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tIn these notes, we present and review di�erent methods based on maximum-likelihoodestimation for learning the parameters of the mixture-of-Gaussians model. We des
ribea method based on the likelihood equations, traditional gradient-based methods (amongthem steepest as
ent and gradient as
ent), expe
tation-maximization (EM), 
onjugategradient methods, and proposed a

elerations of EM (among them Aitken a

elerationor parameterized EM, and 
onjugate-gradient a

eleration of EM). We des
ribe all themethods in the 
ontext of the mixture-of-Gaussians model. We relate the methodspresented through the generalized gradient-based formulation. None of the methodspresented are theoreti
ally dominant. We empiri
ally analyze their performan
e onsyntheti
 datasets and suggest 
ases in whi
h parti
ular methods perform better thanothers.1 Introdu
tionThe problem of 
lassi�
ation in unsupervised learning is of great interest to the Arti�
ialIntelligen
e (AI) 
ommunity. In the 
lassi�
ation problem in unsupervised learning, wewould like to learn a 
lassi�
ation into M known 
lasses from un
lassi�ed data. Assuminga probabilisti
 model for 
lassi�
ation, Maximum Likelihood (ML) estimation provides astatisti
al foundation for learning the parameters of that model. Methods for �nding MLestimates (MLE) for the parameters of a model have be
ome standard in the AI 
ommunity.� This material is based upon work supported in part under a National S
ien
e Foundation GraduateFellowship and by DARPA/Rome Labs Planning Initiative grant F30602-95-1-0020.y This work was supported in part by DARPA/Rome Labs Planning Initiative grant F30602-95-1-0020.1



The utility of the ML methods for 
lassi�
ation results from assuming a probabilisti
 modeland therefore expressing the problem as one of ML estimation.ML methods have long being used in the Applied Math 
ommunity in many di�erentdomains. Although the utility of the ML methods to the AI 
ommunity have been estab-lished, there has not been a 
areful 
omparison of these methods in the 
ontext of the AI
ommunity. In this paper we attempt to 
ompare these methods, 
on
entrating primarilyon 
omparing their speed of 
onvergen
e in log likelihood spa
e for the problem of learningthe parameters of the mixture of Gaussian model from data. In our 
ase, this model resultsfrom looking at the data as ve
tors in <d, and assuming that the true pro
ess generating thedata is a mixture of M Gaussians distributions. Although theoreti
al results on the speedof 
onvergen
e for the di�erent methods exist, the amount of 
omputation per iteration onwhi
h they are based di�ers and this makes those results uninformative in pra
ti
e. There-fore, we try to 
ompare the methods taking into a

ount the amount of 
omputation theyperform per iteration.Parti
ularly, the problem of learning the parameters of the mixture-of-Gaussians modelhas been widely studied and di�erent methods have been proposed [RW84℄. As motivatedabove, the methods we present in this paper are all based on maximum-likelihood esti-mates (MLE). The organization of the paper is as follows. We �rst des
ribe the mixture-of-Gaussians model and explains what MLE means with respe
t to learning the parametersof this model. We then present a system of equations 
alled the likelihood equations whosesolution satis�es a ne
essary 
ondition for a MLE for the parameters of this model. Wepresent some theoreti
al results about the solution to the likelihood equations and brie
ypresent general intuitions about those results. We then present an iterative method pro-posed to solve the system of equations that follows naturally from a re-expression of thelikelihood equations. We then present gradient methods used in nonlinear optimization asalternative methods for �nding MLE for the parameters of a model. We present some gen-eral 
onvergen
e 
hara
teristi
s of the gradient methods. We then present what has be
omethe most typi
al way to �nd the MLE solution for this problem: Expe
tation-Maximization(EM) [DLR77℄. We relate this method to the gradient methods, present some 
onvergen
eproperties, and 
ompared those properties to that of gradient methods. We then present
onjugate gradient methods and brie
y dis
uss some of their properties. We present somea

eleration te
hniques proposed to speedup the 
onvergen
e of EM. Finally, we present em-piri
al results testing some of the proposed a

elerations proposed for EM. We dis
uss ourresults, present future work and 
on
lude.2 Mixture of Gaussians modelIn the mixture-of-Gaussians model we assume that ea
h of the independently randomlysampled d-dimensional points in our data set 
omes from one of M d-dimensional Gaussianswith some probability. Figure 1 shows an example of a plot of sampled data from �vedi�erent two-dimensional Gaussians with equal probability. The parameters � of the modelare, for ea
h Gaussian j, the probability of generating a point from it, �j, its mean, �j, andits 
ovarian
e matrix, �j. More formally, let � be a ve
tor from the set A of all possible2
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Figure 1: Plot of 5000 sampled data points from �ve two-dimensional Gaussians. All ofthem have the same probability (i.e., �j = 0:2 for 1 � j �M).probability distributions over M disjoint events and represented as ve
tors,A = 8><>:0B� �1...�M 1CA�����1 � j �M;�j � 0 and MXj=1 �j = 19>=>; :Let �j denote the jth element of ve
tor �. Let the ve
tor �j be a d-dimensional ve
tor, andthe matrix�j be a (d�d) real, symmetri
 and positive de�nite matrix for 1 � j �M . Thenwe 
an de�ne the parameters � of the model as� =0BBBBBBBBBBBBBB� �1...�M�1...�M�1...�M
1CCCCCCCCCCCCCCA : (1)Although we do not generally refer to the parameters as a ve
tor, note that if we expand theve
tors and the matri
es by their respe
tive elements, the parameters do form a ve
tor with3



elements equal to parti
ular s
alar parameters that form the more general ve
tor and matrixparameters. Therefore, those times when we use the parameters as a ve
tor will be
ome
lear from the 
ontext.The probability asso
iated with ea
h d-dimensional data point xi given the parameters� of the model is p(xi j �) = MXj=1 �jg(xi j �j;�j): (2)The density g(xi j �j ;�j) is the value of the Gaussian density fun
tion with mean �j and
ovarian
e matrix�j evaluated at xi. In other words, if we let j �j j denote the determinantof matrix �j, then this density fun
tion isg(xi j �j;�j) = 1(2�)d=2pj �j je� 12 (xi��j)T��1j (xi��j): (3)We sometimes refer the elements of the ve
tor � as the mixture proportions or mixtureparameters and the densities g(xi j �j;�j) for all j the mixture 
omponents or the Gaus-sian 
omponents. The mixture of Gaussians model is a mixture density model where the
omponent densities are multivariate Gaussians [DH73℄.The likelihood of the parameters � with respe
t to a set D of N independent and ran-domly sampled data points is p(D j �) = NYi=1 p(xi j �): (4)The last equation de�nes a fun
tion on � whi
h we 
all the likelihood fun
tion.Next, we will present another form of the likelihood fun
tion that is going to be importantlater. Note that if, along with our data points we also obtain data with information aboutwhi
h of the M Gaussians generated ea
h point in our dataset then we 
an express thelikelihood a

ordingly. That is, if we also obtain a dataset Z of N M -dimensional indi
atorve
tors zi with elements zi;j for 1 � j �M , thenp(Z ;D j �) = NYi=1 MYj=1 ��jg(xi j �j ;�j)�zi;j (5)where we have 
onstrained �j further su
h that �j > 0 for all j. We 
an view the elementszi;j as indi
ators stating whether Gaussian j generated the data point xi. The reader 
anverify that p(D j �) = PZ p(Z ;D j �) as expe
ted, where the sum is over all possibledatasets Z.Traditionally, the problem of �nding MLE for the parameters of a probabilisti
 model isto �nd the value of the parameters that maximize the likelihood fun
tion. However, for thismodel, this problem is impossible to solve sin
e the likelihood fun
tion has no global maxi-mum [PW78, DH73, Vap95℄. We 
an see an example of this in one dimension. By assigning4



one of the data points to be the mean of one of the Gaussians, 
all it the kth Gaussian,�xing the value of all the other parameters in the model ex
ept the varian
e asso
iated withthat Gaussian, as we let the value of the varian
e asso
iated with that Gaussian approa
hzero, the value of the likelihood fun
tion in
reases arbitrarily. We 
all solutions of this kindsingular solutions or singularities. Intuitively, those solutions 
orrespond to 
ollapsing oneof the Gaussians in the mixture. Trying to avoid those solutions, what we really want isto �nd the value at whi
h the likelihood fun
tion attains its largest lo
al maximum. Thisis, however, hard in general, sin
e the likelihood fun
tion asso
iated with this problem hasmany lo
al maxima. Although there are ways to handle the problem of many lo
al maxima,in pra
ti
e what we do is to �nd a lo
al maximum of the likelihood fun
tion and hope thisis the largest of them all.Another problem with the idea of maximum likelihood estimation is the fa
t that thelikelihood 
an have more than one largest lo
al maximum. One reason is that we 
anex
hange the parameters asso
iated with one Gaussian, in
luding the mixture proportionasso
iated with it, with the parameters of another Gaussian and obtain another model withthe same probability density fun
tion. Another reason is that the model that generated thedata have two or more Gaussian 
omponents with the same mean and 
ovarian
e matrix. Forinstan
e, if the parameters are su
h that model has two Gaussian 
omponents with the samemean and 
ovarian
e matrix, then any assignment to the mixture proportions that respe
tthe 
onstraints yields a model with the same probability density fun
tion. This problem isnot really a 
on
ern to us sin
e all we are really interested is in �nding a model that best�ts the data and for this purpose any solution in the set of largest lo
al maxima leads toequivalent models.Finally, it is important to note that we do not maximize the likelihood fun
tion dire
tly,but the logarithm of the likelihood fun
tion or the log likelihood fun
tion. The log likelihoodfun
tion is L(�) = ln p(D j �) = NXi=1 ln p(xi j �); (6)where the last equality follows from the property of the logarithm fun
tion. This is primarilydone for simpli
ity. The reader 
an verify that, be
ause of the monotoni
ity of the logarithmfun
tion, the likelihood and the log likelihood fun
tion attain maxima at the same points inthe domain.3 Likelihood equationsOne of the �rst MLE methods for this problem resulted from the notion of likelihood equa-tions [PW78, RW84℄. The likelihood equations 
ome from a ne
essary 
ondition for a lo
almaximum of the log likelihood fun
tion L(�) = ln p(D j �); that is (see Appendix A),r�L(�) = 0:Next, we will 
ompute the gradient of the log-likelihood fun
tion with respe
t to ea
h of theparameters and set them to zero in order to obtain more spe
i�
 ne
essary 
onditions on5



the parameters for a maximum. Doing this for ea
h �j (taking 
are of the 
onstraints on �using a Lagrange multiplier �), we get�L(�)��j =  NXi=1 � ln p(xi j �)��j !� � ���j  MXj=1 �j � 1!= NXi=1 g(xi j �j;�j)p(xi j �) � �= 0:In order to solve for � we multiply both sides of the last equation by �j and sum both sidesfor all M Gaussians, NXi=1 MXj=1 �j g(xi j �j;�j)p(xi j �) � � MXj=1 �j = 0:Solving that last equation for � we obtain� = N:Performing the same operations as above for all M Gaussians and substituting ba
k ourvalue for � we get the �rst set of likelihood equations,N = NXi=1 g(xi j �j;�j)p(xi j �) ; for 1 � j �M;whi
h we will write in a more 
onvenient form�j = 1N NXi=1 �jg(xi j �j ;�j)p(xi j �) ; for 1 � j �M: (7)Similarly for �j we haver�jL(�) = NXi=1 r�j ln p(xi j �)= NXi=1 �jp(xi j �)r�jg(xi j �j;�j)= NXi=1 �jg(xi j �j ;�j)p(xi j �) r�j ��12(xi � �j)T��1j (xi � �j)�= NXi=1 �jg(xi j �j ;�j)p(xi j �) ��1j (xi ��j)= 0: 6



For 
onvenien
e, expressing the last equation re
ursively in terms of � and performing thesame operations for all M Gaussians we get the se
ond set of likelihood equations,�j = PNi=1 �jg(xi j�j ;�j)p(xij�) xiPNi=1 �jg(xij�j ;�j)p(xij�) ; for 1 � j �M: (8)Finally, 
omputing the gradient with respe
t to ea
h �j, we getr�jL(�) = NXi=1 r�j ln p(xi j �)= NXi=1 �jp(xi j �)r�jg(xi j �j;�j):r�jg(xi j �j ;�j) = 1(2�)d=2e� 12 (xi��j)T��1j (xi��j)r�j  1pj �j j!+1(2�)d=2pj �j jr�j �e� 12 (xi��j)T��1j (xi��j)�= g(xi j �j;�j)�� 12 j �j jr�j (j �j j)+r�j ��12(xi � �j)T��1j (xi � �j)��= g(xi j �j;�j)�� 12 j �j j j �j j ve
 ���1j �+12ve
 ���1j (xi � �j)(xi � �j)T��1j ��= �12g(xi j �j;�j)ve
 ���1j ��j � (xi � �j)(xi � �j)T���1j � :r�jL(�) = �12ve
 ��1j NXi=1 �jg(xi j �j;�j)p(xi j �) ��j � (xi � �j)(xi ��j)T���1j != 0:For 
onvenien
e, expressing the last equation re
ursively in terms of �j and doing the sameoperation for all M Gaussians we obtain the last set of equations�j = PNi=1 �jg(xij�j ;�j)p(xij�) (xi � �j)(xi � �j)TPNi=1 �jg(xij�j;�j)p(xij�) ; for1 � j �M: (9)7



The equations above are the likelihood equations. They form a system of nonlinearequations and their solution �N = 0BBBBBBBBBBBBBB� �N1...�NM�N1...�NM�N1...�NM
1CCCCCCCCCCCCCCAis a 
riti
al point of the log-likelihood fun
tion and therefore we need to evaluate the Hessianmatrix (see Appendix B) of the log likelihood at that point to further 
hara
terize thesolution. Note that we use the supers
ript to denote that the solution depends on the dataand therefore on N . One important result about a solution �N to this system of equationsis that if some regularity 
onditions on the log likelihood fun
tion hold and the Fisherinformation matrix F (�) (see Appendix C) is well de�ned and positive de�nite, and we arein a suÆ
iently small neighborhood of the true values ��, then for a suÆ
iently large amountof data N there is a unique solution �N of the likelihood equations in the neighborhood of�� and this solution lo
ally maximizes the log likelihood fun
tion. In addition, the randomvariablepN(�N���) is asymptoti
ally normally distributed with mean zero and 
ovarian
ematrix F (��)�1 [RW84, Mei89℄. This tells us that the varian
e on the solution we obtainfrom the likelihood equations, for a �xed amount of data and with respe
t to the true values,depends on the inverse of the Fisher information matrix. [RW84℄ empiri
ally show thatthe diagonal elements of F (��)�1 are mu
h larger when the Gaussians in the true modelare not well separated than when they are well separated. Therefore, in the 
ase that theGaussians are not well separated in the true model, we need a signi�
antly larger amount ofdata than when the Gaussians are well separated in order to redu
e the varian
e and obtainmore pre
ise estimates for the true parameters.The last result regarding the asymptoti
ally normal distribution of the solution is avery general result about the (strongly 
onsistent maximum) solution of likelihood equa-tions [Cha54℄. Next we will present a very informal argument of why the solution to thelikelihood equations is asymptoti
ally normally distributed. Assuming that N is suÆ
ientlylarge and that in the neighborhood of the �� where the solution to the likelihood equations,�N , lies, the fun
tion is (approximately) quadrati
 (i.e., the partial derivatives of greaterthan the third order are 0 or negligible if the fun
tion is only approximately quadrati
), aTaylor expansion of the gradient of the log likelihood yieldsr�L(�) = r�L(��) +H(��)(� � ��):Sin
e the gradient evaluated at the solution �N is 0, we get0 = r�L(��) +H(��)(�N � ��);8



