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1 IntroductionThe GeomLib project addresses the important objective of developing an easy to use, reliable,open library of robust and e�cient geometric algorithms. Recent object-oriented design conceptssuch as design patterns [24] and algorithm abstraction [63] are extensively used throughout theentire project. In the design phase, we have taken into account the experience of other similare�orts, such as the Library of E�cient Data structures and Algorithms (LEDA) [7, 43, 44, 46] andthe more recent Computational Geometry Algorithms Library (CGAL) [20, 50, 57, 65].Two are the major goals of the project:� To provide researchers in computational geometry with a framework for algorithm engineer-ing, with a speci�c emphasis on geometric computing. In this context, GeomLib will betypically used for rapid prototyping and experimental studies of geometric algorithms.� To make computational geometry results available to the users in other areas, such as robotics,geographic information systems, mechanical engineering, computer graphics, etc.It has been noted [10, 42, 62] that to address applications from those areas is a strategicdirection for computational geometry. In particular, the importance of the above goals stems fromthe following observations:� Programming e�ort is often unnecessarily expended reimplementing fundamental geometricalgorithms.� Innovative geometric algorithms are often not implemented, because their creators do not havethe interest, the skills, or the resources to accompany the algorithm with an implementation.� In the implementation of geometric algorithms, important aspects, such as robustness re-quirements or degeneracy conditions, are often overlooked, with detrimental e�ects on thecorrectness of the results.We present the criteria that have inspired the preliminary design of GeomLib and discuss theguidelines that we have followed in the initial implementation. We exemplify the innovative aspectsof our design through the discussion of a vertical case study: the design and implementation of anew algorithmic pattern, called binary space partition search, that provides a unifying descriptionof two well-known algorithms for the fundamental geometric problem of planar point location.GeomLib is part of a larger project, named JDSL [25, 27], aimed at constructing an innovativelibrary of data structures and algorithms using the Java programming language. In designing thoseparts of JDSL necessary for the case study, we have de�ned a collection of interfaces that describesome fundamental data structures used in geometric computing, suitably arranged in hierarchies.For each interface, di�erent implementations are or will be provided. This will allow the users tochoose the most appropriate one considering their e�ciency constraints. Users of JDSL ideallywill develop algorithms using interfaces rather than speci�c implementations, thus creating moregeneral code.In the design ofGeomLib, the combinatorial, topological, and geometric properties of geometricobjects are accessed through di�erent, increasingly specialized interfaces. In the implementationof the binary space partition search algorithmic pattern, for example, the geometric information ofthe planar subdivision is accessed only through few, clearly identi�ed interface methods; most ofthe algorithmic pattern is actually implemented accessing only the topological information of the1



planar subdivision. As a result, a change in the particular arithmetic representation chosen for thebasic geometric objects (points and linear curves) that compose the planar subdivision does notrequire any modi�cations of the algorithmic pattern implementation itself.GeomLib, as any library, may su�er from a relative ine�ciency: providing generality usuallyrequires an overhead with respect to an ad hoc program to solve a certain problem. As describedbefore, however, one of the main purposes of GeomLib is to provide a framework for rapid pro-totyping of algorithms, which can then be reimplemented as stand-alone applications, if necessary.Another possible source of ine�ciency arises from the choice of Java as the implementation lan-guage. Its cross-platform capability comes at the price of a reduced execution speed. However, inthe near future the di�erence in execution speed between a Java program and a, say, C++ programshould become insigni�cant thanks to the use of second-generation Java virtual machines or highperformance compilers that produce optimized platform-speci�c native code.The rest of the paper is organized as follows. In Section 2 a set of requirements for a ge-ometric computing library is described. Previous work is discussed in Section 3, where the fol-lowing approaches are evaluated with respect to the requirements: non-integrated collections ofalgorithms, such as \graphics gems" and \numerical recipes", specialized libraries for scienti�ccomputing, and completely integrated libraries, such as LEDA and CGAL. The preliminary designof JDSL/GeomLib is presented in Section 4 through a description of the main components of thearchitecture. In Section 5, we analyze our design with respect to the previously described require-ments. The vertical case study is presented in Section 6. Our plans for the future development ofGeomLib are summarized in Section 7. Finally, in Appendix A we recall some object-oriented con-cepts that are used throughout the paper, while the choice of Java as the implementation languagefor the current JDSL/GeomLib prototype is motivated in Appendix B.2 Requirements for a Geometric Computing LibraryIn this section, we describe a set of requirements that a library for geometric computing shouldsatisfy. Many of these requirements apply to any software library, while some others are particularlyimportant for geometric computing.Ease of Use The library should be easy to use. Names of components and operations should be intu-itive and standardized. Documentation should be integrated in the library. Knuth pioneeredintegration between code and documentation with the concept of \literate programming"(see, e.g., [37]). Note that the Java programming language provides this capability as part ofits speci�cation [1].E�ciency The methodologies and techniques used in the design of the library (abstraction, gener-ality, object-orientation) should introduce a low overhead with respect to an ad hoc programto solve a certain problem. E�ciency of algorithms and data structures should not be eval-uated only through the standard asymptotic analysis measures; constant factors should alsobe considered, together with new e�ciency measures for geometric algorithms, such as thedegree [41].Reliability Although geometric algorithms are easier to express in the real-RAM model, issues suchas robustness or the use of external memory should be addressed by a practical geometriclibrary. For example, exact rational arithmetic and support for data structures that e�cientlywork with secondary storage should be provided. Another important reliability criterion is2



the detailed handling of all inputs, including degenerate ones [20, 62]. Note, however, that atrade-o� exists between reliability and other criteria, in particular e�ciency.Openness Multiple implementations should be provided for each data structure. Being able tochoose among multiple implementations is a very powerful capability; it gives the possibil-ity to experiment in order to choose the most appropriate one for a given problem. Ofparticular importance, in geometric computing, is the choice of the data types. Possible ex-amples are the arithmetic representation for geometric objects, or the use of multilevel spatialdata descriptions, providing \zooming" capabilities, in geographical information systems (see,e.g., [4, 64]).Extensibility The architecture of a library should be extensible by the decentralized contributions ofthe community of its users, while maintaining evolving standards that enable the contributionsto interoperate. Extensible architectures should be contrasted with monolithic ones. Thegreat success of various projects, e.g., the LAPACK library, the GNU software system, theUnix operating systems, and the Internet (with its Request For Comments documents), testifythe importance of extensibility, especially in the presence of standards for collaboration.Reusability Reuse of design and implementation should be maximized, both internally and exter-nally. By internal reusability we mean that the library uses its own components and programsto build more complex ones. By external reusability we mean that components of externallibraries should also be used, wherever feasible. Resources are always limited, and manyof the existing libraries are very good. Portability of the implementation language(s) andextensibility are essential to achieve a high degree of external reuse.Modularity Some of the most relevant concepts of structured programming are modularity andlayered design, which were introduced in languages like Ada. Large software applications aredivided in loosely coupled modules, usually arranged in layers. More recently the conceptof component has been introduced. Components are not arranged in a strictly hierarchicalway, since not always a true hierarchical relationship exists among them. They allow greater
exibility, avoiding arti�cial and unnecessary dependencies. Modularity increases reusabilityand decreases the cost of reliability.Functionality The library should provide a signi�cant subset of the existing geometric computingalgorithms. Reusability of existing work and extensibility are crucial for achieving functionality.Correctness Checking It is a well-known fact that programming is an error-prone task. On the otherhand, program testing cannot guarantee the correctness of a program, and formal proof ofcorrectness do not seem to be applicable in practice. As a possible solution to this impasse, theconcept of program checking has been recently introduced (see, e.g., [5, 6, 11, 21, 45]. Ratherthan proving the correctness of the program for any possible input, each time the programis run (with a speci�c input), the correctness of its output (with respect to that input) ischecked. A program checker should satisfy certain requirements: it should be correct itself,simple, so that its correctness can be established beyond any reasonable doubt, and e�cient,i.e., requiring less resources than the checked program. Program checkers should be integratedwithin the library to boost con�dence in the algorithm implementations. However, as notedin [45], a trade-o� exists between correctness checking and other criteria, such as e�ciency andextensibility. Checkers may also provide valuable insight into the corresponding algorithms,when combined with animation and visualization techniques.3



3 Previous WorkPrevious related work on algorithm libraries includes the gems/recipes approach, specialized li-braries, and the European initiatives LEDA and CGAL. We evaluate previous work according tothe requirements presented in Section 2.3.1 Gems and recipes\Graphics gems" [2, 26, 31, 35, 51] and \numerical recipes" [55] have proved very useful in computergraphics and scienti�c computing, respectively. Through books and available source code, thegems/recipes approach has disseminated e�cient and reliable procedures for computer graphics andscienti�c computing to a wide audience.There are two main objections to this approach as a model for a geometric computing library.Numerical recipes do not use complex data structures; typically the most complex ones are densearrays. In contrast, geometric computing requires substantially more complex data structures. Andbecause of the relative lack of complexity, users of gems and recipes tend to improve the e�ciencyof their applications by directly implementing them without any substantial abstraction. This,however, is possible only because of the relative simplicity of the gem or recipe to be implemented,as well as the relative homogeneity of the problem elements. It does not seem applicable to theconceptually more di�cult geometric problems.The Directory of Computational Geometry Software created by Nina Amenta and availableat http://www.geom.umn.edu/software/cglist/ is a comprehensive collection of \gems" in thearea of geometric computing. An example of excellent program from that collection is the widelyused Qhull, by Barber, Dobkin, and Huhdanpaa.3.2 Specialized LibrariesA wide variety of specialized libraries exist for scienti�c computing, operations research, and otherdomains. Each library is specialized in one particular type of problems, e.g., linear algebra, linearprogramming, 
uid dynamics, stress analysis, or molecular biology. Specialized libraries are widelyused, invaluable, and often quite expensive. They provide functionality for their speci�c domain; thisimplies that they are often very e�cient and reliable with respect to that domain. They are generallyeasy to use, as they match the expectations of the users. Proprietary libraries, by their nature, donot provide extensibility, but a number of specialized libraries are collaboratively developed andare extensible to some extent. See, e.g., BLAS and LAPACK available from the Netlib repositoryat http://www.netlib.org. Almost all large libraries provide some degree of correctness checkingthrough a validation suite.These libraries, however, are heavily specialized. Reuse is generally limited when they are usedoutside of their domain because of interoperation di�culties. (Interoperation requires a spectrumof standards, ranging from the conceptual level to the implementation level.) Many have limiteddata type support, being written in Fortran, and thus lack modularity.Some small specialized libraries have been written for computational geometry, usually ac-companying introductory textbooks (see e.g., [38, 49]). They are typically easy to use, but lackfunctionality. 4



