of number of operationsdelayed, and the di�erent points on the curve are obtained by varying a; in particular, thevalue of a (or equivalently, c) decreases from left to right along the curve. (The curve forthe Go�Drive is similar in shape and is omitted.)Figure 9.5 clearly shows the tradeo� between excess energy and response time obtainedby varying a. We observe that by increasing the value of one parameter a (equivalentto varying the value of the buy cost c), we can e�ectively trade power for response time.Concerns on how to e�ectively trade power for response time have been raised for the diskspindown problem [DKB, DKM], and the rent-to-buy model provides an elegant way ofachieving this tradeo�.9.3.5 Other ObservationsSome other observations from our simulations are as follows:1. As mentioned in Section 9.3.2, energy conservation is crucial when a is small, andalgorithm L is best amongst the online algorithms in terms of excess energy for small a.Interestingly, we observed that the excess energy of algorithm L is less than the excessenergy of the 2-competitive algorithm for all values of a.
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(b) Go�Drive disk.Figure 9.3: Variation of excess energy with a for the Kittyhawk and Go�Drive disks. Theexcess energy of the 5 minute threshold using the Kittyhawk disk is 2249 KJ, and using theGo�Drive is 2708 KJ; the curves for the 5 minute threshold are omitted from the graphs.
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Figure 9.5: Excess Energy, EL, as a function of the number of operations delayed, OL, foralgorithm L. The graph was obtained by varying a (i.e., c); the value of a increases alongthe curve from left to right.2. We also compared algorithm L against Ls allowing at most 25 potential cuto�s foralgorithm Ls. Not surprisingly, algorithm L performed better than algorithm Ls;however, preliminary results suggest that algorithm L typically saved only 2{5% moreexcess energy than algorithm Ls. Allowing more potential cuto�s for algorithm Lsmight help in improving its performance.3. In our simulations, we used at most 300 cuto�s for algorithm L. The computation timefor the algorithm was therefore minimal. Interestingly, algorithm L did not change itscuto�s too often in stage 2. (The cuto� changed between 14{56 times when measuredover all values of a.)4. For measuring response time performance, we used the metric of the number of op-erations delayed. An alternative measure of response time performance is RX , thenumber of read operations delayed by a spinup for algorithm X [DKM]. This metricrede�nes the e�ective cost from (9.1) as E + a � RX . The rent-to-buy model can beeasily modi�ed to evaluate this measure, by having di�erent costs for a spindown (i.e.,di�erent c's) depending on whether the operation is a read or a write. We plan toconsider the e�ect of this modi�cation to the rent-to-buy cost in future work.For purely comparison purposes, Figure 9.6 plots the number of reads delayed as afunction of a for the di�erent algorithms; the algorithms are still optimizing for ef-fective cost as de�ned by (9.1). (In other words, the rent-to-buy algorithms thinkthey are optimizing for number of operations delayed, while we measure the numberof reads delayed.) Interestingly, the curves from Figure 9.6 are similar to the corre-sponding curves from Figure 9.4a, suggesting that we should expect to obtain similarresults as presented in this chapter by using the number of reads delayed metric in-stead of the number of operations delayed metric, when we modify the de�nition fore�ective cost appropriately.



9.4. DISCUSSION 97

0 500 1000 1500 2000

The relative importance, a

2000

4000

6000

8000

10000

12000

N
um

be
r 

of
 R

ea
ds

 d
el

ay
ed

2-comp algorithm
Algorithm L
Optimal Offline
5sec Threshold
30sec Threshold
5min Threshold

Figure 9.6: Number of reads delayed as a function of a for the various algorithms, while therent-to-buy algorithms are optimizing using the de�nition of e�ective cost from (9.1). Thisgraph is purely for illustration and comparison with Figure 9.4a. See Section 9.3.5, Item 4.9.4 DiscussionIn this chapter, we have introduced a natural de�nition of adaptive spindown, and studiedthe results of simulating our optimal rent-to-buy algorithms for the disk spindown problemusing disk access traces obtained from HP. Our results suggest that the rent-to-buy modelis a good way to study disk spindown and related systems issues; in particular, a singleparameter c e�ectively models the tradeo� between power and response-time. We alsointroduced the new metric of \excess energy" that really re
ects the relative performancein terms of energy consumed of one disk spindown algorithm against another. We extendedthis to the natural notion of \e�ective cost" that incorporates the two metrics of excessenergy, and number of operations delayed (weighted by a user speci�ed parameter a), intoone cost. This framework addresses many of the concerns posed in Chapter 7.We observed that our algorithm L out-performed other online algorithms in terms ofe�ective cost for almost all values of a; in particular, it had 6{25% lesser e�ective costthan the 2-competitive algorithm. In addition, for small values of a (corresponding towhen saving energy is critical), we observed that our algorithm L saves 17{60% more ofexcess energy as compared to the 2-competitive algorithm, and 6{42% more excess energyas compared to the 5 second �xed threshold.
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Chapter 10Alphanumeric Selectivity:Predicting the How MuchWall Street indexes predicted nine out of the last �ve recessions.|Paul A. Samuelson (1966)Query optimization is an integral part of relational databases [Dat, SAC, Ull]. For example,consider the selection predicatesalary between 30K and 60K (10.1)of a payroll database, which requests records of all employees whose salary lies between30K and 60K. It is critical to be able to predict selectivity, i.e., the fraction of rows in thedatabase that satisfy the selection predicate; in the above example (10.1), the selectivity isthe fraction of rows in the payroll database where the salary �eld is within the speci�edrange. The prediction would be used by the query optimizer to determine whether to use a�le scan to access all rows of the table, evaluate the predicate against each row, and returnqualifying rows to the user, or to use an index on the salary �eld (if present) to access onlythose rows that qualify. Index access costs and �le scans costs are quite di�erent. Queryoptimizers have cost models that estimate the access cost as a function of the predictednumber of qualifying rows and �nd the cheaper alternative.Models already exist in current day relational database management systems (RDBMSs)to predict selectivity for numeric �elds [ASW, FlM, Iye, SAC, WVT]. With the popularityof textual data being stored in RDBMS, it has become important to predict the selectivityaccurately even for alphanumeric �elds. A particularly problematic predicate used againstalphanumeric �elds is the like predicate [Iye]. For example, consider the inventory of adepartment store that has a parts table, one of whose columns, part.color , is the color ofthe part. We would like to select all parts wherepart.color like \�green�" (10.2)where the \�" represents a wildcard that matches any sequence of symbols. In other words,we want to select all parts whose color entry has the subsequence \green" in it; i.e., we wantto select all rows such that part.color has the substring \green" in it. The colors \lightgreen", \dark green", \greenish blue", would all satisfy predicate (10.2). We refer to



10.1. BACKGROUND AND RELATED WORK 99selectivity of the like predicate as alphanumeric selectivity in the presence of wildcards, orsimply, alphanumeric selectivity.Notice that the problem of predicting alphanumeric selectivity falls in the same domainas predicting numeric selectivity, but as we will see, techniques currently used for estimatingnumeric selectivity are unsuitable for predicting alphanumeric selectivity.Algorithms to predict selectivity can typically preprocess the database (during o�-hours,e.g., during the weekend) to build a small catalog. (This pass is sometimes referred to as thepreprocessing phase or numstats phase.) During query optimization, or the online phase,this catalog is consulted to estimate selectivity; the processing in the online phase must beminimal.In Chapter 11 we present our techniques for predicting selectivity for the like predicate;i.e., techniques for estimating alphanumeric selectivity.10.1 Background and Related WorkModels already exist in current day RDBMSs to predict selectivity for numeric �elds [ASW,FlM, Iye, SAC, WVT]. Typically, in the preprocessing phase, a few numbers that \capture"the distribution of data are accumulated and stored in the catalog. In the earlier exampledealing with salaries, the RDBMS would perform an analysis of the data in the salary �eldof the database, and select a small set of salary values to store in the catalog. There aretwo popular strategies to select these representative salary values: In the �rst method, thechosen salary values partition the interval between the minimum and maximum salary valueinto equal length subintervals, and a histogram of the data distribution is maintained. In thesecond method, the representative salary values are chosen so that the number of items fromthe database that fall within the range speci�ed by two consecutive representative salaryvalues is the same for each pair of consecutive representatives. The number of salary valueschosen depends on the size available to store the catalog, and is a design decision. (Noticethat the second scheme for choosing the representative salaries has similarities with ourscheme for selecting candidate cuto�s in the rent-to-buy problem described in Section 8.3.)A simple model is then used based on what fraction of the ranges were covered by the rangespeci�ed by the between clause to predict the fraction of qualifying rows.A well-studied issue related to predicting selectivity is estimating the number of uniquevalues in a column of the table. In [ASW, FlM, WVT], interesting linear time algorithmsfor �nding the number of unique values in a column based on probabilistic and approximatecounting methods have been described.The problem of estimating alphanumeric selectivity is conceptually a natural extensionof the problem of estimating numeric selectivity: the like predicate, and the wildcards in thepatterns are natural extensions of ranges in numeric queries. To the best of our knowledge,the problem of predicting alphanumeric selectivity in the presence of wildcards has notbeen studied, although it is turning out to be a pressing concern [Iye]. The techniques usedfor estimating numeric selectivity are unsuitable for estimating alphanumeric selectivity,since the techniques for predicting numeric selectivity intimately use the fact that they aredealing with numbers. In other words, ranges in numeric �elds are used to encapsulateinformation about the distribution of values in a column; such ranges make little sense forgeneral alphanumeric �elds.