or equivalently �H(��)(�N � ��) = r�L(��):Then we divide ea
h side of the last equation by N to get� 1NH(��)(�N � ��) = 1Nr�L(��):Noting that as N in
reases, � 1NH(��)! F (��), we getF (��)(�N � ��) = 1Nr�L(��) (10)Now we note that, EX [r� ln p(X j ��)℄ = 0;and V arX [r� ln p(X j ��)℄ = EX h(r� ln p(X j ��)) (r� lnp(X j ��))Ti= F (��):Therefore, we 
an apply the Central Limit Theorem to the right hand side of equation (10)to obtain 1Nr�L(��) � N (0; 1NF (��)):Therefore, from equation (10) and the last result we obtainF (��)(�N � ��) � N (0; 1NF (��)):We 
an also express the last result aspN (�N � ��) � N (0;F (��)�1);whi
h is the se
ond part of the result presented in the last paragraph.In general, the Hessian of a fun
tion tells us how the �rst derivatives of the fun
tion are
hanging (Figure 2). Assume that the we evaluate the Hessian where the fun
tion attainsa lo
al maximum and some regularity 
onditions on the fun
tion hold. Then the Hessianevaluated at that point is a symmetri
 negative de�nite matrix. In parti
ular, if the �rstderivatives do not 
hange mu
h and their magnitude is small in all dire
tions in the neigh-borhood of the lo
al maximum, then the surfa
e in that area is almost 
at 
orresponding to aHessian whose elements are negative numbers with relatively small magnitude. If the 
hangein �rst derivatives is only in the dire
tion of the axes, then its o�-diagonal elements are very
lose to zero. If the �rst derivatives do 
hange signi�
antly in all dire
tions, the surfa
e ofthe fun
tion is more peaked than in the previous 
ase, and this 
orresponds to a Hessianwhose 
omponents have relatively large magnitude. If the 
hanges in �rst derivatives o

ur9
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0(e) (f)Figure 2: Plot of the fun
tion f(x) = xTAx for (a) A = [�1; 0; 0;�1℄, (b) A =[�10; 0; 0;�10℄, (
) A = [�10;�4;�4;�10℄, (d) A = [�10; 9; 9;�10℄, (e) A =[�10; 0; 0;�1℄, and (f) A = [�10; 3; 3;�1℄. The Hessian of f is H(x) = A. Their re-spe
tive 
ondition numbers are: (a) �[A℄ = 1, (b) �[A℄ = 1, (
) �[A℄ = 2:3, (d) �[A℄ = 19,(e) �[A℄ = 10, and (f) �[A℄ = 118:99.in dire
tions that are not exa
tly those of the axes, then the surfa
e of the fun
tion is elon-gated along those dire
tions and this behavior 
orresponds to a Hessian whose o�-diagonalelements are signi�
antly di�erent from zero. The magnitude of the elongation depends onthe magnitude of the o�-diagonal terms. The dire
tion of the elongation depends on the signof the o�-diagonal terms. The fun
tion is also 
at in the dire
tion of the elongation and how
at it is in this dire
tion depends on the magnitude of the elongation itself.A problem is ill-
onditioned if di�erent approximate solutions give about the same �tto the data [RW84℄. This behavior 
orresponds to regions where the fun
tion is very 
at,and typi
ally happens in the mixture-of-Gaussians model when the Gaussians are not wellseparated (Figure 3). In nonlinear optimization, the 
ondition of a problem is typi
ally10
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) (d)Figure 3: Plots of L(�) for 1-dimensional data as a fun
tion of �1 and �2 with �1 = �2 =0:5; �1 = �2 = 1. In this 
ase the data is 1000 sampled points from the mixture model withparameters �1 = �2 = 0:5; �1 = �2 = 1; �1 = 0 and (a) �2 = 3, (b) �2 = 2, (
) �2 = 1, and(d) �2 = 0. Note how the log likelihood fun
tion gets 
atter around the maximum as themeans in the mixture get 
loser to ea
h other.measured by the 
ondition number of the Hessian evaluated at the solution 1. The 
onditionnumber of a matrix measures the degree to whi
h a pair of 
olumns of the matrix arelinearly dependent. In two dimensions, the 
olumns are 
lose to linear dependen
e when theo�-diagonal elements of the matrix get 
lose in magnitude to the diagonal elements. Whenthe matrix is the Hessian of a fun
tion in 2 dimensions evaluated at a lo
al maximum of thefun
tion, this 
orresponds to the fun
tion being more elongated, and therefore 
atter, alongsome dire
tion. Note that we 
an approximate L(�) in the neighborhood of a lo
al maximaat �N using a quadrati
 Taylor series expansion around �N :L(�) � L(�N ) + (� � �N)Tr�L(�N) + 12(� � �N)Tr2�L(�N )(� � �N)= L(�N ) + 12(� � �N )TH(�N)(� � �N )1Given some matrix norm k�k, the 
ondition number of a matrix A is�[A℄ = kAk � 

A�1

 = �M [A℄=�m[A℄;where �M [A℄ is the eigenvalue of A with the largest magnitude and �m[A℄ is the eigenvalue with the smallestmagnitude. 11



As we get more data, �N ! �� and 1NH(�N )! �F (��), yieldingL(�) � L(��) + 12(� � ��)T (�NF (��)) (� � ��)Sin
e, for suÆ
iently large N , the 
ondition numbers of H(�N ), �NF (��) and F (��) arethe same, the 
ondition number of the Fisher information matrix evaluated at the truevalues for the parameters determines the 
ondition of the problem for suÆ
iently large N .Therefore, the 
ondition number of F (��) determines the limits of a

ura
y with whi
h we
an numeri
ally approximate the solution in pra
ti
e.Note that we 
an develop an iterative pro
edure from the likelihood equations. Themethod is as follows. We �rst initialize the parameters of the model somehow. We evaluatethe right-hand side of the likelihood equations (as presented above) using the 
urrent settingof the parameters and get new settings for the parameters by assigning the result of the
omputation to the appropriate parameter in the left-hand side of the likelihood equations.We 
ontinue iterating until some stopping 
ondition holds. More spe
i�
ally, for this iterativemethod, we initialize the parameters �(0) to some values and iterate to get new estimatesusing the updates below:�(k+1)j = 1N NXi=1 �(k)j g(xi j �(k)j ;�(k)j )p(xi j �(k)) ; for 1 � j �M: (11)�(k+1)j = PNi=1 �(k)j g(xij�(k)j ;�(k)j )p(xij�(k)) xiPNi=1 �(k)j g(xij�(k)j ;�(k)j )p(xij�(k)) ; for 1 � j �M: (12)�(k+1)j = PNi=1 �(k)j g(xi j�(k)j ;�(k)j )p(xij�(k)) (xi � �(k)j )(xi � �(k)j )TPNi=1 �(k)j g(xij�(k)j ;�(k)j )p(xij�(k)) ; for 1 � j �M: (13)This method monotoni
ally in
reases the log likelihood and is guaranteed to 
onverge (mod-ulo singularities). We will see why in Se
tion (5). Before a prove of 
onvergen
e existed,resear
hers observed that this method 
onverged often in pra
ti
e [PW78℄. A

elerationmethods based on Aitken a

eleration (see Se
tion (7.1)) have also been used for thismethod [PW78℄.4 Gradient-based methodsGradient-based methods for nonlinear optimization give us another way to �nd a zero ofthe Ja
obian of the fun
tion we want to optimize. In general, if the method 
onverges, theresult will give us a 
riti
al point of the original fun
tion, and therefore we need to performadditional analysis in order to fully 
hara
terize the solution. Let A(k) be a matrix that12




an depend on �(k), and r(k) = r�f(�(k)) be the gradient of the fun
tion with respe
t tothe parameters evaluated at the 
urrent setting of the parameters �(k) . In general, in thesemethods we get new values at ea
h iteration using the following update rule,�(k+1) = �(k) + 
(k)A(k)r(k); (14)where 
(k) = argmax
 f(�(k) + 
A(k)r(k)): (15)This update rule says that our new setting for the parameters is our 
urrent settingfor the parameters o�set by a step in some transformed dire
tion 
(k)A(k)r(k) that dependson the 
urrent setting of the parameters, where r(k) is the original dire
tion, A(k) is thetransforming matrix, and 
(k) is the magnitude of the o�set along the transformed dire
tion.Note that using this general form, where we optimize the step size 
(k) at ea
h iteration, thevalue of the fun
tion will not de
rease after ea
h iteration.Many variants of this general formulation exist. We refer the reader to [Ber95, Pol71,PTVF92℄ for more detailed information on the di�erent variants. In this paper, we brie
ydes
ribe some of the most 
ommon variants.Note that the gradient methods presented here are methods for un
onstraint optimizationand therefore we need to adapt them to handle the 
onstraints on the parameters imposedby the mixture of Gaussians model.The most typi
al 
onvergen
e rate analysis of gradient-based methods is the lo
al analysis,where we are interested in the behavior of the method when 
lose to a solution (see AppendixD). Let us �rst study the 
onvergen
e 
hara
teristi
 of a gradient-based method that usesA(k) = I , where I is the identity matrix (i.e., the step is taken stri
tly in the dire
tion ofthe gradient). This method is the steepest as
ent method [Ber95℄. Expressed in this way,the update rule in (14) be
omes �(k+1) = �(k) + 
(k)r(k); (16)with 
(k) as in (15).Next, we present a lo
al 
onvergen
e rate result for the steepest as
ent method that tiesthe 
onvergen
e rate to the 
ondition number of the Hessian of the fun
tion evaluated at thesolution. For 
larity, assume that the fun
tion is quadrati
. For non-quadrati
 fun
tions,the idea behind the result is the same but requires more 
are. First note that by Taylorexpansion around the solution �N ,r(k) = r�f(�N ) +r2�f(�N )��(k) � �N� =H(�N )��(k) � �N� :Using the expression above for the value of the gradient of f at �(k) in the update rule givenin (16), we get the approximation to the update rule below,�(k+1) = �(k) + 
(k)H(�N)��(k) � �N� :13



Subtra
ting the solution �N at both sides, we get�(k+1) � �N = �I + 
(k)H(�N )� ��(k) � �N� ;from whi
h we get (see Appendix (E)),


�(k+1) � �N


 � 

I + 
(k)H(�N )




�(k) � �N


 :We let the 
onvergen
e rate fa
tor s(k) bes(k) = 

I + 
(k)H(�N)

 = �M �I + 
(k)H(�N)� ; (17)by a property of eigenvalues and the matrix norm. Also by a property of eigenvalues,�M �I + 
(k)H(�N)� = max���1 + 
(k)�m �H(�N )��� ; ��1 + 
(k)�M �H(�N)���	 : (18)Therefore, the value of the step size 
(k) for whi
h the 
onvergen
e rate fa
tor s(k) attainsits minimum value is
N = argmin
 max���1 + 
(k)�m �H(�N)��� ; ��1 + 
(k)�M �H(�N )���	 ;for whi
h we 
an �nd a solution by solving the following equation,� �1 + 
N�M �H(�N)�� = 1 + 
N�m �H(�N)� :By solving the last equation we get the value for 
N ,
N = �2�M �H(�N)�+ �m �H(�N )� : (19)Substituting ba
k the value of 
N given in (19) into the bound for the 
onvergen
e ratefa
tor s(k) given in (18) and using the result to re-express the upper bound of s(k) given in(17), we gets(k) � �M �H(�N)�� �m �H(�N )��M �H(�N )�+ �m �H(�N)� � 1� �m �H(�N)��M �H(�N)� = 1� ��1[H(�N )℄:Therefore, an estimate of the 
onvergen
e rate on the parameter spa
e for steepest as
ent is


�(k+1) � �N


 � �1� ��1[H(�N )℄� 


�(k) � �N


 : (20)Using a similar but more 
ompli
ated analysis we 
an obtain a similar estimate for the
onvergen
e rate on the fun
tion spa
e for steepest as
ent,f(�(k+1))� f(�N )f(�(k))� f(�N ) �  �M �H(�N )�� �m �H(�N)��M �H(�N)�+ �m �H(�N )�!2� �1 � ��1[H(�N)℄�2 :14



We 
an obtain the general form of the gradient methods given in (14) if we performsteepest as
ent on a transformed spa
e. Let the transforming matrix T be 2T = (A(k)) 12 ; (21)and the new parameter spa
e � resulting from the transformation be su
h that� = T�: (22)Let the fun
tion de�ned on the new parameter spa
e beh(�) = f(T�): (23)Performing steepest as
ent on the fun
tion h(�) we get the update rule�(k+1) = �(k) + 
(k)r�h(�(k)): (24)From the de�nition of h(�) given in (23) and the 
hain rule for gradients we getr�h(�) = Tr�f(�): (25)Premultiplying both sides of the update rule given in (24) by the matrix T as given in (21)we get T�(k+1) = T�(k) + 
(k)Tr�h(�(k)):Substituting the gradient of h(�) given in (25) into the last expression for the update ruleand using the de�nition of the matrix T given in (21) we get�(k+1) = �(k) + 
(k)A(k)r(k); (26)whi
h is the general form of the update rule for gradient methods. From the above exposedrelationship between steepest as
ent and the general gradient methods, and the estimateson the 
onvergen
e rate for steepest as
ent, we 
an get estimates on the 
onvergen
e rateof general gradient methods. That is, from the 
onvergen
e rate results for steepest as
entabove, 


�(k+1) � �N


 � 

I + 
(k)r2�h(�N )




�(k) � �N


= �M �I + 
(k)r2�h(�N)� 


�(k) � �N


� �1 � ��1[r2�h(�N )℄� 


�(k) ��N


 :Sin
e, from the expression for the gradient of h(�) given in (25) and the 
hain rule forgradients, r2�h(�) = Tr2�f(�)T ;2The symmetri
 square root of a square symmetri
 nonnegative de�nite matrix A, denoted as A 12 , is asymmetri
 matrix su
h that A 12A 12 = A. 15



we get



�(A(k)) 12��1 ��(k+1) � �N�



 � 


I + 
(k)(A(k)) 12H(�N)(A(k)) 12






�(A(k)) 12��1 ��(k) � �N�



and



�(A(k)) 12��1 ��(k+1) � �N�



 � �1� ��1[(A(k)) 12H(�N)(A(k)) 12 ℄�



�(A(k)) 12��1 ��(k) � �N�



 :(27)We 
an also get another form for the 
onvergen
e rate by substituting the Taylor expansionof the gradient dire
tly; that is,


�(k+1) � �N


 � 


I + 
(k)A(k)H(�N )





�(k) � �N


 (28)From the last result we see that if we letA(k) = �H(�N )�1, the value of ��1[(A(k)) 12H(�N)(A(k)) 12 ℄be
omes 1, the optimal value for 
(k) be
omes 1, and s(k) be
omes 0 whi
h gives us amethod with super-linear 
onvergen
e. Therefore, from the standpoint of speed of 
on-vergen
e, we should use A(k) as 
lose as possible to �H(�N )�1 sin
e then the value of��1[(A(k)) 12H(�N)(A(k)) 12 ℄ will be 
lose to 1, the optimal value of 
(k) will be 
lose to 1, ands(k) will be 
lose to 0 whi
h gives us a method with 
lose to super-linear 
onvergen
e. Sin
ewe do not know where the fun
tion has the maximum (that is exa
tly what we are tryingto �nd out), the idea behind the methods below is to �nd ways to approximate �H(�N)�1,or, from the standpoint of speed of 
onvergen
e, ways to improve the 
ondition number ofthe e�e
tive Hessian (A(k)) 12H(�N )(A(k)) 12 .4.1 Newton-Raphson methodTo obtain Newton-Raphson method, we let A(k) = �H(�(k))�1, and 
(k) = 1. Therefore, weobtain the update rule �(k+1) = �(k) �H(�(k))�1r(k): (29)Newton-Raphson method has super-linear 
onvergen
e when 
lose to the solution where thefun
tion 
an be well approximated by a quadrati
 fun
tion and therefore, the Hessian isalmost 
onstant and H(�(k)) � H(�N ). However, the H(�(k)) is typi
ally singular and/ornot positive de�nite when not 
lose to a solution and it may not 
onverge to a solution.Note the extra work of 
omputing the Hessian at every step whi
h 
an be a very expensiveoperation. Furthermore, the size of the matrix in
reases as the square of the number ofparameters. Therefore, the method presents problems when dealing with a large number ofparameters. 16