3.3 LEDALEDA [44, 46], the Library of E�cient Data Structures and Algorithms, was not designedwith the exclusive goal of supporting geometric computing. However, this is one of its prin-cipal uses and the focus of much of the continuing research activity [7, 43]. It is available athttp://www.mpi-sb.mpg.de/LEDA.Ease of Use LEDA's data structures and algorithms are well documented with respect to their spaceand time complexity. Every new release is accompanied by a detailed user manual.E�ciency LEDA provides implementations of many asymptotically optimal algorithms. Templates1are extensively used in order to make the algorithms generic yet time-e�cient.Reliability Multiple types of arithmetic, such as arbitrary length integer numbers, rational numbers,or the use of 
oating point �lters allow the de�nition of an exact homogeneous coordinatesystem. Di�erent types of arithmetic cannot currently coexist in geometric data structures,although this might be possible in the future exploiting name spaces (a new capability ofC++).Openness Multiple implementations are provided for many data structures, with the appropriateimplementation being selected through the template mechanism. For example, there existimplementations of a priority queue as a Fibonacci heap, a pairing heap, a k-nary heap, amonotonic heap, a van Emde Boas tree. It is even possible to add a user-written implementa-tion, as long as it conforms to the standard interface of a priority queue. Templates are alsoused to parameterize the information type(s) of a collection data type. This degree of 
exibil-ity is less available for the far more complex data structures used in computational geometry,because of the inherent limitations of the template mechanism when dealing with complexmodeling relationships. Points in the geometric kernel are represented as rational numbersusing homogeneous coordinates; it is not possible to choose a di�erent representation for thepoints, if desired. Also, for each geometric test, the computation performed for its evaluationis �xed. As an example, we consider testing the vertical position of a point with respect toa line. This test usually requires the computation of the sign of a determinant. However, asdiscussed in Section 6.2, there are cases in which this predicate could be evaluated in a moree�cient way.Extensibility LEDA has proven to be extensible from the user community. A large number of special-ized packages written by users for tasks like map labeling, visibility algorithms, and locationproblems are available.Reusability LEDA practices internal reuse extensively. Basic data structures (sequences, priorityqueues, dictionaries, and union-�nd structures) are reused, as components of more sophisti-cated ones. External reuse is more limited, perhaps because of portability concerns.Modularity LEDA is evolving from an initial 
at design to a layered one, as exempli�ed by theexact, higher-dimensional geometric kernel recently incorporated [43]. The geometric kernelis composed by an arithmetic layer, a linear algebra layer, and a geometric layer.1 Templates are a code generation mechanism of the C++ programming language that allows the de�nition offunctions and classes to be parameterized with respect to one or more data types. For example, a set templated classcan be de�ned with the notation set <class T>, and later specialized to a set of integers class with the notationset <int>. 5



Functionality LEDA implements an impressive collection of modern data structures and algorithms.Correctness Checking Pioneering work on correctness checkers has been done within LEDA [21, 45].3.4 CGALCGAL and LEDA are separate but complementary initiatives. CGAL [20, 50, 57, 65], the Com-putational Geometry Algorithms Library, is a recently started initiative involving seven researchcenters and funded by the European Community. CGAL is still work in progress, but a �rst ver-sion has been recently released. It consists of three parts: the kernel, which contains primitivegeometric objects, the basic library, which contains a basic geometric data structures and algo-rithms; and the support library, which contains non-geometric support facilities. It is available athttp://www.cs.ruu.nl/CGAL.Ease of Use A detailed on-line documentation is available at the CGAL web site. The namingconventions have been designed very carefully. The support library provides, among others,I/O support for debugging and for interfacing CGAL to various visualization tools.E�ciency As in LEDA, implementations of various asymptotically optimal geometric algorithmsare provided. The user is allowed to specify the type of arithmetic used for representingprimitive geometric objects, so that computationally expensive exact rational arithmetic isused only where actually needed. This is obtained through the C++ template mechanism.Reliability CGAL provides exact rational arithmetic in the kernel, in order to have robust imple-mentations of geometric algorithms.Openness As mentioned above, the user is allowed to specify the type of arithmetic used for repre-senting primitive geometric objects. Like in LEDA, however, the computation performed forevaluating a geometric test is �xed.Extensibility A certain degree of extensibility is present, in particular for the possibility of importinguser-designed arithmetic types (e.g., LEDA's integer and real types, or the GNU MultiplePrecision Arithmetic Library).Modularity CGAL does not hierarchically organize geometric objects, but has a layered designcomparable to LEDA's. It supports interoperation between geometric objects through thecontainer mechanism of the Standard Template Library [47].Functionality The kernel contains a large collection of 2D and 3D primitive geometric objects andoperations on them. Both Cartesian and homogeneous coordinate systems are provided.Implementations of various basic geometric data structures and algorithms are contained inthe basic library.Correctness Checking A sophisticated system of checks and warnings has been implemented for thekernel methods and the basic library algorithms.4 The Preliminary Design of JDSL/GeomLibThe goal of this paper is not to describe the design of a comprehensive geometric computinglibrary, but rather to prove the applicability of some advanced software design concepts to geometric6



computing through a vertical case study. Thus, in this section, we will review only those aspectsof JDSL/GeomLib that are relevant to the case study. The JDSL project is described in greaterdetail in [25, 27]. Our design relies on various object-oriented design concepts, such as object, class,interface, inheritance, polymorphism, dynamic binding and type checking, and design pattern. Webrie
y review them in Appendix A, and refer the interested reader to, e.g., [9, 24, 60, 66].Of particular importance in the design of JDSL/GeomLib is the concept of interface. Ideally,users of JDSL/GeomLib use interfaces rather than classes as object types; actual classes needonly be speci�ed when creating an object. And if the abstract class factory design pattern [24] isimplemented, also the creation of an object takes place through an interface. Interfaces are general,while classes are specialized: thus, using interfaces instead of speci�c classes creates more generalcode, allowing di�erent classes, implementing the same interface, to be used interchangeably. Inour design, we have exploited multiple interface inheritance and single class inheritance, thus takingadvantage of the 
exibility provided by the former and, at the same time, avoiding the well-knownproblems of multiple class inheritance.A signi�cative result of the analysis performed for the case study is the convenience of havingmultiple views of the same geometric object. In fact, a geometric object can be described atdi�erent levels of abstraction, considering its combinatorial, topological, and geometric propertiesseparately. In our design, these properties are made accessible through di�erent interfaces. We willuse the geometric object planar subdivision as an example, and show how the di�erent interfacesit implements correspond to di�erent possible views.The architecture of JDSL is partitioned into four di�erent components, namely the combi-natorial, the topological, the geometric, and the arithmetic components. In particular, GeomLibconsists of the geometric and the arithmetic components. In our Java implementation, each compo-nent corresponds to one or more Java packages. Each package consists of a collection of interfaces,and for each interface a reference implementation is or will be provided. The interfaces are arrangedin hierarchies that may extend across di�erent packages or components. Note that the design ofJDSL does not directly depend on Java; its validity extends to C++ and other object-orientedlanguages. The choice of Java as the implementation language for the current JDSL prototype ismotivated in Appendix B.In the rest of this section we will present a high-level view of the four components of JDSL. Assaid above, their full description is beyond the scope of this paper.4.1 The Combinatorial ComponentIn this component, many fundamental data structures used in combinatorial algorithms are de�nedand implemented. A recent trend in the study of fundamental data structures is to present themunder a general framework. In fact, most of them can be viewed as containers that store a collectionof heterogeneous objects, called the elements of the container [25, 27, 47, 48].This component is further divided into two subcomponents, one for the basic data structures andone for the combinatorial graph. A high-level view of the interface hierarchies for the combinatorialcomponent is shown in Fig. 1.4.1.1 The Basic Data Structures SubcomponentIn this subcomponent, most of the basic data structures are de�ned and implemented. Containerscan be roughly divided into two categories: positional containers and key-based containers. Typicalpositional containers are sequences, trees, and graphs; typical key-based containers are priorityqueues and dictionaries. As the name suggests, positional containers are based on the concept7
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of position. Positions abstract the common properties of the constituents of positional containers.Considering a sequence as an example, a position models both a node of a linked list implementationand an array entry of an array-based implementation. Each position stores an element of thecontainer, and, given a position, it is possible to access its element and its container in constanttime. Positions are �xed in a positional container, while elements can be moved from one positionto another (as an example, we can imagine an element that is moved from the �rst to the lastposition of a sequence). On the other hand, the concept of position is not inherent in key-basedcontainers, although each key-based container is, at the very end, implemented using a positionalcontainer (e.g., a binary tree used to implement a dictionary). A di�erent mechanism is used toaccess a speci�c element in a key-based container in constant time; its description, however, isbeyond the scope of this paper.This subcomponent corresponds to the jdsl.core package of JDSL. Some of the most relevantinterfaces for our case study are the following:Container This interface describes a generic collection of heterogeneous objects and is the commonroot of the container hierarchy. It provides basic methods such as isEmpty(), size(), re-turning the number of elements in the container, and elements(), returning an enumerationof the elements in the container.Position This interface describes the concept of position of a positional container (e.g., a nodeof a tree, or a vertex of a graph). The two main methods are element(), returning theelement stored in the position, and container(), returning the container to which the positionbelongs.PositionalContainer This interface extends the Container interface and is the common par-ent of the Sequence, CircularSequence, Tree, and Graph interfaces. It provides meth-ods such as positions(), returning an enumeration of the positions in the container andreplace(Position,Object), replacing the element stored in the position with a new object.Decorable This interface is used to implement the decorator design pattern [24]. The motivationof this pattern is to attach additional, named attributes to individual objects rather thanto an entire interface or class. In our case the type of the objects we want to decorate isPosition, which suitably extends Decorable. Typically, an attribute is a temporary pieceof information, necessary for some speci�c computation (e.g., marking a vertex of a graphvisited). An example is the decoration of the positions (nodes) of a tree with weight attributes.The interface provides methods such as create(Object,Object) and destroy(Object) forcreating and removing an attribute, and set(Object,Object) and get(Object) for settingand getting the value of an attribute.4.1.2 The Graph SubcomponentIn this subcomponent, the graph interface and some auxiliary interfaces are de�ned and imple-mented. The graph interface describes a graph as a combinatorial object, i.e., simply a set ofelements and a binary relationship on this set. It inherits from the positional container interfacein the basic data structures subcomponent and is further extended in the topological component.A high-level view of the graph hierarchy is shown in Fig. 2. Again, a detailed description of thegraph hierarchy is beyond the scope of this paper.This subcomponent corresponds to the jdsl.graph package of JDSL. The present interfacesare the following: 9



