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Abstract

In these notes, we present and review different methods based on maximum-likelihood
estimation for learning the parameters of the mixture-of-Gaussians model. We describe
a method based on the likelihood equations, traditional gradient-based methods (among
them steepest ascent and gradient ascent), expectation-mazimization (EM), conjugate
gradient methods, and proposed accelerations of EM (among them Aitken acceleration
or parameterized EM, and conjugate-gradient acceleration of EM). We describe all the
methods in the context of the mixture-of-Gaussians model. We relate the methods
presented through the generalized gradient-based formulation. Nomne of the methods
presented are theoretically dominant. We empirically analyze their performance on
synthetic datasets and suggest cases in which particular methods perform better than
others.

1 Introduction

The problem of classification in unsupervised learning is of great interest to the Artificial
Intelligence (AI) community. In the classification problem in unsupervised learning, we
would like to learn a classification into M known classes from unclassified data. Assuming
a probabilistic model for classification, Maximum Likelihood (ML) estimation provides a
statistical foundation for learning the parameters of that model. Methods for finding ML
estimates (MLE) for the parameters of a model have become standard in the AT community.

* This material is based upon work supported in part under a National Science Foundation Graduate
Fellowship and by DARPA/Rome Labs Planning Initiative grant F30602-95-1-0020.
T This work was supported in part by DARPA/Rome Labs Planning Initiative grant F30602-95-1-0020.



The utility of the ML methods for classification results from assuming a probabilistic model
and therefore expressing the problem as one of ML estimation.

ML methods have long being used in the Applied Math community in many different
domains. Although the utility of the ML methods to the Al community have been estab-
lished, there has not been a careful comparison of these methods in the context of the Al
community. In this paper we attempt to compare these methods, concentrating primarily
on comparing their speed of convergence in log likelihood space for the problem of learning
the parameters of the mizture of Gaussian model from data. In our case, this model results
from looking at the data as vectors in R¢, and assuming that the true process generating the
data 1s a mixture of M Gaussians distributions. Although theoretical results on the speed
of convergence for the different methods exist, the amount of computation per iteration on
which they are based differs and this makes those results uninformative in practice. There-
fore, we try to compare the methods taking into account the amount of computation they
perform per iteration.

Particularly, the problem of learning the parameters of the mixture-of-Gaussians model
has been widely studied and different methods have been proposed [RW84]. As motivated
above, the methods we present in this paper are all based on maximum-likelihood esti-
mates (MLE). The organization of the paper is as follows. We first describe the mixture-
of-Gaussians model and explains what MLE means with respect to learning the parameters
of this model. We then present a system of equations called the likelihood equations whose
solution satisfies a necessary condition for a MLE for the parameters of this model. We
present some theoretical results about the solution to the likelihood equations and briefly
present general intuitions about those results. We then present an iterative method pro-
posed to solve the system of equations that follows naturally from a re-expression of the
likelihood equations. We then present gradient methods used in nonlinear optimization as
alternative methods for finding MLE for the parameters of a model. We present some gen-
eral convergence characteristics of the gradient methods. We then present what has become
the most typical way to find the MLE solution for this problem: Ezpectation-Mazimization
(EM) [DLR77]. We relate this method to the gradient methods, present some convergence
properties, and compared those properties to that of gradient methods. We then present
conjugate gradient methods and briefly discuss some of their properties. We present some
acceleration techniques proposed to speedup the convergence of EM. Finally, we present em-
pirical results testing some of the proposed accelerations proposed for EM. We discuss our
results, present future work and conclude.

2 Mixture of Gaussians model

In the mixture-of-Gaussians model we assume that each of the independently randomly
sampled d-dimensional points in our data set comes from one of M d-dimensional Gaussians
with some probability. Figure 1 shows an example of a plot of sampled data from five
different two-dimensional Gaussians with equal probability. The parameters 8 of the model
are, for each Gaussian j, the probability of generating a point from it, a;, its mean, p;, and
its covariance matrix, X;. More formally, let a be a vector from the set A of all possible
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Figure 1: Plot of 5000 sampled data points from five two-dimensional Gaussians. All of
them have the same probability (i.e., a; = 0.2 for 1 < j < M).

probability distributions over M disjoint events and represented as vectors,

aq M
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Let a; denote the 7' element of vector a. Let the vector p; be a d-dimensional vector, and
the matrix X; be a (d X d) real, symmetric and positive definite matrix for 1 < 7 < M. Then
we can define the parameters 8 of the model as

aq

Although we do not generally refer to the parameters as a vector, note that if we expand the
vectors and the matrices by their respective elements, the parameters do form a vector with



elements equal to particular scalar parameters that form the more general vector and matrix
parameters. Therefore, those times when we use the parameters as a vector will become
clear from the context.

The probability associated with each d-dimensional data point @; given the parameters
0 of the model is

ple; | 60) = Z%wﬂw ). (2)

The density g(@; | p;, 3;) is the value of the Gaussian density function with mean p; and
covariance matrix X; evaluated at @,. In other words, if we let | X; | denote the determinant
of matrix ¥;, then this density function is

1 ey NS T (2
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We sometimes refer the elements of the vector a as the mizture proportions or mizture
parameters and the densities g(@; | p;, X;) for all j the mizture components or the Gaus-
stan components. The mixture of Gaussians model is a mixture density model where the

component densities are multivariate Gaussians [DH73].
The likelihood of the parameters 8 with respect to a set D of N independent and ran-
domly sampled data points is

oD |6) = [ p(e:|0) (@

The last equation defines a function on 8 which we call the likelihood function.

Next, we will present another form of the likelihood function that is going to be important
later. Note that if, along with our data points we also obtain data with information about
which of the M Gaussians generated each point in our dataset then we can express the
likelihood accordingly. That is, if we also obtain a dataset Z of N M-dimensional indicator
vectors z; with elements z; ; for 1 < j < M, then

0(2.010) = T[T (oss(a: | 1y, %)) (5)

=1 j=1

where we have constrained «; further such that a; > 0 for all j. We can view the elements
z; ; as indicators stating whether Gaussian j generated the data point ;. The reader can
verify that p(D | ) = Y ,p(Z,D | 6) as expected, where the sum is over all possible
datasets Z.

Traditionally, the problem of finding MLE for the parameters of a probabilistic model is
to find the value of the parameters that maximize the likelihood function. However, for this
model, this problem is impossible to solve since the likelihood function has no global maxi-
mum [PW78, DH73, Vap95]. We can see an example of this in one dimension. By assigning



one of the data points to be the mean of one of the Gaussians, call it the k" Gaussian,
fixing the value of all the other parameters in the model except the variance associated with
that Gaussian, as we let the value of the variance associated with that Gaussian approach
zero, the value of the likelihood function increases arbitrarily. We call solutions of this kind
singular solutions or singularities. Intuitively, those solutions correspond to collapsing one
of the Gaussians in the mixture. Trying to avoid those solutions, what we really want is
to find the value at which the likelihood function attains its largest local maximum. This
is, however, hard in general, since the likelihood function associated with this problem has
many local maxima. Although there are ways to handle the problem of many local maxima,
in practice what we do is to find a local maximum of the likelihood function and hope this
is the largest of them all.

Another problem with the idea of maximum likelihood estimation is the fact that the
likelihood can have more than one largest local maximum. One reason is that we can
exchange the parameters associated with one Gaussian, including the mixture proportion
associated with it, with the parameters of another Gaussian and obtain another model with
the same probability density function. Another reason is that the model that generated the
data have two or more Gaussian components with the same mean and covariance matrix. For
instance, if the parameters are such that model has two Gaussian components with the same
mean and covariance matrix, then any assignment to the mixture proportions that respect
the constraints yields a model with the same probability density function. This problem is
not really a concern to us since all we are really interested is in finding a model that best
fits the data and for this purpose any solution in the set of largest local maxima leads to
equivalent models.

Finally, it is important to note that we do not maximize the likelihood function directly,
but the logarithm of the likelihood function or the log likelihood function. The log likelihood
function is

L(6) =Inp(D | 6) = Zlnp(wz 1 9), (6)

where the last equality follows from the property of the logarithm function. This is primarily
done for simplicity. The reader can verify that, because of the monotonicity of the logarithm
function, the likelihood and the log likelihood function attain maxima at the same points in
the domain.

3 Likelihood equations

One of the first MLE methods for this problem resulted from the notion of likelihood equa-
tions [PW78, RW84]. The likelihood equations come from a necessary condition for a local
maximum of the log likelihood function L(8) = lnp(D | 0); that is (see Appendix A),

VeL() = 0.

Next, we will compute the gradient of the log-likelihood function with respect to each of the
parameters and set them to zero in order to obtain more specific necessary conditions on



the parameters for a maximum. Doing this for each «; (taking care of the constraints on o
using a Lagrange multiplier \), we get

L0 N 9lnp(x; | 6 0 (Y
HO (o) 2 (5,

In order to solve for A we multiply both sides of the last equation by «; and sum both sides
for all M Gaussians,

k3 7
ZZ%W—AZ% =0.
=1 j=1
Solving that last equation for A we obtain

A= N.

Performing the same operations as above for all M Gaussians and substituting back our
value for A we get the first set of likelihood equations,

N
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which we will write in a more convenient form

N
azzizajg(w””j’z]j) for1<j;j<M (7)
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Similarly for g, we have
N
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For convenience, expressing the last equation recursively in terms of g and performing the
same operations for all M Gaussians we get the second set of likelihood equations,

T
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Finally, computing the gradient with respect to each ¥;, we get

N
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For convenience, expressing the last equation recursively in terms of ¥; and doing the same
operation for all M Gaussians we obtain the last set of equations

N ajg(=ip; E;) T
Dzt = P(@:]0) (e — ) (@i — py)

EN ajg(zi|p;,2;5)
=1 p(z]9)

3, = Jorl <7 < M. (9)



The equations above are the likelihood equations. They form a system of nonlinear
equations and their solution

0N =

is a critical point of the log-likelihood function and therefore we need to evaluate the Hessian
matriz (see Appendix B) of the log likelihood at that point to further characterize the
solution. Note that we use the superscript to denote that the solution depends on the data
and therefore on N. One important result about a solution 8" to this system of equations
is that if some regularity conditions on the log likelihood function hold and the Fisher
information matriz F(0) (see Appendix C) is well defined and positive definite, and we are
in a sufficiently small neighborhood of the true values 8, then for a sufficiently large amount
of data N there is a unique solution 8" of the likelihood equations in the neighborhood of
0" and this solution locally maximizes the log likelihood function. In addition, the random
variable \/N(@N —67) is asymptotically normally distributed with mean zero and covariance
matrix F(6°)~' [RW84, Mei89]. This tells us that the variance on the solution we obtain
from the likelihood equations, for a fixed amount of data and with respect to the true values,
depends on the inverse of the Fisher information matrix. [RW84] empirically show that
the diagonal elements of F/(8")~! are much larger when the Gaussians in the true model
are not well separated than when they are well separated. Therefore, in the case that the
Gaussians are not well separated in the true model, we need a significantly larger amount of
data than when the Gaussians are well separated in order to reduce the variance and obtain
more precise estimates for the true parameters.

The last result regarding the asymptotically normal distribution of the solution is a
very general result about the (strongly consistent maximum) solution of likelihood equa-
tions [Chab4]. Next we will present a very informal argument of why the solution to the
likelihood equations is asymptotically normally distributed. Assuming that N is sufficiently
large and that in the neighborhood of the 8* where the solution to the likelihood equations,
6", lies, the function is (approximately) quadratic (i.e., the partial derivatives of greater
than the third order are 0 or negligible if the function is only approximately quadratic), a
Taylor expansion of the gradient of the log likelihood yields

VeL(0)=VeL(0")+ H(67)(6 —07).
Since the gradient evaluated at the solution 8" is 0, we get

0= VeL(0")+ H(0°)(8" —87),



or equivalently
—H(67)(8Y —67) = VoL(87).
Then we divide each side of the last equation by N to get

1 o aN _ g 1 .
_NH(Q )(8 —G)ZNWL(G ).

Noting that as N increases, —+H(8") — F(8"), we get

F(6") (8" —07) = %ng(e*) (10)

Now we note that,
Ex[Velnp(X | 67)] =0,
and

Varx [Velup(X | 6%)] = Ex [(vg Inp(X | %)) (Velup(X | e*))T]
— F(97).