4.2 Quasi-Newton or variable metri
 methodsThis method uses approximations to the Hessian at every step that are, among other things,easier to 
ompute and non-singular. To obtain this type of method, we let A(k) = M (k),whereM (k) is a symmetri
, positive-de�nite matrix that we use to approximate�H(�(k))�1.We also let 
(k) = 1 as in the Newton-Raphson method. The update rule is then,�(k+1) = �(k) +M (k)r(k) (30)Some ways of 
omputing M (k) is to use the diagonals of the Hessian instead of thefull Hessian (as long as they are all negative) or to do a se
ant update of the Hessian atea
h step. This method features super-linear 
onvergen
e when 
lose to a solution andtypi
ally improves on the global 
onvergen
e properties of the regular Newton-Raphsonmethod be
ause now, by imposing that M (k) be symmetri
, positive-de�nite, the matrixis never singular, even if it is far away from a solution.4.3 Gradient as
entWe obtain the general form of the gradient as
ent method if we let A(k) = I, and 
(k) besome 
onstant or sequen
e whi
h does not ne
essarily maximize f(�(k)+ 
r(k)). The updaterule be
omes, �(k+1) = �(k) + 
(k)r(k) (31)Note that what we are doing in this method is stri
tly moving in the dire
tion of the gradientwith a step size determined by the value of 
(k). Note that this method looks like a quasi-Newton method where we approximate the Hessian at every step as 
(k)I. Not surprisingly,this method, be
ause of the very rough approximation to the inverse of the Hessian it uses,typi
ally has slower linear 
onvergen
e. Also it is not always 
lear how to determine themost appropriate value for 
(k). If it is a 
onstant, it should typi
ally be small. However, toosmall a value typi
ally gives slow 
onvergen
e. Too large a value 
an improve 
onvergen
espeed but also in
reases the 
han
es of divergen
e. Several rules and heuristi
s exists forestablishing this sequen
e. If we are lu
ky and pi
k the optimal parameter at ea
h step, themethod is equivalent to steepest as
ent and therefore 
an show super-linear 
onvergen
e insome instan
es.5 Expe
tation-Maximization (EM)EM [DLR77℄ is the method most 
ommonly used to obtain the MLE parameters for themixture-of-Gaussians model. This is a very general method for produ
ing MLE parametersfrom in
omplete data. Next we present a very spe
i�
 derivation of this method for themixture-of-Gaussians model. First, note that from the 
hain rule of probability,p(Z;D j �) = P (Z jD;�)p(D j �):17



Now we apply the natural logarithm fun
tion to both sides and use the properties of loga-rithms on the right side of the equation to getlnp(Z ;D j �) = lnP (Z jD;�) + ln p(D j �):Using algebra to rearrange the equation we getln p(D j �) = lnp(Z ;D j �)� lnP (Z jD;�):Assume that we have a di�erent setting of the parameters �0, and therefore another distribu-tion on the indi
ators Z 
onditioned on the data points D and �0; denote this distributionby P (Z jD;�0). Note that we 
an take an expe
tation of the logarithm terms with respe
tto P (Z j D;�0). We 
an do this by multiplying ea
h side of the equation by P (Z j D;�0).Performing that operation and distributing over the subtra
tion we getP (Z jD;�0) ln p(D j �) = P (Z jD;�0) ln p(Z ;D j �)�P (Z jD;�0) ln p(Z jD;�):Summing over all possible values of the indi
ators Z, we getXZ P (Z jD;�0) ln p(D j �) = XZ P (Z jD;�0) ln p(Z;D j �)�XZ P (Z jD;�0) lnP (Z jD;�):We now simplify by using the rules of probabilities to obtain the equationln p(D j �) = XZ P (Z jD;�0) ln p(Z;D j �)�XZ P (Z jD;�0) lnP (Z jD;�):If we let the log likelihood L(�) = ln p(D j �), the expe
ted log likelihood Q(� j �0) =PZ P (Z jD;�0) ln p(Z;D j �), and the entropyH(� j �0) =PZ P (Z jD;�0) lnP (Z jD;�),then we 
an rewrite the last equation asL(�) = Q(� j �0)�H(� j �0): (32)Let KL(P 0jjQ0) be the Kullba
k-Leibler or relative entropy distan
e between the distributionP 0 and Q0 over the same set of events [CT91℄. Note then that the di�eren
e in entropiesH(�0 j �0)�H(� j �0) isH(�0 j �0) �H(� j �0) = KL(P (Z jD;�0) jj P (Z jD;�)) � 0;where the resulting inequality 
omes from a result that is a 
onsequen
e of Jensen's inequalityand is known as the Information inequality. Equality in the above inequality holds if andonly if P (Z jD;�0) = P (Z jD;�) for all Z.18



Therefore, if P (Z jD;�0) 6= P (Z jD;�) and Q(� j �0) > Q(�0 j �0), then L(�) > L(�0).In addition, if P (Z jD;�0) = P (Z jD;�) and Q(� j �0) = Q(�0 j �0), then L(�) = L(�0). Inother words, if we in
rease the expe
ted value of the log-likelihood for the 
omplete data (i.e.,the data observed and the indi
ators for the Gaussian used to generate ea
h data point) withrespe
t to the new parameters given the 
urrent setting of the parameters and the in
omplete(i.e., observed) data, then the log-likelihood of the parameters for the in
omplete data (i.e.,the fun
tion that we really want to maximize) will also in
rease.The EM method results from the last observation. In this method, we start with an ini-tial estimate of the parameters �(0). Then, at ea
h iteration k+1, we perform the followingtwo steps:Expe
tation step Q(� j �(k)) = EZ [lnp(Z ;D j �) jD;�(k)℄; (33)Maximization step �(k+1) 2 arg max� Q(� j �(k)): (34)If the set arg max� Q(� j �(k)) is a singleton, as it is for the 
ase of the mixture-of-Gaussiansmodel, we repla
e the symbol 2 by the symbol = in the expression above. On the otherhand, note that we do not really need to maximize Q(� j �(k)) with respe
t to � at ea
hiteration in order to monotoni
ally in
rease the log likelihood at ea
h iteration. All we needto do is to �nd �(k+1) su
h that Q(�(k+1) j �(k)) � Q(�(k) j �(k)). A version of EM that doesjust that is 
alled Generalized EM (GEM).There is another way in whi
h we 
an derive and interpret EM. This interpretation is thebasi
 idea behind 
urrent work that tries to 
ope with the 
omputational issues that arisewhen we are dealing with models for whi
h the expe
tation step is 
omplex [Gha97℄. Bythe property of marginalization of probabilities,ln p(D j �) = lnXZ p(Z ;D j �):Introdu
ing a new distribution over the indi
ators W (Z) as above, we getln p(D j �) = lnXZ W (Z)p(Z;D j �)W (Z) :Now, by Jensen's inequality and some manipulation,ln p(D j �) � XZ W (Z) ln p(Z;D j �)W (Z)= XZ W (Z) ln p(Z;D j �)�XZ W (Z) lnW (Z)= F(W;�): 19



If we de�ne ln p(Z;D j �) to be the energy of a global 
on�guration (Z;D), then thelower bound F(W;�) is the negative of a quantity known in statisti
al physi
s as the free en-ergy. Viewing it this way, EM is now, starting from some initial setting of the parameters �(0):Expe
tation step W (k+1) 2 arg maxWF(W;�(k)); (35)Maximization step �(k+1) 2 arg max�F(W (k+1);�): (36)From the above steps, we 
an also see EM as improving a lower bound on the log-likelihoodfun
tion with respe
t to the 
urrent setting of the parameters at ea
h iteration. If we letW (k+1)(Z) = P (Z jD;�(k)), then the inequality be
omes an equality; that is, F(W (k+1);�(k+1)) =ln p(D j �(k+1)). We 
an see the last statement from equation (32) in the previous deriva-tion of EM. Therefore, that assignment for W maximizes the expe
tation step. Substitutingba
k the maximizing value with respe
t to W in the expe
tation step we get the traditionalversion of the EM method that results in the steps given in equations (33) and (34).Using the formulation of EM given by equations (33) and (34) above we 
an determinemore spe
i�
 update rules for the parameters in our problem. First, let us develop theexpe
tation step. By taking the 
onditional expe
tation of the logarithm of the 
ompletedata likelihood p(Z ;Dj�) as de�ned in equation (5) we obtainQ(� j �(k)) = EZ "ln NYi=1 MYj=1 ��jg(xi j �j;�j)�zi;j ���D;�(k)# :Using the properties of logarithms and expe
tation, we getQ(� j �(k)) = NXi=1 MXj=1 Ezi;j hzi;j ln ��jg(xi j �j;�j)� ���xi;�(k)i :Sin
e the fa
tor ln ��jg(xi j �j;�j)� is 
onstant with respe
t to the indi
ators Z, we 
ansimplify the last equation byQ(� j �(k)) = NXi=1 MXj=1 Ezi;j hzi;j j xi;�(k)i ln ��jg(xi j �j ;�j)�The expe
tation term is the expe
ted value of the indi
ators with respe
t to the dataset andthe 
urrent setting of the parameters. This value isẑ(k)i;j = Ezi;j hzi;j j xi;�(k)i = P (zi;j = 1 j xi;�(k)):In other words, ẑ(k)i;j is the probability that the Gaussian j generated datum xi with respe
tto the 
urrent setting of the parameters �(k). Using this information, we 
an �nally express20



the expe
tation step of the method as 
omputingẑ(k)i;j = �(k)j g(xi j �(k)j ;�(k)j )PMj=1 �(k)j g(xi j �(k)j ;�(k)j ) = �(k)j g(xi j �(k)j ;�(k)j )p(xi j �(k)) (37)for all Gaussians and all data points. We 
an also express the fun
tion Q asQ(� j �(k)) = NXi=1 MXj=1 ẑ(k)i;j �ln�j + ln g(xi j �j;�j)� (38)To perform the maximization step we take partial derivatives of equation (38) with respe
tto the parameters � and set them to zero. First let us determine the update rule for the�'s. Taking derivatives of equation (38) with respe
t to �j, using the Lagrange multiplier �to satisfy the 
onstraints on the �'s, and applying the properties of derivatives we get�Q(� j �(k))��j =  NXi=1 MXj=1 ẑ(k)i;j � �ln�j + ln g(xi j �j ;�j)���j !���(PMj=1 �j � 1)��j :Taking derivatives of the sub
omponents and setting the result to zero we obtain NXi=1 ẑ(k)i;j 1�j! � � = 0: (39)Trying to solve for �, we sum over all the Gaussians and obtainMXj=1 NXi=1 ẑ(k)i;j � � MXj=1 �j = 0:Applying the properties of the �'s, substituting for ẑ(k)i;j from equation (37), and solving for� we get � = N:Substituting the value for � from the last equation into equation (39) we get the update rulefor ea
h �j �(k+1)j = 1N NXi=1 ẑ(k)i;j : (40)This update says that if we knew exa
tly whi
h Gaussian generated whi
h data point wewould estimate the probability of ea
h Gaussian to be the average number of points gen-erated by that Gaussian. Sin
e we do not know the exa
t number of points generated by21



ea
h Gaussian, we take the average over the expe
ted number of points that ea
h Gaussiangenerated.Similarly, we 
ompute the gradient of Q from equation (38) with respe
t to �j , and setit to the zero ve
tor to getr�jQ(� j �(k)) = NXi=1 MXj=1 ẑ(k)i;j r�j �ln�j + ln g(xi j �j;�j)�= NXi=1 ẑ(k)i;j 1g(xi j �j ;�j)r�jg(xi j �j;�j)= NXi=1 ẑ(k)i;j 1g(xi j �j ;�j)g(xi j �j;�j)r�j ��12(xi � �j)T��1j (xi � �j)�= NXi=1 ẑ(k)i;j ��12� (�2��1j (xi � �j))= NXi=1 ẑ(k)i;j ��1j �xi � �j�= 0:Solving for �j in the last equation we get the update rule for ea
h mean �j�(k+1)j = PNi=1 ẑ(k)i;j xiPNi=1 ẑ(k)i;j : (41)This update says that if we knew exa
tly whi
h Gaussian generated whi
h data point wewould estimate the mean of ea
h Gaussian to be the mean of the points generated by thatGaussian. Sin
e for ea
h data point we do not know exa
tly whi
h Gaussian generated it, weweight ea
h point by the probability that the Gaussian generated it given the 
urrent settingof the parameters and divide that by the expe
ted number of points that the Gaussiangenerated. Another way of looking at this update is that the mean of a Gaussian is theexpe
ted value of the 
oordinates of the data points, where we take the expe
tation withrespe
t to a 
onditional distribution over the data points given that Gaussian and the 
urrentsetting of the parameters.Finally, we 
ompute the gradient of Q from equation (38) with respe
t to �j, and set it
22



to the zero ve
tor to getr�jQ(� j �(k)) = NXi=1 MXj=1 ẑ(k)i;j r�j �ln�j + ln g(xi j �j;�j)�= NXi=1 ẑ(k)i;j 1g(xi j �j;�j)r�jg(xi j �j;�j)= NXi=1 ẑ(k)i;j 1g(xi j �j;�j)��12 g(xi j �j;�j)ve
 ���1j ��j � (xi � �j)(xi � �j)T���1j ��= �12 NXi=1 ẑ(k)i;j ve
 ���1j ��j � (xi � �j)(xi � �j)T���1j �= 0:Solving for �j in the last equation we get the update rule for ea
h 
ovarian
e matrix �j�(k+1)j = PNi=1 ẑ(k)i;j (xi � �(k+1)j )(xi � �(k+1)j )TPNi=1 ẑ(k)i;j : (42)Note again that the update rule is just what we expe
t. In the 
ase that we observe theassignment of points to Gaussians, the new varian
e is the sample varian
e of the pointsasso
iated with that Gaussian. Sin
e we do not know that assignment, we weight the varian
easso
iated with ea
h point by the 
onditional probability that the point belongs to theGaussian we are updating given data and the 
urrent setting of the parameters.Moreover, note that both the expe
tation and the maximization steps for this model aresimple. This is no 
oin
iden
e. The 
omplete-data likelihood fun
tion for this model belongsto the exponential family. When this happens, the expe
tation step redu
es to 
omputingthe expe
ted suÆ
ient statisti
s given the data and the 
urrent setting of the parameters. Forthe mixture-of-Gaussians model, the suÆ
ient statisti
s are, for ea
h Gaussian, the numberof data points assigned to it (i.e., PNi=1 zi;j), and the mean ve
tor (i.e., (1=N)PNi=1 zi;jxi)and 
ovarian
e matrix (i.e., (1=N)PNi=1 zi;jxixTi ) of those points. Sin
e we do not know theassignment of Gaussians to data points, we 
an use the data and the 
urrent setting of theparameters to 
ompute their expe
ted value (i.e., ẑi;j). Now, to obtain the maximizationstep for su
h models, we repla
e the suÆ
ient statisti
s in the expressions for the MLE forthe model by the expe
ted suÆ
ient statisti
s. One of the reason why EM is so popular isthat models from the exponential family o

ur often in pra
ti
e, and for these models, theexpressions for the MLE are simple. Therefore all we really need to do is to determine theexpression for the expe
ted value of the suÆ
ient statisti
 given the data and the 
urrentsetting of the parameters.At this point, it is important to note the similarity between the EM method for themixture-of-Gaussians model and the iterative method presented at the end of Se
tion (3).They only di�er in the way they update the 
ovarian
e matri
es: EM uses the value of the23