GeomObject2D other geometric objects

other 2D geometric objects

Container

PositionalContainerother containers

VoronoiDiagram DelaunayTriangulation

Graph

OrderedGraph

other positional containers

PlanarSubdivision

GeomGraph2D

EmbeddedPlanarGraph

GeomObject

Figure2:AhighlevelviewofthegraphinterfacehierarchyofJDSL.Roundedrectanglesrepresent
interfaces.

10



Vertex, Edge These interfaces extend the Position interface. They provide no additional methodbut are used as \typing" interfaces, allowing a more e�ective type checking, e.g., when usedas method parameters.Graph This interface describes a combinatorial graph. It provides methods such asnumVertices() and numEdges(), returning the number of vertices and edges of the graph,adjacentVertices(Vertex) and incidentEdges(Vertex), for accessing the positions ad-jacent to or incident with a vertex, origin(Edge) and destination(Edge), returning theorigin and the destination of a directed edge, etc.As an example of internal reuse of code, the existing implementation of the Graph interface usesan implementation of the Sequence interface to represent its adjacency lists. Note that since theSequence implementation is used only through the interface methods, any Sequence implementa-tion can be used, without having to change the Graph implementation.4.2 The Topological ComponentIn this component, the ordered graph interface, the embedded planar graph interface and an aux-iliary interface are de�ned and implemented. The ordered graph interface describes a graph as atopological object, i.e., a combinatorial graph with the additional information about the orderingof the edges around the vertices. Accordingly, the ordered graph interface inherits from the graphinterface. An embedded planar graph is a planar ordered graph where the additional informationabout the ordering of the edges around the vertices is the one given by an embedding of the graphin the plane. Accordingly, the embedded planar graph interface inherits from the ordered graphinterface. It is further extended in the geometric component.This component corresponds to the jdsl.map package of JDSL. The present interfaces are thefollowing:OrderedGraph This interface describes a topological graph and extends Graph. Its main additionalmethods are prevIncidentEdge(Vertex, Edge) and nextIncidentEdge(Vertex, Edge),returning the edge before or after an edge around a vertex.Face This interface extends Position, and, like Vertex and Edge, is used as a \typing" interface.EmbeddedPlanarGraph This interface extends OrderedGraph. It provides additional methods suchas numFaces(), returning the number of faces of the graph, incidentFaces(Vertex), re-turning the faces incident with a vertex, leftFace(Edge) and rightFace(Edge), returningthe face to the left or to the right of a directed edge, dual(), returning the topological dualembedded planar graph, etc.There exist several possible representations for an embedded planar graph, e.g., the DCELrepresentation [54], the quad-edge representation [29], the dynamic representations described in [18,19, 61], etc. Each representation presents advantages and disadvantages, and, typically, some maybe more suitable than others for a speci�c application. For instance, in applications in which theembedded planar graph is frequently subject to insertions and deletions of vertices and edges, it isimportant to be able to e�ciently update the representation. For some other applications it may beimportant to easily access the dual graph. Geographical information systems require representationsspeci�cally designed for e�cient secondary storage access or for multilevel/multiresolution access(see, e.g., [4, 64]). The existing implementation of the EmbeddedPlanarGraph interface is based11



on the incidence graph representation described in Chapter 11 of [15]. The embedded planargraph G is represented through a graph G0 such that each vertex of G0 corresponds to a vertex,edge, or face of G, and each vertex of G0 corresponding to an edge e of G is adjacent to the fourvertices corresponding to the endvertices and to the incident faces of e in G. The incidence graphrepresentation has the nice property that it represents an embedded planar graph and its topologicaldual at the same time. As an example of internal reuse of code, the existing implementation of theEmbeddedPlanarGraph interface uses an implementation of the OrderedGraph interface to representthe incidence graph.4.3 The Geometric ComponentThis component, together with the arithmetic component, form the GeomLib part of JDSL. Itis further divided into two subcomponents, one for the basic geometric objects and one for theadvanced geometric objects. The interface hierarchy for the geometric component is shown inFig. 3.4.3.1 The Basic Geometric Objects SubcomponentIn this subcomponent, basic geometric objects, such as point, line, ray, segment, circle, etc., arede�ned and implemented. Currently, interfaces have been de�ned and implementations providedonly for two-dimensional basic geometric objects.This subcomponent corresponds to the jdsl.geomobj package in the implementation of JDSL.Some of the most relevant interfaces are the following:GeomObject This is the interface from which all the other geometric interfaces inherit. Its only twomethods are dim(), returning the dimension of the geometric object, and geomFactory(),returning the geometric abstract factory that created the geometric object. It is extended bythe \typing" interfaces GeomObject2D and GeomObject3D.GeomFactory2D This interface implements the abstract factory design pattern [24] forthe basic geometric objects. It provides methods such as newPoint(int,int),newSegment(Point2D,Point2D), newCircle(Point2D,Point2D,Point2D), etc. Geometricabstract factories provide a common interface for creating families of related or dependentgeometric objects without specifying their classes. This is obtained through a simple groupingof the constructors of the geometric objects as methods of the geometric abstract factory.Point2D This interface describes a two-dimensional point. Its only two methods are x() and y(),returning a double approximation of the point coordinates.Curve2D, OpenCurve2D, ClosedCurve2D These are \typing" interfaces.LinearCurve2D This interface describes a rectilinear curve. It inherits from OpenCurve2D and isfurther extended by interfaces Line2D, Ray2D, and Segment2D. It provides methods such aspoints(), returning its two de�ning points, isHorizontal(), and isVertical().GeomTester2D This interface is a collection of various two-dimensional geometric tests. Someof the most relevant methods are aboveBelow(LinearCurve2D,Point2D), testing whetherthe point is above, on, or below the rectilinear curve, leftRight(LinearCurve2D,Point2D),testing whether the point is to the left, on, or to the right of the rectilinear curve, the similarmethods aboveBelow(Point2D,Point2D) and leftRight(Point2D,Point2D)where the test12
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is against a point instead of a rectilinear curve, leftRightTurn(Point2D,Point2D,Point2D),testing whether the three points form a left turn, a right turn, or are collinear, andinsideOutside(Circle2D,Point2D), testing whether the point is inside, on, or outside thecircle.For many interfaces of this subcomponent, various implementations are possible, according towhich representation is chosen for the geometric objects. If we consider a point, for instance, wecan represent its coordinates as integer numbers, exact rational numbers, or real number approx-imations; if we choose rational numbers, it may be convenient to adopt homogeneous coordinatesrather than Cartesian ones; and other representations, di�ering not only for the type of arithmeticused, may be possible, as shown in Section 6.2.We have grouped all the usual geometric tests in one interface in order to have their implemen-tations localized, thus making their update easier in case a new representation of a basic geometricobject should be added to the library. Ideally, geometric programs should never access directlythe geometric information of the objects they manipulate, except for visualization purposes. Allthe geometric tests should be performed invoking the appropriate methods of the geometric testerinterface. The important consequence of this approach is that the geometric program is completelyindependent from the representation chosen for the geometric objects and does not have to bechanged if such representation changes. Provided that the results of the tests are correct for thechosen representation, the program will return correct results. This, of course, does not solve thecrucial problem of how to guarantee the correctness of the geometric test results. We will discussthis fundamental issue in Section 4.4 and, with respect to our case study, in Section 6.2.As a simple example of the above concepts, we present in Figs. 4 and 5 the GeomLib implemen-tation of the Graham's scan algorithm for the two-dimensional convex hull problem. In particular,note how, in the auxiliary methods called form the main grahamScan(Sequence), the geometricinformation of the points is never accessed directly. Objects of type Point2D are passed as param-eters to methods of GeomTester2D. Each of these methods is implemented as a two-step procedure:determine what class implementing Point2D the parameters are instance of, and execute the codecorresponding to that class. It is only in the implementation of the test methods that the geometricinformation of the parameters is accessed. The implementation of the Graham's scan algorithm,being written only in terms of interfaces, can safely ignore which class implementing Point2D isactually used. Note, also, that all possible inputs are considered, including degenerate ones, suchas less than three points, collinear points, or points coincident with the anchor point.4.3.2 The Advanced Geometric SubcomponentIn this subcomponent, some advanced geometric objects, such as two-dimensional geometric graphand planar subdivision, are de�ned. A two-dimensional geometric graph is a graph with the follow-ing associated geometric information: each vertex is mapped to a distinct two-dimensional pointand each edge is mapped to a two-dimensional curve. Accordingly, the two-dimensional geometricgraph interface inherits from both the graph interface and the two-dimensional geometric objectinterface. A planar subdivision is a two-dimensional geometric graph in which the underlyinggraph is an embedded planar graph, the two-dimensional curves mapped to the edges are pairwisenon-intersecting, and the faces are mapped to two-dimensional (typically closed) curves. Accord-ingly, the planar subdivision inherits from both the embeddded planar graph interface and thetwo-dimensional geometric graph interface.This subcomponent corresponds to the jdsl.geom package of JDSL. The present interfaces arethe following: 14