Therefore, we can apply the Central Limit Theorem to the right hand side of equation (10)
to obtain

1 . L e
FVeL(67) ~ N (0, -F(67)).

Therefore, from equation (10) and the last result we obtain

F(6°)(®Y — 87) ~ N(0, %F(G*)).

We can also express the last result as
VN(©Y —67) ~ N(0, F(6°)7"),

which is the second part of the result presented in the last paragraph.

In general, the Hessian of a function tells us how the first derivatives of the function are
changing (Figure 2). Assume that the we evaluate the Hessian where the function attains
a local maximum and some regularity conditions on the function hold. Then the Hessian
evaluated at that point is a symmetric negative definite matrix. In particular, if the first
derivatives do not change much and their magnitude is small in all directions in the neigh-
borhood of the local maximum, then the surface in that area is almost flat corresponding to a
Hessian whose elements are negative numbers with relatively small magnitude. If the change
in first derivatives is only in the direction of the axes, then its off-diagonal elements are very
close to zero. If the first derivatives do change significantly in all directions, the surface of
the function is more peaked than in the previous case, and this corresponds to a Hessian
whose components have relatively large magnitude. If the changes in first derivatives occur

9
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Figure 2: Plot of the function f(z) = zTAz for (a) A = [—1,0;0,—1], (b) A =
[-10,0:0,—10], (c) A = [-10,—4:—4,-10], (d) A = [-10,9:9,-10], (¢) A =
[—10,0;0,—1], and (f) A = [-10,3;3,—1]. The Hessmn of f is H z) = A. Their re-
spective condition numbers are: (a) k[A] =1, (b) k[A] =1, (¢) k[A] = 2.3, (d) k[A] =19,

(e) k[A] = 10, and (f) k[A] = 118.99.

in directions that are not exactly those of the axes, then the surface of the function is elon-
gated along those directions and this behavior corresponds to a Hessian whose off-diagonal
elements are significantly different from zero. The magnitude of the elongation depends on
the magnitude of the off-diagonal terms. The direction of the elongation depends on the sign
of the off-diagonal terms. The function is also flat in the direction of the elongation and how
flat it is in this direction depends on the magnitude of the elongation itself.

A problem 1is ill-conditioned if different approximate solutions give about the same fit
to the data [RW84]. This behavior corresponds to regions where the function is very flat,
and typically happens in the mixture-of-Gaussians model when the Gaussians are not well
separated (Figure 3). In nonlinear optimization, the condition of a problem is typically

10
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Figure 3: Plots of L(8) for 1-dimensional data as a function of y; and pe with oy = ag =
0.5,01 = 03 = 1. In this case the data is 1000 sampled points from the mixture model with
parameters oy = ag = 0.5,01 = 03 = 1,3 =0 and (a) pg = 3, (b) p2 =2, (¢) g2 = 1, and
(d) p2 = 0. Note how the log likelihood function gets flatter around the maximum as the
means in the mixture get closer to each other.

measured by the condition number of the Hessian evaluated at the solution !. The condition
number of a matrix measures the degree to which a pair of columns of the matrix are
linearly dependent. In two dimensions, the columns are close to linear dependence when the
off-diagonal elements of the matrix get close in magnitude to the diagonal elements. When
the matrix is the Hessian of a function in 2 dimensions evaluated at a local maximum of the
function, this corresponds to the function being more elongated, and therefore flatter, along
some direction. Note that we can approximate L(8) in the neighborhood of a local maxima
at 0" using a quadratic Taylor series expansion around 6%

L(O) ~ LOY)+ (0 —6")'VeL(6™) + %(9 — oML (6™)(6 — V)
= LOY)+ %(0 —0M)Y"H(6Y)(6 —8V)

!Given some matrix norm ||-||, the condition number of a matrix A is
w[A] = [|A|l - [|A7Y] = Au[A]/ A (Al

where Apr[A] is the eigenvalue of A with the largest magnitude and A, [A] is the eigenvalue with the smallest
magnitude.

11



As we get more data, 8 — 6" and %H(QN) — —F(07), yielding

L(6) ~ L&)+ %(0 — 6" (—NF(67))(0 — 6%)

Since, for sufficiently large N, the condition numbers of H(8"), —NF(8*) and F(8~) are
the same, the condition number of the Fisher information matrix evaluated at the true
values for the parameters determines the condition of the problem for sufficiently large V.
Therefore, the condition number of F(8”) determines the limits of accuracy with which we
can numerically approximate the solution in practice.

Note that we can develop an iterative procedure from the likelihood equations. The
method is as follows. We first initialize the parameters of the model somehow. We evaluate
the right-hand side of the likelihood equations (as presented above) using the current setting
of the parameters and get new settings for the parameters by assigning the result of the
computation to the appropriate parameter in the left-hand side of the likelihood equations.
We continue iterating until some stopping condition holds. More specifically, for this iterative
method, we initialize the parameters 0” to some values and iterate to get new estimates
using the updates below:

N (k)
(k1) 1 ik 9(i | plt 72] ) :
o = — o , for 1 <53 < M. 11
) NZ o 18, j (11)
(k) (k)
N oy |uj =0,
) _ 2= e for 1 < j <M. (12)

N a{¥g(@iuf ()

i=1 p(z;|6%))

(k) g (F) 5 (R)
N oy (2] ’ ij )
Zi:l gp(m,ﬁ)(k)) (113@ N; ))(113@ — Hy )T )
= : for 1 <5< M. (13)
EN Ek g(z Iuj ,E( ) 7
=1 p(zi[0*))

This method monotonically increases the log likelihood and is guaranteed to converge (mod-
ulo singularities). We will see why in Section (5). Before a prove of convergence existed,
researchers observed that this method converged often in practice [PW78]. Acceleration
methods based on Aitken acceleration (see Section (7.1)) have also been used for this

method [PWT78].

4 Gradient-based methods

Gradient-based methods for nonlinear optimization give us another way to find a zero of
the Jacobian of the function we want to optimize. In general, if the method converges, the
result will give us a critical point of the original function, and therefore we need to perform
additional analysis in order to fully characterize the solution. Let A® be a matrix that

12



can depend on 8™, and r*) = Vof(e(k)) be the gradient of the function with respect to
the parameters evaluated at the current setting of the parameters 6% . In general, in these
methods we get new values at each iteration using the following update rule,

gkt _ g(k) + ’y(k)A(k)r(k), (14)
where

) = argmax f(O® + v AFp#), (15)
v

This update rule says that our new setting for the parameters is our current setting
for the parameters offset by a step in some transformed direction ’y(k)A(k)r(k) that depends
on the current setting of the parameters, where #*) is the original direction, AW is the
transforming matrix, and 4¥) is the magnitude of the offset along the transformed direction.
Note that using this general form, where we optimize the step size v*) at each iteration, the
value of the function will not decrease after each iteration.

Many variants of this general formulation exist. We refer the reader to [Ber95, Pol71,
PTVF92] for more detailed information on the different variants. In this paper, we briefly
describe some of the most common variants.

Note that the gradient methods presented here are methods for unconstraint optimization
and therefore we need to adapt them to handle the constraints on the parameters imposed
by the mixture of Gaussians model.

The most typical convergence rate analysis of gradient-based methods is the local analysis,
where we are interested in the behavior of the method when close to a solution (see Appendix
D). Let us first study the convergence characteristic of a gradient-based method that uses
A® = I where I is the identity matrix (i.e., the step is taken strictly in the direction of
the gradient). This method is the steepest ascent method [Ber95]. Expressed in this way,
the update rule in (14) becomes

U+ — k) 4 (k) (k) (16)

with 7*) as in (15).

Next, we present a local convergence rate result for the steepest ascent method that ties
the convergence rate to the condition number of the Hessian of the function evaluated at the
solution. For clarity, assume that the function is quadratic. For non-quadratic functions,
the idea behind the result is the same but requires more care. First note that by Taylor
expansion around the solution 8%,

P8 = Vo f(8Y) + V2F(6) <0<k> - 9N> — H(6Y) <0<k> - 9N> .

Using the expression above for the value of the gradient of f at 6™ in the update rule given
in (16), we get the approximation to the update rule below,

gl — gtk | () fr(g™) <0<k> . 9N> .
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Subtracting the solution 8% at both sides, we get
o+ — N = (I + v H (")) <e<k> — 9N> :
from which we get (see Appendix (E)),

|00 — 0¥ < ||z + 50 E(0)] |0 - 0V

We let the convergence rate factor s*) be
s® = [T+ W H(OY)| = My [T +7W H(8V)], (17)
by a property of eigenvalues and the matrix norm. Also by a property of eigenvalues,
A [T+ W H(OY)] = max {1 ++®N, [HOM]], 1 ++P 2 [H(OV)]]}.  (18)

Therefore, the value of the step size v*) for which the convergence rate factor s¥) attains
its minimum value is

yN = argminmax{‘l + ’y(k))\m [H(QN)} ‘ ) ‘1 + ’Y(k))‘M [H(GN)} ‘} )
Y

for which we can find a solution by solving the following equation,
— L+ VA [H(OM)]) =1+ VA [H(0V)]
By solving the last equation we get the value for vV,

N -2
T THE)] o [H V)] )

Substituting back the value of 4V given in (19) into the bound for the convergence rate
factor s¥) given in (18) and using the result to re-express the upper bound of s%*) given in
(17), we get

M [H(0™)] = A [H(6™)] _ Aw [H(67)]

5 Am 2T )}
= W [HO)] + A [HOY)] © O [H(OV)]

=1 x[H(OY)].

Therefore, an estimate of the convergence rate on the parameter space for steepest ascent is
He<k+1> - eNH < (1— s [H(OV))) He<k> - eNH . (20)

Using a similar but more complicated analysis we can obtain a similar estimate for the
convergence rate on the function space for steepest ascent,

F(OU) — f(6Y) (AM [H(6V)] — )\, [H(6V)] )
FOU) —f(6%) T \ s [H(8V)] + A [H(6")]
< (1—x""[H(OY))".

14



We can obtain the general form of the gradient methods given in (14) if we perform
steepest ascent on a transformed space. Let the transforming matrix T be ?

T = (A")3, (21)
and the new parameter space ¢ resulting from the transformation be such that
0 =T¢. (22)
Let the function defined on the new parameter space be
W) = F(T). (23)
Performing steepest ascent on the function h(¢) we get the update rule
¢(k+1) - qf)(k) + ’y(k)v¢h(¢(k)). (24)
From the definition of h(¢) given in (23) and the chain rule for gradients we get
Veh(¢p) =TVe f(0). (25)

Premultiplying both sides of the update rule given in (24) by the matrix T as given in (21)
we get

T = TopM 4 BTV h(p™M).

Substituting the gradient of h(¢) given in (25) into the last expression for the update rule
and using the definition of the matrix T given in (21) we get
U+ — glk) 4 () A(R) (k) (26)

which is the general form of the update rule for gradient methods. From the above exposed
relationship between steepest ascent and the general gradient methods, and the estimates
on the convergence rate for steepest ascent, we can get estimates on the convergence rate
of general gradient methods. That is, from the convergence rate results for steepest ascent
above,

|t — @~ < [T+ 9VEneY)| |64 - @~
= Ay [T+49V2h(6")] H¢<k>_ NH
< o]

Since, from the expression for the gradient of h(¢) given in (25) and the chain rule for
gradients,

Veh(¢) =TV, f(6)T

2The symmetric square root of a square symmetric nonnegative definite matrix A, denoted as A%, is a
symmetric matrix such that ATAT = A.