means just 
omputed while the iterative method uses the old value for the means. We 
anthink of the iteration method as �rst sequentially maximizing Q(� j �(k)) �rst with respe
tto �, then with respe
t to ea
h �j , and �nally with respe
t to ea
h �j [Xu97℄. Doing thiswe have Q(�(k+1);�(k)1 ; : : : ;�(k)M ;�(k)1 ; : : : ;�(k)M j �(k)) �Q(�(k);�(k)1 ; : : : ;�(k)M ;�(k)1 ; : : : ;�(k)M j �(k));Q(�(k+1);�(k)1 ; : : : ;�(k)M ;�(k+1)1 ; : : : ;�(k+1)M j �(k)) �Q(�(k+1);�(k)1 ; : : : ;�(k)M ;�(k)1 ; : : : ;�(k)M j �(k));Q(�(k+1);�(k+1)1 ; : : : ;�(k+1)M ;�(k+1)1 ; : : : ;�(k+1)M j �(k)) �Q(�(k+1);�(k)1 ; : : : ;�(k)M ;�(k+1)1 ; : : : ;�(k+1)M j �(k));or, in other words, Q(�(k+1) j �(k)) � Q(�(k) j �(k)):Therefore, we 
an view the iterative method based on the likelihood equations as a General-ized EM method, whi
h implies that that iterative method monotoni
ally in
reases the loglikelihood at ea
h iteration.Finally, note that the result of the update rule for � in both EM and the iterativemethod, given that �(k) satis�es the 
onstraints (i.e., PMj=1 �j = 1 and �j > 0 for all j),is a value for �(k+1) that also satisfy the 
onstraints. The result of the update rule for �j,for all j, in both methods, given that �(k) satis�es the 
onstraints (i.e., the 
onstraints on� and that the 
ovarian
e matri
es, �j for all j, are all symmetri
 and positive de�nite),is a symmetri
 matrix and it is positive de�nite with probability one assuming that N islarge enough su
h that the matrix is of full rank [XJ96℄. Redner and Walker [RW84℄ say onpage 218 that �(k+1)j is positive de�nite with probability 1 if N > d. However, they state onpage 227 that ea
h �(k+1)j is \in the 
onvex hull of" n(xi � �(k+1)j )(xi � �(k+1)j )Toi=1;::: ;N ,\a set of rank-one matri
es whi
h, of 
ourse, are not positive de�nite. Thus there is noguarantee that a sequen
e of matri
es" n�(k)j ok=0;1;2;::: \produ
ed by the EM iteration willremain bounded from below." The last statement seems to be justi�ed given the possibilityof singular solutions as dis
ussed at the end of Se
tion (2).5.1 Relation between EM and gradient-based methodsThe results presented in this se
tion are mainly from re
ent arti
les on this subje
t [JX93,XJ96, Xu97℄. The idea is to think of EM as a generalized gradient method that uses the
onditioning matrix A(k) on ea
h step. This is done by equating the EM update rule tothe gradient-based update rule and solving for A(k). We denote that matrix as AEM�(k) =diag�AEM�(k);AEM�(k)1 ; : : : ;AEM�(k)M ;AEM�(k)1 ; : : : ;AEM�(k)M �. We will �nd that AEM�(k) is always positivede�nite with probability 1 for suÆ
iently large N . Therefore, EM moves in a positiveproje
tion of the gradient. EM is similar to a variable metri
 approa
h sin
e AEM�(k) 
hanges24



at every step. Note, however, that in EM we do not need to set step sizes and still willguarantee not to de
rease the log likelihood fun
tion at every iteration and also, in themixture-of-Gaussians model, to satisfy the 
onstraints.First of all, note that the iterative method presented in Se
tion (3) based on the likeli-hood equations di�ers from EM only in the update rule for the 
ovarian
e matri
es. Theupdate rule for the 
ovarian
e matrix in the iterative method in Se
tion (3) uses the 
urrentvalue of ea
h mean �(k)j . Instead EM uses the value new value of ea
h mean �(k+1)j just
omputed in order to obtain new estimates for the 
ovarian
e matri
es. Therefore, we willstart the analysis by �rst �nding the matrixA(k) 
orresponding to the iterative method. Wedenote that matrix as ALE�(k) = diag�ALE�(k);ALE�(k)1 ; : : : ;ALE�(k)M ;ALE�(k)1 ; : : : ;ALE�(k)M �. Sin
e thetransforming matri
es 
orresponding to � and �j for all j are the same for both methods(i.e., ALE�(k) = AEM�(k) and ALE�(k)j = AEM�(k)1 for all j), all that is left is to relate the matrix
orresponding to the updates of the 
ovarian
e matri
es obtained for the iterative methodto that of EM.For the mixture proportions (�) updates, we want to �nd a matrix ALE�(k) su
h that�(k) +ALE�(k)r�(k) = 1N NXi=1 ẑ(k)i :As 
omputed before, the gradient of the log likelihood fun
tion with respe
t to � evaluatedat �(k) is r�(k) = r�L(�(k)) = NXi=1 1p(xi j �(k))0B� g(xi j �(k)1 ;�(k)1 )...g(xi j �(k)M ;�(k)M ) 1CA :Equating the gradient-based expression and the update of the iterative method we obtainALE�(k) NXi=1 1p(xi j �(k))0B� g(xi j �(k)1 ;�(k)1 )...g(xi j �(k)M ;�(k)M ) 1CA = NXi=1 1N �ẑ(k)i ��(k)� ;NXi=1 1p(xi j �(k))ALE�(k)0B� g(xi j �(k)1 ;�(k)1 )...g(xi j �(k)M ;�(k)M ) 1CA = NXi=1 1N �ẑ(k)i ��(k)� :Let ALE�(k) = 1N �BLE�(k) �CLE�(k)� :Now we want to �nd a matrix BLE�(k) for whi
h1p(xi j �(k))BLE�(k)0B� g(xi j �(k)1 ;�(k)1 )...g(xi j �(k)M ;�(k)M ) 1CA = ẑ(k)i :25



Let BLE�(k) =0BBB� �(k)1 0 � � � 00 �(k)2 0... . . . ...0 0 � � � �(k)M 1CCCA = diag(�(k)1 ; : : : ; �(k)M ):Then 1p(xi j �(k))BLE�(k)0B� g(xi j �(k)1 ;�(k)1 )...g(xi j �(k)M ;�(k)M ) 1CA == 1p(xi j �(k))0B� �(k)1 g(xi j �(k)1 ;�(k)1 )...�(k)M g(xi j �(k)M ;�(k)M ) 1CA= 0B� ẑ(k)i;j...ẑ(k)i;j 1CA= ẑ(k)i :We also want to �nd a matrix CLE�(k) su
h that1p(xi j �(k))CLE�(k)0B� g(xi j �(k)1 ;�(k)1 )...g(xi j �(k)M ;�(k)M ) 1CA = �(k):Let CLE�(k) = 0BBB� �(k)1 �(k)1 �(k)1 �(k)2 � � � �(k)1 �(k)M�(k)2 �(k)1 �(k)2 �(k)2 �(k)2 �(k)M... . . . ...�(k)M �(k)1 �(k)M �(k)2 � � � �(k)M �(k)M 1CCCA = �(k) ��(k)�T :Then 1p(xi j �(k))CLE�(k)0B� g(xi j �(k)1 ;�(k)1 )...g(xi j �(k)M ;�(k)M ) 1CA =26



= 1p(xi j �(k))0B� �(k)1 PMj=1 �(k)j g(xi j �(k)j ;�(k)j )...�(k)M PMj=1 �(k)j g(xi j �(k)j ;�(k)j ) 1CA= 1p(xi j �(k))0B� �(k)1 p(xi j �(k))...�(k)M p(xi j �(k)) 1CA= 0B� �(k)1...�(k)M 1CA= �(k):Therefore, ALE�(k) = 1N �diag(�(k)1 ; : : : ; �(k)M )��(k) ��(k)�T� : (43)By the de�nition of a positive de�nite matrix, the matrix ALE�(k) is, by de�nition, positivede�nite if for all M -dimensional non-zero ve
tors v, the inequality vTALE�(k)v > 0 holds.Therefore, by Equation (43), ALE�(k) is positive de�nite ifvTdiag(�(k)1 ; : : : ; �(k)M )v > 0;and vTdiag(�(k)1 ; : : : ; �(k)M )v > vT�(k) ��(k)�T v:The �rst 
ondition is true sin
e �j > 0 for 1 � j � M . The se
ond 
ondition is also truesin
e vTdiag(�(k)1 ; : : : ; �(k)M )v = MXj=1 �(k)j v2j ;and, be
ause � is a probability distribution and the fun
tion f(x) = x2 is 
on
ave, we 
anapply Jensen's inequality to getvTdiag(�(k)1 ; : : : ; �(k)M )v >  MXj=1 �(k)j vj!2=  MXj=1 vj�(k)j ! MXj=1 �(k)j vj!= vT�(k) ��(k)�T v:Therefore, the matrix ALE~�(k) is positive de�nite given the 
onstraints on �.27



Similarly, we want to �nd a matrix ALE�(k)j for 1 � j �M su
h that�(k)j +ALE�(k)j r�(k)j = PNi=1 ẑ(k)i;j xiPNi=1 ẑ(k)i;j :As 
omputed before, the gradient of the log likelihood fun
tion with respe
t to �j evaluatedat �(k) is r�(k)j = r�jL(�(k)) = NXi=1 ẑ(k)i;j ��(k)j ��1 �xi � �(k)j � :Then NXi=1 ẑ(k)i;j ALE�(k)j ��(k)j ��1 �xi ��(k)j � = PNi=1 ẑ(k)i;j xiPNi=1 ẑ(k)i;j ��(k)j ;NXi=1 ẑ(k)i;j  NXi=1 ẑ(k)i;j !ALE�(k)j ��(k)j ��1 �xi � �(k)j � = NXi=1 ẑ(k)i;j �xi � �(k)j � :The last equality holds if we let ALE�(k)j = 1PNi=1 ẑ(k)i;j �(k)j : (44)From Equation (44), the matrixALE�(k)j is positive de�nite sin
e the 
ovarian
e matrix�(k)jis positive de�nite (assuming that the update did not take us out of the 
onstraint spa
e)and the denominator in the fa
tor is always positive for 1 � j �M .Similarly, for ALE�(k)j and all j, we haveve
(�(k)j ) +ALE�(k)j r�(k)j = PNi=1 ẑ(k)i;j ve
�(xi � �(k)j )(xi � �(k)j )T�PNi=1 ẑ(k)i;j :The gradient of the log likelihood fun
tion with respe
t to �j evaluated at �(k) isr�(k)j = r�jL(�(k))= �12ve
 ��(k)j ��1 NXi=1 �(k)j g(xi j �(k)j ;�(k)j )p(xi j �(k)) ��(k)j � (xi � �(k)j )(xi � �(k)j )T���(k)j ��1!= �12ve
 ��(k)j ��1 NXi=1 ẑ(k)i;j ��(k)j � (xi � �(k)j )(xi � �(k)j )T���(k)j ��1! :28



From the update rule for the 
ovarian
e matri
es in the iterative method, we have�(k+1)j = �(k)j + PNi=1 ẑ(k)i;j (xi � �(k+1)j )(xi � �(k+1)j )TPNi=1 ẑ(k)i;j ��(k)j= �(k)j � PNi=1 ẑ(k)i;j ��(k)j � (xi � �(k+1)j )(xi � �(k+1)j )T�PNi=1 ẑ(k)i;j= �(k)j + 2PNi=1 ẑ(k)i;j �(k)j mat(r�(k)j )�(k)j :The Krone
ker produ
t of a (m � n) matrix A and a (q �m) matrix B is the (mq � nm)matrix A 
B = 0BBB� a11B a12B � � � a1nBa21B a22B � � � a2nB... ... . . . ...am1B am2B � � � amnB 1CCCAUsing the property ve
(ABC) = (CT 
A)ve
(B);we 
an rewrite the last expression for �(k)j and use it in the gradient-based expression of theupdate rule for the 
ovarian
e matri
es to obtainve
(�(k)j ) +ALE�(k)j r�(k)j = ve
(�(k)j ) + 2PNi=1 ẑ(k)i;j ��(k)j 
�(k)j � r�(k)j ;or, �nally, ALE�(k)j = 2PNi=1 ẑ(k)i;j ��(k)j 
�(k)j � :Proving that ALE�(k)j is positive de�nite with probability 1 for suÆ
iently large N requiressome additional work whi
h we do not present here. Refer Xu and Jordan [XJ96℄ for thedetails.Now, we 
an relate the EM update rule for the 
ovarian
e matri
es to that of the iterativemethod by expressing the EM update rule as�(k+1)j = PNi=1 ẑ(k)i;j (xi � �(k)j )(xi � �(k)j )TPNi=1 ẑ(k)i;j + (�(k)j ��(k+1)j )(�(k)j ��(k+1)j )T :From this expression, following a similar derivation as for the iterative method, we 
an obtainve
(�(k+1)j ) = ve
(�(k)j ) +ALE�(k)j r�(k)j + (�(k)j � �(k+1)j )
 (�(k)j � �(k+1)j ):29



The argument is now that the third term in the right hand side of the equation above isnegligible when we are 
lose to the solution [Xu97℄. As a result of this argument, we haveAEM�(k)j � ALE�(k)j .Therefore, we 
an see EM as a gradient-based method where the dire
tion is always apositive transformation of the gradient of the log-likelihood fun
tion evaluated at the 
urrentsetting of the parameters. Sin
e the transforming matrix 
hanges from iteration to iteration,EM has the 
avor of a quasi-Newton or variable metri
 method, with the transformingmatrix being updated in a very parti
ular way whi
h guarantees both 
onvergen
e and thesatisfa
tion of the 
onstraints.5.2 Convergen
e properties of EMThere exist many results about the 
onvergen
e properties of EM both general [MK97℄ andspe
i�
 [RW84℄. In this se
tion we will mention some of them. By now we know of themonotoni
ity property of EM (i.e., the likelihood fun
tion is guaranteed not to de
reaseat ea
h iteration). Under some 
onditions on the log likelihood, the monotoni
ity is stri
tex
ept at a 
riti
al point of the likelihood fun
tion. Also, under some 
onditions on the loglikelihood fun
tion, EM is guaranteed to 
onverge to a 
riti
al point of the log likelihoodfun
tion [DLR77, Wu83℄. In general, the method has linear 
onvergen
e when 
lose to asolution, although it 
an show super-linear 
onvergen
e in some instan
es [RW84, XJ96℄. Inpra
ti
e, it 
onverges in the log-likelihood spa
e mu
h faster than in the parameter spa
e.For the 
ase of a mixture of Gaussian model, the speed of 
onvergen
e dire
tly depends onthe degree of separation between the Gaussians (See Figure 4). The experien
e in pra
ti
e isthat EM is very slow to 
onverge to a solution when the Gaussians are very 
lose together.Theoreti
ally, it 
onverges faster in likelihood spa
e than in parameter spa
e. As with anyother MLE method, the theoreti
al and pra
ti
al limits of a

ura
y of the parameters dependon the Fisher information matrix as presented in Se
tion 3.Using the relation between EM and gradient methods, we 
an establish bounds on the
onvergen
e rate of EM for the mixture-of-Gaussians model. We 
an �nd those bounds byletting 
(k) = 1 and A(k) = AEM�(k) , whi
h we found in Se
tion (5.1), in the 
onvergen
e ratebound results for the general form of gradient methods; that is,