== main methodpublic static Sequence grahamScan (Sequence points) fPoint2D p1;Point2D p2;== copy into hull the sequence of input pointscopyInputPoints(points);switch (hull.size()) fcase 0: case 1:return hull;case 2:p1 = (Point2D)hull.�rst().element();p2 = (Point2D)hull.last().element();if (geomTester.areEqual(p1,p2))hull.removeLast();return hull;default: == at least 3 input points== compute the anchor point and remove it from hull together with all the points coincident with itanchorPointSearchAndRemove();switch (hull.size()) fcase 0: case 1:hull.insertFirst(anchorPoint);return hull;default: == at least 2 input points left besides the anchor point== sort the points in hull by polar angle w.r.t. the anchor pointsortPoints();== remove the (possible) initial collinear points in hull except the farthest one from the anchor pointremoveInitialIntermediatePoints();if (hull.size() == 1)hull.insertFirst(anchorPoint);else f== insert the anchor point as �rst and last element in hullhull.insertFirst(anchorPoint);hull.insertLast(anchorPoint);== Graham's scanscan();== remove one of the two copies of the anchor point from hullhull.removeLast();greturn hull;ggg== sort the points in hull by polar angle w.r.t. the anchor pointprivate static void sortPoints() fSortObject sorter = new ListMergeSort();ConvexHullComparator comp = new ConvexHullComparator(anchorPoint,geomTester);sorter.sort(hull,comp);g== private class variablesprivate static Sequence hull;private static Point2D anchorPoint;private static GeomSelector2D geomSelector = new GeomSelector2DImpl();private static GeomTester2D geomTester = new GeomTester2DImpl();Figure 4: The GeomLib implementation of the Graham's scan algorithm.15



== compute the anchor point and remove it from hull together with all the coincident pointsprivate static void anchorPointSearchAndRemove () fEnumeration pe = hull.positions();Position anchor = (Position)pe.nextElement();anchorPoint = (Point2D)anchor.element();== hull contains at least three elementswhile (pe.hasMoreElements()) fPosition pos = (Position)pe.nextElement();Point2D p = (Point2D)pos.element();int aboveBelow = geomTester.aboveBelow(anchorPoint,p);int leftRight = geomTester.leftRight(anchorPoint,p);if (aboveBelow == GeomTester2D.BELOW j jaboveBelow == GeomTester2D.ON && leftRight == GeomTester2D.LEFT) fanchor = pos;anchorPoint = p;gelseif (aboveBelow == GeomTester2D.ON && leftRight == GeomTester2D.ON)hull.remove(pos);ghull.remove(anchor);g== remove the (possible) initial collinear points in hull except the farthest one from the anchor pointprivate static void removeInitialIntermediatePoints() fboolean collinear = true;while (hull.size() > 1 && collinear) fPosition pos1 = hull.�rst();Position pos2 = hull.after(pos1);Point2D p1 = (Point2D)pos1.element();Point2D p2 = (Point2D)pos2.element();if (geomTester.leftRightTurn(anchorPoint,p1,p2) == GeomTester2D.COLLINEAR)if (geomSelector.closer(anchorPoint,p1,p2) == p1)hull.remove(pos1);elsehull.remove(pos2);elsecollinear = false;gg== Graham's scanprivate static void scan() fPosition �rst = hull.�rst();Position last = hull.last();Position prev = hull.�rst();Position curr = hull.after(prev);do fPosition next = hull.after(curr);Point2D prevPoint = (Point2D)prev.element();Point2D currPoint = (Point2D)curr.element();Point2D nextPoint = (Point2D)next.element();if (geomTester.leftRightTurn(prevPoint,currPoint,nextPoint) == GeomTester2D.LEFT TURN)prev = curr;else fhull.remove(curr);prev = hull.before(prev);gcurr = hull.after(prev);gwhile (!hull.isLast(curr));g Figure 5: The GeomLib implementation of the Graham's scan algorithm (continued).16



GeomGraph2D This interface describes a two-dimensional geometric graph and extends bothGraph and GeomObject2D. Its main additional methods are getPoint(Vertex) andgetCurve(Edge), returning the geometric information associated with a vertex or an edge.PlanarSubdivision This interface describes a planar subdivision and extends bothEmbeddedPlanarGraph and GeomGraph2D. Its main additional method is getCurve(Face),returning the geometric information associated with a face.The planar subdivision is a good example of the advantages of the interface mechanism. Throughinterface multiple inheritance, the same implementation of the planar subdivision allows di�erentviews: simply as a container, ignoring the combinatorial, topological, and geometric information;as a combinatorial or topological graph, ignoring the associated geometric information; as a two-dimensional geometric graph, ignoring the topological information, or as a combination of topolog-ical graph and two-dimensional geometric graph, considering both the topological and geometricinformation.4.4 The Arithmetic ComponentIn Section 4.3.1, we have seen how the encapsulation of the arithmetic properties within the basicgeometric objects allows the implementation of a geometric algorithm to be independent from thearithmetic used. However, the problem of the correctness of the arithmetic computations has to beconsidered, as indicated, e.g., in [3, 8, 13, 17, 22, 23, 28, 32, 33, 34, 41, 58, 59, 67, 68]. The assump-tion of real number arithmetic has proved unrealistic, since digital computers do not exhibit suchcapability. On the other hand, exact rational arithmetic may excessively slow down computations.In light of these problems, the concepts of degree of a geometric algorithm [41] and of arithmetic�lter [12] have been recently introduced. Informally, the degree of a geometric algorithm charac-terizes, up to a small additive constant, the arithmetic precision, i.e., the number of bits, requiredby the geometric algorithm. A more detailed discussion on the degree is given in Section 6.2. Sincethe degree of a geometric algorithm expresses worst-case computational requirements occurring indegenerate or near-degenerate instances, special attention must be devoted to the development of amethodology that reliably computes the sign of the algebraic expression corresponding to a geomet-ric test, with the least expenditure of computational resources. This involves the use of arithmetic�lters, possibly families of �lters of progressively increasing power, that, depending upon the valuesof the test variables, carefully adjust the computational e�ort. We plan to implement arithmetic�lters in the near future.5 Design EvaluationIt is too early to judge our prototype against the requirements presented in Section 2, but we canevaluate the preliminary design:Ease of use GeomLib interfaces are designed to be easy to use. We have tried to keep the numberof methods for each interface low. In the choice of the method names we have preferred clarityto brevity.E�ciency For each interface, di�erent implementations are or will be provided. This will allow theusers to choose the most appropriate one considering their e�ciency constraints. For dynamicdata structures, for instance, the user will be able to choose among di�erent implementationspresenting the usual trade-o�s between query and update time.17



A possible source of ine�ciency arises from the choice of Java as the implementation language.Its cross-platform capability comes at the price of a reduced execution speed. However, inthe near future the di�erence in execution speed between a Java program and a, say, C++program should become insigni�cant thanks to the use of second-generation Java virtualmachines, such as Sun's HotSpot, or the use of high performance compilers that produceoptimized platform-speci�c native code, such as that developed by the alphaWorks team atIBM (see also Appendix B).Reliability GeomLib will guarantee robust geometric computing, through the use of both exactrational arithmetic and 
oating point arithmetic with arithmetic �lters. Also, particularattention will be placed, in the implementation of the algorithms, to handling all inputs,including the degenerate ones.Openness In Section 4.3, we have described how the interface mechanism allows the users of Geom-Lib to choose the most appropriate representations of geometric objects for a given problem,without having to change the geometric program itself. We will show an example of useof this capability in Section 6.2. This approach seems to be more general of the one cur-rently adopted in CGAL, where primitive geometric objects are parameterized, through thetemplate mechanism, only w.r.t. the arithmetic type.Extensibility The interface mechanism and the component-oriented design of GeomLib allow usersto develop their own implementation of an existing interface and guarantee its interoperabilitywith the rest of the library. At the same time, users will be able to include new interfacesand/or components.Reusability We plan to maximize the internal reuse of code (two examples of internal reuse of codehave been described in Sections 4.1.2 and 4.2).Functionality Currently, there exists only a preliminary implementation of the JDSL/GeomLibdesign. In particular, it consists of the interfaces and classes necessary for the vertical casestudy described in Section 6. This should be contrasted with the much more advanced statusof LEDA and CGAL. Our intention is to extend the implementation of GeomLib, possiblyconsidering other case studies in di�erent areas of computational geometry.Modularity The architecture of GeomLib consists of a number of interrelated components. Com-binatorial, topological, and geometric components describe properties of geometric objects atdi�erent levels of abstraction. The independence of the components (their orthogonality) isenforced by allowing them to interact only through a well-speci�ed set of primitives.Correctness Checking GeomLib does not currently contain correctness checkers, but will incorpo-rate them in the near future in order to enhance reliability.6 Point Location: A Vertical Case StudyIn this section, we describe the design and implementation of a new algorithmic pattern, called thebinary space partition search, that provides a unifying description of two well-known algorithmsfor the fundamental geometric problem of planar point location. Our goal is to provide a con-crete example of how the innovative aspects of the GeomLib design allow conceptually simpleimplementations of geometric algorithms. 18