100 CHAPTER 10. ALPHANUMERIC SELECTIVITY: THE HOW MUCH10.2 Our ApproachIn Chapter 11, we present our strategies for estimating selectivity of alphanumeric �eldswith the like predicate. There are stringent limits on the memory and processing allowableto our predictor [Iye]; in other words, the size of the catalog must be small and there mustbe minimal processing in the online phase.At �rst glance, the current prediction scenario seems quite di�erent from the previoustwo scenarios we have looked at (namely the \what" and \when" scenarios discussed inChapters 2{9). The rules we operate under in this case are also somewhat di�erent in thatalthough we need to predict online, we are allowed to preprocess the database on which thequeries will be made. However, we notice an interesting intuitive link between the currentprediction scenarios and the ones we have looked at in the previous chapter: the model builtby a data compressor on an input text encapsulates information about common substringsin the text. Intuitively, text data compressors (as in [ZiLa, ZiLb]) remove repetition inthe input to encapsulate information better. The data structure or model built by thedata compressor stores this encapsulated information. (For example, Figure 3.1 storesinformation about the distinct substrings in the input string \aaaababaabbbabaa: : :".) Wecould use a strategy similar to a data compressor's to build a structure that captures theinformation about substrings in a column. Such a structure will aid in the online search.It is important to note that not every data compressor's data structure is good enoughfor the selectivity estimation problem, since we ultimately have to match patterns that havewildcards. We present a version of the su�x tree [McC] as an appropriate data structurefor the selectivity problem, since it allows searches of arbitrary substrings of the originaldatabase items; su�x trees are used by Fiala and Greene [FiG] to implement Ziv-Lempel-based algorithms for data compression.
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Chapter 11Alphanumeric Selectivity in thePresence of WildcardsIn this chapter, we describe our strategy to predict alphanumeric selectivity. Our algorithmsmust work under the following constraints required by practical applications [Iye]. We canmake one preprocessing pass through the database. Information collected during this passmust be summarized and stored in a small catalog. The space allowed for a catalog forany one column of the database depends on the complexity of the column; for our domainof alphanumeric selectivity, the size of the catalog is expected to be on the order of 0.5{1 Kbyte [Iye]. To create the catalog, we can use (reasonably) large amounts of memoryand compute power; the preprocessing phase will be performed when the database is notbeing used much, e.g., during the weekend. In the online phase, when a like predicate ispresented, the catalog is to be consulted and a prediction of the selectivity of the predicatemust be made. The processing time in the online phase must be minimal. The restrictionson the catalog size and time available in the online phase imply that the predicted valueof selectivity will be approximate; the goal is to maximize the accuracy of the predictionsunder the space and time restrictions imposed by the problem.As described in Section 10.2, our strategy is based on our intuition developed in previouschapters of the close relationship between data compression and prediction. There is anemerging industry standard Transaction Processing Council (TPC) benchmark, known asthe TPC-D benchmark [TPC], that involves predicates such as the like predicate. We studyour techniques in the context of this benchmark.We �rst concentrate on trying to predict selectivity for unit patterns, i.e., patternswhere a string is sandwiched between two wildcards (e.g., the pattern \�green�" in the likepredicate from (10.2)). Unit patterns are the most common type of patterns used with thelike predicate [Iye]. We describe strategies to deal with general patterns in Section 11.8.In Section 11.1, we present the su�x tree data structure, which lies at the heart of ourprediction strategy. In Section 11.2, we describe our strategy in the preprocessing phase.We present our strategies for estimating selectivity in the online phase in Section 11.3.We present the methodology for evaluating our strategies in Section 11.4, and describe theresults of our experiments in Sections 11.5 and 11.6. To put our results in perspective, inSection 11.7 we compare our method against a simple random sampling technique (wherethe catalog is built by randomly choosing from the column as many strings as possible,limited by the size of the catalog). We present extensions to our strategies in Section 11.8.Other related issues are discussed in Section 11.9.
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(b) Adding a string to a su�x treeFigure 11.1: Su�x tree and its creation. In (b), we are adding string \ener!" to the tree.The value of � as described in Example 11.1 is \e".11.1 The Su�x TreeA su�x tree [McC] is a trie-based data structure [Knua, Mor] used for data compres-sion [FiG], pattern matching [Wei], and other applications. We use a su�x tree-basedstructure for predicting the selectivity of alphanumeric strings. In this section we explainsu�x trees with an example; for a formal description, see [McC].Example 11.1 (See Figure 11.1.) A su�x tree is based on the Patricia trie data struc-ture. A trie is a multiway tree with a path from the root to a unique node for each stringadded to the trie. A su�x tree for string � is obtained by inserting the string � into thetree; this involves adding all su�xes of the string � into the tree. In other words, if �i is



11.1. THE SUFFIX TREE 103the su�x of string � starting at position i, inserting string � into the tree is equivalent toadding strings �i, 0 � i � j�j to the tree, where j�j is the length of string �. It is convenientto assume that the last character of the input string � is a special end-of-string symbol(that does not appear anywhere else in the string); this implies that there is a path fromthe root to a unique leaf for each string added to the su�x tree.Figure 11.1a shows the su�x tree for string \greener!", where the character \!" is ourunique end-of-string symbol. Each node of the tree has an associated string, e.g., \e" is thestring associated with node x, and \ner!" is the string associated with node y. The rootnode has the empty or null string associated with it. The string corresponding to a node isthe concatenation of the strings associated with the nodes on the path from the root to thenode; e.g., the string corresponding to node y is \ener!".1The tree in Figure 11.1a is obtained by inserting string \greener!" into the tree; this isequivalent to adding the string \greener!" and all its proper su�xes \reener!", \eener!",\ener!", \ner!", \er!", \r!", and \!" to the tree. When the string �i is to be addedto the tree (see Figure 11.1b), we determine the largest pre�x � of �i such that there is anode w in the tree with � as the pre�x of the string corresponding to node w. (Recall thatthe root has the null string associated with it, and the null string is a pre�x of every string.Hence the node w exists for all strings �i.) Amongst the nodes w for which � is a pre�xof the string corresponding to w, let z be the node at minimum depth; the trie property oftwo children of a node not having a common pre�x ensures that node z is unique. A simplemethod to determine � and z is to start at the root of the tree and iteratively move down thetree and ahead in the string �i by comparing the unmatched su�x of the string �i againstthe strings associated with the children of the current node in the comparison process untilnode z is found.If z is not the root, we create a new node z0 with corresponding string �, make z a childof z0 retaining the string that z corresponds to, and create a new child of z0 with stringcorresponding to �i. (Notice that the string associated with node z changes.) If z is theroot, we create a new child of the root corresponding to string �. This strategy is illustratedfor our example in Figure 11.1b by showing how the tree changes when \ener!" is addedto the tree after \greener!", \reener!", and \eener!" have been added to the tree. Inthis case, � is \ener!", and � is \e".Having a special end-of-string character implies that no su�x of � is a proper pre�x ofanother. In other words, while building the su�x tree for string �, no string we add to thetree can be a pre�x of another string added to the tree. 2Various optimizations with respect to time and space to the basic su�x tree constructionalgorithm we have just described have been studied [FiG, McC]. For example, if the originalstring � can be accessed easily, instead of explicitly retaining the strings associated witheach node in the tree, we can instead keep two pointers at each node that point into theoriginal string � such that the substring of � between these two pointers is the stringassociated with the node. While adding �i to the tree, the process of determining thelargest pre�x � of �i and the node z such that � is a pre�x of the string corresponding tonode z can be done e�ciently using extra \su�x pointers" in the tree [McC].1The di�erence between the string associated with a node and the string corresponding to a node isimportant; these terms are used throughout this chapter in the sense presented here.



104 CHAPTER 11. ALPHANUMERIC SELECTIVITY WITH WILDCARDS11.2 The Preprocessing PhaseThe su�x tree as described in Section 11.1 is a natural structure to match patterns in astring. For example, given the su�x tree for string \greener!" (Figure 11.1), to �nd outwhether the string \een" is a substring of \greener!", we match the string in the su�xtree. (The pattern to be matched is not terminated by the end-of-string character.) Noticethat a string � is a substring of � if and only if � is a pre�x of a su�x of �. The matchingprocess is, therefore, similar to our trying to add \een" into the su�x tree; we have asuccess in the matching process if we �nd a node z such that � is a pre�x of the stringcorresponding to node z. Finding out if � is a substring of � is equivalent to the query:Does \���" match string �, where \�" is the wildcard character. The su�x tree is thereforeideally suited for matching unit patterns.Our goal is to build a structure that allows us to answer the question: what fractionof the strings of the column R in the database match the unit pattern \���". Let usfor the moment disregard the issue that the catalog has to be really small in size. Theobservations from the previous paragraph suggest the following strategy to build a su�xtree for a columnR, which is a simple generalization of the traditional su�x tree described inSection 11.1: insert all strings in column R into a su�x tree T , keeping a count at each nodeof the tree of how many strings in column R have as a substring the string correspondingto the node. The tree T will help us answer the selectivity of an alphanumeric query. (Theselectivity of a query is the number of strings of the column R of the database that matchthe pattern speci�ed by the query divided by jRj.) In Section 11.2.1 we describe this treebuilding process in detail; this is the �rst stage of the preprocessing phase. In Section 11.2.2we study the second stage of the preprocessing phase, where we build a catalog from thetree T constructed in the �rst stage.11.2.1 Stage 1: Building the Su�x Tree TOur basic strategy is to insert each string � in column R of the database into a su�x tree T ;this involves adding each su�x �i of string � into the tree. (Each string in column R isassumed to terminate with the same unique end-of-string character.) The method is exactlythe same as described in Example 11.1 except for one di�erence: Unlike the traditional caseof inserting a single string � into the su�x tree, in this case we might try to add a string �ito the tree that has already been added to the tree. However, having a unique end-of-string character implies that no string we add to the tree can be a proper pre�x of anotherstring added to the tree. Figure 11.2 depicts the su�x tree T obtained by inserting thestrings from a column of a hypothetical database, where the column has 200 strings, with100 of the strings being \greener!" and the remaining 100 strings being \grey!". In thefollowing discussion in this section, \node z" and \node z0" have a similar connotation asin Example 11.1.With each node x of the tree, we maintain a variable count(x). The variable count(x)maintains the number of rows of the column R processed until now that have as a substringthe string corresponding to node x. This is done by ensuring that all nodes on the path fromthe root to node z0 have their count values incremented by one, if not already incrementedwhile inserting string �.It is important that we increment the count of a node at most once while inserting astring � into tree T . This is because for reporting selectivity, we want to determine the
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Figure 11.2: The su�x tree obtained by inserting 200 strings into the tree, with 100 of thesestrings being \greener!" and the remaining 100 being \grey!".number of rows of R that match a given unit pattern, not the total number of times theunit pattern appears in the column. This implies that the value of the count variable atany node is at most the value of the count variable at its parent; the value of the countvariable at a node is not equal to the sum of the values of the count variable at the childrenof the node.Memory Restrictions while Building the TreeAlthough we can expect to have a large amount of memory and processing capacity in thepreprocessing phase, we must keep in mind that the column of the database is typicallyvery large, and the tree could grow substantially. Memory is never unlimited in practice;there are various schemes we can use to e�ectively implement the preprocessing phase. Wedescribe a few possible strategies below.A simple method is to limit the maximum size of the tree. As mentioned at the endof Section 11.1, the string associated with a node can be stored as two �xed-size pointersinto the database. Based on the maximum available memory size, and the amount of spaceoccupied by a node of the su�x tree, we can determine the maximum number of nodes Mthat we can retain in the su�x tree for the preprocessing phase. While the tree is beingbuilt we regularly prune out nodes of small count when the number of nodes in the treethreatens to exceed the maximum M . (The pruning process can be done via a depth �rstsearch of the tree, for example.) The logic behind pruning out nodes with small count isthat the strings corresponding to these nodes seldom occur in the database, and intuitively,we do not lose much information by removing these nodes. (This intuition will be madeclearer in Section 11.2.2 when we describe how we build the catalog.)A related question is how much to prune. The simplest strategy is to choose the smallest isuch that after pruning out all nodes with value of count at most i, the resulting numberof nodes is less than M . (Our implementation used this strategy.) There are certain