�(AEM�(k)) 12��1 ��(k+1) � �N�



 � 


ET �I + (AEM�(k) ) 12H(�N )(AEM�(k) ) 12�






�(AEM�(k)) 12��1 ��(k) � �N�



 ;or, 


�(k+1) � �N


 � 

ET �I +AEM�(k)H(�N )�




�(k) � �N


 ;where ET is a proje
tion matrix ne
essary to satisfy the 
onstraints on the parameters. We
an tight the bound above by performing further simpli�
ations [XJ96, Xu97℄.30
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Algorithm 1 Method of Conjugate dire
tionsSele
t an initial dire
tion d(0)k  0repeat
(k) arg
 maxf(�(k) + 
d(k))�(k+1)  �(k) + 
(k)d(k)Find new dire
tion d(k+1) that is orthogonal to all previous dire
tions d(0); : : : ;d(k)k k + 1until stopping 
ondition is met6 Conjugate gradientThese methods are a little di�erent from the previous gradient based methods. The readershould 
onsult [Ber95, She94, Pol71℄ for more information on the subje
t. They were �rstdeveloped for solving linear systems of equations. The idea behind them goes as follows.First, let us assume for the purpose of presenting the general idea that the fun
tion we wantto maximize is 
onvex. Assume we pi
k an initial point in the domain of the fun
tion anda dire
tion or line along this point. Then we 
an �nd the point where the fun
tion has thelargest value with respe
t to all the points along this line. On
e we have sele
ted su
h pointwe pi
k a di�erent dire
tion that is orthogonal (with respe
t to some matrix transformingthe spa
e) or 
onjugate to the dire
tion we took in the previous step and �nd another pointwhere the fun
tion attains a largest value with respe
t to all the points in the line along thisdire
tion. And again we �nd another dire
tion along this third point that is 
onjugate to the�rst two dire
tions taken and so on. Then after �nding as many relative maximum pointsas there are parameters in the fun
tion (i.e., the dimensions of the domain of the fun
tion)we will be guaranteed to �nd the point in the domain where the fun
tion attains its largestvalue.Now, the fun
tion we are maximizing is in general non-
onvex with respe
t to the pa-rameters and therefore if we only took as many steps as there are dimensions we are notguaranteed to �nd a solution (i.e., the value of the fun
tion at the resulting point is notne
essarily a maximum, or saddle point). If we let the number of dimensions of the domainof the fun
tion be d, then we iterate until we �nd a solution by restarting from a new basedire
tion after we have taken d steps. Algorithm 1 gives a des
ription of the method of
onjugate dire
tions.We 
an use the Gram-S
hmidt pro
edure to determine mutuallyM -
onjugate dire
tions(i.e., 
onjugate dire
tions with respe
t to some matrix M). Given k + 1 linearly indepen-dent ve
tors, v(0); : : : ;v(k), the pro
edure allows us to obtain k + 1 mutuallyM -
onjugatedire
tions, d(0); : : : ;d(k), su
h that v(0); : : : ;v(k) and d(0); : : : ;d(k) span the same subspa
e.The method goes as follows. First let d(0) = v(0). Then assume we have 
omputed i < kmutuallyM -
onjugate dire
tions d(0); : : : ;d(i) and take d(i+1) to be of the formd(i+1) = v(i+1) + iXj=0 �(i+1;j)d(j):32



By the de�nition of M -
onjugate dire
tions, �d(i)�T Md(i) = 0, for all i 6= j. Therefore, we
an �nd values for �(i+1;j), 0 � j � i, su
h that d(i+1) is M -
onjugate to d(0); : : : ;d(i) bysolving the equation, for 0 � l � i,�d(i+1)�T Md(l) = �v(i+1)�T Md(l) + iXj=0 �(i+1;j)d(j)!T Md(l) = 0:Sin
e the dire
tions d(0); : : : ;d(i) are mutuallyM -
onjugate, we have �d(j)�T Md(l) = 0 ifl 6= j. From this we get,�v(i+1)�T Md(l) + �(i+1;l)�d(l)�T Md(l) = 0;or �(i+1;l) = ��v(i+1)�T Md(l)�d(l)�T Md(l) :Intuitively, the pro
edure is 
omputing new dire
tions by taking a new ve
tor and eliminatingall the 
omponents resulting from proje
ting the ve
tor (with respe
t to the matrixM) intothe old dire
tions.The 
onjugate gradient method results from applying the method of 
onjugate dire
tionswhere we obtain the 
onjugate dire
tions by applying the Gram-S
hmidt pro
edure. Inaddition, the ve
tors used to generate the 
onjugate dire
tions are the gradients evaluatedat the estimate to the solution at ea
h iteration. Interestingly, the Gram-S
hmidt pro
ess inthis 
ase redu
es to 
omputing the 
oeÆ
ient with respe
t to the last dire
tion, sin
e all theremaining 
oeÆ
ients are zero. We 
an see this from the following results. Let the quadrati
fun
tion be f(�) = 12�TM�� bT�+ 
, where the matrixM is symmetri
, negative de�nite,b is a ve
tor 
onstant, and 
 is a s
alar 
onstant. Then r(k) = r�f(�(k)) =M�(k)� b. Firstof all, from the step of the method of 
onjugate dire
tions in whi
h we minimize along the
onjugate dire
tion d(k), we have�f(�(k+1))�
 �����
=
(k) = �f(�(k) + 
d(k))�
 �����
=
(k) = �r(k+1)�T d(k) = 0:Therefore, for 0 � i < k,�r(k+1)�T d(i) = �M�(k+1) � b�T d(i)=  �(i+1) + kXj=i+1 
(j)d(j)!T Md(i) � bTd(i)= ��(i+1)�T Md(i) � bTd(i)= �r(i+1)�T d(i)= 0: 33



Hen
e, �r(k+1)�T d(i) = 0 for 0 � i < k. Using this result, we get, for i < l,�r(l)�T d(i) = �r(l)�T v(i) � i�1Xj=0 �(i;j) �r(l)�T d(j)0 = �r(l)�T v(i):Now, r(k+1) � r(k) =M ��(k+1) � �(k)� =M
(k)d(k):Therefore, for j < i+ 1, we have�r(i+1)�T Md(j) = 1
(j) �r(i+1)�T �r(j+1) � r(j)�= ( 0 if 0 � j � i� 1;1
(i) �r(i+1)�T r(i+1) if j = i: :Similarly, we have �d(i)�T Md(i) = 1
(i) �d(i)�T �r(i+1) � r(i)� :Using v(i) = r(i) in the Gram-S
hmidt pro
ess, we obtain�(i+1;l) = ��r(i+1)�T Md(l)�d(l)�T Md(l)= 8<: 0 if 0 � l � i� 1;� (r(i+1))T r(i+1)(d(i))T (r(i+1)�r(i)) if l = i:From this we have �(k+1) � �(k+1;k) = � �r(k+1)�T r(k+1)�d(k)�T (r(k+1) � r(k)) : (45)But, we 
an simplify the denominator of the last expression as�d(k)�T �r(k+1) � r(k)� = �r(k) + �(k)d(k�1)�T �r(k+1) � r(k)�= �r(k)�T r(k+1) + �(k)�d(k�1)�T r(k+1) +� �r(k)�T r(k) � �(k)�d(k�1)�T r(k)= � �r(k)�T r(k);34



Algorithm 2 Conjugate gradient methodInitialize �(0) somehowr(0) r�f(�(0))d(0) r(0)k  0repeat
(k) arg
 maxf(�(k) + 
d(k))�(k+1)  �(k) + 
(k)d(k)r(k+1)  r�f(�(k+1))�(k+1) (r(k+1))T r(k+1)(r(k))T r(k) or �(k+1) (r(k+1))T (r(k+1)�r(k))(r(k))T r(k)if ((k + 1) mod d) == 0 thend(k+1) r(k+1)elsed(k+1) r(k+1) + �(k+1)d(k)end ifk k + 1until stopping 
ondition is metbe
ause all the other terms are zero (from previous results). Finally, we obtain�(k+1) = �r(k+1)�T r(k+1)(r(k))T r(k) :Therefore, all we need to remember is the last dire
tion in order to 
ompute the newdire
tion. Algorithm 2 gives a des
ription of the 
onjugate gradient method. Again, bythe way we 
ompute �(k+1), ea
h new dire
tion d(k+1) is guaranteed to be 
onjugate to allprevious dire
tions already taken (i.e., d(i) for 0 � i < k + 1). One of the problems ofthis method is that for the 
ase of non-linear optimization, the problem of performing theline sear
h or minimization along a dire
tion d(k) is typi
ally very hard. We 
an use severalmethods to a

omplish this. Hen
e, even though the pro
edure 
onverges after performinga �xed number of line sear
hes if the fun
tion is 
onvex, ea
h line sear
h 
an take a longtime. Also, even if the fun
tion is 
onvex, we sometimes need to perform more iterationsthan the number of parameters we want to estimate be
ause numeri
al errors that 
an ariseduring the 
omputation of the 
onjugate dire
tions d(k+1) and estimation errors from theline sear
hes make the dire
tions lose 
onjuga
y. Be
ause of the dire
tions losing 
onjuga
y,whi
h arises in pra
ti
e, we have two di�erent methods to determine the new 
onjugatedire
tions. One is Flet
her-Reeves [Pol71, She94, PTVF92℄ and the other Polak-Ribi�ere[Pol71, She94, PTVF92℄. We obtain Flet
her-Reeves if we use the update for �(k+1) on theleft hand-side as presented in the des
ription of the 
onjugate gradient method. Using theupdate presented at the right-hand side we get Polak-Ribi�ere. They are mathemati
allyequivalent with respe
t to �nding 
onjugate dire
tions and those dire
tions are the same ifthe fun
tion has a quadrati
 form [She94, PTVF92℄. However, in pra
ti
e, they are di�erentand it has been suggested that Polak-Ribi�ere 
onverges faster [She94, PTVF92℄ be
ause,when it is not doing mu
h progress, it tends to yield �(k) � 0; hen
e, it produ
es a new35



dire
tion that is equal to the gradient, essentially restarting the method (i.e., d(k+1)  r(k+1)) [PTVF92℄.Not surprisingly, 
onjugate gradient methods and gradient based methods share similar
hara
teristi
s in general. They have only lo
al 
onvergen
e guarantees and the rate of 
on-vergen
e is in general linear [Ber95℄. Also, note that 
onjugate gradient methods as presentedhere are un
onstrained optimization methods and therefore they need to be adapted in orderto use them for our problem, where the mixture-of-Gaussians model imposes 
onstraints onits parameters (i.e., �, and �j for all j).As in gradient methods, there is a more general form for the 
onjugate gradient methodswhi
h we 
an obtain by performing regular 
onjugate gradient (as presented above) in atransformed spa
e. That is, let � = T�;where T is a invertible symmetri
 matrix. Now, leth(�) = f(T�) = 12�TTMT� � bTT�+ 
:Then, ea
h iteration is now �(k+1) = �(k) + 
(k)~d(k);with ~d(0) = r�h(�(0));and, for all k, ~d(k+1) = r�h(�(k+1)) + �(k+1)~d(k);with, �(k+1) = �r�h(�(k+1))�T r�h(�(k+1))�r�h(�(k))�T r�h(�(k)) :Sin
e now we have r�h(�(k)) = TMT�� Tb= Tr(k);if we let d(k) = T ~d(k) and H = T 2, then we obtaind(0) = Hr(0);�(k+1) = �(k) + 
(k)d(k);�(k+1) = �r(k+1)�T Hr(k+1)(r(k))T Hr(k) ;d(k+1) = Hr(k+1) + �(k+1)d(k):36



Algorithm 3 Generalized 
onjugate gradient method with pre
onditioning matrix HInitialize �(0) somehowr(0) r�f(�(0))g(0)  Hr(0)d(0) g(0)k  0repeat
(k) arg
 maxf(�(k) + 
d(k))�(k+1)  �(k) + 
(k)d(k)r(k+1)  r�f(�(k+1))g(k+1) Hr(k+1)�(k+1) (g(k+1))T r(k+1)(g(k))T r(k) or �(k+1) (g(k+1))T (r(k+1)�r(k))(g(k))T r(k)if ((k + 1) mod d) == 0 thend(k+1) g(k+1)elsed(k+1) g(k+1) + �(k+1)d(k)end ifk k + 1until stopping 
ondition is metThe resulting general form is 
alled generalized 
onjugate gradient. The matrixH asso
iatedwith the transformation of the spa
e is 
alled a pre
onditioning matrix. A
tually, we 
ansee regular 
onjugate gradient as a generalized 
onjugate gradient method with pre
ondi-tioning matrix equal to the identity matrix. Using a good pre
onditioning matrix results inbetter performan
e than regular 
onjugate gradient methods. Therefore, sele
ting a goodpre
onditioning matrix is an important part of using the generalized 
onjugate gradient al-gorithm [JJ93℄. A 
onvergen
e rate analysis of 
onjugate gradient similar to that performedfor the general form of gradient methods suggests that the most appropriate pre
onditioningmatrix is the negative of the inverse of the Hessian of the log likelihood evaluated at thesolution. As in gradient-based methods, this is impossible sin
e we do not know what thesolution is. Several heuristi
s exist for the sele
tion of a good pre
onditioning matrix. Whi
hone is better depends on the nature of the problem. Algorithm 3 des
ribes the generalized
onjugate gradient method.7 A

elerations of EMAs we mentioned above, there are some instan
es where EM shows slow 
onvergen
e. Severalte
hniques have been proposed to alleviate this problem; we present two su
h te
hniques inthis se
tion. The �rst one results from the Aitken a

eleration method. The other borrowsfrom the generalized 
onjugate gradient method.37



7.1 Aitken a

eleration: Line sear
h and Parameterized EMA typi
al a

eleration method for EM 
an be derived from the Aitken a

eleration method 3as follows. Suppose we have an update rule u(�) and an iterative method �(k+1) = u(�(k))asso
iated with it that 
onverges to �N . Let I be the identity matrix. Then we 
an rewritethe method as �(k+1) = �(k) + I(u(�(k))� �(k)):Note that we 
an view the rewrite as a gradient-based method where 
(k) = 1, A(k) = I andr(k) = u(�(k)) � �(k). Therefore we are looking for the zero of the ve
tor-valued fun
tionf (�) = u(�) � �. Sin
e we assumed that the iterative method asso
iated with the updaterule 
onverges, then the identity matrix must be suÆ
iently 
lose to the Ja
obian of thefun
tion f .Note that EM 
onverges and therefore we 
an use this method. If we let uEM (�(k)) bethe EM update rule, then we letf (�) = AEM� r�L(�) = uEM (�)� �to obtain the a

eleration method.We 
an improve the speed of 
onvergen
e of the a

elerated method just presented by�nding better approximation to the Ja
obian of f than that of the identity matrix. We 
antheoreti
ally use the a
tual Ja
obian of f or some modi�ed version of it. If we use the trueJa
obian we will get Newton-Raphson method, or if we use a modi�ed version we get any ofits other variants in
luding some of the gradient-based methods des
ribed before. One typi
alapproximation, similar to the one we used for a gradient as
ent method, is to approximatethe Ja
obian of f by 
(k)I instead of just I, where 
(k) has some of the properties des
ribedabove in Se
tion 4.3. If we do that and rearrange using algebra we will get the a

elerationmethod �(k+1) = �(k) + 
(k)(uEM(�(k)) � �(k)):Intuitively, the value of the parameter 
(k) should be greater than zero. A
tually, this methodis also 
alled a line sear
h be
ause, as in the general gradient method, we 
an try to �nd theoptimal value of 
(k). In parti
ular, the dire
tion along whi
h the value of 
(k) is optimized isAEM� r�L(�) = uEM(�)��. Unfortunately, trying to �nd an optimal parameter 
(k) at ea
hiteration is often hard. Instead, we typi
ally set the parameter to be 
onstant throughout orde�ne a prestablished way of 
omputing a sequen
e for it. Values for 
(k) smaller than onetypi
ally slow down 
onvergen
e while values larger than one speed up 
onvergen
e, withthe penalty that 
onvergen
e is no longer guaranteed unless 
(k) is updated appropriately.For the mixture of Gaussians model, the optimal value of 
(k) is always greater than one,lies very 
lose to one when the Gaussian are well separated and 
annot be mu
h smallerthan two when they are not [PW78, RW84℄. Convergen
e is guaranteed if we start 
lose to3We base the following des
ription on information given in Appendix A of [Mei89℄. We use this explanationbe
ause it gives a high-level intuition for the method. [MK97℄ provides a more mathemati
ally pre
isederivation. 38



a lo
al maximum and 0 < 
(k) < 2. Note that the value of 
(k) needs to be su
h that �(k+1)satisfy the 
onstraint on the parameters. We 
an express bounds on the theoreti
al, lo
al
onvergen
e rate of this a

eleration method by letting A(k) = 
(k)AEM�(k) in the 
onvergen
erate bound results for the very general form of gradient methods; that is,