6.1 The Binary Space Partition Search Algorithmic PatternAbstraction has been, in the past years, a key technique for handling the increasing complexity ofprograms. The use of algorithm abstraction for geometric software has been recently proposed [63].This term indicates the abstraction process aimed at the implementation of sophisticated algorithmsas reusable software objects. It goes beyond both procedural abstraction (structured programming)and data abstraction (object-oriented programming), by viewing algorithms as objects that can bemanipulated at the programming language level. It allows the programmer to construct new algo-rithms by specifying modi�cations and extensions of existing ones. It allows prede�ned algorithmsto be combined in complex ways. These prede�ned algorithms of common use, called algorithmicpatterns, are the main tools for algorithm abstraction. Examples of algorithmic patterns within thearea of geometric computing include plane-sweep, lifting map, fractional cascading, and the binaryspace partition search that we are about to describe.Planar point location is a fundamental search operation in computational geometry, and hasbeen the target of substantial research. A survey on algorithms for planar point location is presentedin [53]. We brie
y recall the problem statement. Let S be a planar subdivision, with edges mappedto straight-line segments. S induces a partition of the Euclidean plane into a collection of elementaryregions: open polygons (associated with the faces of S), open segments (associated with the edgesof S), and points (associated with the vertices of S). Given a query point q, determine which regioncontains q. In the repetitive mode of operation, we can e�ciently perform queries by preprocessingS into a suitable search structure. In the rest of the section, we denote by n the number of verticesof S.We will �rst describe our design and implementation of a speci�c planar point location algo-rithm, the chain method [39, 16], and later show how the same design can be applied to anotheralgorithm, the trapezoid method [52]. Both algorithms are very e�ective in practice, as reportedin [14]. Finally, we will show how the binary space partition search can be used as an algorithmiccomponent in a third algorithm, the triangulation re�nement method [36]. These algorithms havein common a recursive decomposition of the search space of logarithmic depth.6.1.1 The Chain MethodIn this section, we will consider the chain method for planar point location by Lee andPreparata [39]. In particular, we will focus on its variant described in Chapter 11 of [15]. Werecall that the search structure requires O(n) space, can be constructed in O(n logn) time, andallows O(log2 n) query time.Planar subdivision S is assumed to be monotone, i.e., such that, for each face of S, its intersec-tion with any horizontal line is connected. Note, however, that horizontal edges are allowed. Ourdesign of the algorithm is based on the two following observations:� The search region (initially the planar subdivision S) can be recursively decomposed by meansof separators.� Each separator can be viewed as a search region, possibly in a lower-dimensional space.The basic operation in the search algorithm is the discrimination of the query point againstthe current separator, i.e., testing whether the query point is on one side or the other of theseparator, or on the separator itself. According to the result of the discrimination, a new searchregion (a subregion of the current one) is searched. Eventually, the new search region will be anelementary region and the search will terminate. The discrimination of the query point against19



a separator may require a single geometric test, or may require a secondary point location processin the separator and the discrimination against the result. In the chain method, the separators ofthe plane are monotone polygonal chains, called for brevity chains, and the elementary regions arefaces. The separators of a chain are horizontal intervals and vertices, and the elementary regionsare edges. Each horizontal interval corresponds to a horizontal subchain, that is a subchain whoseedges are all horizontal. The separators of a horizontal subchain are vertices, and the elementaryregions are edges and vertices.The search algorithm can be conceptually modeled as an algorithmic pattern, called binaryspace partition search, characterized by the interaction of the following types of object:Regions The objects in which the query point is searched.Separators The objects against which the query point is discriminated. Note that separators areregions.Discriminators The objects that perform the discrimination of the query point against a separa-tor. Note that, in general, the query point may be discriminated against a separator eitherhorizontally or vertically.Search Statuses The objects that provide the next region to be searched, based on the result of thediscrimination of the query point against the separator of the current region.In the binary space partition search, the structural properties of the search space recursivedecomposition are kept separate from the data structures used to implement it. The separator tree,chain tree, and horizontal subchain tree search structures are completely encapsulated in the searchstatuses.The conceptual model of the algorithmic pattern is shown in Fig 6, using a formalism inspiredby the Object Modeling Technique (OMT) [56]: rounded rectangles represent interfaces, rectanglesrepresent classes, dashed lines connect classes to the interfaces they implement, and solid linesconnect interfaces (classes) to the interfaces (classes) they extend. We have captured the mainaspects of the algorithmic pattern in the �ve following Java interfaces. Note, again, that the designof JDSL does not directly depend on Java; its validity extends to C++ and other object-orientedlanguages.Region This interface describes a region in which the location is performed (see Fig. 7). Its twomethod are locate(Point2D), returning the face, edge, or vertex region containing the querypoint, and internalRegion(), returning the internal region of this.SeparableRegion This interface extends the Region interface and describes a region that isdivided by a separator (see Fig. 7). It de�nes the additional methods separator(),discriminator(), and pointLocStatus(), returning the separator, the discriminator, andthe status associated with this.Separator This interface describes the separator of a SeparableRegion (see Fig. 7). Itsmain methods are horWhichSide(Point2D,GeomTester2D) and vertWhichSide(Point2D,GeomTester2D), returning the result of the horizontal and vertical discrimination of the querypoint against this.Discriminator This interface describes the invoker of the appropriate (either horizontal or forvertical) discrimination through method whichSide(Separator,Point2D) (see Fig. 8).20
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=��� A region in which the location of a query point can be performed�=public interface Region f=��� @param q the query point� @return the region containing q�=public Region locate (Point2D q);=��� @return the internal region associated with this�=public Region internalRegion ();g=��� A region that is recursively divided in two by a separator�=public interface SeparableRegion extends Region f=��� @return the discriminator associated with this�=public Discriminator discriminator ();=��� @return the point location status maintainer of this�=public PointLocStatus pointLocStatus ();=��� @return the separator of this�=public Separator separator ();g=��� The separator of a separable region�=public interface Separator f=��� @param q the query point� @param gt the geometric tester� @return whether q is to the GeomTester2D.LEFT of, GeomTester2D.ON, or� GeomTester2D.RIGHT of this�=public int horWhichSide (Point2D q, GeomTester2D gt);=��� @param q the query point� @param gt the geometric tester� @return whether q is to the GeomTester2D.BELOW, GeomTester2D.ON, or� GeomTester2D.ABOVE this�=public int vertWhichSide (Point2D q, GeomTester2D gt);g Figure 7: The interfaces Region, SeparableRegion, and Separator.22



=��� A discriminator of the query point against a separator�=public interface Discriminator f=��� @param s a separator� @param q the query point� @return whether q is on the GeomTester2D.NEGATIVE side of s,� GeomTester2D.ON s, or on the GeomTester2D.POSITIVE side of s�=public int whichSide (Separator s, Point2D q);g=��� The status of a point location search�=public interface PointLocStatus f=��� @return the current region�=public Region currentRegion ();=��� @param s a separator� @param q the query point� @param d a discriminator� @return the next region according to the result of the discrimination� of q agains s�=public Region nextRegion (Separator s, Point2D q, Discriminator d);g Figure 8: The interfaces Discriminator and PointLocStatus.PointLocStatus This interface describes a search status, which keeps track of the sta-tus of the search in a separable region (see Fig. 8). Its two methods arecurrentRegion(), returning the region in which the location is taking place andnextRegion(Separator,Point2D,Discriminator), returning the region in which to con-tinue the search.These interfaces are implemented by the following classes, one of which an abstract class.Abstract classes cannot be instantiated; their purpose is to factor out some common featuresof their subclasses in order to avoid code duplication.BasicSeparableRegion implementing interface SeparableRegion (see Fig. 9). It is used to modela recursive decomposition of both the plane and the horizontal subchains. Note how anextensive use of recursion and polymorphism allows us to reduce the number of conditionalcontrol statements used in our code. The query method locate() can be expressed in a verycompact way. The three instance variables, separator , discriminator , and status storea reference to the separator, to the discriminator, and to the search status of the object,respectively. 23