106 CHAPTER 11. ALPHANUMERIC SELECTIVITY WITH WILDCARDSenhancements to this strategy suggested by cleaning policies in log structured �le systems[OuD] that can be used, especially if we observe during the tree building phase that thepruning process is occurring too often; we could prune out more nodes and ensure that afraction of total memory is unused.In the context of data compression, least recently used-based strategies for decidingwhich nodes to prune [BuB]. We expect these strategies to be less suited to our environment,since we care more about the count at the nodes.Another strategy to implement the preprocessing phase using more memory than isavailable physically is to assign nodes of the tree to pages intelligently, and fetch in thenodes of the tree in a manner similar to the technique presented in Section 5.3.1 for pagingin the data structure nodes of prefetchers derived from data compressors. The usefulness ofthis strategy will depend on locality of access in the tree, and whether it provides additionalgains over the simpler pruning strategy described earlier.Issues of Time and \Su�x Pointers"Let us assume that the string associated with a node is stored as two pointers into thedatabase. When we add a string �i to the tree, we need to make string comparisonsbetween string �i and the strings associated with some of the nodes of the tree. Since thedatabase is typically large, it will be in secondary memory, and retrieving the strings fromthe pointers will cause I/Os. \Su�x pointers" as mentioned at the end of Section 11.1 anda hashed implementation [McC] need to be used when the string associated with a node isstored as two pointers; su�x pointers short-circuit the search for node z and ensure thatminimal I/O is required per string insertion. We should be careful, however, to maintainvalid su�x pointers while pruning the tree to conserve space.Observe that it is space-e�cient to explicitly store the string with the node, if theamount of space required to store the string is less than the space required to store twopointers. A combination of storing the string explicitly at some nodes and pointers at otherswill achieve a good tradeo�; a bit at each node can specify how the string associated withthe node is stored.11.2.2 Stage 2: Building the Catalog CAt the end of stage 1 of the preprocessing phase, we have a (reasonably large) su�x tree T .As observed in Section 11.2, but for the occasional pruning we do while building the tree,we can exactly match any unit pattern in the tree to get the selectivity of the unit patternpredicate. Recall that we can retain only a small catalog C for use in the online phase.The main intuition in deriving the catalog is related to the intuition for pruning regularlywhile building the tree. The predictions made using the catalog will help the query optimizerto decide on the database access strategy. We can think of the query optimizer as choosingbetween a sequential scan of the database versus an index scan, for example, dependingon how large the selectivity is. (In practice, the query optimizer is more complicated sincequeries are complex, but the basic idea is still the same.) In other words, we are interestedin knowing as accurately as possible how much the selectivity is when the value of selectivityis large.We derive a catalog from the su�x tree based on the size c that we are allowed forstoring the catalog. (The size c of the catalog for the speci�c type of columns and querieswe are dealing with is expected to be on the order of 0.5{1 Kbyte [Iye].) We do this by
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Figure 11.3: Deriving the catalog from the tree in Figure 11.2. We can store seven nodesin the catalog. The portion of the tree depicted by dotted lines is pruned away to get thecatalog.pruning out all nodes of the tree except the n nodes with the largest value of count thatcan be stored using c bytes. We call the maximum count of any node that was pruned fromtree T while building the catalog C as the prune count. The value of n is determined by thesize of a node in the pruned tree and c; we describe how to determine n below. Figure 11.3depicts the pruned tree stored in the catalog derived from the tree in Figure 11.2, obtainedby pruning out all but seven nodes; the six nodes with a value of count equal to 200 areretained in the catalog, and the the 11-way tie for the seventh node is broken arbitrarily.The prune count in this case is 100.There is one important observation in the catalog building process: independent of howthe strings associated with a node were stored during the tree building phase, we cannotstore them in the catalog as two pointers into the database, since during the online phase,we do not want to perform I/Os and access the database column.Compressing Information Within a Tree NodeSpace in the catalog is a premium resource; time available in the online phase is also limited.We are faced here with the classical space-time tradeo� problem. We describe how somesimple encoding strategies can help us e�ectively utilize the small amount of space availablein the catalog, and how to determine n, the number of nodes that we can store in thecatalog.We store the nodes of our tree in a (contiguous) array. The children of a node arestored contiguously in the array. With each node we store the following information: thestring associated with the node using a simple encoding scheme described below; the valueof count at the node with a naive strategy using log jRj bits, where R is the number ofrows in the column of the database, or an approximate value of count using fewer bits, e.g.,the value of count rounded to the closest thousand; a bit to specify whether the node is a



108 CHAPTER 11. ALPHANUMERIC SELECTIVITY WITH WILDCARDSleaf, and if not, a pointer into the array to the �rst child of the node using log c bits; anda bit to specify whether the node is the last child in the list of children of its parent. (InSection 11.8.1, we see that keeping a di�erent type of count using approximately 2{4 bits forthe count helps in answering the less-frequently seen queries involving non-unit patterns.)We store the strings associated with the node along with the node using a simple encod-ing scheme to avoid having to store the null character that signi�es the end of the string.The nodes with higher count will be closer to the root and because of the higher branchingwe expect to see closer to the root, the strings associated with these nodes will have smallerlength. In our scheme, we use a small number of bits b to identify the string length. Stringswith the most common 2b � 1 string lengths are stored without the trailing null character,and the other strings are stored with an explicit trailing null character. For example, wecan use 2 bits to identify the length of the string (as 1, 2, 3, or > 3 characters), store stringsof length less than 3 without an explicit trailing null character, and store all other stringswith an explicit trailing null character.An alternative strategy is to extract common substrings from the strings associated withthe nodes, and store them in a structure separately from the tree. The strings associatedwith a node can be encoded as two pointers into this structure. It is important to note thatthis auxiliary structure will be a part of the catalog. This strategy will be useful when thestrings associated with di�erent nodes have many common substrings. We expect this tohappen only when the catalog size is reasonably large and we can store a large number ofnodes of the tree in the catalog.To pack the maximum number of nodes into the catalog, we can list the nodes in orderof decreasing count, and perform a simple calculation to determine the \break point," i.e.,the last node that can be squeezed into the catalog. In other words, for a �xed x, wecan determine from the tree T built in the �rst stage how many bytes will be needed tostore x nodes by knowing the distribution of string lengths for these x nodes and the (�xedamount of) storage required for other components of the node. (An illustration of thiscalculation is discussed in Section 11.5.3.) By increasing x we can determine the largest xsuch that x nodes can be stored in c bytes. We can determine n without performing therequired calculations for all x from 1 to n+ 1. In practice, a rough estimate for n can beobtained from the average (or maximum) string lengths take over the \few" nodes with thelargest counts; an upperbound for n is obtained by observing that each string is at leastone character long, a lowerbound for n can be obtained by assuming that the trailing nullcharacter is explicitly stored with each string.Our observation, as described in Section 11.5, is that we can store approximately 100{200 nodes of the tree in the catalog, assuming that the catalog size c is between 0.5 and1 Kbyte; suggesting an average requirement of about 5 bytes of storage per node.Compressing StrandsNotice that when a tree is pruned, it is possible that we are left with a tree having nodeswith exactly one child. It could be advantageous with respect to space to \collapse" thesepaths into one node. For example, the nodes x and y in Figure 11.3 can be merged into onenode, as can nodes u and v.The semantics of merging nodes needs to be de�ned carefully. In particular, we needto de�ne the count of merged nodes, and identify any information that we could lose bymerging nodes. For example, in Figure 11.3, if we merge nodes x and y, so as not to lose