�(AEM�(k)) 12��1 ��(k+1) � �N�



 � 


ET �I + 
(k)(AEM�(k)) 12H(�N )(AEM�(k)) 12�






�(AEM�(k)) 12��1 ��(k) � �N�



 ;or, 


�(k+1) � �N


 � 

ET �I + 
(k)AEM�(k)H(�N)�




�(k) � �N


 ;where ET is a proje
tion matrix ne
essary to satisfy the 
onstraints on the parameters. We
an tight on the resulting bound further by more spe
i�
 simpli�
ations. In addition, we
an speed up 
onvergen
e if 
(k) > 0:5 [Xu97℄.Rewriting this rule provides us with an intuition of how it works [PW78, RW84℄,�(k+1) = 
(k)uEM(�(k)) + (1� 
(k))�(k):This update rule 
omputes the new parameters as a weighted 
ombination of the old param-eters and the EM parameters. If the parameter 
(k) is greater than one, then we extrapolatethe value suggested by EM and give negative weight to our 
urrent parameter setting. If itis less than one then the new setting of the parameters is a weighted average of the settingsuggested by EM and the 
urrent ones. Finally, if the parameter 
(k) is equal to one we getexa
tly EM.A very similar EM update rule derived from a framework applied to the Bayesian Networkmodel with dis
rete variables bears the name parameterized EM [BKS97℄. The idea is thatwe have a 
urrent MLE for the parameters from some previous data and we get new data.Now we do not want to 
ompletely throw away our 
urrent estimates for the parameters,sin
e we believe they are useful. Therefore, we learn a new setting of the parameters from thenew data that is good with respe
t to the new data but is not too far away from the 
urrentsetting. In short, we want a tradeo� between how good the estimates are with respe
t tothe new data and how far away they are from the 
urrent estimates.Although we 
an use the framework des
ribed above for bat
h learning, the framework ismainly intended for on-line parameter estimation where we keep re
eiving data 
ontinuouslyand need to update our parameters a

ordingly without having to go ba
k and 
onsiderall the data we have re
eived so far. More formally, assume we already have a maximumlikelihood estimate for the parameters �̂ from previous data we had gathered and assume weget new data ~D. Let L ~D(~�) be the log likelihood fun
tion of the parameters ~� with respe
tto the new data D0. Let d(~�; �̂) be some measure of distan
e between some new setting forthe parameters ~� and the old estimates �̂. Then, for a �xed positive number �, we want to�nd new parameters su
h that we maximize the fun
tionF (~�) = �(1=N)L ~D(~�)� d(~�; �̂)with respe
t to ~�. Note that (1=N)L ~D(~�) is the normalized or average value of the loglikelihood fun
tion with respe
t to the new data. For the parameters of that model, if we39



let the distan
e be the �2 distan
e between two distributions, then we will obtain a ruleequivalent to the one presented above, but for the EM update rule asso
iated with theBayesian Networks model with dis
rete variables and with the step size parameter 
(k) = �.7.2 Conjugate gradient a

eleration of EMThe 
onjugate gradient a

eleration of EM proposed by Jamshidian and Jennri
h [JJ93℄ isbased on the idea that in a neighborhood 
lose to a solution �N , the 
hange in parametersafter an EM iteration is approximately the generalized gradient de�ned by the negative ofthe inverse of the Hessian of the fun
tion Q(� j �N ) with respe
t to �, evaluated at �N . Thefun
tion Q is as de�ned in the expe
tation step of EM (i.e., Q(� j �0) = EZ[ln p(Z;D j �) jD;�0℄), More pre
isely,uEM(�(k))� �(k) � � �r2�Q(�N j �N )��1r�L(�(k)): (46)Note that as we mentioned in Se
tion 6, in the generalized 
onjugate gradient method, wewould like our pre
onditioning matrix to be as 
lose as possible to the negative of the inverseof the Hessian of the fun
tion we are optimizing, evaluated at the solution. In our 
ase, wewould like our pre
onditioning matrix to beH = � �r2�L(�N )��1 :Instead, as an approximation to that matrix, we are going to use the pre
onditioning matrixH = � �r2�Q(�N j �N )��1 : (47)Note that the importan
e of this approximation stems from the fa
t that we do not re-ally need to 
ompute the pre
onditioning matrix or perform any matrix-ve
tor operationssin
e the 
hange in parameters provided by the EM iteration provides an approximationto the generalized gradient. The 
onjugate gradient a

eleration of EM results from apply-ing the generalized 
onjugate gradient with the pre
onditioning matrix given in equation(47). Algorithm 4 presents a des
ription of the 
onjugate gradient a

eleration of EM. Notethat the way in whi
h we 
ompute the 
oeÆ
ient �(k+1) di�ers from that of the Flet
her-Reeves or Pola
k-Ribi�ere presented in the algorithms for 
onjugate gradient before. Notethat this expression for �(k+1) is the Pola
k-Ribi�ere-like, generalized version (i.e., obtainedfrom performing regular 
onjugate gradient on a transformed spa
e) of the expression givenin equation (45), whi
h is an unsimpli�ed expression for �(k+1); that is, using some of thenotation from the des
ription of the generalized 
onjugate gradient method presented in
40



Algorithm 4 Conjugate gradient a

eleration of EMInitialize �(0) (i.e., the result of performing a number of EM steps)r(0) r�f(�(0)) and �(1)EM  uEM(�(0))g(0)  �(1)EM � �(0)d(0) g(0)k  0repeat
(k) arg
 maxf(�(k) + 
d(k))�(k+1)  �(k) + 
(k)d(k)r(k+1)  r�f(�(k+1)) and �(k+2)EM  uEM(�(k+1))g(k+1) �(k+2)EM � �(k+1)�(k+1) � (g(k+1))T (r(k+1)�r(k))(d(k))T (r(k+1)�r(k))if ((k + 1) mod d == 0) thend(k+1) g(k+1)elsed(k+1) g(k+1) + �(k+1)d(k)end ifk k + 1until stopping 
ondition is metSe
tion (6), we have�(k+1) = ��r�h(�(k+1))�T �r�h(�(k+1))�r�h(�(k))��~d(k)�T �r�h(�(k+1))�r�h(�(k))�= � �Tr(k+1)�T �Tr(k+1) � Tr(k)��T�1d(k)�T (Tr(k+1) � Tr(k))= ��r(k+1)�T H �r(k+1) � r(k)��d(k)�T (r(k+1) � r(k)) :Jamshidian and Jennri
h [JJ93℄ say that 
omputing �(k+1) in this way has the advantage that,for a quadrati
 fun
tion, the dire
tions d(k+1) and d(k) are 
onjugate even if the line sear
hesare not exa
t. Note that, given the similarity of the 
omputation of the gradient of thelog likelihood and the 
omputation of the EM iteration, we 
an 
ompute both the gradientand the generalized gradient at the same time without performing mu
h more additional
omputation than that of 
omputing the EM iteration alone, where the extra amount of
omputation is insigni�
ant if N , the number of data points, is mu
h larger than M , thenumber of Gaussians in the model, and d3, where d is the dimension of the data points.41



8 ExperimentsAs we have seen, there are many methods and variants of them that we 
an use to learnthe parameters of the mixture-of-Gaussians model from data. However, in general, no one istheoreti
ally dominant. Their speed of 
onvergen
e will depend on the nature of the problem.One thing we know is that their speed of 
onvergen
e is slower when the Gaussians are notwell separated, be
ause of the 
atness of the surfa
e; in other words, be
ause the 
onditionnumber of the Hessian of the log likelihood fun
tion at the solution is larger. Thereforewe de
ided to experiment with some of those methods and test them with problems withvarying separation.For simpli
ity, we implemented the methods we tested in Matlab. Instead of 
omparingrunning times or CPU times, we 
ompare the number of 
alls to 
ompute the gradient ofthe log likelihood or to 
ompute an EM iteration. Our basis for 
omparison is that, for themixture of Gaussian model, when N , the number of data points, is mu
h larger than M ,the number of Gaussians, and d3, where d is the dimension of the data, the 
omputationof the gradient of the log likelihood fun
tion and the EM iteration require about the same
omputation. Also, given the similarity of their respe
tive 
omputations, we 
an 
omputeboth the gradient and the EM iteration with not mu
h signi�
ant extra 
omputation. We
onsider all three types of 
omputations an EM-equivalent iteration.Xu and Jordan [XJ96℄ already presented empiri
al results suggesting that EM is bet-ter than gradient as
ent for �nding the maximum likelihood estimate for the mixture-of-Gaussians model. In this paper, we are parti
ularly interested in empiri
ally 
omparingAitken-based and the 
onjugate gradient a

elerations of EM with regular EM. This is be-
ause they only require the 
omputation of gradient and EM iterations, or, as we mentionbefore, EM-equivalent iterations.Other proposed a

elerations of EM based on Newton and Quasi-Newton a

elerationsexist. However, we do not know of any study 
omparing the pra
ti
al speed up, takinginto a

ount the extra 
omputation of the Hessians or their approximations. The maindiÆ
ulty with 
omparing EM with methods that use higher order derivatives (i.e., Hessians)and require the 
omputation of matri
es of size squared the number of parameters, likeNewton and Quasi-Newton methods, is pre
isely in establishing the basis for 
omparison.For instan
e, we 
an 
ompare them using running times. However, we believe this requires avery 
areful implementation of the various methods and a signi�
ant e�ort on optimizing theimplementation. In addition to that, the spa
e required for the exe
ution of su
h methodssigni�
antly in
reases with the number of parameters in the model (i.e., the number ofGaussians and the dimensionality of the input), and therefore, their s
alability be
omes anissue when we are dealing with 
omplex, real problems. Based on the statements above, wede
ided not to in
lude methods of this kind in our study.8.1 Methods testedWe present below the pseudo-
ode for the algorithms we tested. We adapted all the al-gorithms to perform only the ne
essary 
omputations with respe
t to an EM-equivalentiteration. 42



8.1.1 EMAlgorithm 5 gives a des
ription of the EM method we used. We dis
uss the stopping 
riterionwe used later in the paper.Algorithm 5 EMInitialize �(0), and, for all 1 � j �M , initialize �(0)j and �(0)jk = 0repeatFor all 1 � i � N , 1 � j �M , 
ompute ẑ(k)i;j using equation (37)For all 1 � j � M , 
ompute �(k+1)j , �(k+1)j , and �(k+1)j using equations (40), (41), and(42), respe
tively.k k + 1until stopping 
ondition is met8.1.2 GEM (Generalized EM)The name of this method will be
ome apparent soon. In this method we try to eliminatethe 
onstraints on � by reparameterizing them as follows: for 1 � j �M ,�j(!) = e!jPMk=1 e!k ; (48)where now ! 2 <M and therefore un
onstrained. Doing this, the expression for the param-eters in our model be
omes � =0BBBBBBBBBBBBBB� !1...!M�1...�M�1...�M
1CCCCCCCCCCCCCCA : (49)Note that this is not really ne
essary for regular EM, sin
e it takes into a

ount the 
on-straints on � automati
ally. However, this is one way of making the problem (or at leastpart of it) an un
onstrained optimization problem, whi
h 
an be useful when we use otherun
onstrained optimization methods.Using the new expression for the parameters, we 
an rewrite the expression for the prob-ability of a point given the parameters in the model asp(xi j �) = MXj=1 �j(!)g(xi j �j;�j): (50)43



From the EM update rules, we know already that the update rule for � is�(k+1)(!) = 1N NXi=1 ẑ(k)i : (51)Sin
e � is now a fun
tion of !, to obtain an EM algorithm for this version of the problem,the update rule redu
es to �nding any root of the fun
tionf (!) = NPMk=1 e!k [e!1; e!2; : : : ; e!M ℄T � NXi=1 ẑ(k)i : (52)We then let !(k+1) be su
h a root, whi
h 
an be found using gradient as
ent. For a �xedsmall 
onstant 
, starting with some initial estimate for !(k+1), we iterate on l as follows!(k+1);(l+1) = !(k+1);(l) + 
f �!(k+1);(l)� ; (53)and let !(k+1) be the result from this pro
ess. An alternative is to just take one step ofgradient as
ent and use the result as the assignment to !(k+1); that is,!(k+1) = !(k+1) + 
f �!(k+1)� : (54)Noting that f (!) = r!Q(� j �(k)), for suÆ
iently small 
, the last update rule is a moveup the gradient of Q and gives a value of !(k+1) for whi
h Q(�(k+1) j �(k)) � Q(�(k) j �(k)).Therefore, this is a Generalized EM method. A des
ription of the GEM method that weused is in Algorithm 6. The use 
 = 0:0005 be
ause we want to try to make sure that thepro
ess monotoni
ally in
reases. We understand that this is too 
onservative in some 
ases.However, in
reasing this value 
an produ
e non-monotoni
 behavior in other 
ases.Algorithm 6 GEMInitialize �(0)(!), and, for all 1 � j �M , initialize �(0)j and �(0)jCompute !(0) from �(0)(!)k = 0repeatFor all 1 � i � N , 1 � j �M , 
ompute ẑ(k)i;j using equation (37)For all 1 � j � M , 
ompute !(k+1)j , �(k+1)j , and �(k+1)j using equations (54) with
 = 0:0005, (41), and (42), respe
tively.k k + 1until stopping 
ondition is met8.1.3 AEM-1AEM-1 is based on regular 
onjugate gradient. Algorithm 7 provides a general des
riptionof this method. The general idea behind all of the a

eleration methods presented below isas follows: 44



repeatrun EM until we are 
lose to a solution;run the a

eleration,until stopping 
ondition is met.This algorithmi
 stru
ture is similar to that proposed for the 
onjugate gradient a

eler-ation of EM in the 
ontext of Bayesian networks [Thi95℄. The reason for this basi
 stru
turein all of the a

eleration methods is to keep the monotoni
ity property in all of the methodsby using EM as a safeguard when a redu
tion in log likelihood o

urs during the a

eleration.Sin
e the a

eleration works best when we are 
lose to a solution, we use EM to �nd initialparameters for the a

eleration. We stop EM when the 
hange in log likelihood is less than0:5. In other words, we run EM \as long as the �2 statisti
 for testing the equality of twosu

essive iterates is more than 1" [JJ93℄. We say that the a

eleration fails if there is ade
rease in the log likelihood, whi
h is typi
ally 
aused by a failure during the line sear
h.We dis
uss the fail 
onditions on the line sear
h later in the paper. In addition, we would liketo point out that we 
onvert the parameters of the model into ve
tor form by sta
king ea
helement of �, ea
h element of �j, for 1 � j �M , and ea
h element in the upper triangle of�j , for 1 � j �M .We still need to deal with the original 
onstraints on the parameters during the a

el-eration. With respe
t to the 
onstraints on �, we use an approa
h similar to that used byBinder et al. [BKRK97℄ in the 
ontext of Bayesian networks with dis
rete variables. Weproje
t the part of the gradient relevant to � into the 
onstraint spa
e. This will guaranteethat the result from �(k)+
(k)r(k)� satis�es the 
onstraints on � as long as 
(k) is suÆ
ientlysmall. During the line sear
h, before we evaluate r�L(�(k)+
d(k)), we test that �(k)+
d(k)satis�es the 
onstraints on the parameters (i.e., PMj=1 �j = 1, and for all j, �j > 0 and�j is symmetri
 positive de�nite. If the resulting value of �(k) + 
d(k) does not satisfy the
onstraints, then we use a smaller value for 
 until we �nd one su
h that �(k)+
d(k) satis�esthem.Algorithm 7 AEM-1Initialize �(0), and, for all 1 � j �M , initialize �(0)j and �(0)jrepeatRun EM starting from �(0), �(0)j , and �(0)j until the 
hange in log likelihood in su

essiveiterations is less than 0:5if stopping 
ondition is not met thenConvert resulting parameters from EM into ve
tor formRun regular 
onjugate gradient until the stopping 
ondition is met or it fails.Convert ve
tor form of the parameters resulting from the 
onjugate gradient into theirregular form and set the result to be �(0), �(0)j , and �(0)j .end ifuntil stopping 
ondition is met 45