VertSeparableRegion extending class BasicSeparableRegion and implementing interfaceSeparator (see Fig. 10). It is used to model both a recursive decomposition of a chainand the separator of a PlaneSeparableRegion. Its only additional methods are those of in-terface Separator. In particular, note how method horWhichSide(Point2D,GeomTester2D)is implemented by �rst performing a location of the query point in this, and then invokingthe method horWhichSide(Point2D,GeomTester2D) on the result.BasicPointLocStatus implementing interface PointLocStatus (see Fig. 11). It is used to main-tain the status in the search structure associated with a chain or a horizontal subchain.The method nextRegion(Separator,Point2D,Discriminator) is implemented by invokingpublic class BasicSeparableRegion implements SeparableRegion f== public constructorpublic BasicSeparableRegion (Separator separator, Discriminator discriminator, PointLocStatus status) fseparator = separator; discriminator = discriminator;status = status; label = "";g== public instance methods from SeparableRegionpublic Discriminator discriminator () freturn discriminator ;gpublic PointLocStatus pointLocStatus () freturn status ;gpublic Separator separator () freturn separator ;g== public instance methods from Regionpublic Region locate (Point2D q) freturn status .nextRegion(separator ,q,discriminator ).locate(q);gpublic Region internalRegion () freturn this;g== public instance methods from java.lang.Objectpublic String toString () freturn label ;g== protected instance variablesprotected Separator separator ;protected Discriminator discriminator ;protected PointLocStatus status ;protected String label ;g Figure 9: The class BasicSeparableRegion.24



public class VertSeparableRegion extends BasicSeparableRegion implements Separator f== public constructorpublic VertSeparableRegion (Separator separator, Discriminator discriminator, PointLocStatus status) fsuper(separator,discriminator,status);g== public instance methods from Separatorpublic int horWhichSide (Point2D q, GeomTester2D gt) freturn ((Separator)locate(q)).horWhichSide(q,gt);gpublic int vertWhichSide (Point2D q, GeomTester2D gt) fthrow new PointLocationException("Illegal test: vertWhichSide(Point2D,GeomTester2D)");gg Figure 10: The class VertSeparableRegion.�rst the method whichSide(Separator,Point2D) of interface Discriminator, and then,based on the result, one of the three protected methods negativeRegion(Separator),onRegion(Separator), positiveRegion(Separator). Note that the descent along thesearch tree is implemented in the �rst and third of these protected methods.CMPlanePointLocStatus extending class BasicPointLocStatus (see Fig. 12). It is used to main-tain the status in the search structure associated with the plane. It overrides the protectedmethods of BasicPointLocStatus, since the descent mechanism in the separator tree is dif-ferent from that in the chain and horizontal subchain trees.AbstractRegion extending class HashtableDecorable and implementing interface Region (seeFig. 13). HashtableDecorable is a class of the jdsl.core package of JDSL implementingthe Decorable interface (see Section 4.1.1); thus, all the subclasses of AbstractRegion canbe decorated.VertexRegion extending class AbstractRegion and implementing interface Separator (seeFig. 13). It models a vertex of the planar subdivision. At the same time, it acts as aseparator for a chain and for a horizontal subchain.EdgeRegion extending class AbstractRegion and implementing interface Separator (see Fig. 14).It models an edge of the planar subdivision. At the same time, it acts as one of the constituentsof a chain and of a horizontal subchain.HorIntervalRegion extending class AbstractRegion and implementing interface Separator (seeFig. 14). It models a horizontal subchain of the planar subdivision. At the same time, it actsas a separator for a chain. When method internalRegion() is invoked on an instance of thisclass, a BasicSeparableRegionmodeling a recursive decomposition of a horizontal subchainis returned.FaceRegion extending class AbstractRegion (see Fig. 15). It models a face of the planar subdi-vision. 25



public class BasicPointLocStatus implements PointLocStatus f== public constructorpublic BasicPointLocStatus (BinaryTree tree) ftree = tree; reset = true;g== public instance methodspublic Region currentRegion () fif (tree .isExternal(current ))return (Region)current .element();elsereturn ((Region)((SeparableRegion)current .element()).separator());gpublic Region nextRegion (Separator separator, Point2D q, Discriminator discriminator) fRegion result;if (reset ) freset(); reset = false;gswitch (discriminator.whichSide(separator,q)) fcase GeomTester2D.NEGATIVE:result = negativeRegion(separator);reset = tree .isExternal(current );return result;case GeomTester2D.ON:result = onRegion(separator);reset = true;return result;default: == case GeomTester2D.POSITIVE:result = positiveRegion(separator);reset = tree .isExternal(current );return result;gg== protected instance methodsprotected void reset () fcurrent = tree .root();gprotected Region negativeRegion (Separator s) fcurrent = tree .leftChild(current );return (Region)current .element();gprotected Region onRegion (Separator s) freturn (Region)s;gprotected Region positiveRegion (Separator s) fcurrent = tree .rightChild(current );return (Region)current .element();g== protected instance variablesprotected BinaryTree tree ;protected Position current ;protected boolean reset ;g Figure 11: The class BasicPointLocStatus.26



public class CMPlanePointLocStatus extends BasicPointLocStatus f== public constructorpublic CMPlanePointLocStatus (BinaryTree tree, int minFaceNum, int maxFaceNum, Object CHAIN NUMBER,Object LEFT FACE TSN, Object RIGHT FACE TSN) fsuper(tree);initialMinFaceNum = minFaceNum; initialMaxFaceNum = maxFaceNum;CHAIN NUMBER = CHAIN NUMBER;LEFT FACE TSN = LEFT FACE TSN; RIGHT FACE TSN = RIGHT FACE TSN;g== protected instance methodsprotected void reset () fcurrent = tree .root();minFaceNum = initialMinFaceNum ;maxFaceNum = initialMaxFaceNum ;gprotected Region negativeRegion (Separator separator) fRegion r = ((SeparableRegion)separator).pointLocStatus().currentRegion();maxFaceNum = ((Integer)((AbstractRegion)r).get(LEFT FACE TSN )).intValue();descend();return (Region)current .element();gprotected Region onRegion (Separator separator) fRegion r = ((SeparableRegion)separator).pointLocStatus().currentRegion();return r.internalRegion();gprotected Region positiveRegion (Separator separator) fRegion r = ((SeparableRegion)separator).pointLocStatus().currentRegion();minFaceNum = ((Integer)((AbstractRegion)r).get(RIGHT FACE TSN )).intValue();descend();return (Region)current .element();gprotected void descend () fboolean stop = false;while (!tree .isExternal(current ) && !stop) fint cn = ((Integer)current .get(CHAIN NUMBER )).intValue();if (cn > maxFaceNum )current = tree .leftChild(current );else fif (cn <= minFaceNum ) fcurrent = tree .rightChild(current );while (current .element() == Container.NULL)current = tree .leftChild(current );gelsestop = true;ggg== protected instance variablesprotected int initialMinFaceNum , minFaceNum ;protected int initialMaxFaceNum , maxFaceNum ;protected Object CHAIN NUMBER ;protected Object LEFT FACE TSN , RIGHT FACE TSN ;g Figure 12: The class CMPlanePointLocStatus.27



public abstract class AbstractRegion extends HashtableDecorable implements Region f== protected constructorprotected AbstractRegion (String label) flabel = label;g== public instance methodspublic Region locate (Point2D q) freturn this;gpublic Region internalRegion () freturn this;g== public instance methods from java.lang.Objectpublic String toString () freturn label ;g== protected instance variableprotected String label ;gpublic class VertexRegion extends AbstractRegion implements Separator f== public constructorpublic VertexRegion (Point2D point, String label) fsuper(label);point = point;g== public instance methodspublic int horWhichSide (Point2D q, GeomTester2D gt) freturn gt.leftRight(point ,q);gpublic int vertWhichSide (Point2D q, GeomTester2D gt) freturn gt.aboveBelow(point ,q);g== protected instance variableprotected Point2D point ;g Figure 13: The abstract class AbstractRegion and the class VertexRegion.28



public class EdgeRegion extends AbstractRegion implements Separator f== public constructorpublic EdgeRegion (LinearCurve2D linearCurve, String label) fsuper(label);linearCurve = linearCurve;g== public instance methodspublic int horWhichSide (Point2D q, GeomTester2D gt) freturn gt.leftRight(linearCurve ,q);gpublic int vertWhichSide (Point2D q, GeomTester2D gt) freturn gt.aboveBelow(linearCurve ,q);g== protected instance variableprotected LinearCurve2D linearCurve ;gpublic class HorIntervalRegion extends AbstractRegion implements Separator f== public constructorpublic HorIntervalRegion (String label, Point2D leftPoint, Point2D rightPoint, Region internalRegion) fsuper(label);leftPoint = leftPoint; rightPoint = rightPoint; internalRegion = internalRegion;g== public instance methodspublic Region internalRegion () freturn internalRegion ;g== public instance methods from Separatorpublic int horWhichSide (Point2D q, GeomTester2D gt) fif (gt.leftRight(leftPoint ,q) == GeomTester2D.LEFT)return GeomTester2D.NEGATIVE;elseif (gt.leftRight(rightPoint ,q) == GeomTester2D.RIGHT)return GeomTester2D.POSITIVE;elsereturn GeomTester2D.ON;gpublic int vertWhichSide (Point2D q, GeomTester2D gt) freturn gt.aboveBelow(leftPoint ,q);g== protected instance variableprotected Point2D leftPoint ;protected Point2D rightPoint ;protected Region internalRegion ;g Figure 14: The classes EdgeRegion and HorIntervalRegion.29



public class FaceRegion extends AbstractRegion f== public constructorpublic FaceRegion (String label) fsuper(label);ggpublic class HorDiscriminator implements Discriminator f== public constructorpublic HorDiscriminator (GeomTester2D gt) fgt = gt;g== public instance methodspublic int whichSide (Separator separator, Point2D q) freturn separator.horWhichSide(q,gt );g== protected instance variableprotected GeomTester2D gt ;gpublic class VertDiscriminator implements Discriminator f== public constructorpublic VertDiscriminator (GeomTester2D gt) fgt = gt;g== public instance methodspublic int whichSide (Separator separator, Point2D q) freturn separator.vertWhichSide(q,gt );g== protected instance variableprotected GeomTester2D gt ;g Figure 15: The classes FaceRegion, HorDiscriminator, and VertDiscriminator.HorDiscriminator, VertDiscriminator implementing interface Discriminator (seeFig. 15). They implement method whichSide(Separator,Point2D) by invoking methodhorWhichSide(Point2D,GeomTester2D) and vertWhichSide(Point2D,GeomTester2D) ofinterface Separator, respectively.The essence of the point location algorithm is described by the interplay between recursivemethod locate(Point2D) of class BasicSeparableRegion and method nextRegion(Separator,30