15



)" (o=

We can also get another form for the convergence rate by substituting the Taylor expansion
of the gradient directly; that is,

TN
S
>
B
=
N
=

‘ < <1 _ /4;_1[(A(k))%H(eN)(A(k))%D H <(A(k))§>—1 <0(k) — 0N>
o7)

o] < frepanmen ot s

From the last result we see that if we let A®) = — H(6™)™!, the value of s [(A®)2 H(9V)(AW)2]
becomes 1, the optimal value for v becomes 1, and s*) becomes 0 which gives us a
method with super-linear convergence. Therefore, from the standpoint of speed of con-
vergence, we should use A® as close as possible to —I-I(GN)_1 since then the value of
/i_l[(A(k))%H(GN)(A(k))%] will be close to 1, the optimal value of ¥*) will be close to 1, and
s will be close to 0 which gives us a method with close to super-linear convergence. Since
we do not know where the function has the maximum (that is exactly what we are trying
to find out), the idea behind the methods below is to find ways to approximate —H (87)~",

or, from the standpoint of speed of convergence, ways to improve the condition number of
1

the effective Hessian (A(k))%H(QN)(A(k))g‘

4.1 Newton-Raphson method

To obtain Newton-Raphson method, we let A*) = —H(G(k))_l, and v = 1. Therefore, we
obtain the update rule

ottt — 9™ _ H(9W)~ k), (29)

Newton-Raphson method has super-linear convergence when close to the solution where the
function can be well approximated by a quadratic function and therefore, the Hessian is
almost constant and H(G(k)) ~ H(8"). However, the H(G(k)) is typically singular and/or
not positive definite when not close to a solution and it may not converge to a solution.
Note the extra work of computing the Hessian at every step which can be a very expensive
operation. Furthermore, the size of the matrix increases as the square of the number of
parameters. Therefore, the method presents problems when dealing with a large number of
parameters.
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4.2 Quasi-Newton or variable metric methods

This method uses approximations to the Hessian at every step that are, among other things,
easier to compute and non-singular. To obtain this type of method, we let AR = ppk),
where M ™ is a symmetric, positive-definite matrix that we use to approximate —H(G(k))_l.

We also let v*) =1 as in the Newton-Raphson method. The update rule is then,
o) — ) 4 pgk) (k) (30)

Some ways of computing M®) is to use the diagonals of the Hessian instead of the
full Hessian (as long as they are all negative) or to do a secant update of the Hessian at
each step. This method features super-linear convergence when close to a solution and
typically improves on the global convergence properties of the regular Newton-Raphson
method because now, by imposing that M®™ be symmetric, positive-definite, the matrix
is never singular, even if it is far away from a solution.

4.3 Gradient ascent

We obtain the general form of the gradient ascent method if we let A® = I and v*) be
some constant or sequence which does not necessarily maximize f(0<k> +yr®). The update

rule becomes,
gl = gik) 1 (k) (k) (31)

Note that what we are doing in this method is strictly moving in the direction of the gradient
with a step size determined by the value of 4(¥). Note that this method looks like a quasi-
Newton method where we approximate the Hessian at every step as v*I. Not surprisingly,
this method, because of the very rough approximation to the inverse of the Hessian it uses,
typically has slower linear convergence. Also it is not always clear how to determine the
most appropriate value for v*). If it is a constant, it should typically be small. However, too
small a value typically gives slow convergence. Too large a value can improve convergence
speed but also increases the chances of divergence. Several rules and heuristics exists for
establishing this sequence. If we are lucky and pick the optimal parameter at each step, the
method is equivalent to steepest ascent and therefore can show super-linear convergence in
some 1nstances.

5 Expectation-Maximization (EM)

EM [DLR77] is the method most commonly used to obtain the MLE parameters for the
mixture-of-Gaussians model. This is a very general method for producing MLE parameters
from incomplete data. Next we present a very specific derivation of this method for the
mixture-of-Gaussians model. First, note that from the chain rule of probability,

p(Z,D|8)=P(Z|D,8)p(D|0).
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Now we apply the natural logarithm function to both sides and use the properties of loga-
rithms on the right side of the equation to get

Inp(Z,D |0)=nP(Z|D,8)+1np(D|8).
Using algebra to rearrange the equation we get
Inp(D |0)=lup(Z,D|60)—-1nP(Z | D,8).

Assume that we have a different setting of the parameters 8’, and therefore another distribu-
tion on the indicators Z conditioned on the data points D and 6’; denote this distribution
by P(Z | D,8'). Note that we can take an expectation of the logarithm terms with respect
to P(Z | D,0"). We can do this by multiplying each side of the equation by P(Z | D,8").

Performing that operation and distributing over the subtraction we get

P(Z|D.6\lnp(D|8) = P(Z|D.6)lnp(Z,D|6)—
P(Z | D.0)lnp(Z | D, ).

Summing over all possible values of the indicators Z, we get
Y P(Z|D.6)np(D|0) = > P(Z|D,0)lnp(Z,D|6) -
z z
Y P(Z|D.¢)lnP(Z|D.6).
z
We now simplify by using the rules of probabilities to obtain the equation
np(D|68) = Y P(Z|D,8)lnp(Z,D|6)—
z

Y P(Z|D,¢)nP(Z|D,6).

If we let the log likelihood L(€) = lnp(D | 8), the expected log likelihood Q(8

| &'
>, P(Z|D,0")lnp(Z,D|8),and theentropy H(0 | 0')=>.,P(Z | D,6")ln P(Z |

< |l

D,
then we can rewrite the last equation as
L(6)=Q(0|6')— H(6|6). (32

Let K L(P'||Q") be the Kullback-Leibler or relative entropy distance between the distribution
P’ and @' over the same set of events [CT91]. Note then that the difference in entropies
H(6'|0")— H(O |0 is

H(O'|6)—H@O|6)=KLP(Z|D.0)| P(Z|D.6)) >0,

where the resulting inequality comes from a result that is a consequence of Jensen’s inequality
and is known as the Information inequality. Equality in the above inequality holds if and

only if P(Z | D,8") = P(Z | D, 8) for all Z.
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Therefore, if P(Z | D,8") # P(Z | D,0) and Q(6 | 8") > Q(6' | 8'), then L(0) > L(8").
In addition, if P(Z | D,8') = P(Z | D,0)and Q(0 | 0') = Q(0' | 8'), then L(0) = L(0'). In
other words, if we increase the expected value of the log-likelihood for the complete data (i.e.,
the data observed and the indicators for the Gaussian used to generate each data point) with
respect to the new parameters given the current setting of the parameters and the incomplete
(i.e., observed) data, then the log-likelihood of the parameters for the incomplete data (i.e.,
the function that we really want to maximize) will also increase.

The EM method results from the last observation. In this method, we start with an ini-
tial estimate of the parameters 8(°). Then, at each iteration k + 1, we perform the following
two steps:

Expectation step
Q(6]6") = Eznp(Z,D|6)| D,6"]; (33)
Maximization step

0"+ ¢ arg max Q8 | oW). (34)

If the set arg maxg Q(6 | Q(k)) 1s a singleton, as 1t is for the case of the mixture-of-Gaussians
model, we replace the symbol € by the symbol = in the expression above. On the other
hand, note that we do not really need to maximize Q(6 | Q(k)) with respect to € at each
iteration in order to monotonically increase the log likelihood at each iteration. All we need
to do is to find 8% such that Q(OFY | %)) > Q8% | ™). A version of EM that does
just that is called Generalized EM (GEM).

There is another way in which we can derive and interpret EM. This interpretation is the
basic idea behind current work that tries to cope with the computational issues that arise
when we are dealing with models for which the expectation step is complex [Gha97]. By
the property of marginalization of probabilities,

Inp(D|0)=In) p(Z,D|6).

Introducing a new distribution over the indicators W(Z) as above, we get

Inp(D | 8) mZW ZDZ|)9).

Now, by Jensen’s inequality and some manipulation,

r(Z,D|9)
pD16) = D WZh =5
= ZW Jup(Z,D | 6)— ZW(Z)an(Z)

= J—"(W,e). ’
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If we define lnp(Z, D | ) to be the energy of a global configuration (Z, D), then the
lower bound F(W, 0) is the negative of a quantity known in statistical physics as the free en-
ergy. Viewing it this way, EM is now, starting from some initial setting of the parameters 0.

Expectation step

Wk ¢ arg maxy, F(W, 0™); (35)
Maximization step

0+ ¢ arg max, F(W 1) 9). (36)

From the above steps, we can also see EM as improving a lower bound on the log-likelihood
function with respect to the current setting of the parameters at each iteration. If we let
W&+ (z)= P(Z | D, G(k)), then the inequality becomes an equality; that is, (W *+1), 0(k+1)) =
Inp(D | 0(k+1)). We can see the last statement from equation (32) in the previous deriva-
tion of EM. Therefore, that assignment for W maximizes the expectation step. Substituting
back the maximizing value with respect to W in the expectation step we get the traditional
version of the EM method that results in the steps given in equations (33) and (34).

Using the formulation of EM given by equations (33) and (34) above we can determine
more specific update rules for the parameters in our problem. First, let us develop the
expectation step. By taking the conditional expectation of the logarithm of the complete
data likelihood p(Z, D|0) as defined in equation (5) we obtain

N M .
In JTTT (eso(=: | 2y, 25)) 7

=1 j=1

Q8 6Y) =Ey

D,G(k)] .
Using the properties of logarithms and expectation, we get

Q0 16Y) = "> E.,, [sun (aj9(@: | 1, %))

=1 j7=1

Since the factor In (ozjg(:n,' | 15, Ej)) is constant with respect to the indicators Z, we can
simplify the last equation by

N
Qe 6™)=>"

=1 3

INGE

E.,, [Za | ;,3“0(’“)] In (ajg(z; | pj, 5))

1

The expectation term is the expected value of the indicators with respect to the dataset and
the current setting of the parameters. This value is

2 = E.., [Zi,j | ‘Biae(k)] = P(zi;=1] ‘Bive(k))'

l7]

2 (k )

In other words, z;/ is the probability that the Gaussian j generated datum @; with respect

to the current settlng of the parameters 8*). Using this information, we can finally express
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the expectation step of the method as computing

k k k k
oy atw | ,25 Do B .
T T M W) CRSCNE ™ (37)
Z]‘:1 @y g(z; | My, X ) p(e; | )
for all Gaussians and all data points. We can also express the function ) as
N M
A k
QO 6W) =" "2 (lna, +Ing(x | u,, %)) (38)

=1 j7=1

To perform the maximization step we take partial derivatives of equation (38) with respect
to the parameters € and set them to zero. First let us determine the update rule for the
o’s. Taking derivatives of equation (38) with respect to «;, using the Lagrange multiplier A
to satisfy the constraints on the a’s, and applying the properties of derivatives we get

0 0 1IlOé]‘—|-1Il (iB,| j,Ej)
(a| (ZZ & agaj K ))_

=1 j7=1

5(2?11 a; —1)
aOé]‘ '

A

Taking derivatives of the subcomponents and setting the result to zero we obtain
Yl
Y= —x=0. (39)
=1 7 Qy

Trying to solve for A, we sum over all the Gaussians and obtain

ZZQJ —)\Za]_()

7=1 =1

Applying the properties of the o’s, substituting for Z( )

A we get

from equation (37), and solving for

A= N.

Substituting the value for A from the last equation into equation (39) we get the update rule
for each «;

1 N

k 1) ~(k)

+ = ZZZ(J (40)
=1

This update says that if we knew exactly which Gaussian generated which data point we
would estimate the probability of each Gaussian to be the average number of points gen-
erated by that Gaussian. Since we do not know the ezact number of points generated by
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each Gaussian, we take the average over the ezpected number of points that each Gaussian
generated.

Similarly, we compute the gradient of ) from equation (38) with respect to p;, and set
it to the zero vector to get

N M
vujQ(e | e(k)) = ZZ%?VW (m%‘ +Ing(, | Pfjazj))
& ]:) 1
= ;ZU mvuﬂ(mi | B, 355)
N
e BV (e ) S )
i=1 ! ’

Solving for g in the last equation we get the update rule for each mean p;

N (k)
20Xy
) 2 it F 2 (1)

3 N (k)
22:1 24

This update says that if we knew exactly which Gaussian generated which data point we
would estimate the mean of each Gaussian to be the mean of the points generated by that
Gaussian. Since for each data point we do not know ezactly which Gaussian generated it, we
weight each point by the probability that the Gaussian generated it given the current setting
of the parameters and divide that by the ezpected number of points that the Gaussian
generated. Another way of looking at this update is that the mean of a Gaussian is the
expected value of the coordinates of the data points, where we take the expectation with
respect to a conditional distribution over the data points given that Gaussian and the current
setting of the parameters.