11.3. THE ONLINE PHASE 109information about the di�erent values of count stored at these two nodes we need to keepa special (set of) pointers into the string and associate the appropriate count with each ofthese pointers. Apart from the count, there is another reason why keeping the pointers isnecessary. There is semantic information in a parent-child relationship in the su�x tree.Having node y as a child of x rather than having a merged node implies that the string\gre" is not always followed by an \e" in column R.If we are prepared to lose the semantic and/or count information by merging nodes wewill gain on space. This is an engineering decision that depends on available space, typicalpatterns in the query processing phase, and our algorithms (described in Section 11.3) todetermine selectivity in the online phase.11.3 The Online PhaseIn the online or query optimization phase, a query using the like predicate is presented, andwe consult the catalog to estimate the selectivity of the like predicate. Let the query withthe like predicate involve the unit pattern \���". We call the string � the \string in theunit pattern" or simply the pattern. With some abuse of notation, we consider the patternas equivalent to the unit pattern, and call the selectivity of the like predicate the selectivityof pattern �. The pattern is not terminated by the end-of-string character.We use the term prune probability to denote the value of prune count divided by jRj,where the prune count is as de�ned in Section 11.2.2, and jRj is the size of the column in thedatabase. In this section, we will denote the pattern by �, and the su�x of the pattern �starting at position i by �i; in particular � = �0. We denote the selectivity of pattern �by sel(�), and the estimated selectivity of pattern � using strategy X by est(X;�). Inmost cases X is obvious from context; in these cases, we drop X from our notation, anduse est(�) to denote the estimated selectivity of pattern �. We also think of the catalog asequivalent to the tree stored in the catalog.The basic operation in the online phase is to match a pattern against the catalog to getan estimate est(�) for the selectivity of pattern �, which is as close to sel(�) as possible.A pattern � is in the catalog if the pattern is the pre�x of the string corresponding tosome node z in the catalog. Determining whether the pattern � is in the catalog is simple:2start at the root of the catalog and move down the tree in the catalog and ahead in thepattern based on the labels of the transitions in the tree, where the label of a transitionfrom a parent node to a child node is the string associated with the child node. We have asuccessful match of the pattern as soon as we reach a node z such that the pattern � is apre�x of the string corresponding to node z; we call node z as the node of the match. Wehave an unsuccessful match (equivalent to pattern � not matching in the catalog) if we donot �nd such a node z while moving down the tree. Clearly, if we have a successful match,est(�) should be equal to count(z)=jRj for any reasonable estimation strategy, since fromthe way the catalog was built (see Section 11.2), we know that est(�) will then be equal tosel(�), barring the minimal e�ects of regular pruning in stage 1 of the preprocessing phase.For example, if we match the pattern � =\gree" against the catalog from Figure 11.3,the node of the match, z, is the node whose corresponding string is \greener!", andest(�) = 100=200 = 0:5 = sel(�):If the entire tree T (i.e., the tree that was built in stage 1 of the preprocessing phase2We do not store any \su�x pointers" in the catalog.



110 CHAPTER 11. ALPHANUMERIC SELECTIVITY WITH WILDCARDSbefore being pruned to get the catalog) were stored in the catalog, then for an unsuccessfulmatch, the logical value for est(�) should be 0. As described in Section 11.2.2, however,while building the catalog from tree T , we prune away most of the nodes of the tree. It isquite likely, therefore, that a pattern that would have successfully matched in the tree Twill not match in the catalog. Since we know that the probability of a pattern that doesnot match in the catalog is at most the prune probability, setting est(�) equal to the pruneprobability might be reasonable.For example, consider the catalog from Figure 11.3, obtained from the tree in Figure 11.2.The query pattern \ree" will not match in the catalog. However, we know that the pruneprobability for the catalog was 0.5. Using the catalog and the prune probability we can becertain that pattern \ree" has a selectivity of at most 0.5. This value for est(�) is exactlyequal to sel(�) for this speci�c example. In some cases which we call a sure zero, we canbe sure that the selectivity is 0. For example, if we try to match pattern � = \gra" in thecatalog from Figure 11.3, we know that the selectivity should be zero, since if string \gra"were in the original column, the node x could not have had an associated string of \gre".(Also see the discussion under \Compressing Strands" in Section 11.2.2; we assume in thispaper that strands are not compressed.)If the prune probability is small enough in that the query optimizer's decision can bethe same for all values of selectivity below the prune probability, we can safely return theprune probability as our estimation for the selectivity of unmatched patterns. The stringentlimits on the size of the catalog do not guarantee that the prune probability will alwaysbe this small. We now study strategies to get a better approximation for the selectivityof queries when the pattern does not match in the catalog. In the rest of this section weconcentrate on the di�cult case when the pattern � does not match in the catalog.We have three main types of methods for matching a pattern not explicitly stored inthe catalog: the independence-based, the child estimation-based, and the depth estimation-based methods. In each of these methods, we deal with partial matches of the pattern inthe catalog. The idea behind partial matches is that if a pattern does not match in thecatalog we can divide the pattern into sub-patterns that match in the catalog, determinethe selectivity of each of these sub-patterns and put these values of selectivity together insome logical way to get the selectivity of the full pattern.We now describe our strategies for matching grouped under the various methods. (Thedescription of the strategies is followed by an illustrative example.) An estimate for anunmatched pattern should always be less than the prune probability, and each strategyexplicitly ensures this is true; i.e., it returns the minimum of its estimation and the pruneprobability. We omit this obvious clause from the description of our strategies below.Similarly, if we spot a sure zero, we will always be report a selectivity of 0.11.3.1 Independence-based Strategies, I�The independence-based strategies essentially parse the pattern � into sub-patterns �(0),�(1); : : : ; �(m) in a greedy fashion, where j�(i)j > 0; 8i; 0 � i � m, and �(0)�(1) � � � �(m)equals pattern �. By \greedy" we mean that �(i) is either the maximal match of �j in thecatalog, where j = j�0j+ � � �+ j�i�1j, or else the single character at position j of pattern �if no non-null pre�x of �j successfully matches in the catalog.
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Figure 11.4: The catalog obtained by inserting a columnR of a hypothetical database havingjRj = 1000 strings, with 250 of these strings being \green!", 250 being \grey!", 250 being\brown!", and 250 being \blue!", and retaining nodes with the maximum 10 counts in thecatalog. The prune count for this catalog is 250, and the prune probability is 250=1000 =0:25.Strategies I1, I 01: If �(i) matches in the catalog, we de�ne est(�(i)) = count(z)=jRj, wherez is the node of the match for �(i). Otherwise, est(�(i)) is de�ned to be 0 for strat-egy I1, and is de�ned to be the prune probability for strategy I 01. The estimatedselectivity of the pattern � is est(�) = �m0 est(�(i)). The advantage of this approachis that the approximation is likely to be large for queries with large output, but willalmost always be small when the actual query output is small.Strategies I2; I3; I 02; I 03: This set of approaches is based on the observation that the selec-tivity of pattern � is at most the selectivity of pattern �i; 8i; 0 � i � m. StrategiesI2 and I3 use strategy I1 as a subroutine to determine est(I1; �i). They estimate theselectivity of pattern � as a weighted average of the estimated selectivity est(I1; �i)for the di�erent su�xes �i of pattern �. Intuitively, we would like to weight the es-timations of the longer patterns more than the estimations of the shorter patterns.Strategy I2 uses weights varying linearly with the length of the pattern, weightingest(I1; �i) by j�j � i, while strategy I3 uses weights falling exponentially with thelength of the patterns, weighting est(I1; �i) by 2j�j�i. Strategies I 02 and I 03 are similarto I2 and I3, except that they use strategy I 01 as a subroutine, instead of using I1 asa subroutine.Example 11.2 Consider the catalog in Figure 11.4, and let the pattern to be matched be� = \green". The selectivity of � is sel(�) = 250=1000 = 0:25. A greedy parsing of � givesus the sub-patterns �(0) = \gre", �(1) = \e", and �(2) = \n".Strategy I1 estimates the selectivity of pattern � to be est(�(0)) � est (�(1)) � est (�(2)) =(500=1000) � (750=1000) � (500=1000) = 3=16 = 0:188. In this case, strategy I 01 will have thesame estimate for pattern � as strategy I1.