Point2D,Discriminator) of class BasicPointLocStatus. A schematic representation of the pos-sible objects returned by method nextRegion(Separator,Point2D,Discriminator) is shown inFigs. 16, 17, and 18. In particular, when invoked by a BasicSeparableRegion modeling a re-cursive decomposition of the plane, the object returned may be another BasicSeparableRegionmodeling either a recursive decomposition of the plane or a recursive decomposition of a hor-izontal subchain, a FaceRegion, an EdgeRegion, or a VertexRegion (see Fig. 16). When in-voked by a VertSeparableRegion modeling a recursive decomposition of a chain, the object re-turned may be another VertSeparableRegion modeling a recursive decomposition of a chain,a HorIntervalRegion, an EdgeRegion, or a VertexRegion (see Fig. 17). When invoked by aBasicSeparableRegion modeling a recursive decomposition of a horizontal subchain, the objectreturned may be another BasicSeparableRegion modeling a recursive decomposition of a hori-zontal subchain, an EdgeRegion, or a VertexRegion (see Fig. 18).Note how the only classes that interact with the geometric component of JDSL/GeomLibare VertexRegion, EdgeRegion, and HorIntervalRegion. In particular, methodshorWhichSide(Point2D,GeomTester2D) and vertWhichSide(Point2D,GeomTester2D) are theonly ones that access the geometry of the planar subdivision. For an object of class VertexRegionor HorIntervalRegion, the associated basic geometric object against which the query pointis discriminated is of type Point2D, and the horizontal or vertical discrimination is performedthrough methods leftRight(Point2D,Point2D) or aboveBelow(Point2D,Point2D) of interfaceGeomTester2D, respectively. For an object of class EdgeRegion, the associated basic geometric ob-
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Figure 16: The possible objects returned by method nextRegion(Separator,Point2D,Discriminator)when invoked by a BasicSeparableRegion modeling a recursive decomposition of the plane.31
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node contains a reference to a VertSeparableRegion object. For each chain, a NodeBinaryTreeobject is used to store the corresponding chain tree: each leaf of the chain tree contains a referenceto an EdgeRegion object, and each internal node contains a reference to either a VertexRegion ora HorIntervalRegion object. Finally, for each horizontal subchain, a NodeBinaryTree object isused to store the corresponding horizontal subchain tree: each leaf of the horizontal subchain treecontains a reference to an EdgeRegion object (except the �rst and last leaves), and each internalnode contains a reference to a VertexRegion object.6.1.2 The Trapezoid MethodIn this section, we will brie
y describe another planar point location algorithm, the trapezoidmethod of Preparata [52], through the same algorithmic pattern used for the chain method. Werecall that, in the trapezoid method, the search structure requires O(n logn) space, can be con-structed in O(n logn) time, and allows O(logn) query time.The search space is recursively decomposed into regions, called trapezoids, by means of two typesof separators: horizontal lines and edges of the planar subdivision. Again, the basic operation inthe search algorithm is the discrimination of the query point against the current separator.The binary space partition search is a correct abstraction for the trapezoid method. No newinterface is required, and classes BasicSeparableRegion, BasicPointLocStatus, VertexRegion,EdgeRegion, HorIntervalRegion, FaceRegion, HorDiscriminator, and VertDiscriminator canbe used without any modi�cations. In fact, when we create a BasicSeparableRegion object, wecan specify an instance of a di�erent class, w.r.t. those used in the chain method, as a Separatorparameter, as long as the appropriate Discriminator parameter is passed. And thanks to thepossibility, in Java, of using interfaces as object types, the implementation of the methods ofBasicSeparableRegion need not be changed. In particular, in the chain method, the separa-tor of a BasicSeparableRegion is either a VertSeparableRegion or a VertexRegion, while, inthe trapezoid method, it is either a VertexRegion, or an EdgeRegion, or a HorIntervalRegion.Classes VertSeparableRegion and CMPlanePointLocStatus are not necessary in the trapezoidmethod.Note that, even though the query algorithm for the chain and the trapezoid methods can bemodeled through the binary space partition search algorithmic pattern, the preprocessing algo-rithms, are considerably di�erent. In preprocessing the planar subdivision, one can even considera mixed recursive decomposition of the search space: up to a certain level, the search space isdecomposed, e.g., using chains, as in the chain method; after that, it is decomposed using, e.g.,horizontal lines and edges, as in the trapezoid method.6.1.3 The Triangulation Re�nement MethodIn this section, we will show how the binary space partition search can be used as an algorith-mic component in another point location algorithm, the triangulation re�nement method of Kirk-patrick [36]. We recall that, in this method, the search structure requires O(n) space, can beconstructed in O(n logn) time, and allows O(logn) query time.The planar subdivision S is assumed to be a triangulation with exactly three external vertices. Asequence of triangulations with the same boundary is constructed, such that the �rst triangulationis the boundary of S, the (k + 1)-th triangulation is a re�nement of the k-th one, and the lasttriangulation is S itself. Each triangle in the k-th triangulation overlaps a set of adjacent trianglesof the (k + 1)-th triangulation. Thus, the search algorithm can be viewed as the repeated locationof the query point in a sequence of sets of adjacent triangles. Since a set of adjacent triangles33



is itself a planar subdivision, each location of the query point can be performed using the binaryspace partition algorithmic pattern.However, the algorithm can also be easily implemented not using the binary space parti-tion search algorithmic pattern as a component. All is needed is the de�nition of a new classTriangleSetRegion implementing interface Region. Method locate can then be implemented asa \brute force" inclusion test of the query point in all the triangles of the set.In the triangulation re�nement method, the sets of adjacent triangles are arranged in a directedacyclic graph search structure. In the combinatorial component of JDSL, we have de�ned the classOnDemandGraph implementing interface Graph. An OnDemandGraph object is used to represent thedirected acyclic graph, where each vertex contains a reference to a PlanarSubdivision or to aTriangleSetRegion object.6.2 Test Primitives in Voronoi DiagramsIn Section 6.1, we have shown that, for the binary space partition search algorithmic pat-tern, the only interaction between the topological component and the geometric componentof JDSL is through methods leftRight(Point2D,Point2D), aboveBelow(Point2D,Point2D),leftRight(LinearCurve2D,Point2D), and aboveBelow(LinearCurve2D,Point2D) of interfaceGeomTester2D. In this section, we will address a numerical precision issue in geometric computing,using the implementation details for these methods as an example. In particular, we will focus ourattention on method leftRight(LinearCurve2D,Point2D). In order to provide concreteness toour discussion, we will consider the case where the planar subdivision is a Voronoi diagram.A lot of attention has been recently devoted, in the geometric computing community, to theproblem of the robustness of geometric algorithms [3, 8, 13, 17, 22, 23, 28, 32, 33, 34, 41, 58, 59, 67,68]. The real-RAM model, with its implicit in�nite-precision requirement, has proved unrealisticand has to be replaced with a realistic �nite-precision model where geometric computations can becarried out either exactly or with a guaranteed error bound. Also, the e�ciency of the geometricalgorithms must be evaluated in a �ner framework than the conventional asymptotic analysis: inparticular, constant factors dependent on the precision requirements of the numerical computationsshould be taken into account. Within the paradigm of exact computation (see, e.g., [3, 8, 67]),Liotta, Preparata, and Tamassia [41] have recently introduced the concept of degree of a geometricalgorithm. The degree characterizes, up to a small additive constant, the arithmetic precision, i.e.,the number of bits, required by a large class of geometric algorithms. Namely, if the coordinatesof the input points of a d-degree algorithm within this class are b-bit integers, the algorithm maybe required, on some instances, to perform computations with arithmetic precision d(b + O(1)).Since the arithmetic precision of a computation greatly a�ects the CPU time necessary to carryit out, the degree of a geometric algorithm should be considered as important as the asymptotictime complexity and should correspondingly play a major role in the design, or re-design, of ageometric algorithm. In [41], the problem area of geometric proximity is considered as a test case.In particular, the point location problem in a Voronoi diagram with applications to proximityqueries is addressed, and a new e�cient and low-degree technique for answering this type of queryis presented.We now brie
y review the main ideas behind this new technique and show how the architectureof GeomLib allows us to implement them in an simple way. We assume that the coordinatesof the input sites for the construction of the Voronoi diagram (also called primitive points) areb-bit integers. In a straightforward implementation of the point location algorithm, the verticesof the Voronoi diagram (also called derived points) are computed; we call the resulting diagram34