Finally, we compute the gradient of @) from equation (38) with respect to X, and set it
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to the zero vector to get

N M
Vs,Q016W) = YNV, (Ina; + lng(wi | g, 55))
=1 j7=1
al 1
~ (k)
= Z, ) ———————=Vs.g(z; | 1.,
LA S Ty e )

Solving for ¥, in the last equation we get the update rule for each covariance matrix 3;

N (k) (k+1) (k+1)
(k1) _ Dici Sl —py ) (@i — py )T‘ (42)

J N (k)
22:1 255

Note again that the update rule is just what we expect. In the case that we observe the

assignment of points to Gaussians, the new variance is the sample variance of the points
associated with that Gaussian. Since we do not know that assignment, we weight the variance
associated with each point by the conditional probability that the point belongs to the
Gaussian we are updating given data and the current setting of the parameters.

Moreover, note that both the expectation and the maximization steps for this model are
simple. This is no coincidence. The complete-data likelihood function for this model belongs
to the exponential family. When this happens, the expectation step reduces to computing
the expected sufficient statistics given the data and the current setting of the parameters. For
the mixture-of-Gaussians model, the sufficient statistics are, for each Gaussian, the number
of data points assigned to it (i.e. 25\71 zi;), and the mean vector (i.e (1/N) El | Zi %)
and covariance matrix (i.e (1/N) SN zijeiel) of those points. Slnce we do not know the
assignment of Gaussians to data points, we can use the data and the current setting of the
parameters to compute their expected value (i.e., Z; ;). Now, to obtain the maximization
step for such models, we replace the sufficient statistics in the expressions for the MLE for
the model by the expected sufficient statistics. One of the reason why EM is so popular is
that models from the exponential family occur often in practice, and for these models, the
expressions for the MLE are simple. Therefore all we really need to do is to determine the
expression for the expected value of the sufficient statistic given the data and the current
setting of the parameters.

At this point, it is important to note the similarity between the EM method for the
mixture-of-Gaussians model and the iterative method presented at the end of Section (3).
They only differ in the way they update the covariance matrices: EM uses the value of the
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means just computed while the iterative method uses the old value for the means. We can
think of the iteration method as first sequentially maximizing Q(6 | Q(k)) first with respect
to a, then with respect to each X, and finally with respect to each p; [Xu97]. Doing this
we have

Q(a(k-l—l)vp’(lk)v' o 7’1’5\];)72(1k)7 o 725\];) | e(k)) Z
k k k k

~—

Q(a(k+1)7 “(lk)v s 7’1’5\];)7 2(1k+1)7 s 72(k+1) | 0 ) Z
Q(a(k-l—l)vy’(lk)v"' 7’1’5\];)72(1k)7 7 | e(k))v
Q(a(k+1)7 ’1'(1k+1)7 s 7’1'5\];'_1)7 2(1k+1)7 s 72 (k+1) | 0 Z

)
Q(a(k-l—l)?"l'(l )7"' 7”5\2)72(1k+1)7"' 72(k+1 | 0<k))7

or, in other words,

Q6" 16%) > Q6™ | o),

Therefore, we can view the iterative method based on the likelihood equations as a General-
ized EM method, which implies that that iterative method monotonically increases the log
likelihood at each iteration.

Finally, note that the result of the update rule for a in both EM and the iterative
method, given that a® satisfies the constraints (i.e., E]]\il a; =1 and «o; > 0 for all j),
is a value for a**) that also satisfy the constraints. The result of the update rule for X;,
for all 5, in both methods, given that 0™ satisfies the constraints (i.e., the constraints on
a and that the covariance matrices, 3; for all j, are all symmetric and positive definite),
i1s a symmetric matrix and it is positive definite with probability one assuming that N is

large enough such that the matrix is of full rank [XJ96]. Redner and Walker [RW84] say on
page 218 that E(zk—H) is positive definite with probability 1 if N > d. However, they state on
page 227 that each E(k+1) is “in the convex hull of” {(iBz - ung))(:ﬂi - Ng‘k—l_l))T}i_l N

“a set of rank-one matrices which, of course, are not positive definite. Thus there is no
guarantee that a sequence of matrices” {Egk)}k—o L “produced by the EM iteration will

remain bounded from below.” The last statement seems to be justified given the possibility
of singular solutions as discussed at the end of Section (2).

5.1 Relation between EM and gradient-based methods

The results presented in this section are mainly from recent articles on this subject [JX93,
XJ96, Xu97]. The idea is to think of EM as a generalized gradient method that uses the
conditioning matrix A® on each step. This is done by equating the EM update rule to
the gradient-based update rule and solving for A%, We denote that matrix as Ag(% =

diag <A AEM AEM AEM AE > We will find that A is always positive

definite Wlth probablhty 1 for sufﬁaently large N. Therefore, EM moves in a positive
projection of the gradient. EM is similar to a variable metric approach since A » changes
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at every step. Note, however, that in EM we do not need to set step sizes and still will
guarantee not to decrease the log likelihood function at every iteration and also, in the
mixture-of-Gaussians model, to satisfy the constraints.

First of all, note that the iterative method presented in Section (3) based on the likeli-
hood equations differs from EM only in the update rule for the covariance matrices. The
update rule for the covariance matrix in the iterative method in Section (3) uses the current
value of each mean p,;k). Instead EM uses the value new value of each mean p,;k—l_l)
computed in order to obtain new estimates for the covariance matrices. Therefore, we will

start the analysis by first finding the matrix AWK corresponding to the iterative method. We

just

denote that matrix as Ag(Ek) = diag <A{;€),Ai?) yeen ,Ai@,A;f?), . ,A;@). Since the

transforming matrices corresponding to a and pu; for all j are the same for both methods

(ie., A{;ﬁ) = Ag(]\;f) and Ai{‘}z) = Af(]\;f) for all j), all that is left is to relate the matrix
] 1

J
corresponding to the updates of the covariance matrices obtained for the iterative method
to that of EM.

For the mixture proportions (a) updates, we want to find a matrix A{fk) such that

N
1 .
ot Alfyram = 5> 2
=1

As computed before, the gradient of the log likelihood function with respect to a evaluated
at 8 is

k k
1= ‘k k

Equating the gradient-based expression and the update of the iterative method we obtain

k k

N N oy
A L (o),
;Pfﬂz“g ik) (k) ,ZZ;N l
g(z; | Hurs EM)
v gl | . 25) N
T A s = Yy (B -at).
i=1 P T; | o (k) « (k) i=1
gl@i | pyy > 207)
Let
1
AJ;}(Ek) - < (BLE CLE )
Now we want to find a matrix B w for which

k) sk
BLE . — 3k

T Al alk) : 3
P(‘Bi | e(k)) k k
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Let

o0 0
(k)
0 0
0 0 ol

Then
k k

(k k
gl | py) . 25)

k k k
aFg(a; | M =)

p(e; | e(k)) (k)

‘ k k
o\ g(zi | pi), )
2 ()
l7]
)
(k)

— Zl .

We also want to find a matrix C{;ﬁ) such that

k
1 ale: | p”, 2)
LE . _ (k)
alw: |y 25
Let
k) (k k) (k k) (k
bl ot ol
CLE = Gy G Oy Gy R VA IS (a(k))T
Bl ol | o
Then
1 gla: | pi,2)
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of 3oL, ofg(wi | ), =)

1 J=1 J

P(‘Bi | e(k)) k k) k k
ol M ag e | Y, 3)

ofp(a; | 6™)

1
T (| 6 :
ol
ot
- a®.
Therefore,
L /.. T
Az = L (dingal®.... .alf) o (at)"). (13)

By the definition of a positive definite matrix, the matrix A{;ﬁ) is, by definition, positive

definite if for all M-dimensional non-zero vectors v, the inequality vTA{;ﬁ)'v > 0 holds.

Therefore, by Equation (43), A{;ﬁ) is positive definite if

deiag(oz(lk), .. ,ozg\];))'v > 0,
and
v diag(al?) . .. ,ozg\];))'v > vl alk) (a(k))T v.

The first condition is true since a; > 0 for 1 < 7 < M. The second condition is also true
since

M
deiag(oz(lk), . ,ozg\];))v = Z ozgk)v?,
7=1

2

and, because a is a probability distribution and the function f(x) = 2 is concave, we can

apply Jensen’s inequality to get

Iy 2
deiag(a(lk), . ,ozg\];))'v > (Z ozgk)v])

71=1
M

= (Z U]‘Ozgk)> Z ozgk)v])
7=1 7=1

= vla® (a®)’ v,

Therefore, the matrix Aég) is positive definite given the constraints on a.
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Similarly, we want to find a matrix Ai{‘}z) for 1 < 3 < M such that

J

N (k)

(k) o ALE 22:1 25 Li

. r =
Hyo p N 2(k)
i=1 %4

As computed before, the gradient of the log likelihood function with respect to p; evaluated
at ) is

1=1
Then
al N a(k)
S At (5) (- ) - S
2, ) k] N Ak R
=1 T ’ ’ > i z(]) ’
N N . N
~lk ~(k k E (K A
(L) Al (30) (o) =8 (o)
=1 =1 J =1

The last equality holds if we let

AL = — > (44)
( N k)

Hi Diz1 Fi

From Equation (44), the matrix Ai{‘}z) is positive definite since the covariance matrix Egk)

J
is positive definite (assuming that the update did not take us out of the constraint space)

and the denominator in the factor is always positive for 1 < 5 < M.

Similarly, for A;ﬁ) and all 7, we have

J

(k) LE Zf\; '%z(,kj)veC <(:Bz — p,;k))(;ni _ pl;k))T>
VGC(Ej )‘|’ Aﬁgk)rﬁgk) = ZN e ‘

i=1~i,j

The gradient of the log likelihood function with respect to X; evaluated at 8™ ig

T'E(k) = VEJL(Q(k))
N (k) (k) (k)
1 k) 1 Q; g(@; | (1309 ) (k) (k) (k)\T (k)
= ——vecl| (X > <§] —(x; — T, ><§]
(< P) LT w3
1 )71 £() () (k) kN TY (520} "
= —gvec <§]] > sz <Ej —(:B,—p,] )z, > ) ><2 >
1=1
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From the update rule for the covariance matrices in the iterative method, we have

N 4k k+1 k+1
Rt k), Qi sz)(mi — ,,,; (@ — pl; )1 o
& = =0t N (k) X
Ei:l 217]
S (e )
- L
1= l7]
2
= 2P T Omat(r g ) 2P

J N (k) s =%
> i %5 !

The Kronecker product of a (m x n) matrix A and a (¢ x m) matrix B is the (mg x nm)
matrix

anB apB - a,,B
A 9 B GQ%B QZ?B . GQT‘LB
amB apeB - aunB

Using the property
vec(ABC) = (CT @ A)vec(B),
(k)

J
update rule for the covariance matrices to obtain

we can rewrite the last expression for ¥ and use it in the gradient-based expression of the

2
veo ) + Afursy = vee(Z) + g (2 0 27) v
=1 %13

~

or, finally,

N (k)
i=1 %4,

2 k k
Agf?):7<2§)®2§)>.

Proving that A;ﬁ) is positive definite with probability 1 for sufficiently large N requires

some additional work which we do not present here. Refer Xu and Jordan [XJ96] for the
details.

Now, we can relate the EM update rule for the covariance matrices to that of the iterative
method by expressing the EM update rule as

N (k) (k) (N1
k Ei: Zi,‘(‘ni_llf @i — ;) k k k k
2; = — SN ]A(k) — 4+ (#g‘ - l"g‘ H))(#E‘ ) Ill; )T
i=1 %15

From this expression, following a similar derivation as for the iterative method, we can obtain

vee( B ) = vee(SY) + ALE r o + () — i) @ (uY — p),

J ; ; J J J J
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The argument is now that the third term in the right hand side of the equation above is
negligible when we are close to the solution [Xu97]. As a result of this argument, we have
AEN ~ AL,
= sl

Thereforze, we can see EM as a gradient-based method where the direction is always a
positive transformation of the gradient of the log-likelihood function evaluated at the current
setting of the parameters. Since the transforming matrix changes from iteration to iteration,
EM has the flavor of a quasi-Newton or variable metric method, with the transforming
matrix being updated in a very particular way which guarantees both convergence and the
satisfaction of the constraints.