112 CHAPTER 11. ALPHANUMERIC SELECTIVITY WITH WILDCARDSThe pattern �1 = \reen" greedily parses into \re", \e", and \n"; the pattern �2 = \een"greedily parses into \e", \e", and \n"; the pattern �3 = \en" greedily parses into \e", and\n"; and the pattern �4 = \n" matches in the catalog. Strategy I2 estimates the selectivityof pattern � as 5=15 � est(I1; \green") + 4=15 � est(I1; \reen") + 3=15 � est(I1; \een") +2=15 � est(I1; \en") + 1=15 � est(I1; \n") = 5=15 � 3=16 + 4=15 � 3=16 + 3=15 � 9=32 +2=15 � 3=8 + 1=15 � 1=2 = 0:252. Strategy I3 estimates the selectivity of pattern � as(25 � 3=16 + 24 � 3=16 + 23 � 9=32 + 22 � 3=8 + 21 � 1=2)=(25 + 24 + 23 + 22 + 21) = 0:222.To illustrate the di�erence between strategies I1 and I 01, consider the pattern � = \red".In this case, �(0) = \re", and �(1) = \d". Strategy I1 has est(I1; \red") = 0, since \d"does not match in the catalog; however, est(I 01; \red") = est(I 01; �(0)) � est(I 01; �(1)) =(500=1000) � (250=1000) = 0:125, since strategy I 01 estimates the selectivity of \d" to be theprune probability, 250/1000. 211.3.2 Child Estimation-based Strategies CE �As in Section 11.3.1, let �(0), �(1); : : : ; �(m) be the sub-patterns obtained by parsing � viagreedy maximal matching in the catalog. Let z(�(0)), z(�(1)); : : : ; z(�(m)) be the nodesof the match for patterns �(0), �(1); : : : ; �(m), respectively, where z(�(i)) is de�ned tobe the root if �(i) does not match in the catalog. We denote the prune count by p. Thelogic behind the child estimation-based strategies is to approximately estimate the numberof children of the nodes that were pruned while building the catalog.For a node z, let sum child counts(z) be the sum of the counts of the children of z thatare in the catalog. We denote by unaccounted count(z), the quantity max(p; count(z) �sum child counts(z)); this quantity is an estimate of the sum of the values of count of thepruned children of z. We de�ne the value of unaccounted count at the root to be equal tothe prune count p. Recall from Section 11.2.1 that by the de�nition of count , in the fulltree T from which the catalog was built, the value of count at a node is typically smallerthan the sum of the values of count at the children; hence, count(z)� sum child counts(z)could also be negative at some nodes z in the catalog.Let us denote by num pruned children(z) the estimated number of children of node zthat were pruned in the catalog building stage of the preprocessing phase. We know thateach of the children of node z that were pruned had a value of count at most the prunecount p. We estimate num pruned children(z) to be max(1; dunaccounted count(z)=pe). Wede�ne the num pruned children of the root to be 1. The estimate for num pruned childrenassumes that the values of count for the pruned children were approximately equal. By keep-ing more information in the catalog, we can get better estimates of num pruned children(z).The CE � strategies use the num pruned children(z) values to estimate the selectivityof pattern �. Intuitively, we expect that the selectivity of pattern �(i)�, where � is somecharacter where pattern �i� does not match in the tree, is closely related tounaccounted count(z(�(i)))num pruned children(z(�(i))) � jRjExample 11.3 Consider the catalog from Figure 11.4. For node x1, sum child counts(x1) =250; hence, the quantity unaccounted count(x1) = max(p; 500 � 250) = max(250; 250) =250. Therefore, num pruned children(x1) = max(1; d250=250e) = 1. Similarly, we have fornode x2 that unaccounted count(x2) = 250, and num pruned children(x2) = 1; for node x3,we have unaccounted count(x3) = 500, and num pruned children(x3) = 2; for node x4, we



11.3. THE ONLINE PHASE 113have unaccounted count(x4) = 750, and num pruned children(x4) = 3; and for node x5, wehave unaccounted count(x5) = 500, and num pruned children(x5) = 2.Intuitively, we expect \gre" followed by a string of characters not starting with a \y"(e.g., \gree") to appear in approximately 250 (the unaccounted count at node x1) di-vided by 1 (the number of children we estimate have been pruned at node x1) rows ofcolumn R. 2We now describe our strategies based on the child estimation method. Notice that wedo not need to pre-calculate all the num pruned children(z) values, but can calculate therequired ones on the 
y.Strategy CE 1: Along the lines of strategy I1, this strategy is based on the premise thatthe �(i)'s might be independent. The estimated selectivity of pattern �(i) is de�nedto be est(CE 1; �(i)) = count(z(�(i)))=jRj. Let �i be a character (or string) such that�(i)�i does not match in the catalog. The estimated selectivity of pattern �(i)�i isde�ned to be est(CE 1; �(i)�i) = Ai=Bi, where Ai = unaccounted count(z(�(i))), andBi = num pruned children(z(�(i))) � jRj. Using Bayes rule, strategy CE 1 estimatesthat �i follows �(i) in est(CE 1; �(i)�i)=est(CE 1; �(i)) fraction of the rows of R thathave the substring �(i). The selectivity of pattern � is estimated to be est(CE 1; �) =est(CE 1; �(0)) ��m�1i=0 est(CE 1; �(i)�i)=est(CE 1; �(i)). (Notice that the upper indexin the product term is m� 1.)Strategy CE 2: Like strategies I2; I3, this strategy is based on the observation that theselectivity of pattern � is at most the selectivity of pattern �i. The selectivityof pattern � is estimated as est(�) = min0�j<j�jAj=Bj , where the quantity Aj =unaccounted count(z(�j(0))), and Bj = num pruned children(z(�j(0))) � jRj. (Pat-tern �j(0) is the longest match in the catalog of the su�x of pattern � starting at thejth position of �.)Strategy CE 3: Strategy CE3 is a mix of strategies CE1 and CE 2. Instead of multiplyingthe estimated selectivities of the di�erent sub-patterns (like strategy CE 1 does), strat-egy CE3 tries to look \down" the tree, and multiplies the number of estimated childrenof the di�erent sub-patterns. The logic here is that the unaccounted count gets con-tinually divided amongst the pruned children as we go down the tree. The selectivityof pattern � is estimated as est(�) = A=B, where A = unaccounted count(z(�(0))),and B = jRj � �m�1i=0 num pruned children(z(�(i))). (Notice that the upper index inthe product term in the expression for B is m� 1.)Example 11.4 Continuing the discussion from Example 11.3, for pattern � = \green", wehave by greedy parsing that �(0) = \gre", �(1) = \e", and �(2) = \n"; hence, z(�(0)) = x1,z(�(1)) = x4, and z(�(2)) = x5.Strategy CE1 estimates the selectivity of pattern \gre" (i.e., the pattern �(0)) to becount(x1)=jRj = 0:5. It estimates the selectivity of pattern \gree" (i.e., pattern �(0)�(1)) tobe unaccounted count(x1)=(num pruned children(x1) � jRj) = 250=(1 � 1000) = 0:25. Strat-egy CE1 expects that of the rows of R that have the substring \gre", an \e" follows \gre"in 0:25=0:5 or half the rows. Similarly, from node x4 it estimates that \e" has a selectivityof 0.75, \en" has a selectivity of 0:25, and of the rows that have the substring \e", an \n"follows an \e" 0:25=0:75 or 1/3rd of the time. Strategy CE 1 estimates the selectivity of �to be 0:5� (0:25=0:5) � (0:25=0:75) = 0:0833.



114 CHAPTER 11. ALPHANUMERIC SELECTIVITY WITH WILDCARDSStrategy CE 2 estimates that \gre" followed any string of characters not starting witha \y" has a selectivity of unaccounted count(x1)=(num pruned children(x1) � jRj) = 0:025.For �1 = \reen" it estimates that \re" followed by any string of characters has a selectivityof 0.25 (using node x3). By continuing thus (for strings �2, �3, and �4) it estimates theselectivity of � as minifunaccounted count(xi)=(num pruned children(xi) � jRj)g, where i =1; 3; 4; 5, giving est(CE 2; �) = 0:25.Strategy CE 3 tries to \look down" into the tree and multiplies the estimated number ofchildren; in other words, it thinks that the unaccounted count at node x1 will get succes-sively divided as we go down the tree. Since z(�(0)) = x1, and z(�(1)) = x4, strategy CE 3expects that the unaccounted count at node x1 will get divided amongst 1 � 3 children(from the values of num pruned children at nodes x1 and x4 respectively). It estimates theselectivity of pattern � as unaccounted count(x1)=(3 � 1000) = 250=3000 = 0:083. 211.3.3 Depth Estimation-based Strategies, DE �The depth estimation strategies combine the intuition of the su�x tree with the strategiesfor estimating numeric selectivity (see Section 10.1). The idea is to capture the distributionof the depth of a node versus the (average) value of count at that depth.In this case, while building the catalog, we store in the catalog a depth versus countdistribution; i.e., we store av count(d), the average value of the count of nodes at depth d,for each (integral) value of depth d. (Although we expect av count(d) to decrease withincreasing depth d, this is not necessary.) Like in the prediction of numeric selectivity, adi�erent strategy can be used, where we store the average depth for nodes grouped intopre-determined �xed size sets, or grouped into sets with pre-determined �xed size total oraverage counts.As in Section 11.3.2, let �(0); �(1); : : : ; �(m) be the sub-patterns obtained by parsing �via greedy maximal matching in the catalog, and let z(�(i)) be the node of the match forpattern �(i). We denote the depth of node z by depth(z). If v is the node of match ofpattern � in the full tree T (i.e., the tree built in stage 1 of the preprocessing phase), wecall depth(v(�)) as the depth of pattern �. In particular, depth(z(�(i))) equals the depthof pattern �(i) for all 0 � i � m.Strategies DE 1, DE2: These depth estimation strategies estimate the depth of pattern �as a weighted average of the depth(z(�(i)))'s. We want the weights to decrease withincreasing i for reasons given below. We expect that the lengths of strings associatedwith the nodes increases with the depth of the node. We therefore expect that thedepth of pattern �(0)�(1) will be less than the depth of pattern �(0) plus the depthof pattern �(1), since �(1) would have been matched from node z(�(0)) in the fulltree T , while we match �(1) from the root in the catalog. Intuitively, we want the ithweight to capture the ratio of the quantity depth of pattern �(0)�(1) � � � �(i) minusthe depth of pattern �(0)�(1) � � � �(i � 1) to depth(z(�(i))). We therefore want theweights to decrease with i. It is unclear how fast the weights must decrease; it isintuitive to weight depth(z(�(0))) by 1, though.Strategy DE1 weights the depth of the ith sub-pattern, depth(z(�(i))), by 1=(i + 1),and strategy DE2 weights depth(z(�(i))) by 1=(2i+1). (There is one technical detail:for each of the �(i)'s that do not match in the catalog, instead of using depth(z(�(i)))our strategies use an estimate of 1 instead, since these non-matching characters should