an explicit Voronoi diagram. The derived points are rational numbers, and homogeneous coor-dinates (X; Y;W ) can be used for their exact representation. However, coordinates X and Yare 3b-bit integers, and coordinate W is a 2b-bit integer. As shown in [41], this implies that,in an explicit Voronoi diagram, the discrimination of the query point against an edge (methodleftRight(LinearCurve2D,Point2D) of interface GeomTester2D of GeomLib) has degree 6. Thealternative approach proposed in [41] uses a di�erent representation of the diagram, called implicitVoronoi diagram. It consists of a topological component and a geometric component. The topolog-ical component is the underlying embedded planar graph of the Voronoi diagram. The geometriccomponent includes the following information: for each non-horizontal edge e of the diagram, thetwo primitive points l(e) and r(e) such that e is a portion of the perpendicular bisector of l(e)and r(e), and l(e) is to the left of r(e). With this representation, performing the discriminationof the query point against edge e only requires to compare the Euclidean distances of the querypoint from primitive points l(e) and r(e); this test has degree 2. As discussed in Section 4.3.1,the design of GeomLib allows geometric programs to be completely independent from the repre-sentation chosen for the geometric objects they handle. In this case, for instance, the explicit andimplicit representations of a LinearCurve2D are interchangeable, without any need for modi�ca-tions in the binary space partition search algorithmic pattern. The only requirement is that, in theimplementation of interface GeomTester2D, each method taking a LinearCurve2D as a parameter,e.g., method leftRight(LinearCurve2D,Point2D), have two di�erent implementations, one foreach representation.7 Future DevelopmentsWe can divide the future developments into short-term and long-term ones. Short-term develop-ments are aimed at completing the vertical case study. In particular, they include:� The implementation of a regularizing algorithm for non-monotone planar subdivisions andthe implementation of an algorithm for obtaining a monotone planar subdivisions from any(e.g., non-connected) planar subdivision.� Experimental testing of planar point location methods has already been performed in thepast [14]. We plan to use the prototype described in this paper to perform an experimen-tal testing of point location queries in Voronoi diagrams, comparing the standard explicitrepresentation of the diagrams with the implicit representation described in [41].� The development of a collection of testers for the interfaces de�ned in JDSL/GeomLib. Thepurpose of these testers is to \certify" that a given class implements correctly an interface.� The implementation of the checker for verifying the consistency of planar subdivisions de-scribed in [11].Long-term developments are aimed at extending the current prototype of JDSL/GeomLib. Inparticular, they include:� The design and implementation of other geometric algorithmic patterns, e.g., plane-sweep,space-sweep, and randomized incremental construction.� The implementation of a system of arithmetic �lters in the arithmetic component.35
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A Object-Oriented ConceptsThe design of GeomLib relies on various object-oriented design concepts (see, e.g., [9, 24, 60, 66]).In this section, we will review the most relevant ones.Object At the conceptual level, an object is an abstraction describing all relevant aspects of acertain entity of the reality to be modeled (a particular application domain or the solutionspace of a particular problem).At the implementation level, an object consists of an internal state and a collection of oper-ations. The operations, usually called methods, represent the only way to interact with theobject, i.e., accessing and possibly modifying its internal state. In other words, the internalstate is hidden to other objects, it cannot be accessed and modi�ed directly; this propertyis called encapsulation. Variables used for storing the internal state are called instancevariables.Objects have an associated identity, which makes it possible to distinguish one object fromall the others and allows all references to the same object to be recognized as equivalent. Anobject's identity is logically distinct from its state or behavior, since the latter are not unique.Class At a conceptual level, a class is an abstraction used to describe the common aspects of a setof objects.At the implementation level, a class serves as template from which objects can be created. Itcontains a de�nition of the instance variables and of the methods for its objects. The act ofcreating an object of a certain class is called instantiation, and the object is called an instanceof the class. Two instances of a class have private copies of the instance variables de�ned inthe class while they share the methods.One may think of a class as specifying a behavior common to all its instances: the methodsdetermine the behavior, while the instance variables specify a structure for realizing it.A class acts as a type for its instances, allowing object type checking.Interface An interface is a description of the behavior of a class of objects, regardless of the repre-sentation chosen for the class. This description usually consists in the declaration of all themethods of the class. Interfaces can be seen as a contract between classes of objects and theirusers. However, since the state of the object is not modeled in the interface, it is not possibleto use an interface to de�ne a protocol of interaction between an object and its users. Thistask is accomplished, as seen above, by classes.A class is said to implement an interface if it conforms to the behavior described in theinterface, i.e., if it provides the semantics for it. This is accomplished by providing an actualimplementation of all the methods declared in the interface. (Note the di�erent, yet related,meanings of the verb \to implement".) Di�erent classes may implement the same interface (indi�erent ways). Also, a class may implement di�erent interfaces at the same time, allowingan object to be of multiple, orthogonal types.Like classes, interfaces can be used as a type for objects. This approach presents the fol-lowing advantage: an object whose type is interface I can refer to an instance of any classimplementing I . 41



Inheritance Inheritance is a mechanism that allows the de�nition of a new class or interface tobe based upon that of some existing class or interface, respectively. Accordingly, we willdistinguish between class inheritance and interface inheritance.When a new class (interface) is to be de�ned, only the properties that di�er from those ofthe speci�ed existing classes (interfaces) need to be de�ned or rede�ned explicitly; the otherproperties are automatically extracted from the existing classes (interfaces) and included inthe new class (interface). The new class (interface) is called a subclass (subinterface) ofthe speci�ed existing classes (interfaces); each speci�ed existing class (interface) is called asuperclass (superinterface) of the new one. Each instance of a subclass is also an instanceof its superclass(es). Inheritance relationships are transitive, and the term class (interface)hierarchy is generally used.If a class (interface) can have only one superclass (superinterface), the term single inheritanceis used; if, on the contrary, a class (interface) can have more than one superclass (superinter-face) the term multiple inheritance is used.Although similar, class inheritance and interface inheritance have di�erent purposes. Classinheritance is an implementation mechanism for sharing behavior and data. Interfaceinheritance, on the other hand, is a conceptual mechanism for expressing generaliza-tion/specialization abstractions, i.e., for allowing new concepts to be derived from less spe-ci�c ones. Thus, interface inheritance complements classi�cation/instantiation abstractionprovided by classes: classi�cation is concerned with encapsulating the implementation de-tails, generalization is concerned with composition and incremental modi�cations of alreadyabstract behaviors.Polymorphism Polymorphism is the ability for a programming language construct to have di�erenttypes or to manipulate objects of di�erent types. Various kinds of polymorphism have beende�ned; we brie
y review the taxonomy described in [9].Coercion This term indicates a mapping between di�erent types (e.g., between type integerand type real) in a programming language.Overloading This term indicates the possibility of de�ning multiple methods with the samename, either in the same class (interface) or in di�erent classes (interfaces).If methods with the same name are de�ned in the same class (interface), they must di�erin the type of parameters and/or in the number of parameters.If methods with the same name, type of parameters and number of parameters arede�ned in two classes (interfaces), one inheriting from the other, the term overriding isalso used.Inclusion polymorphism It allows a method to operate with parameters from a range of types.The range of types is determined by an inheritance relationship. If a certain class(interface) T is used as the type for a formal parameter, then any object whose type is asubclass (subinterface) of T can be passed to the method as the actual parameter. Notethe di�erence between overloading and inclusion polymorphism: in the former case, thedi�erent de�nitions of the method correspond to di�erent implementations; in the lattercase, it is the same implementation of the method that can be used for di�erent typesof parameters.Parametric polymorphism It allows a method to be de�ned with parameters of generic type.For each application of the method, the generic types for the parameters are replaced42



with actual types (see footnote on page 5).In order to fully take advantage of polymorphism, the binding of a method name to thecode implementing it should be done at run time rather than at compile/link time; the termdynamic binding, as opposed to static binding, is used.Also, type compatibility in assignment operations and parameter passing may be checked atcompile/link time or at run time; the terms static type checking and dynamic type checkingare used, respectively.Design pattern A design pattern abstracts, identi�es, and names the key aspects of a solution to acommon object-oriented design problem. It identi�es the classes and instances participatingin the solution, their roles and the way they interact with each other. Collections of systemat-ically described design patterns (see e.g., [24]) are a valuable tool for software designers. Theirgoal is to encourage the reuse of existing design solutions for similar problems rather thandesigning a new application from scratch. They are usually classi�ed into three categories,according to their purpose:Creational patterns concern the process of object creation.Structural patterns deal with the composition of classes and objects.Behavioral patterns characterize the ways in which classes or objects interact and distributeresponsibility.B Implementation LanguageWe have chosen Java as the implementation language for JDSL/GeomLib since it directly pro-vides a number of concepts and language constructs used in object-oriented modeling and design,such as packages, interfaces, classes, objects, and polymorphism [1]. Note, however, that theJDSL/GeomLib design is not directly dependent on Java. We now brie
y review some of thoseconcepts and constructs:Package It provides modularity by de�ning the name spaces for interfaces, classes, and objects; thismodularity is also used to encapsulate entities within a package through name access controls.(It would be a security failure to allow untrusted packages to access trusted packages directly.)The naming of packages should conform to the Internet domain naming scheme to guaranteeuniqueness of packages.Visibility level Interfaces, classes, instance variables, class variables, and consequently objects, areprotected from inappropriate access by di�erent visibility levels (private, protected, package,and public). Although geometric libraries do not have the stringent security requirements ofInternet browsers or digital payment systems, they can take advantage of encapsulation tohelp prevent incorrect usage and avoid unnecessary dependencies between objects.Interface It contains a set of methods (at public or package visibility level) declared with theirparameter types, return type, and exceptions thrown. An interface can also contain a setof constants. Interfaces can participate in multiple inheritance. Since they are essentiallynamed sets, they can be trivial (empty) or the union of other interfaces. These capabilitiesamplify their use for typing purposes. 43



Class, Object See Appendix A. Classes can participate only in single inheritance.Abstract class A partially implemented class which is supposed to be extended by other classes;it cannot be instantiated. Its main purpose is to factor out some common features of theirsubclasses in order to avoid code duplication.Java compilers produce an intermediate byte code that is comparable to the intermediate codeproduced by most compilers, and is language independent. (Indeed a number of compilers havebeen introduced for other languages to produce Java byte code.) A number of aspects distinguishesthis byte code from similar formats: it is portable, to the extent it is designed to load over anetwork, and it is secure. In particular, memory addresses and integers are distinct in Java bytecode to prevent any type of pointer arithmetic. The byte code is loaded and executed by a Javavirtual machine [1, 40].Running a Java program with high performance usually involves converting the portable andsecure intermediate Java byte code to platform-speci�c native code. The conversion may be exe-cuted, while the program is loading or running, by a just-in-time compiler, or, separately, by a highperformance compiler, like the one developed by the alphaWorks team at IBM. Recently, however,Sun has announced a second-generation Java Virtual Machine, named HotSpot, which should allowJava byte code to be executed at a speed comparable to that of platform-speci�c native code.
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