5.2 Convergence properties of EM

There exist many results about the convergence properties of EM both general [MK97] and
specific [RW84]. In this section we will mention some of them. By now we know of the
monotonicity property of EM (i.e., the likelihood function is guaranteed not to decrease
at each iteration). Under some conditions on the log likelihood, the monotonicity is strict
except at a critical point of the likelihood function. Also, under some conditions on the log
likelihood function, EM is guaranteed to converge to a critical point of the log likelihood
function [DLR77, Wu83]. In general, the method has linear convergence when close to a
solution, although it can show super-linear convergence in some instances [RW84, XJ96]. In
practice, it converges in the log-likelihood space much faster than in the parameter space.
For the case of a mixture of Gaussian model, the speed of convergence directly depends on
the degree of separation between the Gaussians (See Figure 4). The experience in practice is
that EM is very slow to converge to a solution when the Gaussians are very close together.
Theoretically, it converges faster in likelihood space than in parameter space. As with any
other MLE method, the theoretical and practical limits of accuracy of the parameters depend
on the Fisher information matrix as presented in Section 3.

Using the relation between EM and gradient methods, we can establish bounds on the
convergence rate of EM for the mixture-of-Gaussians model. We can find those bounds by
letting v® =1 and A® = AGE(%, which we found in Section (5.1), in the convergence rate
bound results for the general form of gradient methods; that is,

H <(A;E<%)%>_l <9(k+1) - 9N> H < HET <I+ (A;E%)%HWN)(A;E(%)%) H H <(A;E<%)%>_l <9(k) - 9N>

or

Y

|ot+0 0¥ < | B (1+ agiEH(6Y))] |0 — 0¥

where ET is a projection matrix necessary to satisfy the constraints on the parameters. We
can tight the bound above by performing further simplifications [XJ96, Xu97].
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Figure 4: The plots in this figure suggest how the problem of estimation for the mixture-
of-Gaussians model, in this case for M = 2 two-dimensional Gaussians, depends on the
separation of the Gaussians for a fixed number of data points N = 2000. The true parameters
are o = ay = 0.5,%; = By = I uy; = [0,0]7, and (a) p, = [3,3]7, (b) py = [2,2], and (c)
p, = [1,1]7. For all sub-figures, the top plot shows the data points. The middle plot shows
the value of one of the mixing parameters as a function of the number of iterations. The
bottom plot shows the value of the average log-likelihood function (i.e., (1/N)L(8)) also as
a function of the number of iterations. The results are for a single run and we start each run
with the same initial parameters. Other runs for different models with the same separation
characteristics behave similarly.
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Algorithm 1 Method of Conjugate directions

Select an initial direction d®)
kE+0
repeat

k) arg,, max F(OF) 1+ d*))

g+ o gk) 4 (k) gk)

(k+1) k)

Find new direction d that is orthogonal to all previous directions d9. ... . d

kE—k+1

until stopping condition is met

6 Conjugate gradient

These methods are a little different from the previous gradient based methods. The reader
should consult [Ber95, She94, Pol71] for more information on the subject. They were first
developed for solving linear systems of equations. The idea behind them goes as follows.
First, let us assume for the purpose of presenting the general idea that the function we want
to maximize is convex. Assume we pick an initial point in the domain of the function and
a direction or line along this point. Then we can find the point where the function has the
largest value with respect to all the points along this line. Once we have selected such point
we pick a different direction that is orthogonal (with respect to some matrix transforming
the space) or conjugate to the direction we took in the previous step and find another point
where the function attains a largest value with respect to all the points in the line along this
direction. And again we find another direction along this third point that is conjugate to the
first two directions taken and so on. Then after finding as many relative maximum points
as there are parameters in the function (i.e., the dimensions of the domain of the function)
we will be guaranteed to find the point in the domain where the function attains its largest
value.

Now, the function we are maximizing is in general non-convex with respect to the pa-
rameters and therefore if we only took as many steps as there are dimensions we are not
guaranteed to find a solution (i.e., the value of the function at the resulting point is not
necessarily a maximum, or saddle point). If we let the number of dimensions of the domain
of the function be d, then we iterate until we find a solution by restarting from a new base
direction after we have taken d steps. Algorithm 1 gives a description of the method of
conjugate directions.

We can use the Gram-Schmidt procedure to determine mutually M -conjugate directions
(i.e., conjugate directions with respect to some matrix M). Given k + 1 linearly indepen-
dent vectors, v{®, ... ¥ the procedure allows us to obtain k + 1 mutually M-conjugate
directions, d(o), e ,d(k), such that 0@, ... v® and d(o), e ,d(k) span the same subspace.
The method goes as follows. First let d® = v(®. Then assume we have computed i < k
mutually M -conjugate directions d®. ... d% and take d*Y to be of the form

di+D) — U+ 4 Zﬁ(zﬁrl,j)d(]‘)_
7=0
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N\ T .
By the definition of M-conjugate directions, <d(’)> Md" =0, for all i # j. Therefore, we

can find values for 30+, 0 < j <4, such that ditY g M -conjugate to d(o), . ,d(i) by
solving the equation, for 0 <[ <1,

; T
<d(z’+1)>TMd(l) — (,U(z’+1)>TMd(l) + (Z ﬁ(i+1,j)d(]‘)> MdY = 0.
J=0

: AT
Since the directions d¥, ..., d"¥ are mutually M -conjugate, we have <d(’)> MdY = if
[ # j. From this we get,
(0 MW 4 D <d<l>>T MdY = .
or
(U<i+1>)T Md®
<d<l>>T MdD

ﬁ(H—LU -

Intuitively, the procedure is computing new directions by taking a new vector and eliminating
all the components resulting from projecting the vector (with respect to the matrix M) into
the old directions.

The conjugate gradient method results from applying the method of conjugate directions
where we obtain the conjugate directions by applying the Gram-Schmidt procedure. In
addition, the vectors used to generate the conjugate directions are the gradients evaluated
at the estimate to the solution at each iteration. Interestingly, the Gram-Schmidt process in
this case reduces to computing the coefficient with respect to the last direction, since all the
remaining coefficients are zero. We can see this from the following results. Let the quadratic
function be f(0) = %GTMQ — b0 + ¢, where the matrix M is symmetric, negative definite,
b is a vector constant, and ¢ is a scalar constant. Then r*) = ng(e(k)) = MO™ —b. First
of all, from the step of the method of conjugate directions in which we minimize along the

conjugate direction d(k), we have

af(o%tY)
vy

0(8" +d")

> = (p) " d® =,
Y

=y () =y ()

Therefore, for 0 <1 < k,

(r(k-|—1))T 40 = <M0(k+1) _ b>Td(i)



Hence, (r(k"'l))T dD =0for 0<i<k. Using this result, we get, for ¢ < [,

(ra))T 40 = (ra))T o — Z 39 (ra))T d

Now
P p ) — pf <9<k+1> _ 9<k>> — MM g®),

Therefore, for j <1+ 1, we have

(r+)T Md) — %(T(HI))T(T(HI)_TU))
v
0 f0<j<i—1,
T s () e = |
Similarly, we have
dN A = L (go)" () _ )
NG '

Using v =+ in the Gram-Schmidt process, we obtain

D (r@+0)" M
<d<l>>T MdO
0 fo<i<i-—1,
= rli+1))  p(i41) 1
(a)" (41 —p() me=r

From this we have

(r<k+1>)T pUe+1)

plktl) = glkttk) — _
= 7 :
<d(k)> (Plh1) ()

But, we can simplify the denominator of the last expression as
<d<k>>T (p51) _ ) <r(k) n 5<k>d<k—1>>T (p (41 _ )

= ()T ) 4 g <d<k—1>>T PO

(45)



Algorithm 2 Conjugate gradient method

Initialize 8°) somehow
70 Vo f(0)
d©) « p0)
E+0
repeat
k) arg,, max (0% 4 d®)
gk+1) 9( ) 4 7( ) d®)
ptl) Ly f( k-l-l)
E+1)) T p(B+1) r
ﬁ(k-l—l) W or 5(k+1) o

if ((k+1) mod d) == 0 then
gD ()

d(k-|—1) o« plkt1) T 6(k-|—1)d(k)
end if
k—k+1

until stopping condition is met

because all the other terms are zero (from previous results). Finally, we obtain

(r<k+1>)T pUe+1)

(r®)T pk)

ﬁ(k-l—l) _

Therefore, all we need to remember is the last direction in order to compute the new
direction. Algorithm 2 gives a description of the conjugate gradient method. Again, by
the way we compute S*+Y each new direction d*) is guaranteed to be conjugate to all
previous directions already taken (i.e., d for 0 < i < k+ 1). One of the problems of
this method is that for the case of non-linear optimization, the problem of performing the
line search or minimization along a direction d™ is typically very hard. We can use several
methods to accomplish this. Hence, even though the procedure converges after performing
a fixed number of line searches if the function is convex, each line search can take a long
time. Also, even if the function is convex, we sometimes need to perform more iterations
than the number of parameters we want to estimate because numerical errors that can arise
during the computation of the conjugate directions d*+!
line searches make the directions lose conjugacy. Because of the directions losing conjugacy,
which arises in practice, we have two different methods to determine the new conjugate
directions. One is Fletcher-Reeves [Pol71, She94, PTVF92] and the other Polak-Ribiére
[Pol71, She94, PTVF92]. We obtain Fletcher-Reeves if we use the update for 3+ on the
left hand-side as presented in the description of the conjugate gradient method. Using the
update presented at the right-hand side we get Polak-Ribiere. They are mathematically
equivalent with respect to finding conjugate directions and those directions are the same if

and estimation errors from the

the function has a quadratic form [She94, PTVF92]. However, in practice, they are different
and it has been suggested that Polak-Ribiere converges faster [She94, PTVF92] because,
when it is not doing much progress, it tends to yield %) ~ 0; hence, it produces a new
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direction that is equal to the gradient, essentially restarting the method (i.e., d+) o gkt
) [PTVF92].

Not surprisingly, conjugate gradient methods and gradient based methods share similar
characteristics in general. They have only local convergence guarantees and the rate of con-
vergence is in general linear [Ber95]. Also, note that conjugate gradient methods as presented
here are unconstrained optimization methods and therefore they need to be adapted in order
to use them for our problem, where the mixture-of-Gaussians model imposes constraints on
its parameters (i.e., a, and X; for all j).

As in gradient methods, there is a more general form for the conjugate gradient methods
which we can obtain by performing regular conjugate gradient (as presented above) in a
transformed space. That is, let

6 =To,

where T is a invertible symmetric matrix. Now, let

W) = [(T§) = 3¢"TMT¢ —b'Th + .

Then, each iteration is now
with
and, for all k,

with,
T
(Vah(¢1)) Voh(gH))

5(k+1) - =
(Voh(¢")) Vaoh(p®)

Since now we have

Veh(¢®) = TMT¢ —Tb
Tr(k),

if we let d¥) = Tch(k) and H = T?, then we obtain

d® = HrO,
g+t — gk 4 kglk)
T
5(k+1) _ (r(k+1)) H kD)
(r®)" Hp®)

d*+D) = HpktD 4 gkt gk
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Algorithm 3 Generalized conjugate gradient method with preconditioning matrix H

Initialize 8°) somehow
7O Vo f(8)
g® « HpO
d  g©
E+0
repeat
8+ arg, max f(8%) 4+ yd™)

gl+1) 9( ) 4 7( ) d(®)

(

pktl) ¥ of(6 k+1)
g(k-l-l) o Hpkt+D)

(k+1)\T (k1) (41T (p(E+1) _ ()
.ﬁ(k-l_l) = (g(g(k); s Or ﬁ (k1) s (;(k())Tr(k) )
if ((k+1) mod d) == 0 then

d+D L gkt

d(k-|—1) %g(k-l'l) —|—[3(k+1)d(k)
end if
k—k+1

until stopping condition is met

The resulting general form is called generalized conjugate gradient. The matrix H associated
with the transformation of the space is called a preconditioning matriz. Actually, we can
see regular conjugate gradient as a generalized conjugate gradient method with precondi-
tioning matrix equal to the identity matrix. Using a good preconditioning matrix results in
better performance than regular conjugate gradient methods. Therefore, selecting a good
preconditioning matrix is an important part of using the generalized conjugate gradient al-
gorithm [JJ93]. A convergence rate analysis of conjugate gradient similar to that performed
for the general form of gradient methods suggests that the most appropriate preconditioning
matrix is the negative of the inverse of the Hessian of the log likelihood evaluated at the
solution. As in gradient-based methods, this is impossible since we do not know what the
solution is. Several heuristics exist for the selection of a good preconditioning matrix. Which
one 1s better depends on the nature of the problem. Algorithm 3 describes the generalized
conjugate gradient method.