11.4. METHODOLOGY FOR THE EXPERIMENTS 115Depth d av count(d)0 10001 5002 2753 250Table 11.1: Table of depth vs. count distribution for the tree T from which the catalog inFigure 11.4 was derived.increase the depth estimate, while the depth of the root is, by de�nition, zero.) Let theestimated depth for pattern � be d, where d is at most the maximum depth of the tree.The estimated selectivity of pattern � is (av count(bdc)+ (d�bdc) � (av count(dde)�av count(bdc)))=jRj.Example 11.5 Consider the catalog from Figure 11.4, and let the pattern � = \green";we have, by greedy matching that �(0) = \gre"; �(1) = \e"; and �(3) = \n". The depthvs. count distribution for the tree T from which the catalog in Figure 11.4 was derived isgiven in Table 11.1. (This table was calculated before the tree T was pruned to get thecatalog. For example, considering the catalog alone, the average count of nodes at depth 1is (500 + 500 + 750 + 750 + 500 + 1000)=6 = 666:67.) The depth of each of �(0), �(1), and�(2) in the catalog is 1.Strategy DE 1 estimates the depth of pattern � as 1 � 1 + 1=2 � 1 + 1=3 � 1 = 1:83. UsingTable 11.1, it estimates the selectivity of pattern � as (av count(1) + 0:83 � (av count(2)�av count(1)))=jRj = 0:313. Strategy DE2 estimates the depth of pattern � as 1 � 1 +1=2 � 1 + 1=3 � 1 = 1:53. Using Table 11.1, it estimates the selectivity of pattern � as(av count(1) + 0:53 � (av count(2)� av count(1)))=jRj = 0:38. 2Strategies for estimating selectivity with the other types of suggested count versus depthdistributions can be obtained similarly.11.4 Methodology for the ExperimentsWe experimentally evaluated our strategies from Sections 11.2 and 11.3 for the preprocessingand online phases. There is an emerging industry standard Transaction Processing Council(TPC) benchmark, known as the TPC-D benchmark [TPC], that involves predicates suchas the like predicate. We studied our techniques in the context of this benchmark.In particular, we used the dbgen program, which is part of the TPC-D benchmark,with a scale factor of one to generate a database. (A scale factor of one corresponds toa database of size 1 Gbyte.) The speci�cations for the benchmark suggest a few columnson which queries with the like predicate are used. From amongst these columns, we chosethe P NAME column of the PARTS table to test our techniques; the P NAME column is\harder" that the other columns on which the like predicate is expected to be used in thatthe P NAME column is expected to have a large number of distinct entries; we expect thiscolumn to be \typical" in that the strings in this column are not random alphanumeric



116 CHAPTER 11. ALPHANUMERIC SELECTIVITY WITH WILDCARDSstrings. For a scale factor of one, the P NAME column is expected to have 200K rows ofstrings.The benchmark speci�es that the P NAME column is populated as follows: there are92 di�erent base patterns speci�ed in the benchmark, where each of the patterns is a color,e.g., \green". Each row of the P NAME column is obtained by choosing �ve distinct basecolor patterns at random, and concatenating these �ve patterns separating any two patternswith a blank character, to get an entry. It is important to note that we have not usedspeci�c information about how the column is built to optimize our techniques; we discussmore about this in Section 11.8.2.In Section 11.5, we present our experimental observations and validations of our tech-niques from Section 11.2 used in the preprocessing phase.In the online phase, we need to match query patterns against our catalog. The bench-mark does not provide strict guidelines on how to generate query patterns; it suggests thatunit patterns formed from the base patterns be matched against the catalog. We do amore extensive study. We �rst matched each of the 92 base patterns in our catalog anddetermined the error distribution. (Matching a base pattern � is equivalent to a like pred-icate with the query pattern \���".) We call this the positive single pattern study, sinceeach pattern exists in the column and the pattern is a base, or single, pattern. We alsoconsidered the 92 � 91 = 8372 double patterns obtained by concatenating each of the unitpatterns with another, separating these two patterns by a blank. These patterns also existin the column, and we call this the positive double pattern study. Most patterns used withthe like predicate are positive patterns, i.e., patterns that are present in the database [Iye];hence, the above two studies are most important.Although negative patterns, i.e., patterns not found in the database, are seldom seenin query patterns [Iye], it is important to understand the e�ect of our matching strategiesvia-a-vis negative patterns. We generated three sets of negative patterns by taking the 92base patterns and introducing one, two, and three errors in each basic pattern, respectively.These are particularly harsh negative patterns since they di�er very little from a corre-sponding positive pattern. The intuition behind generating these negative patterns is that,even if a user is not malicious, people sometimes make typing mistakes.Notice that from the way the column is built, we expect each positive single pattern tohave a selectivity of 5=92 = 5:4%: In other words, we expect each base color to be presentin roughly 200K � 5=92 rows of the P NAME column, i.e., in 10869 rows. Similarly, theselectivity of a positive double pattern is expected to be 0.048%, i.e., a positive doublepattern in expected to be present in 96 rows of the P NAME column.We present the results of using our matching strategies from Section 11.3 for matchingthe positive and negative patterns against our catalog in Section 11.6. It is important tokeep in mind the distinction between positive and negative patterns: positive patterns arepresent in the P NAME column, and therefore have a positive selectivity, while negativepatterns are not present in the P NAME column, and therefore have a selectivity of zero.11.5 Results for the Preprocessing PhaseIn the preprocessing phase, we took each of the 200K patterns in the P NAME column ofthe database and inserted them into a su�x tree T . We then pruned the tree T to retain 100nodes; these 100 nodes formed the catalog for our experiments of the online phase. We nowanalyze the di�erent statistics measured in the preprocessing phase and their implications
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Figure 11.5: Various statistics related to the preprocessing phase as a function of the numberof nodes that can be stored in the catalog.on building the catalog. In this section, by \top nodes" we will mean nodes with the highestvalue of count .11.5.1 Size of the Tree in Stage 1In stage 1, i.e., the tree building phase, we varied the maximum number of nodesM retainedin the tree from between 300K to 450K. (Recall from Section 11.2 that we prune the treewhenever the the number of nodes in the tree threatens to exceed M .) With M = 450K,we only needed to prune out nodes with value of count equal to 1 from the tree regularly;with M = 300K, we needed to prune out nodes with value of count up to 3. The �nalcatalog stored a 100 nodes, and the di�erences in the catalogs were negligible betweenusing M = 300K and using M = 450K; the value of count at a few nodes di�ered by 1.11.5.2 Statistics Dealing With Catalog BuildingIn Figure 11.5, we plot some interesting characteristics about the tree built in stage 1 of thepreprocessing phase; in particular, we present the statistics along the y-axis as a functionof the number of nodes that can be stored in a catalog.The solid line in Figure 11.5 shows that most of the strings associated with the topnodes are of length 1. This veri�es our intuition from Section 11.2.2 that nodes withhigh count (i.e., the ones that �nd their way into the catalog) have strings of small lengthassociated with them. Recall that this intuition was used in our strategy to encode thestrings associated with the nodes. The average associated string length taken over thenodes whose associated strings have length greater than 1 is small; in particular, it is 2.1characters/node for the top 200 nodes, and 3.55 characters/node for the top 500 nodes.The dotted line in Figure 11.5 shows what percent of the nodes in the catalog are leaves,as a function of the amount of nodes we store in the catalog. (Recall that we do not need