8.1.4 AEM-2AEM-2 is based on the 
onjugate gradient a

eleration of EM presented in Se
tion 7.2.Algorithm 8 presents a general des
ription of this method.Algorithm 8 AEM-2Initialize �(0), and, for all 1 � j �M , initialize �(0)j and �(0)jrepeatRun EM starting from �(0), �(0)j , and �(0)j until the 
hange in log likelihood in su

essiveiterations is less than 0:5if stopping 
ondition is not met thenConvert resulting parameters from EM into ve
tor formRun 
onjugate gradient a

eleration of EM until the stopping 
ondition is met or itfails.Convert ve
tor form of the parameters resulting from the 
onjugate gradient a

eler-ation of EM into their regular form and set the result to be �(0), �(0)j , and �(0)j .end ifuntil stopping 
ondition is met8.1.5 AEM-3AEM-3 is as AEM-2, but we use the expression of the parameters that results from thereparametrization of the � (i.e., the parameters are of the form given by equation (49)).Hen
e, we eliminate the 
onstraints on �. Given that now we are using that expression forthe parameters, we repla
e EM with GEM. The 
onjugate gradient a

eleration of GEM issimilar to that of EM ex
ept that we substitute the EM step by a GEM step and 
omputethe gradients with respe
t to the new representation of the parameters.8.1.6 PEM-1PEM-1 is a method that uses Aitken a

eleration but where we try to optimize the step sizeat every iteration. Algorithm 10 presents a des
ription of this method.8.1.7 PEM-2PEM-2 is as PEM-1 but instead of trying to optimize the step size at every iteration, we usea 
onstant step size. Algorithm 11 presents a des
ription of this method.8.2 Line sear
hAll the methods presented above ex
ept for PEM-2 use the line sear
h des
ribed in Algorithm12. This line sear
h method is a simple modi�
ation of that presented by Jamshidian andJennri
h [JJ93℄ and is based on the se
ant method.PEM-2 uses a 
onstant step size. However, sin
e that step size might be too large resultingin parameters that lie outside the 
onstraint spa
e, we need to 
he
k the result from applying46



Algorithm 9 AEM-3Initialize �(0)(!), and, for all 1 � j �M , initialize �(0)j and �(0)jCompute !(0) from �(0)(!) using gradient as
ent (i.e., equation (53))repeatRun GEM starting from !(0), �(0)j , and �(0)j until the 
hange in log likelihood in su
-
essive iterations is less than 0:5if stopping 
ondition is not met thenConvert resulting parameters from GEM into ve
tor formRun 
onjugate gradient a

eleration of GEM until the stopping 
ondition is met orit fails.Convert ve
tor form of the parameters resulting from the 
onjugate gradient a

eler-ation of GEM into their regular form and set the result to be !(0), �(0)j , and �(0)j .end ifuntil stopping 
ondition is metAlgorithm 10 PEM-1Initialize �(0), and, for all 1 � j �M , initialize �(0)j and �(0)jrepeatRun EM starting from �(0), �(0)j , and �(0)j until the 
hange in log likelihood in su

essiveiterations is less than 0:5if stopping 
ondition is not met thenConvert resulting parameters from EM into ve
tor formRun Aitken-based a

eleration of EM, performing the line sear
h at ea
h iteration totry to �nd the optimal step parameter, until the stopping 
ondition is met or it fails.Convert ve
tor form of the parameters resulting from the Aitken-based a

elerationof EM into their regular form and set the result to be �(0), �(0)j , and �(0)j .end ifuntil stopping 
ondition is metthat step size. If that step size is too large, we keep halving that step size until we �nd anappropriate one 4. The des
ription of this \line sear
h" is in Algorithm 13.8.3 Stopping ruleWe use the 
hange in log likelihood from one iteration to the other as our stopping rule.We stop if the 
hange in log likelihood is less than 10�5.This is be
ause we are interestedin evaluating empiri
ally how fast the methods 
onverge to a stationary value of the loglikelihood fun
tion. In most of the experimental runs, all of the methods 
onverged to aboutboth the same lo
al maximumvalue in log likelihood and the same 
riti
al point in parameter4We understand that be
ause a step size of 1 is theoreti
ally guaranteed to improve the likelihood, usinga step size of value greater than or equal to 1 better. We 
an a
hieve that the value of the resulting step sizeis greater than or equal to 1 by getting monotoni
ally de
reasing values for the step size between 1 and theinitial step size value until we �nd an appropriate one.47



Algorithm 11 PEM-2Initialize �(0), and, for all 1 � j �M , initialize �(0)j and �(0)jrepeatRun EM starting from �(0), �(0)j , and �(0)j until the 
hange in log likelihood in su

essiveiterations is less than 0:5if stopping 
ondition is not met thenConvert resulting parameters from EM into ve
tor formRun Aitken-based a

eleration of EM, with 
onstant step parameter equal to 1:5,until the stopping 
ondition is met or it fails.Convert ve
tor form of the parameters resulting from the Aitken-based a

elerationof EM into their regular form and set the result to be �(0), �(0)j , and �(0)j .end ifuntil stopping 
ondition is metspa
e (modulo equivalent model results).8.4 InitializationWe initialize the Gaussians as follows. In order to initialize the mixture proportions �, wegenerate a random distribution over M events. To initialize the means, we generate randompoints inside the hyper-
ube of minimum volume 
ontaining all the data points [GJ94℄. Fi-nally, we initialize the 
ovarian
e matri
es as diagonal matri
es with element (i; i) 
ontainingthe square of the minimum of all distan
es between the mean of the ith Gaussian and theother means [Bis96℄. The reason for using this initialization method is that it seems likely to
over mu
h of the parameter spa
e relevant to the data (by the way in whi
h we initialize themixture proportions and the means) while it gives stability to the learning pro
ess be
auseit seems to help avoid singularities (by the way we initialize the 
ovarian
e matri
es).9 ResultsWe present results from two sets of experiments. In the �rst set of experiments, we �x all theparameters in the target models ex
ept the means of the Gaussian 
omponents and in
reasethe diÆ
ulty of the problem by bringing the Gaussians 
loser and 
loser together. In these
ond set, we generate random models of di�erent dimensions and number of Gaussian
omponents to test the learning methods.The �rst results are from running the methods above for 3 di�erent data sets. The datasets are 2000 random samples of a 2-dimensional mixture of 2 Gaussians with parameters�1 = �2 = 0:5, �1 = �2 = I, �0 = [0; 0℄T and: (1) �1 = [3; 3℄T , (2) �1 = [2; 2℄T , (3)�1 = [1; 1℄T . Therefore, the estimation problem in
reases in diÆ
ulty.Figures 5,6,9,10, 13 and 14 present the results from the experiments. The top left plotin ea
h �gure is a plot of the data set. For ea
h data set, we generate 40 initial parametersusing the initialization method dis
ussed above and run ea
h method starting from the sameinitial parameters. The top right plot in ea
h �gure is the number of iterations that running48



Algorithm 12 JJse
ant line sear
hRequire: Current parameters � and dire
tion d
0  0
1  2n 1r
0  r�L(� + 
0d))h
0  dTr
0while n < 10 dowhile the setting for the parameters �+
1d does not satisfy the 
onstraints and n < 10do
1  
12n n+ 1end whileif n = 10 thenRaise fail 
ondition and returnend ifr
1  r�L(� + 
1d)h
1  dTr
1if n 6= 1 and jh
1j < 0:1h0 thenreturn 
1 as resultend ifif sign(
1 � 
0) h
0�h
1jh
0j+jh
1 j < 10�5 thenRaise fail 
ondition and returnend if
�  
1h
0�
0h
1h
0�h
1
0 
1h
0 = h
1
1 = 
�n n+ 1end whileRaise fail 
ondition and return
49



Algorithm 13 Constant line sear
hRequire: Current parameters � and dire
tion d
  1:5n 1while the setting for the parameters � + 
d does not satisfy the 
onstraints and n < 10do
  
2n n+ 1end whileif n = 10 thenRaise fail 
ondition and returnelseReturn 
 as result.end ifEM on the data took to 
onverge starting from ea
h initial parameterization. For ea
h runfrom the same initial parameters, we 
omputed the a

eleration speed-up by dividing, forea
h method tested, the number of EM-equivalent iterations that EM took by those of themethod. A value for this statisti
 greater than 1 means that the method was faster thanEM by a fa
tor equal to the value of the statisti
. The rest of the plots in the �gures arehistograms of the value of the a

eleration speed-up statisti
s for the 40 runs. Figures 7,8,11,12, 15 and 16 are s
atter plots of the results that show the number of iterations of ea
hmethod with respe
t to the number of iterations for EM for ea
h run. The line represents theidentity fun
tion. Methods that are faster than EM would have plots su
h that the pointslie to the left of the line, 
lose to the bottom of the plot and far away from the line. Finally,Table 1 presents the average number of EM-equivalent iterations that ea
h method took onea
h of the data sets.
50



−4 −2 0 2 4 6 8
−4

−3

−2

−1

0

1

2

3

4

5

6

Data Set 1
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

0

5

10

15

20

25

30

35

40
Speed−up Hist. AEM−1 vs. EM (Data Set 1, 40 runs)

speed−up = (# iters EM) / (# iters AEM−1)
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

0

5

10

15

20

25

30

35

40
Speed−up Hist. AEM−2 vs. EM (Data Set 1, 40 runs)

speed−up = (# iters EM) / (# iters AEM−2)AEM-1 AEM-2Figure 5: This �gure presents the results for Data Set 1. The plots, ex
ept for the top plots,are histograms of the a

eleration speed-up statisti
 for the 40 runs.51



0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

5

10

15

20

25

30

35

40
Speed−up Hist. AEM−3 vs. EM (Data Set 1, 40 runs)

speed−up = (# iters EM) / (# iters AEM−3)
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

0

5

10

15

20

25

30

35

40
Speed−up Hist. GEM vs. EM (Data Set 1, 40 runs)

speed−up = (# iters EM) / (# iters GEM)AEM-3 GEM
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

0

5

10

15

20

25

30

35

40
Speed−up Hist. PEM−1 vs. EM (Data Set 1, 40 runs)

speed−up = (# iters EM) / (# iters PEM−1)
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

0

5

10

15

20

25

30

35

40
Speed−up Hist. PEM−2 vs. EM (Data Set 1, 40 runs)

speed−up = (# iters EM) / (# iters PEM−2)PEM-1 PEM-2Figure 6: Continuation of Figure 5.52



0 100 200 300 400 500 600
0

100

200

300

400

500

600
Scatter Plot AEM−1 vs. EM (Data Set 1, 40 runs)

# iters EM

# 
ite

rs
 A

E
M

−
1

0 100 200 300 400 500 600
0

100

200

300

400

500

600
Scatter Plot AEM−2 vs. EM (Data Set 1, 40 runs)

# iters EM

# 
ite

rs
 A

E
M

−
2

AEM-1 AEM-2
0 100 200 300 400 500 600

0

100

200

300

400

500

600
Scatter Plot AEM−3 vs. EM (Data Set 1, 40 runs)

# iters EM

# 
ite

rs
 A

E
M

−
3

0 100 200 300 400 500 600
0

100

200

300

400

500

600
Scatter Plot GEM vs. EM (Data Set 1, 40 runs)

# iters EM

# 
ite

rs
 G

E
M

AEM-3 GEMFigure 7: This �gure presents the results for Data Set 1. The plots are s
atter plots of thenumber of iterations of ea
h method with respe
t to the number of iterations of EM for ea
hrun. 53



0 100 200 300 400 500 600
0

100

200

300

400

500

600
Scatter Plot PEM−1 vs. EM (Data Set 1, 40 runs)

# iters EM

# 
ite

rs
 P

E
M

−
1

PEM-1
0 100 200 300 400 500 600

0

100

200

300

400

500

600
Scatter Plot PEM−2 vs. EM (Data Set 1, 40 runs)

# iters EM

# 
ite

rs
 P

E
M

−
2

PEM-2Figure 8: Continuation of Figure 7.54



−4 −2 0 2 4 6 8
−4

−3

−2

−1

0

1

2

3

4

5

6

Data Set 2
0 0.5 1 1.5 2 2.5 3 3.5 4

0

5

10

15

20

25

30

35

40
Speed−up Hist. PEM−3 vs. EM (Data Set 2, 40 runs)

speed−up = (# iters EM) / (# iters PEM−3)
0 0.5 1 1.5 2 2.5 3 3.5 4

0

5

10

15

20

25

30

35

40
Speed−up Hist. AEM−2 vs. EM (Data Set 2, 40 runs)

speed−up = (# iters EM) / (# iters AEM−2)AEM-1 AEM-2Figure 9: This �gure presents the results for Data Set 2. The plots, ex
ept for the top plots,are histograms of the a

eleration speed-up statisti
 for the 40 runs.55



0 0.5 1 1.5 2 2.5 3 3.5 4
0

5

10

15

20

25

30

35

40
Speed−up Hist. AEM−3 vs. EM (Data Set 2, 40 runs)

speed−up = (# iters EM) / (# iters AEM−3)
0 0.5 1 1.5 2 2.5 3 3.5 4

0

5

10

15

20

25

30

35

40
Speed−up Hist. GEM vs. EM (Data Set 2, 40 runs)

speed−up = (# iters EM) / (# iters GEM)AEM-3 GEM
0 0.5 1 1.5 2 2.5 3 3.5 4

0

5

10

15

20

25

30

35

40
Speed−up Hist. PEM−1 vs. EM (Data Set 2, 40 runs)

speed−up = (# iters EM) / (# iters PEM−1)
0 0.5 1 1.5 2 2.5 3 3.5 4

0

5

10

15

20

25

30

35

40
Speed−up Hist. PEM−2 vs. EM (Data Set 2, 40 runs)

speed−up = (# iters EM) / (# iters PEM−2)PEM-1 PEM-2Figure 10: Continuation of Figure 9.56



0 100 200 300 400 500 600
0

100

200

300

400

500

600
Scatter Plot AEM−1 vs. EM (Data Set 2, 40 runs)

# iters EM

# 
ite

rs
 A

E
M

−
1

0 100 200 300 400 500 600
0

100

200

300

400

500

600
Scatter Plot AEM−2 vs. EM (Data Set 2, 40 runs)

# iters EM
# 

ite
rs

 A
E

M
−

2

AEM-1 AEM-2
0 100 200 300 400 500 600

0

100

200

300

400

500

600
Scatter Plot AEM−3 vs. EM (Data Set 2, 40 runs)

# iters EM

# 
ite

rs
 A

E
M

−
3

0 100 200 300 400 500 600
0

100

200

300

400

500

600
Scatter Plot GEM vs. EM (Data Set 2, 40 runs)

# iters EM

# 
ite

rs
 G

E
M

AEM-3 GEMFigure 11: This �gure presents the results for Data Set 2. The plots are s
atter plots of thenumber of iterations of ea
h method with respe
t to the number of iterations of EM for ea
hrun. 57