7 Accelerations of EM

As we mentioned above, there are some instances where EM shows slow convergence. Several
techniques have been proposed to alleviate this problem; we present two such techniques in
this section. The first one results from the Aitken acceleration method. The other borrows
from the generalized conjugate gradient method.
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7.1 Aitken acceleration: Line search and Parameterized EM

A typical acceleration method for EM can be derived from the Aitken acceleration method 3
as follows. Suppose we have an update rule «(0) and an iterative method U+ — u(e(k))
associated with it that converges to 8~. Let I be the identity matrix. Then we can rewrite
the method as

o+ — gk I(u(e(k)) _ g(k))‘

Note that we can view the rewrite as a gradient-based method where v® =1, A® = I and
rk) = u(e(k)) — 8™ Therefore we are looking for the zero of the vector-valued function
f(0) = u(6) — 6. Since we assumed that the iterative method associated with the update
rule converges, then the identity matrix must be sufficiently close to the Jacobian of the
function f.

Note that EM converges and therefore we can use this method. If we let uEM(G(k)) be
the EM update rule, then we let

F(8)=AMVoL(0) = upy(6) — 86

to obtain the acceleration method.

We can improve the speed of convergence of the accelerated method just presented by
finding better approximation to the Jacobian of f than that of the identity matrix. We can
theoretically use the actual Jacobian of f or some modified version of it. If we use the true
Jacobian we will get Newton-Raphson method, or if we use a modified version we get any of
its other variants including some of the gradient-based methods described before. One typical
approximation, similar to the one we used for a gradient ascent method, is to approximate
the Jacobian of f by v® I instead of just I, where v(*) has some of the properties described
above in Section 4.3. If we do that and rearrange using algebra we will get the acceleration
method

o+ — gk ’Y(k)(UEM(e(k)) — g(k))‘

Intuitively, the value of the parameter 4(¥) should be greater than zero. Actually, this method
is also called a line search because, as in the general gradient method, we can try to find the
optimal value of 4¥). In particular, the direction along which the value of %) is optimized is
AEMV9L(9) = upy(0) — 0. Unfortunately, trying to find an optimal parameter v*) at each
iteration is often hard. Instead, we typically set the parameter to be constant throughout or
define a prestablished way of computing a sequence for it. Values for ¥*) smaller than one
typically slow down convergence while values larger than one speed up convergence, with
the penalty that convergence is no longer guaranteed unless 4¥) is updated appropriately.
For the mixture of Gaussians model, the optimal value of ¥(*) is always greater than one,
lies very close to one when the Gaussian are well separated and cannot be much smaller
than two when they are not [PW78, RW84|. Convergence is guaranteed if we start close to

3We base the following description on information given in Appendix A of [Mei89]. We use this explanation
because it gives a high-level intuition for the method. [MK97] provides a more mathematically precise
derivation.
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a local maximum and 0 < v*) < 2. Note that the value of v*) needs to be such that glk+y)
satisfy the constraint on the parameters. We can express bounds on the theoretical, local
convergence rate of this acceleration method by letting A%*) = )AEM in the convergence
rate bound results for the very general form of gradient methods that is,

Y

H<(A;E(%)%> <0(k-|—1) eN H HET <I+’Y( )(AEM) H(QN)(AEM % H H AEM)%> -1 <0(k) _0N>

or

|ot+0 — 0¥ < || B (1+ % A5 H(6Y))]| |6 — 6~

where ET is a projection matrix necessary to satisfy the constraints on the parameters. We
can tight on the resulting bound further by more specific simplifications. In addition, we
can speed up convergence if v*) > 0.5 [Xu97].

Rewriting this rule provides us with an intuition of how it works [PW78, RW84],

g+ — V(k)uEM(g(k)) +(1— V(k))g(k)_

This update rule computes the new parameters as a weighted combination of the old param-
eters and the EM parameters. If the parameter 4(¥) is greater than one, then we extrapolate
the value suggested by EM and give negative weight to our current parameter setting. If it
is less than one then the new setting of the parameters is a weighted average of the setting
suggested by EM and the current ones. Finally, if the parameter ¥ is equal to one we get
exactly EM.

A very similar EM update rule derived from a framework applied to the Bayesian Network
model with discrete variables bears the name parameterized EM [BKS97]. The idea is that
we have a current MLE for the parameters from some previous data and we get new data.
Now we do not want to completely throw away our current estimates for the parameters,
since we believe they are useful. Therefore, we learn a new setting of the parameters from the
new data that is good with respect to the new data but is not too far away from the current
setting. In short, we want a tradeoff between how good the estimates are with respect to
the new data and how far away they are from the current estimates.

Although we can use the framework described above for batch learning, the framework is
mainly intended for on-line parameter estimation where we keep receiving data continuously
and need to update our parameters accordingly without having to go back and consider
all the data we have received so far. More formally, assume we already have a maximum
likelihood estimate for the parameters 6 from previous data we had gathered and assume we
get new data D. Let L (0) be the log likelihood function of the parameters 6 with respect
to the new data D'. Let d(e, 0) be some measure of distance between some new setting for
the parameters 8 and the old estimates 6. Then, for a fixed positive number 7, we want to
find new parameters such that we maximize the function

F(8) = n(1/N)Lp(8) — d(8.8)

with respect to 8. Note that (1/N)Lb(é) is the normalized or average value of the log
likelihood function with respect to the new data. For the parameters of that model, if we
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let the distance be the Y? distance between two distributions, then we will obtain a rule
equivalent to the one presented above, but for the EM update rule associated with the
Bayesian Networks model with discrete variables and with the step size parameter %) = .

7.2 Conjugate gradient acceleration of EM

The conjugate gradient acceleration of EM proposed by Jamshidian and Jennrich [JJ93] is
based on the idea that in a neighborhood close to a solution 8", the change in parameters
after an EM iteration is approximately the generalized gradient defined by the negative of
the inverse of the Hessian of the function Q(8 | ") with respect to 8, evaluated at 8. The
function @ is as defined in the expectation step of EM (i.e., Q(8 | 0/) = FEz[lup(Z,D | 0) |
D, 0/]), More precisely,

wp(80) — 00 ~ — (V2Q(0V | 6™)) ™ VoL(6™). (46)

Note that as we mentioned in Section 6, in the generalized conjugate gradient method, we
would like our preconditioning matrix to be as close as possible to the negative of the inverse
of the Hessian of the function we are optimizing, evaluated at the solution. In our case, we
would like our preconditioning matrix to be

H=—(ViL(6M) ",
Instead, as an approximation to that matrix, we are going to use the preconditioning matrix
H=—(ViQ6" | 6V) . (47)

Note that the importance of this approximation stems from the fact that we do not re-
ally need to compute the preconditioning matrix or perform any matrix-vector operations
since the change in parameters provided by the EM iteration provides an approximation
to the generalized gradient. The conjugate gradient acceleration of EM results from apply-
ing the generalized conjugate gradient with the preconditioning matrix given in equation
(47). Algorithm 4 presents a description of the conjugate gradient acceleration of EM. Note
that the way in which we compute the coefficient S**1) differs from that of the Fletcher-
Reeves or Polack-Ribiere presented in the algorithms for conjugate gradient before. Note
that this expression for *+1) is the Polack-Ribiere-like, generalized version (i.e., obtained
from performing regular conjugate gradient on a transformed space) of the expression given
in equation (45), which is an unsimplified expression for +1); that is, using some of the
notation from the description of the generalized conjugate gradient method presented in
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Algorithm 4 Conjugate gradient acceleration of EM

Initialize 8 (i.e., the result of performing a number of EM steps)
7 ¢ Vo f(0®) and 8),  wpy(8©)
g « gg])w _ 90
d© — g©
E<+0
repeat
k) arg,, max (0% 4 d®)

gl+1) 9( ) 4 B k)

+1) o Vo f(0%H1) and 8% « a0+
(k1) 9(k+2) g (k+1)
(k+1)

g
) a0 )
(dFTYT (51— )

if ((k+1) mod d ==0) then
d1) L gle+D)

kE—k+1

until stopping condition is met

Section (6), we have

- <V¢h(¢(k+1))>T <V¢,h(¢(k+1)) _ v¢h(¢(k))>
<ch(k)>T <v h(¢(k+1)) _ v¢h(¢(k))>

5(k+1)

(Tt N (Trk+D) — pr®)

- ( ) Tr(+1) — Tp®)
(r0)" H (r+) — r®)

- (a)" (piken —piir)

Jamshidian and Jennrich [JJ93] say that computing 8+ in this way has the advantage that,
for a quadratic function, the directions d**" and d® are conjugate even if the line searches
are not exact. Note that, given the similarity of the computation of the gradient of the
log likelihood and the computation of the EM iteration, we can compute both the gradient
and the generalized gradient at the same time without performing much more additional
computation than that of computing the EM iteration alone, where the extra amount of
computation is insignificant if N, the number of data points, is much larger than M, the
number of Gaussians in the model, and d*, where d is the dimension of the data points.
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8 Experiments

As we have seen, there are many methods and variants of them that we can use to learn
the parameters of the mixture-of-Gaussians model from data. However, in general, no one is
theoretically dominant. Their speed of convergence will depend on the nature of the problem.
One thing we know is that their speed of convergence is slower when the Gaussians are not
well separated, because of the flatness of the surface; in other words, because the condition
number of the Hessian of the log likelihood function at the solution is larger. Therefore
we decided to experiment with some of those methods and test them with problems with
varying separation.

For simplicity, we implemented the methods we tested in Matlab. Instead of comparing
running times or CPU times, we compare the number of calls to compute the gradient of
the log likelihood or to compute an EM iteration. Our basis for comparison is that, for the
mixture of Gaussian model, when N, the number of data points, is much larger than M,
the number of Gaussians, and d°, where d is the dimension of the data, the computation
of the gradient of the log likelihood function and the EM iteration require about the same
computation. Also, given the similarity of their respective computations, we can compute
both the gradient and the EM iteration with not much significant extra computation. We
consider all three types of computations an FM-equivalent iteration.

Xu and Jordan [XJ96] already presented empirical results suggesting that EM is bet-
ter than gradient ascent for finding the maximum likelihood estimate for the mixture-of-
Gaussians model. In this paper, we are particularly interested in empirically comparing
Aitken-based and the conjugate gradient accelerations of EM with regular EM. This is be-
cause they only require the computation of gradient and EM iterations, or, as we mention
before, EM-equivalent iterations.

Other proposed accelerations of EM based on Newton and Quasi-Newton accelerations
exist. However, we do not know of any study comparing the practical speed up, taking
into account the extra computation of the Hessians or their approximations. The main
difficulty with comparing EM with methods that use higher order derivatives (i.e., Hessians)
and require the computation of matrices of size squared the number of parameters, like
Newton and Quasi-Newton methods, is precisely in establishing the basis for comparison.
For instance, we can compare them using running times. However, we believe this requires a
very careful implementation of the various methods and a significant effort on optimizing the
implementation. In addition to that, the space required for the execution of such methods
significantly increases with the number of parameters in the model (i.e., the number of
Gaussians and the dimensionality of the input), and therefore, their scalability becomes an
issue when we are dealing with complex, real problems. Based on the statements above, we
decided not to include methods of this kind in our study.

8.1 Methods tested

We present below the pseudo-code for the algorithms we tested. We adapted all the al-
gorithms to perform only the necessary computations with respect to an EM-equivalent
iteration.
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8.1.1 EM

Algorithm 5 gives a description of the EM method we used. We discuss the stopping criterion
we used later in the paper.

Algorithm 5 EM
Initialize a(®, and, for all 1 < j < M, initialize p,;o) and E;O)
k=0
repeat
Forall1 <:< N, 1< 35 < M, compute é‘l(];) using equation (37)
For all 1 < 57 < M, compute agk—H) p,(‘k—l_l), and Egk—H) using equations (40), (41), and

» g

(42), respectively.
E+—Fk+1

until stopping condition is met

8.1.2 GEM (Generalized EM)
The name of this method will become apparent soon. In this method we try to eliminate
the constraints on a by reparameterizing them as follows: for 1 < 57 < M,
()= = (43)
aj(w) = =g
Ek:l ek

where now w € RM and therefore unconstrained. Doing this, the expression for the param-
eters in our model becomes

w1

Note that this is not really necessary for regular EM, since it takes into account the con-
straints on a automatically. However, this is one way of making the problem (or at least
part of it) an unconstrained optimization problem, which can be useful when we use other
unconstrained optimization methods.