118 CHAPTER 11. ALPHANUMERIC SELECTIVITY WITH WILDCARDSto store a child pointer with leaf nodes.) The percentages are high as we would expect;surprisingly, it does not fall by much in the range considered. The dashed line shows thepercent of nodes that have only one child. These nodes will be present as strands. (Notethat if n nodes have only one child, we could have anywhere from 1 strand of n nodes to n=2strands of 2 nodes each.) In our experiments, we did not collapse strands into single nodes.(See the discussion in Section 11.2.2.) Interestingly, the dotted and dashed curves seem tobe mirror images of each other about y = 40; in other words, the sum of the percent of thenumber of leaves and the percent of nodes with exactly one child is approximately constant(80%).WithM = 450K in stage 1 of the preprocessing phase, the maximum depth of the tree isjust 15. This information is required to determine the amount of memory we need to storethe depth versus count distribution, which is used by strategies DE� from Section 11.3.3for estimating selectivity.11.5.3 Catalog SizeBased on the above observations, and the discussion in Section 11.2.2, let us determine theamount of space required to store the top 100 nodes in the catalog. If we prune the treeobtained at the end of stage 1 of the preprocessing phase by retaining the top 100 nodes,72 of them are leaves, 98 out of the 100 nodes have an associated string of length 1, andthe root has an empty string associated with it. We will use the simple encoding schemesuggested in Section 11.2.2 to encode the strings associated with the nodes; i.e., we will usea bit to specify whether the associated string is longer than one character, and store thestring with a trailing null character only if it is.We need 18 bits with each node to store the value of count (since dlog2(200; 000)e = 18),one bit to inform us whether the node is the last child in its parent's list of children, andone bit to inform us whether the node is a leaf. To store these 20 bits with each node wouldrequire a total of 250 bytes. For the 28 non-leaf nodes, we need an additional 10 bits pernode to store the pointer to the �rst child of the node (assuming we will use at most 1 Kbyteof storage); this information requires a net storage of 35 bytes. The 98 strings of length 1require a net storage space of 98 bytes, the one string of length 3 required three bytes ofstorage. The net storage required is therefore 386 bytes. If we use four bits per node to storeanother type of count (as mentioned in Section 11.2.2, and described in Section 11.8.1), weneed an additional 50 bytes of storage.Performing similar calculations, we determine that the top 200 nodes can be stored inthe catalog using 1000 bytes.11.5.4 Size of the Catalog versus Prune CountAs we have seen in Section 11.3, the error of our matching strategies in the online phaseis closely related to the prune count. Figure 11.6 depicts how the prune count varies withthe number of nodes retained in the catalog. We can see the steep jump in the prune countas the number of nodes decreases. Notice that the prune count is roughly 30K when thenumber of nodes in the catalog is 100, and is 16K when the number of nodes in the catalogis 200.
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Figure 11.6: Variation of prune count with the number of nodes retained in the catalog.11.6 Results for the Online PhaseIn this section, we analyze the results of using our strategies from Section 11.3 for estimatingselectivity. From Section 11.5.3, we observe that if we are allowed a catalog of size 0.5{1 Kbytes, we can store from between 100{200 nodes in the catalog. Of course, our errors inestimation will decrease with increasing number of nodes in the catalog. We also observedin Section 11.5.4 that the prune count for a catalog with 100 nodes is signi�cantly greaterthan the prune count for a catalog with 200 nodes. When we compare the respective prunecounts with the observation at the end of Section 11.4 on how many rows a positive singlepattern appears in, it is obvious that the errors would be minimal when we use a catalogwith 200 nodes. In particular, with a 200 node catalog, for positive single patterns, astrategy that returns the prune probability when a pattern does not match will estimatethe selectivity of a non-matching single pattern to be 16K=200K = 0:08, while the trueselectivity is expected to be approximately 0.05; the error is therefore small.To really test our estimation strategies, and for us to be con�dent about their validityin environments outside the TPC-D benchmark, it is important that we test them againsta catalog with a prune probability su�ciently larger than the expected selectivity of thebase patterns. We therefore report our results in this section for when the catalog holds100 nodes. We would like to emphasize that for the complexity of the problem, having alarger catalog size would help signi�cantly; in particular, the errors for the experiments wereport in this section will be minimal if we had used a 200-node catalog.Evaluation Metric. We �rst present our results for matching positive single patterns inSection 11.6.1 and our results for matching positive double patterns in Section 11.6.2. Fora positive pattern � we measure the relative error, i.e., (est(�) � sel(�))=sel (�). Noticethat the relative error can never be less than �100%. We plot the cumulative number ofpatterns along the y axis against the relative error on the x axis; a point (x; y) on the graphimplies that y positive single patterns have relative error � x%. To �nd out if a strategy is
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Figure 11.7: Performance of the Independence-based strategies for positive single patterns.The number of di�erent query patterns is 92.acceptable, we can draw vertical lines at the maximum and minimum acceptable error; thedi�erence of the y values of a curve where these lines intersect it will give us the number ofpatterns with acceptable error. In particular, a \good" strategy has a steeper slope (not alarger value, necessarily) around x = 0.We then look at the case of negative patterns in Section 11.6.3. In this case sel(�) = 0.We therefore measure the absolute error ; i.e., est(�), which is proportional to the numberof rows of the column R that match the pattern. In this case, a \good" strategy has a largey value close to x = 0. In Section 11.6.4, we put together all our observations to evaluatethe estimation strategies by de�ning a precise comparison metric.11.6.1 Positive Single PatternsOur results obtained by matching positive single patterns against the catalog are shown inFigures 11.7{11.10. Recall from Section 11.4 that positive single patterns have a selectivityof approximately 0.05.We observe from Figure 11.7 that amongst the independence-based strategies, strate-gies I1, I 01 perform best. Further, there is little di�erence in performance between the\primed" and \non-primed" strategies; in particular, strategies I1 and I 01 are essentiallyidentical. Strategies I2 and I3 tend to over-estimate selectivity, with strategy I3 being alittle more accurate than strategy I2.From Figure 11.8, we observe that the child estimation-based strategies perform well;strategy CE 2 has a particularly sharp slope around x = 0. From Figure 11.9, we observethat strategies DE1 and DE2 perform well, with strategy DE1 having a slightly larger slopearound x = 0.Figure 11.10 plots the best strategies identi�ed above. Strategy CE2 stands out as beingparticularly good; strategies CE 3 and DE1 are slightly better than strategy I1. (StrategiesI3, I 03 and CE1 are not much away from I1 in performance; their curves are not plotted inFigure 11.10.)
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Figure 11.8: Performance of the Child Estimation-based strategies for positive single pat-terns. The number of di�erent query patterns is 92.
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Figure 11.9: Performance of the Depth Estimation-based strategies for positive single pat-terns. The number of di�erent query patterns is 92.
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Figure 11.10: Graph of the best performing strategies for positive single patterns. Thenumber of di�erent query patterns is 92.
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Figure 11.11: Graph of the best performing strategies for positive double patterns. Thenumber of di�erent query patterns is 92� 91 = 8372.11.6.2 Positive Double PatternsFigure 11.11 plots for positive double patterns the performance of strategies that wereidenti�ed as best for the positive single patterns. We crop the graphs at a relative error of750%. Recall from Section 11.4 that there were a total of 8372 patterns The selectivity ofthe double patterns are very small, approximately 0.0005; i.e., a double pattern appearedin roughly 100 rows of P NAME. A larger relative error in this case corresponds to a much
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Figure 11.12: Graph of the best performing strategies for negative patterns. The x axisplots the number of matching rows (i.e., 200K, the number of rows in P NAMES, times theselectivity). The patterns were obtained by introducing two errors into each of the positivesingle patterns. In this case, we want as many patterns as possible to have a selectivityclose to 0.smaller absolute error. For example, with positive double patterns, a relative error of 750%corresponds to an estimate that 850 rows out of 250K rows will match the speci�c positivedouble pattern, while in reality a 100 rows will match the pattern.We observe from Figure 11.11 that strategies that perform well for the positive singlepatterns, i.e., strategies I1 and CE 3, also perform well for the positive double patterns. (Inaddition, the trends shown by the strategies for the positive single patterns also hold forpositive double patterns.) The notable exception is strategy CE 2; all the double patternshave a relative error greater than 2000% with strategy CE2. This is not surprising sincestrategy CE2 does not use the parsing of the pattern e�ectively. Interestingly, strategies I3and CE1 perform reasonably well and strategy I 01 performs slightly better than strategy I1for positive double patterns. Strategy DE1 seems to be on the border-line with respect tothe errors it incurs being acceptable.We observe that the relative performance of the strategies for positive double patternsis I1 > CE 3 > I3 > CE 1 > DE1, where \>" implies \is better than."11.6.3 Negative PatternsAs described in Section 11.4, we studied our strategies against three sets of negative patterns.For negative patterns, the selectivity is zero and we would like our estimation to be as closeto zero as possible. In this section, we present our results for the negative patterns, whereeach negative pattern was obtained by introducing two errors into each positive singlepattern. The relative performance of the strategies are qualitatively similar to the situationwhen one or three errors are introduced in the single patterns; the selectivity is closer tozero (i.e., better) when the pattern is formed by introducing more errors.



124 CHAPTER 11. ALPHANUMERIC SELECTIVITY WITH WILDCARDSFigure 11.12 graphs the cumulative number of patterns against the estimation of selec-tivity. For the sake of simplicity, instead of using selectivity, we use a proportional measure,the number of rows that match the query pattern. Notice that unlike positive patterns,relative error does not make sense here.In the case of negative patterns, we want the the curve to lie as close to the y-axisas possible. We plot curves for the three strategies that perform well for the single anddouble positive patterns, i.e., strategies I1, CE3, and DE1, and one other strategy, CE1,that performs particularly well for the negative patterns. We observe that these strategiesperform well for negative patterns also, with strategy I1 doing better than strategies CE 3and DE1. For negative patterns, strategy I1 performs a little better than strategy I 01.11.6.4 Comparing the Strategies GloballyWe have observed that some strategies perform particularly well for speci�c types of patterns(e.g., strategy CE 1 for negative patterns, and strategy CE2 for positive single patterns).However, we want strategies that are consistently good over all types of patterns: positivesingle patterns, positive double patterns, and negative patterns. We have observed threestrategies that consistently perform well for all types of patterns, namely strategies I1(or I 01), CE3, and DE 1. In this section, we develop a quantitative measure to evaluate thestrategies.Our goal is to assign a grade to each strategy based on certain intuitive notions we haveof how much error is acceptable. Given a measure of acceptable error, we de�ne the gradeof the strategy as the percentage of patterns that fall within the acceptable error range.The acceptable error range would depend on the type of pattern. Other measures that takeinto account the entire distribution (i.e., more continuous measures that study degrees ofacceptance) can also be considered.For our study, we de�ne a relative error between �75% and +150% as acceptable forpositive single patterns, a relative error between �75% and 500% as acceptable for positivedouble patterns, and an absolute error, where the estimated number of rows is less than5000, as acceptable for negative patterns. The logic behind these de�nitions is based onwhat we expect will be the action of the query optimizer with respect to the estimations,and is based on the real value of selectivity. For example, we allow a higher relative erroras acceptable for positive double patterns, since this corresponds to a small absolute error,as explained in Section 11.6.2. An error of 500% for positive double patterns correspondsto an estimate that 600 rows of the P NAME column match the pattern, while in fact onlyabout 100 rows match the pattern. (Recall that there are 200K rows in P NAME.) We aremore lenient with negative patterns, since we expect them to occur less frequently. We arealso less critical about under-estimating as opposed to over-estimating.Table 11.2 presents the grades of the di�erent algorithms for positive single patterns,positive double patterns, and negative patterns, where a negative pattern is obtained byintroducing two errors into a single positive pattern. We conclude from Table 11.2 andour discussion from Sections 11.6.1{11.6.3 that strategies I1, I 01, CE 1, CE 3, and DE1 holdpromise for good prediction of alphanumeric selectivity.