0 100 200 300 400 500 600
0

100

200

300

400

500

600
Scatter Plot PEM−1 vs. EM (Data Set 2, 40 runs)

# iters EM

# 
ite

rs
 P

E
M

−
1

PEM-1
0 100 200 300 400 500 600

0

100

200

300

400

500

600
Scatter Plot PEM−2 vs. EM (Data Set 2, 40 runs)

# iters EM

# 
ite

rs
 P

E
M

−
2

PEM-2Figure 12: Continuation of Figure 11.58



−4 −2 0 2 4 6 8
−4

−3

−2

−1

0

1

2

3

4

5

6

Data Set 3
0 2 4 6 8 10 12 14 16 18 20 22

0

5

10

15

20

25

30

35

40
Speed−up Hist. AEM−1 vs. EM (Data Set 3, 40 runs)

speed−up = (# iters EM) / (# iters AEM−1)
0 2 4 6 8 10 12 14 16 18 20 22

0

5

10

15

20

25

30

35

40
Speed−up Hist. AEM−2 vs. EM (Data Set 3, 40 runs)

speed−up = (# iters EM) / (# iters AEM−2)AEM-1 AEM-2Figure 13: This �gure presents the results for Data Set 3. The plots, ex
ept for the topplots, are histograms of the a

eleration speed-up statisti
 for the 40 runs.59



0 2 4 6 8 10 12 14 16 18 20 22
0

5

10

15

20

25

30

35

40
Speed−up Hist. AEM−3 vs. EM (Data Set 3, 40 runs)

speed−up = (# iters EM) / (# iters AEM−3)
0 2 4 6 8 10 12 14 16 18 20 22

0

5

10

15

20

25

30

35

40
Speed−up Hist. GEM vs. EM (Data Set 3, 40 runs)

speed−up = (# iters EM) / (# iters GEM)AEM-3 GEM
0 2 4 6 8 10 12 14 16 18 20 22

0

5

10

15

20

25

30

35

40
Speed−up Hist. PEM−1 vs. EM (Data Set 3, 40 runs)

speed−up = (# iters EM) / (# iters PEM−1)
0 2 4 6 8 10 12 14 16 18 20 22

0

5

10

15

20

25

30

35

40
Speed−up Hist. PEM−2 vs. EM (Data Set 3, 40 runs)

speed−up = (# iters EM) / (# iters PEM−2)PEM-1 PEM-2Figure 14: Continuation of Figure 13.60



0 500 1000 1500 2000 2500 3000 3500 4000
0

500

1000

1500

2000

2500

3000

3500

4000

Scatter Plot AEM−1 vs. EM (Data Set 3, 40 runs)

# iters EM

# 
ite

rs
 A

E
M

−
1

0 500 1000 1500 2000 2500 3000 3500 4000
0

500

1000

1500

2000

2500

3000

3500

4000

Scatter Plot AEM−2 vs. EM (Data Set 3, 40 runs)

# iters EM
# 

ite
rs

 A
E

M
−

2

AEM-1 AEM-2
0 500 1000 1500 2000 2500 3000 3500 4000

0

500

1000

1500

2000

2500

3000

3500

4000

Scatter Plot AEM−3 vs. EM (Data Set 3, 40 runs)

# iters EM

# 
ite

rs
 A

E
M

−
3

0 500 1000 1500 2000 2500 3000 3500 4000
0

500

1000

1500

2000

2500

3000

3500

4000

Scatter Plot GEM vs. EM (Data Set 3, 40 runs)

# iters EM

# 
ite

rs
 G

E
M

AEM-3 GEMFigure 15: This �gure presents the results for Data Set 3. The plots are s
atter plots of thenumber of iterations of ea
h method with respe
t to the number of iterations of EM for ea
hrun. 61



0 500 1000 1500 2000 2500 3000 3500 4000
0

500

1000

1500

2000

2500

3000

3500

4000

Scatter Plot PEM−1 vs. EM (Data Set 3, 40 runs)

# iters EM

# 
ite

rs
 P

E
M

−
1

PEM-1
0 500 1000 1500 2000 2500 3000 3500 4000

0

500

1000

1500

2000

2500

3000

3500

4000

Scatter Plot PEM−2 vs. EM (Data Set 3, 40 runs)

# iters EM

# 
ite

rs
 P

E
M

−
2

PEM-2Figure 16: Continuation of Figure 15.62



Data SetMethod 1 2 3EM 120 � 43 198 � 23 2356 � 321AEM-1 163 � 49 225 � 66 585 � 63AEM-2 100 � 24 122 � 19 187 � 23AEM-3 116 � 28 131 � 21 214 � 36GEM 210 � 122 240 � 25 4308 � 551PEM-1 120 � 33 202 � 29 1967 � 750PEM-2 83 � 29 137 � 15 1642 � 215Table 1: This table presents the (approximate) 95% 
on�den
e intervals on the averagenumber of EM-equivalent iterations that ea
h method took to 
onverge on the di�erent datasets for the �rst set of experiments. Data SetMethod 5 6 7 8EM 136 � 55 1672 � 433 14 � 1 122 � 83AEM-2 140 � 65 195 � 33 15 � 1 140 � 161PEM-1 121 � 37 1028 � 336 15 � 1 140 � 133PEM-2 111 � 39 1160 � 294 14 � 1 91 � 57Table 2: This table presents the (approximate) 95% 
on�den
e intervals on the averagenumber of EM-equivalent iterations that ea
h method took to 
onverge on the di�erent datasets for the se
ond set of experiments.The �rst results from the se
ond experiments are from data generated from a randommodel with 5 Gaussians in 2 dimensions (N = 5000). Figure 17 presents a plot of the dataand s
atter plots on the number of iterations of AEM-2, PEM-1 and PEM-2 as a fun
tionof the number of iterations of EM. The se
ond results are from data generated from anothermodel with 5 Gaussians in 2 dimensions (N = 10000), but this time the Gaussians are lessdistinguishable from ea
h other. Figure 18 presents the se
ond results. The third results arefrom data generated from 2 Gaussians in 5 dimensions (N = 20000). Figure 19 presents thethird results. The fourth results are from data generated from 5 Gaussians in 5 dimensions(N = 20000). Figure 20 presents the fourth results. Finally, Table 2 presents the averagenumber of EM-equivalent iterations that ea
h method took on ea
h of these data sets.10 Dis
ussionThe results show that a

elerations of EM are useful in speeding up the learning pro
ess.However, there are 
ases when the proposed a

elerations slow down 
onvergen
e. Thattypi
ally happened when the problem was inherently easy, and therefore the slow-down wasnot as severe. The 
ause of the slow-down was that the a

eleration started when EM got
lose to a valley and not when it was 
lose to a solution as it is supposed to. Again, note that63
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in su
h 
ases the slow-down is not as signi�
ant as the speed up the a

elerations produ
e inhard instan
es. Eviden
e of this is the magnitude of the number of iterations as presentedby the result tables.Among the a

elerations of EM, the 
onjugate gradient a

eleration seems to providethe best speed-ups in hard instan
es. In easy instan
es, however, mainly be
ause of falsea

eleration starts, those speed ups were not as signi�
ant, to the point that it sometimesprodu
ed slow-downs. It is interesting to note that the method based on parameterized EMwith a 
onstant parameter always sped up the pro
ess and the speed ups were about thesame throughout (30% less iterations than regular EM). This speed up however might notbe enough in hard instan
es, given the large amount of iterations EM required to 
onvergein those 
ases. Trying to optimize the step size for parameterized EM using an inexa
t linesear
h only seemed to pay o� on average in hard instan
es.Not surprisingly, GEM typi
ally slows down 
onvergen
e. Intuitively, this results fromtaking too small of a step at ea
h iteration. We 
an try to in
rease the step size. However,we need to be 
areful that we do not take a step that de
reases the likelihood. Therefore,the question of how to determine a good step size be
omes important. We suspe
t thatperforming EM is typi
ally better than performing GEM when we 
an a
tually maximizethe Q fun
tion easily. Note however that the 
onjugate gradient a

elerations of GEM(AEM-3) and EM (AEM-2) perform similarly in hard instan
es. The 
onjugate gradienta

eleration of EM seems a little better than that of GEM in easier instan
es, but moreexperiments are ne
essary to establish signi�
an
e.We 
on
ede that in the runs where EM seems inferior to other methods, EM 
ould havebeing stopped earlier sin
e the 
atness of the log likelihood fun
tion is su
h that we 
ouldhave gotten a model that does relatively well in terms of log likelihood. It seems then thatwe need a di�erent value for the 
hange in log likelihood as our stopping rule for di�erentproblems. The problem is that we would not know what that is or how to determine it. If it istoo large we 
an stop before we are even 
lose to a solution. This is be
ause the log likelihoodfun
tion 
an have many hills and valleys and we sometimes do not know whether the small
hange in log-likelihood results from going by a valley or from being 
lose to the top of a hill(i.e., a solution). If this threshold is too small we 
an perform more iterations than ne
essary.Then, from the standpoint of the AI 
ommunity, the problem is being able to develop andstudy stopping rules that are more elaborated in that they use more information to makea determination of whether the method is 
lose to a solution or not without sa
ri�
ing toomu
h its eÆ
ien
y.We 
an also view the slowness of EM in problems where the Gaussians are not wellseparated as a problem of model sele
tion [XJ96℄. This is be
ause in those problems, weare trying to �t a number of Gaussians to a 
loud that looks more like a single 
loud thana group of 
louds that are 
lose together. Therefore, we should only try to �t one Gaussianand not a multiple of them. The problem with this is that in 
ases when we know thosesubtle distin
tions exists we want our model to learn them. A solution to this problem mightbe to use a small number of Gaussians to learn a general des
ription of the data and usea di�erent model to learn the subtle distin
tions. Hierar
hi
al models 
ome to mind as analternative. On the other hand, a program like AutoClass [CKS+88℄ requires that we �ndMLE for models with di�erent number of 
omponents in order to estimate the probability ofthe data given the number of 
omponents and suggest the most likely number of 
omponents68



in the data..11 Future WorkFirst of all, we need to perform experiments on real datasets (as opposed to syntheti
 datasetsas we do here) to 
orroborate the results we found. Se
ond, experimental observation seemsto support the idea that using K-means to �nd starting values for the parameters 
an improvethe speed of 
onvergen
e of the methods. This is be
ause the problem when the Gaussiansare too 
lose together is that it takes the methods (EM in parti
ular) some time to di�er-entiate between what points belong to whi
h Gaussian. This is something K-means is goodat [KMN97℄. Therefore, although K-means is optimizing a di�erent fun
tion, starting frommodels that di�erentiate the data as mu
h as possible and then trying to take 
are of sharedpoints using EM might speed up the learning pro
ess. A
tually, K-means is sometimes usedin pra
ti
e to �nd an initial value for the parameters from whi
h to start EM. We suspe
tthat all of the a

eleration methods will take advantage of using K-means to �nd startingvalues for the parameters.12 Con
lusionOur experiments show that a

eleration methods 
an signi�
antly improve the 
onvergen
espeed of EM. Although those methods might slow down 
onvergen
e on instan
es when theproblem is simple, the slow down is not as signi�
ant as the speed up we obtain on instan
ewhen the problem is very hard.Although we observe signi�
ant speed up in hard instan
es when we use the 
onjugategradient a

eleration of EM, we need to trade the speed up with the 
omplexity of imple-menting su
h a method as eÆ
iently as possible. It is not hard to see that EM and simpleAitken-based a

elerations (i.e., parameterized EM) are simpler than the 
onjugate gradienta

eleration.Referen
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the gradient matrix of h with respe
t to x isrxh(x) = (rxh1(x)rxh2(x) � � �rxhm(x))= 0BBBB� �h1(x)�x1 �h2(x)�x1 � � � �hm(x)�x1�h1(x)�x1 �h2(x)�x2 � � � �hm(x)�xd... ... . . . ...�h1(x)�xd �h2(x)�xd � � � �hm(x)�xd 1CCCCA :The Ja
obian of h is (rxh(x))T . By the 
hain rule for di�erentiation,rxs(x) = rxh(x)rh(x)g(h(x)):From the above de�nitions we 
an derive some additional useful relations su
h asrx �yTx� = y;rx (x) = I ;rx (Ax) = AT ;rx �xTAx� = Ax+ATx:We also use the following notation. Let A be an (m� n) matrix and ai;j be its elementin row i 
olumn j. Thenve
 (A) = (a1;1; a2;1; a3;1; : : : ; am;1; a1;2; a2;2; : : : ; am;n)T :That is, ve
 (A) is the ve
tor that results from sta
king the 
olumns of matrix A from rightto left. Let f : <mn ! < and ve
(A) 2 <mn. We denote f(A) � f(ve
(A)). Also,rAf(A) � rve
(A)f(A)= ��f(A)�a1;1 ; �f(A)�a2;1 ; : : : ; �f(A)�am;n �T= ve
0BBBB�0BBBB� �f(A)�a1;1 �f(A)�a1;2 � � � �f(A)�a1;n�f(A)�a2;1 �f(A)�a2;2 � � � �f(A)�a2;n... ... . . . ...�f(A)�am;1 �f(A)�am;2 � � � �f(A)�am;n 1CCCCA1CCCCA :Using the notation presented above, we 
an derive the following relations:rA (j A j) = j A j ve
��A�1�T� ;rA �xTA�1x� = �ve
��A�1�T xxT �A�1�T� :NOTE: I 
an verify the above relations for (2� 2) matri
es. It seems that they should holdin general but I do not know how to prove it.72



B Hessian matrixThe Hessian matrix is the matrix of se
ond order partial derivatives of a fun
tion with respe
tto its variables. For instan
e, if we have a fun
tion f : <n ! < then the Hessian matrix off with respe
t to the variables x 2 <n isr2xf(x) �H(x) = 0BBBB� �f(x)�x1�x1 �f(x)�x1�x2 � � � �f(x)�x1�xn�f(x)�x2�x1 �f(x)�x2�x2 � � � �f(x)�x2�xn... ... . . . ...�f(x)�xn�x1 �f(x)�xn�x2 � � � �f(x)�xn�xn 1CCCCA :C Fisher information matrixThe Fisher information matrix F (�) is related to the the Hessian of the log likelihoodfun
tion. The Fisher information matrix is by de�nition [RW84, Mei89℄F (�) = Zx (r� ln p(x j �)) (r� ln p(x j �))T p(x j �)dx= EX h(r� ln p(X j �)) (r� ln p(X j �))Ti :Let the Hessian of the log likelihood of a random data pointX with respe
t to the parameters� beH(�;X) = r2� (ln p(X j �))= r� (r� (ln p(X j �)))= r�� 1p(X j �)r�p(X j �)�= 1p(X j �)r2� (p(X j �))� 1(p(X j �))2r�p(X j �)r�p(X j �)= 1p(X j �)r2� (p(X j �))� (r� (ln p(X j �))) (r� (ln p(X j �)))TEX [H(�;X)℄ = �EX h(r� (ln p(X j �))) (r� (ln p(X j �)))Ti+ EX � 1p(X j �)r2� (p(X j �))� :But, the se
ond term in the last equation evaluated at the true value of the parameters� = �� is 0 [RW84℄. Therefore, rearranging the last equation, we haveF (��) = EX [�H(��;X)℄ :Note also that in general people 
all the gradient of the log likelihood with respe
tto the parameters the s
ore and the negative of the Hessian the information (or observedinformation when it is evaluated at the MLE).73



D Convergen
e speedThe 
onvergen
e speed of a method is said to be of order 
 if for the sequen
e of parameters�(k) generated by the method, the 
onverging value �N , some sequen
e of values s(k) andsome norm k�k on the parameter spa
e,


�(k+1) � �N


 � s(k) 


�(k) � �N



 :If 
 = 1, we say that the method has linear 
onvergen
e rate. If 
 = 2, we say that the methodhas quadrati
 
onvergen
e rate. Sin
e we assume that the method 
onverges, 0 � s(k) < 1.Also, if 
 = 1 and limk!1 s(k) = 0, then we say that the method has super-linear 
onvergen
erate.E NormsIn this paper we deal primarily with the Eu
lidean norm; that is, for a ve
tor x,kxk = pxTx:By a matrix norm we mean the norm of a matrix that is indu
ed by the Eu
lidean norm;that is, for a ve
tor x and a matrix A,kAk = maxx6=0 kAxkkxk :
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