Using the new expression for the parameters, we can rewrite the expression for the prob-
ability of a point given the parameters in the model as

i 10)= S (e | 1y 5, (50)

J=1
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From the EM update rules, we know already that the update rule for a is

N
1
o (w) = & > W, (51)
=1

Since a is now a function of w, to obtain an EM algorithm for this version of the problem,
the update rule reduces to finding any root of the function

N

N 224:1 ek

We then let w®+! be such a root, which can be found using gradient ascent. For a fixed
small constant -, starting with some initial estimate for w**1) we iterate on [ as follows

WD) = D0 o f (D0 (53)

N
flw) e e, et =3 2 (52)
=1

and let w*t1) be the result from this process. An alternative is to just take one step of
gradient ascent and use the result as the assignment to w®**1); that is,

w D = W) oy f (W) (54)

Noting that f(w) = V,Q(0 | G(k)), for sufficiently small 7, the last update rule is a move
up the gradient of Q and gives a value of w1 for which Q(G(kH) | Q(k)) > Q(G(k) | G(k)).
Therefore, this is a Generalized EM method. A description of the GEM method that we
used is in Algorithm 6. The use v = 0.0005 because we want to try to make sure that the
process monotonically increases. We understand that this is too conservative in some cases.
However, increasing this value can produce non-monotonic behavior in other cases.

Algorithm 6 GEM
Initialize a(®)(w), and, for all 1 < j < M, initialize p

;0) and E;O)
Compute w(® from a®(w)
k=0
repeat
Forall1 <:< N, 1< 35 < M, compute é‘l(k) using equation (37)

(1) (k1) (k+1)
J

For all 1 < j < M, compute w;" "/, g, and X
v = 0.0005, (41), and (42), respectively.
E+—Fk+1

until stopping condition is met

using equations (54) with

8.1.3 AEM-1

AEM-1 is based on regular conjugate gradient. Algorithm 7 provides a general description
of this method. The general idea behind all of the acceleration methods presented below is
as follows:
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repeat
run EM until we are close to a solution;
run the acceleration,

until stopping condition is met.

This algorithmic structure is similar to that proposed for the conjugate gradient acceler-
ation of EM in the context of Bayesian networks [Thi95]. The reason for this basic structure
in all of the acceleration methods is to keep the monotonicity property in all of the methods
by using EM as a safeguard when a reduction in log likelihood occurs during the acceleration.
Since the acceleration works best when we are close to a solution, we use EM to find initial
parameters for the acceleration. We stop EM when the change in log likelihood is less than
0.5. In other words, we run EM “as long as the y? statistic for testing the equality of two
successive iterates is more than 17 [JJ93]. We say that the acceleration fails if there is a
decrease in the log likelihood, which is typically caused by a failure during the line search.
We discuss the fail conditions on the line search later in the paper. In addition, we would like
to point out that we convert the parameters of the model into vector form by stacking each
element of a, each element of p;, for 1 < j < M, and each element in the upper triangle of
Y, for1 <53 <M.

We still need to deal with the original constraints on the parameters during the accel-
eration. With respect to the constraints on o, we use an approach similar to that used by
Binder et al. [BKRK97] in the context of Bayesian networks with discrete variables. We
project the part of the gradient relevant to a into the constraint space. This will guarantee
that the result from a(*) —I—’y(k)rgf) satisfies the constraints on a as long as ¥*) is sufficiently
small. During the line search, before we evaluate VgL(G(k) + ’yd(k)), we test that ) + ’yd(k)
satisfies the constraints on the parameters (i.e., 23:1 a; = 1, and for all j, a; > 0 and

¥, is symmetric positive definite. If the resulting value of 6% 4+ ’yd(k) does not satisfy the

constraints, then we use a smaller value for v until we find one such that 6" —I—’yd(k) satisfies
them.

Algorithm 7 AEM-1

Initialize a(®), and, for all 1 < j < M, initialize p,;o) and E;O)

repeat
Run EM starting from a(®), ;1,;0), and E;O) until the change in log likelihood in successive
iterations is less than 0.5
if stopping condition is not met then

Convert resulting parameters from EM into vector form

Run regular conjugate gradient until the stopping condition is met or it fails.
Convert vector form of the parameters resultlng from the conJugate gradient into their
regular form and set the result to be a(®), p,] , and E

end if

until stopping condition is met
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8.1.4 AEM-2

AEM-2 is based on the conjugate gradient acceleration of EM presented in Section 7.2.
Algorithm 8 presents a general description of this method.

Algorithm 8 AEM-2

Initialize a(®), and, for all 1 < j < M, initialize p,;o) and E;O)
repeat
Run EM starting from a!?), p
iterations is less than 0.5
if stopping condition is not met then

(0)

;s and E;O) until the change in log likelihood in successive

Convert resulting parameters from EM into vector form

Run conjugate gradient acceleration of EM until the stopping condition is met or it

fails.

Convert vector form of the parameters resulting from the conjugate g)radient acceler-

ation of EM into their regular form and set the result to be a(®, ;1,;0 , and E;O).
end if

until stopping condition is met

8.1.5 AEM-3

AEM-3 is as AEM-2, but we use the expression of the parameters that results from the
reparametrization of the a (i.e., the parameters are of the form given by equation (49)).
Hence, we eliminate the constraints on a. Given that now we are using that expression for
the parameters, we replace EM with GEM. The conjugate gradient acceleration of GEM is
similar to that of EM except that we substitute the EM step by a GEM step and compute
the gradients with respect to the new representation of the parameters.

8.1.6 PEM-1
PEM-1 is a method that uses Aitken acceleration but where we try to optimize the step size
at every iteration. Algorithm 10 presents a description of this method.

8.1.7 PEM-2

PEM-2 is as PEM-1 but instead of trying to optimize the step size at every iteration, we use
a constant step size. Algorithm 11 presents a description of this method.

8.2 Line search

All the methods presented above except for PEM-2 use the line search described in Algorithm
12. This line search method is a simple modification of that presented by Jamshidian and
Jennrich [JJ93] and is based on the secant method.

PEM-2 uses a constant step size. However, since that step size might be too large resulting
in parameters that lie outside the constraint space, we need to check the result from applying
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Algorithm 9 AEM-3

Initialize a®)(w), and, for all 1 < j < M, initialize p,;o) and E;O)
Compute w(® from a®)(w) using gradient ascent (i.e., equation (53))
repeat

Run GEM starting from w(®, ;1,(0), and E;O) until the change in log likelihood in suc-

J

cessive iterations is less than 0.5
if stopping condition is not met then
Convert resulting parameters from GEM into vector form
Run conjugate gradient acceleration of GEM until the stopping condition is met or
it fails.
Convert vector form of the parameters resulting from the conjugate gradient acceler-
ation of GEM into their regular form and set the result to be w(®, ;1,;0), and E;O).
end if

until stopping condition is met

Algorithm 10 PEM-1
Initialize a(®), and, for all 1 < j < M, initialize p,;o) and E;O)

repeat
Run EM starting from a(®), ;1,(0), and E;O) until the change in log likelihood in successive

J

iterations is less than 0.5

if stopping condition is not met then
Convert resulting parameters from EM into vector form
Run Aitken-based acceleration of EM, performing the line search at each iteration to
try to find the optimal step parameter, until the stopping condition is met or it fails.
Convert vector form of the parameters resulting from the Aitken-based acceleration
of EM into their regular form and set the result to be a(®), ;1,;0), and E;O).

end if

until stopping condition is met

that step size. If that step size is too large, we keep halving that step size until we find an
appropriate one . The description of this “line search” is in Algorithm 13.

8.3 Stopping rule

We use the change in log likelihood from one iteration to the other as our stopping rule.
We stop if the change in log likelihood is less than 107°.This is because we are interested
in evaluating empirically how fast the methods converge to a stationary value of the log
likelihood function. In most of the experimental runs, all of the methods converged to about
both the same local maximum value in log likelihood and the same critical point in parameter

*We understand that because a step size of 1 is theoretically gnaranteed to improve the likelihood, using
a step size of value greater than or equal to 1 better. We can achieve that the value of the resulting step size
is greater than or equal to 1 by getting monotonically decreasing values for the step size between 1 and the
initial step size value until we find an appropriate one.
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Algorithm 11 PEM-2

Initialize a(®, and, for all 1 < j < M, initialize p,;o) and E;O)
repeat
Run EM starting from a!?), p
iterations is less than 0.5
if stopping condition is not met then
Convert resulting parameters from EM into vector form
Run Aitken-based acceleration of EM, with constant step parameter equal to 1.5,
until the stopping condition is met or it fails.
Convert vector form of the parameters resulting from the Aitken-based acceleration
of EM into their regular form and set the result to be a(®), ;1,;0), and E;O).
end if

until stopping condition is met

(0)

;s and E;O) until the change in log likelihood in successive

space (modulo equivalent model results).

8.4 Initialization

We initialize the Gaussians as follows. In order to initialize the mixture proportions a, we
generate a random distribution over M events. To initialize the means, we generate random
points inside the hyper-cube of minimum volume containing all the data points [GJ94]. Fi-
nally, we initialize the covariance matrices as diagonal matrices with element (7,7) containing
the square of the minimum of all distances between the mean of the ;' Gaussian and the
other means [Bis96]. The reason for using this initialization method is that it seems likely to
cover much of the parameter space relevant to the data (by the way in which we initialize the
mixture proportions and the means) while it gives stability to the learning process because
it seems to help avoid singularities (by the way we initialize the covariance matrices).

9 Results

We present results from two sets of experiments. In the first set of experiments, we fix all the
parameters in the target models except the means of the Gaussian components and increase
the difficulty of the problem by bringing the Gaussians closer and closer together. In the
second set, we generate random models of different dimensions and number of Gaussian
components to test the learning methods.

The first results are from running the methods above for 3 different data sets. The data
sets are 2000 random samples of a 2-dimensional mixture of 2 Gaussians with parameters
ay =a; =05 % =3, =TI p, = [0,07 and: (1) g, = [3,3]%, (2) p; = [2,2]%, (3)
g, = [1,1]F. Therefore, the estimation problem increases in difficulty.

Figures 5,6,9.10, 13 and 14 present the results from the experiments. The top left plot
in each figure is a plot of the data set. For each data set, we generate 40 initial parameters
using the initialization method discussed above and run each method starting from the same
initial parameters. The top right plot in each figure is the number of iterations that running
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Algorithm 12 JJsecant line search
Require: Current parameters 8 and direction d
Yo 0
Y1 2
n+1
Ty veL(e + ’)/Od))
hay = d' 7y
while n < 10 do
while the setting for the parameters 8 +~;d does not satisfy the constraints and n < 10
do
Rt
n<n+1l
end while
if n =10 then
Raise fail condition and return
end if
Ty V9L(0 + ’yld)
hay = dlr,
if n # 1 and |h,,| < 0.1ho then
return v; as result
end if

o hoy—h _
if sign(y; — ’yo)m < 107° then

Raise fail condition and return

end if
B oy =0 b

L v
Yo &N
h% ="
=7
n+<n+1l

end while

Raise fail condition and return

"
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Algorithm 13 Constant line search

Require: Current parameters 8 and direction d
v+ 1.5
n+1
while the setting for the parameters 8 4+ vd does not satisfy the constraints and n < 10
do
Y3
n+<n+1l
end while
if n =10 then
Raise fail condition and return
else
Return ~ as result.

end if

EM on the data took to converge starting from each initial parameterization. For each run
from the same initial parameters, we computed the acceleration speed-up by dividing, for
each method tested, the number of EM-equivalent iterations that EM took by those of the
method. A value for this statistic greater than 1 means that the method was faster than
EM by a factor equal to the value of the statistic. The rest of the plots in the figures are
histograms of the value of the acceleration speed-up statistics for the 40 runs. Figures 7,8,
11,12, 15 and 16 are scatter plots of the results that show the number of iterations of each
method with respect to the number of iterations for EM for each run. The line represents the
identity function. Methods that are faster than EM would have plots such that the points
lie to the left of the line, close to the bottom of the plot and far away from the line. Finally,
Table 1 presents the average number of EM-equivalent iterations that each method took on
each of the data sets.
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Figure 5: This figure presents the results for Data Set 1. The plots, except for the top plots,
are histograms of the acceleration speed-up statistic for the 40 runs.
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Figure 6: Continuation of Figure 5.
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Figure 7: This figure presents the results for Data Set 1. The plots are scatter plots of the
number of iterations of each method with respect to the number of iterations of EM for each

rumn.
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Scatter Plot PEM-1 vs. EM (Data Set 1, 40 runs)
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Figure 8: Continuation of Figure 7.
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Figure 9: This figure presents the results for Data Set 2. The plots, except for the top plots,
are histograms of the acceleration speed-up statistic for the 40 runs.
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Figure 10: Continuation of Figure 9.
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Figure 11: This figure presents the results for Data Set 2. The plots are scatter plots of the
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Figure 12: Continuation of Figure 11.
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Figure 13: This figure presents the results for Data Set 3. The plots, except for the top
plots, are histograms of the acceleration speed-up statistic for the 40 runs.
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Figure 15: This figure presents the results for Data Set 3. The plots are scatter plots of the
number of iterations of each method with respect to the number of iterations of EM for each
run.
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Data Set
Method 1 2 3
EM 120 £43 | 198 £ 23 | 2356 £+ 321

AEM-1 | 163 £49 | 225+66 | 585+ 63
AEM-2 | 100 +24 | 122419 | 187 +23
AEM-3 | 116 £28 | 131 +21 | 214+ 36

GEM | 210 £122 | 240 4+ 25 | 4308 £ 551
PEM-1 | 120 £33 | 202 29 | 1967 &+ 750
PEM-2 | 83429 | 137 +15 | 16424215

Table 1: This table presents the (approximate) 95% confidence intervals on the average
number of EM-equivalent iterations that each method took to converge on the different data
sets for the first set of experiments.