11.7. A \STRAWMAN" RANDOM SAMPLING SCHEME 125Pattern I1 I 01 I2 I 02 I3 I 03 CE 1 CE 2 CE3 DE 1 DE2positive single 64 65 28 28 57 57 49 100 82 85 75positive double 60 63 0 0 41 41 34 0 53 22 11negative 46 39 21 0 21 14 90 31 42 31 16Table 11.2: Table of grades for the di�erent algorithms. A grade of x means that thealgorithm did \well" (as de�ned in Section 11.6.4) for x% of the queries.Catalog sizePattern 389 bytes 438 bytespositive single 34 42positive double 0 0negative 100 100Table 11.3: Grades for the \strawman" random sampling scheme. The 389 byte catalogstored 12 strings and the 438 byte catalog stored 14 strings. The catalog for the resultspresented in Table 11.2 used 386 bytes (or, as described in Section 11.5.3, the catalog used436 bytes if an extra count was stored with each node).11.7 A \Strawman" Random Sampling SchemeIt is instructive to compare the results presented in Section 11.6 against a simple randomsampling strategy motivated by work in learning theory [Vapa]. The comparisons are espe-cially interesting given that we know of no prior work in predicting alphanumeric selectivity.A simple solution to the problem of estimating alphanumeric selectivity is to take arandom sample of the strings in the column of the database and store as many as possiblein the catalog, limited by the size of the catalog. When a query pattern is presented, thepattern is matched against the catalog, and the selectivity is estimated in the obvious way:If there are ` strings in the catalog and m of them match the query pattern, the selectivityis estimated to be m=`. This approach will always correctly estimate the selectivity to be 0for negative patterns.In Table 11.3, we present the grades for the random sampling scheme using catalogsof size 389 and 438 respectively. (As described in Section 11.5.3, the catalog used for theresults mentioned in Section 11.6 had a size of 386 bytes, or 436 bytes if an extra count wasstored with each node.)Comparing Tables 11.2 and 11.3 we observe that our recommended matching strategiesfrom Section 11.6.4 outperform the random sampling strategy for positive single patternsand especially for positive double patterns. Strategy CE1 does almost as well as the randomsampling strategy for negative patterns, and does better for both positive single and positivedouble patterns.The strategy presented above of using the randomly sampled strings is in a basic or\strawman" form. Modi�cations to this basic strategy, along the lines of the approaches inSection 11.3 could be used to improve the performance of the random sampling method.



126 CHAPTER 11. ALPHANUMERIC SELECTIVITY WITH WILDCARDS11.8 ExtensionsIn this section we describe certain extensions to our method for estimating selectivity.11.8.1 Non-Unit PatternsWe have observed techniques for predicting alphanumeric selectivity for unit patterns. Givena general pattern that begins with a wildcard, we can break it up into sub-patterns thatare each unit patterns. For example, the pattern \�����" can be broken up into two unitsub-patterns \���" and \���". We can use our strategies for estimating selectivity for eachof these unit sub-patterns and put them together using ideas similar to the ones presented inSection 11.3; in particular, we can estimate the selectivity as the product of the selectivityof two unit sub-patterns by making an independence assumption.If a pattern does not begin with a \�", the situation is somewhat di�erent. We can,however, keep another count count 0 with each node of the tree during stage 1 of the pre-processing phase which speci�es the number of rows of the column that will match a querythat does not start with a wildcard. Since such predicates are less likely in practice, it willbe wasteful to store these new counts explicitly in the catalog. We can, however, use asmall number of bits, say 4 bits, to store the approximate value of the fraction count 0=countat each node, and use this fraction and the value of count in the online phase to get anapproximation to count 0.11.8.2 Optimization With Extra KnowledgeIt is important to note that the methods we have presented for creating the catalog, thestrategies for matching, and our experimental results do not assume any knowledge of thedistribution or type of data in the column of the database. As mentioned in Section 3.5for the prefetching problem, and as is true with most systems scenarios, knowledge of theenvironment (in our case, information about the column) can be used e�ectively to furtheroptimize our predictors.For example, with the P NAME column of the TPC-D benchmark that we used in ourexperimental studies, we could have performed many optimizations. We could have, forexample, reduced the number of nodes in the catalog, by avoiding duplication using thefollowing observation: The blank character appears in every string, and we expect that inthe catalog, the tree below the node z whose corresponding string is the blank charactercan be eliminated totally, since the estimations there can be derived from the rest of thetree. (We expect the tree below node z to be a duplication of the tree obtained by pruningout the subtree rooted at node z.) We did not do this optimization in our experiments,since this is very data-speci�c.Another optimization that could have been done during the online phase was to breakup the query pattern into sub-patterns based on the length of the pattern. For example,the positive double patterns are on the average about twice the size of a single pattern. Wecould break a pattern that is \long" into sub-patterns and use strategy CE 2, for example,against each sub-pattern. Taking a product of the selectivities returned by strategy CE 2will give a very good selectivity estimator for double patterns. Again, this was not done inour experiments because it is unclear whether such information will be available in the realworld.



11.9. DISCUSSION 12711.9 DiscussionIn this chapter, we have performed the �rst known study of predicting alphanumeric selec-tivity. This scenario corresponds to predicting \how much" of an event is going to happen inthe future. Predictors of selectivity have to operate under severe time and space constraints.We have developed strategies for predicting selectivity based on su�x trees by drawingon our intuition of the close relationship between prediction and data compression. Wehave shown how to e�ciently build a small catalog in the preprocessing phase, and how tomatch query patterns against such a catalog. Experimental evidence based on data fromthe TPC-D benchmark suggest that our techniques hold great promise for e�ective use inreal database systems. It will be interesting to see if better strategies for matching againstour catalog can be developed.The database used for the study was derived from the TPC-D benchmark. All ourexperiments were performed with a slightly pessimistic view of the world; in other words,we strained our techniques beyond what might happen in real-life query processing of al-phanumeric selectivity, and we tried not to tune the methods to the speci�cs of the TPC-Dbenchmark. Hence the results can be interpreted to be somewhat conservative.



128
Chapter 12Conclusions It is a test of true theories not only toaccount for but to predict phenomena.|William Whewell (1840)Performance with low response time is undoubtedly a very important desired feature ofcomputing systems. Most response time issues reduce to the system having to make onlinedecisions. Such decisions inherently involve an estimation of the future. E�cient predictionschemes to aid in this decision process signi�cantly help in improving the performance ofthe system.In this thesis, we have studied three important prediction scenarios that arise in onlinedecision making in computer systems. Speci�cally, we have looked at the scenarios of what isgoing to happen, or when a speci�c event will take place, or how much of something is goingto happen. We have developed algorithms for optimal online decision making by predictingor estimating the future. Our analyses are a blend of theoretically rigorous arguments andexperimental evaluations. Our goal has been not just to predict but to do so e�ciently withrespect to computational resources.We have developed e�cient techniques for prefetching, the decision scenario requiring aprediction of \what" is going to happen, by investigating the novel idea of using data com-pression techniques for prediction (Chapters 2{5). We have shown the theoretical optimalityof our techniques under general analytic models, and we have studied the practical aspectsvia simulation studies on sequences of page requests derived from CAD applications and theOO1 and OO7 benchmarks. Our simulations demonstrate signi�cant improvements in thepage fault rate achieved by our prefetchers over currently used demand-fetching algorithmsand other proposed prefetchers.We have studied the disk spindown problem, the decision scenario requiring a predictionof \when" an event is going to happen, in the context of mobile computing (Chapters 6{9).We have developed e�cient adaptive disk spindown algorithms by modeling the problemusing the rent-to-buy-framework, and developed provably optimal rent-to-buy strategies inprobabilistic environments. We have studied �xed-threshold online algorithms, predictivealgorithms, and adaptive strategies for disk spindown by simulation studies using disk accesstraces from a Macintosh Powerbook Duo (a typical portable machine) and the Hewlett-Packard 9000/845 personal workstation running HP-UX. We observed that in the diskspindown scenario predictive techniques did not help as much as they did in the prefetchingproblem. Threshold strategies were helpful in reducing the energy consumed by the disk.



129Adaptive strategies were even better; in addition they helped in e�ectively balancing energyconsumption and response time performance.We have also performed the �rst known study of the problem of estimating non-numericselectivity in relational databases, the decision scenario requiring a prediction of \how much"is going to happen (Chapters 10{11). We exploited our intuitive understanding of the closerelationship between data compression and prediction to use a su�x-tree based structurefor the prediction of alphanumeric selectivity. Our techniques cope with stringent memoryand time limitations to perform e�ective estimation of selectivity. Experiments using theTPC-D benchmark have given very encouraging results.Two important themes emerge from our work. The �rst relates to the theoretical analy-sis of online systems algorithms. Traditional competitive analysis compares online strategiesagainst optimal o�ine algorithms. Comparison against o�ine algorithms is unduly harshon the online method, since perfect knowledge of the future provides an o�ine algorithmwith tremendous power. From the practical view-point, theoretical studies of online al-gorithms using competitive analysis lead to pessimistic bounds on their performance. Wehave analyzed our algorithms for prefetching and rent-to-buy against optimal online algo-rithms. Speci�cally, we have performed analysis by modeling input behavior using powerfulprobabilistic models, or in the worst-case by restricting the power of the adversary. This isessential for prediction problems, since o�ine algorithms are prefect predictors. The opti-mality results of our analysis have translated into practical algorithms for prediction. It isappropriate that comparison of online algorithms be done against the best online algorithm,rather than the best o�ine algorithm, to better estimate their practical merit.An important unifying contribution of our work is the common theme we have observedacross the di�erent prediction scenarios of using data compression techniques for predic-tion. We have had very good results from using this approach for the prefetching problem,mixed results from using an interpretation of this approach for the disk spindown problem,and encouraging results from using this idea for the problem of predicting alphanumericselectivity. Speci�c problems arising from the systems context in which the predictors gotused created interesting issues that needed to be tackled individually. We conclude thattechniques based on data compression provide e�ective methods for prediction in computersystems.
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