Data Set

Method 5 6 7 8
EM 136 £55 | 1672 +£433 | 14 +1 | 122 £83

AEM-2 | 140 +£65 | 195+33 |15 4+1 | 140 £ 161

PEM-1 | 121 £37 | 1028 336 | 15+ 1 | 140 £ 133

PEM-2 | 111 +£39 | 1160 £294 | 14+ 1| 91 +£57

Table 2: This table presents the (approximate) 95% confidence intervals on the average
number of EM-equivalent iterations that each method took to converge on the different data
sets for the second set of experiments.

The first results from the second experiments are from data generated from a random
model with 5 Gaussians in 2 dimensions (N = 5000). Figure 17 presents a plot of the data
and scatter plots on the number of iterations of AEM-2, PEM-1 and PEM-2 as a function
of the number of iterations of EM. The second results are from data generated from another
model with 5 Gaussians in 2 dimensions (N = 10000), but this time the Gaussians are less
distinguishable from each other. Figure 18 presents the second results. The third results are
from data generated from 2 Gaussians in 5 dimensions (N = 20000). Figure 19 presents the
third results. The fourth results are from data generated from 5 Gaussians in 5 dimensions
(N = 20000). Figure 20 presents the fourth results. Finally, Table 2 presents the average
number of EM-equivalent iterations that each method took on each of these data sets.

10 Discussion

The results show that accelerations of EM are useful in speeding up the learning process.
However, there are cases when the proposed accelerations slow down convergence. That
typically happened when the problem was inherently easy, and therefore the slow-down was
not as severe. The cause of the slow-down was that the acceleration started when EM got
close to a valley and not when it was close to a solution as it is supposed to. Again, note that
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Figure 17: This figure presents the results for Data Set 5.
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Figure 18: This figure presents the results for Data Set 6.
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Figure 19: This figure presents the results for Data Set 7.
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Figure 20: This figure presents the results for Data Set 8.
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in such cases the slow-down is not as significant as the speed up the accelerations produce in
hard instances. Evidence of this is the magnitude of the number of iterations as presented
by the result tables.

Among the accelerations of EM, the conjugate gradient acceleration seems to provide
the best speed-ups in hard instances. In easy instances, however, mainly because of false
acceleration starts, those speed ups were not as significant, to the point that it sometimes
produced slow-downs. It is interesting to note that the method based on parameterized EM
with a constant parameter always sped up the process and the speed ups were about the
same throughout (30% less iterations than regular EM). This speed up however might not
be enough in hard instances, given the large amount of iterations EM required to converge
in those cases. Trying to optimize the step size for parameterized EM using an inexact line
search only seemed to pay off on average in hard instances.

Not surprisingly, GEM typically slows down convergence. Intuitively, this results from
taking too small of a step at each iteration. We can try to increase the step size. However,
we need to be careful that we do not take a step that decreases the likelihood. Therefore,
the question of how to determine a good step size becomes important. We suspect that
performing EM 1is typically better than performing GEM when we can actually maximize
the @) function easily. Note however that the conjugate gradient accelerations of GEM
(AEM-3) and EM (AEM-2) perform similarly in hard instances. The conjugate gradient
acceleration of EM seems a little better than that of GEM in easier instances, but more
experiments are necessary to establish significance.

We concede that in the runs where EM seems inferior to other methods, EM could have
being stopped earlier since the flatness of the log likelihood function is such that we could
have gotten a model that does relatively well in terms of log likelihood. It seems then that
we need a different value for the change in log likelihood as our stopping rule for different
problems. The problem is that we would not know what that is or how to determine it. If it is
too large we can stop before we are even close to a solution. This is because the log likelihood
function can have many hills and valleys and we sometimes do not know whether the small
change in log-likelihood results from going by a valley or from being close to the top of a hill
(i.e., a solution). If this threshold is too small we can perform more iterations than necessary.
Then, from the standpoint of the AI community, the problem is being able to develop and
study stopping rules that are more elaborated in that they use more information to make
a determination of whether the method is close to a solution or not without sacrificing too
much its efficiency.

We can also view the slowness of EM in problems where the Gaussians are not well
separated as a problem of model selection [XJ96]. This is because in those problems, we
are trying to fit a number of Gaussians to a cloud that looks more like a single cloud than
a group of clouds that are close together. Therefore, we should only try to fit one Gaussian
and not a multiple of them. The problem with this is that in cases when we know those
subtle distinctions exists we want our model to learn them. A solution to this problem might
be to use a small number of Gaussians to learn a general description of the data and use
a different model to learn the subtle distinctions. Hierarchical models come to mind as an
alternative. On the other hand, a program like AutoClass [CKS*88] requires that we find
MLE for models with different number of components in order to estimate the probability of
the data given the number of components and suggest the most likely number of components
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in the data..

11 Future Work

First of all, we need to perform experiments on real datasets (as opposed to synthetic datasets
as we do here) to corroborate the results we found. Second, experimental observation seems
to support the idea that using K-means to find starting values for the parameters can improve
the speed of convergence of the methods. This is because the problem when the Gaussians
are too close together is that it takes the methods (EM in particular) some time to differ-
entiate between what points belong to which Gaussian. This is something K-means is good
at [KMN97]. Therefore, although K-means is optimizing a different function, starting from
models that differentiate the data as much as possible and then trying to take care of shared
points using EM might speed up the learning process. Actually, K-means is sometimes used
in practice to find an initial value for the parameters from which to start EM. We suspect
that all of the acceleration methods will take advantage of using K-means to find starting
values for the parameters.

12 Conclusion

Our experiments show that acceleration methods can significantly improve the convergence
speed of EM. Although those methods might slow down convergence on instances when the
problem is simple, the slow down is not as significant as the speed up we obtain on instance
when the problem is very hard.

Although we observe significant speed up in hard instances when we use the conjugate
gradient acceleration of EM, we need to trade the speed up with the complexity of imple-
menting such a method as efficiently as possible. It is not hard to see that EM and simple
Aitken-based accelerations (i.e., parameterized EM) are simpler than the conjugate gradient
acceleration.
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A Gradient notation

We are using the following notation: for f : R? — R, h : R = ™, g : ™ — R* and
s(z) = g(h(x)), the gradient of f with respect to @ is

_ (Of(x) f(x)  Of(m)\"
Va:f(iﬂ)— (TJH’T@’ ,Txd> .

For a vector-valued function h,



the gradient matriz of h with respect to @ is

Veh(z) = (Vahi(2)Vahe(x):- - Vahm(®))

Ohi(xz) Ohs(x) Ohm(x)

oz oz T oz
Ohi(2) Oha(x) Ohm ()

_ 81’1 81’2 U axd
Ohi(xz) Ohs(x) Ohm(x)

axd axd U axd

The Jacobian of h is (th(:n))T. By the chain rule for differentiation,
Ves(z) = Voh(z)Vim)g(h(z)).

From the above definitions we can derive some additional useful relations such as

Ve (y'z) =y,
Vael(z)=1,
Ve (Az) = AT,

Va (:BTA:B) — Az + ATz,

We also use the following notation. Let A be an (m X n) matrix and «; ; be its element
in row ¢ column j. Then

— T
vec (A) = (ClLl, 2.1, 43,15+ yAm,1,31,2,022, ... 7am,n) .

That is, vec (A) is the vector that results from stacking the columns of matrix A from right

to left. Let f : R™" — R and vec(A) € R™". We denote f(A) = f(vec(A)). Also,

Vaf(A) = Vvec(A)f(A)
_ <6f<A> af(A) 6‘f<A>>T

0@171 ’ 0@271 B aamm
of(A) 9f(A) 9f(A)
da 6(1172 aalyn
9f(A)  9/(A) 9f(A)

— vec 8(12 1 aa‘272 8(127”
Of(A) 9f(A) .. 9f(A)
aam71 aamg aam,n

Using the notation presented above, we can derive the following relations:
Va(l]A]) = |A]vec <(A_1)T> ,
Va(z'a"z) = —vec((4™) 22’ (47)").

NOTE: I can verify the above relations for (2 x 2) matrices. It seems that they should hold
in general but I do not know how to prove it.
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B Hessian matrix

The Hessian matriz is the matrix of second order partial derivatives of a function with respect
to its variables. For instance, if we have a function f : R” — R then the Hessian matrix of
f with respect to the variables @ € R" is

of(x) i) .. 9f(=)
dx1 Ox1 dx1 Oxo Ox10xn
of (=) of(=) . of (=)
vif(w) = H(iB) — 6952‘6951 69&2‘6952 ‘ axg‘axn
of (=) of(=) . of (=)
dxrndxy Oxndxs OxnOxn

C Fisher information matrix

The Fisher information matriz F(0) is related to the the Hessian of the log likelihood
function. The Fisher information matrix is by definition [RW84, Mei89]

F(6) = [ (Voluple |6))(Velup(a |6))" (e | 6)de
= Ex [(Volnp(X | 0)) (Volnp(X |6)"] .

Let the Hessian of the log likelihood of a random data point X with respect to the parameters
0 be

H(0:X) = Vg(lup(X |6))
= Vo (Ve (Inp(X | 8)))

1
= Vp (WVGP(X|0)>
= e VX 10— s Vel X [ 0)Ven(X | )
= g Ve (X 10)) = (Vo (X |0)) (Vo (lap(X | 6)))"
T 1 2
Ex[H(8:X) = —Ex|[(Vo(lnp(X |9))) (Ve (lnp(X [6))] + Ex [mwp(xw» .

But, the second term in the last equation evaluated at the true value of the parameters
0 = 0" is 0 [RW84]. Therefore, rearranging the last equation, we have

F(6") = Ex [-H(8"; X)].

Note also that in general people call the gradient of the log likelihood with respect
to the parameters the score and the negative of the Hessian the information (or observed
information when it is evaluated at the MLE).
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D Convergence speed

The convergence speed of a method is said to be of order ¢ if for the sequence of parameters
6" generated by the method, the converging value 8%, some sequence of values s*) and
some norm ||-|| on the parameter space,

e e e

If ¢ = 1, we say that the method has linear convergence rate. If ¢ = 2, we say that the method
has quadratic convergence rate. Since we assume that the method converges, 0 < s®) < 1.
Also, if ¢ = 1 and limy_,o s = 0, then we say that the method has super-linear convergence
rate.

E Norms

In this paper we deal primarily with the Euclidean norm; that is, for a vector @,
|lz|| = VeTle.

By a matriz norm we mean the norm of a matrix that is induced by the Euclidean norm;
that is, for a vector & and a matrix A,

A
4] = max 1421

=20 |lz| -
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